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150+1 PROBLEME (si solutiile lor)
CUVANT INAINTE

Cartea se adreseaza elevilor de gimnaziu si liceu, profesorilor si
celor pasionati de matematica, continand 150+1 probleme, urmate de
solutii, pentru a fi mai usor savurate de cititor.

Ultima problema (150+1) foarte interesanta lasa loc de comentarii
si generalizari.

Lucrarea este o colaborare dintre o eleva multiplu medaliata la
Olimpiada Nationalda de Matematicd a Romaniei (Carina Maria
Viespescu, eleva in clasa a X-a la Liceul International de Informatica din
Bucuresti), un profesor de la Colegiul National Fratii Buzesti din
Cravioa si prof Dr. Emerit Florentin Smarandache de la University of
New Mexico.

Cateva probleme sunt propuse de colegi, iar numele si afilierea lor
este precizata in notele de subsol.

Autorii



150+1 PROBLEME (si solutiile lor)

Problema 1!

Se considerd numarul

, _ (1895-1896 .- 2020)%

125
a) Determinati ultimele 125 de cifre ale numarului A.

b) Determinati ultima cifra a numarului

A
b= [10125]’
unde notatia [] reprezintd partea intreagd.
Solutie

a)Notand cu v,(n) exponentul factorului prim p in

descompunerea numarului natural nenul n in produs de puteri de

vp(nl) = [g] + L:l_z] + [%] + e, (1)

suma din membrul drept avand un numadr finit de termeni nenuli,

numere prime, avem:

intrucat pentru orice n € N* existd k € N astfel incat p* < n << p**1.

Fic C = 1895 - 1896 - - - 2020 = 020"
L= = 18941

(1), obtinem v5(C) = v5(2020!) — v5(1894!) = 32 si
v,(C) = v,(2020!) — v,(1894!) = 126.
Deducem ci vs(A) = 4vs(C) — 3 = 125, respectiv
v,(A) = 4v5(C) = 504.
Caurmare, A se divide cu 10123, deci ultimele 125 de cifre ale lui A sunt

. Folosind formula

egale cu o.

b) Din calculele precedente, C = 2126 - 532 - k iar B = 2379 - k*,
unde k este un numar natural impar care nu se divide cu 5. Intrucat
ultima cifrd a lui k este 1, 3, 7 sau 9, rezulti ca ultima cifra a lui k*
este 1. Asadar, ultima cifrd a lui B este ultima cifra a lui 2379 = (24)%* -
23, adica 8.

! Problema dedicatd a 100 de ani de existentd a ,,Gazetei Matematice”.
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Problema 2

a) Ardtati cd existd 140 numere naturale distincte L1, L, -+, L149

astfel incat
L, L L L
_1+_2++ 139+ 140
LZ L3 L140 Ll
sd fie numar natural.
b) Aratati cd exista 1882 numere naturale distincte

Fll Fz, tee, F1882 ast_'fel incat
F, F F F
_1+_2+ 1881 + 1882
FZ F3 F1882 Fl

sa fie numar natural.

¢) Ardtati cd existd 2022 numere naturale distincte astfel incat
B, B B B
_1+_++ 2021+ 2022
BZ B3 BZOZZ Bl

sd fie numar natural.

Solutie

a) Ll = 1, LZ = 139, L3 = 1392,"',L140 = 139139.
b) Fl = 1, Fz = 1881,F3 = 18812"“1171882 = 18811881.
C) Bl = 1’BZ = 2021,33 = 20212,"',32022 = 20212021.

Problema 3

Ardtati ca:

18822022

A = 1882 + /18822 — 140 + /20222 — 140 + 2022 < 10

Solutie

Avem:
A <1882 + 1882 + 2022 + 20022 < 4-2022 <
< 18822022

120 deoarece 4 - 140 < 1882



150+1 PROBLEME (si solutiile lor)

Problema 4
Demonstrati ca:
ey
@) 140 141 142 1402

R L S

) 1882 1883 1884 18822
! + ! + ! 4+t ! >1

) 2022 2023 2024 20222

Solutie

Vom ardta ca pentrun € N,n > 2 avem:
1 1 1 1
-+ ot >
n n+l n+?2
Intr-adevar, pentrun+ 1 <m < n? — 1,m EN=

1 1

= — > — siatunci:
m n
I
n n+l1l n+2 n?"  n n? n? nz
1 n?-n
=—+——=1
n n
Problema 5
Demonstrati ca:
1 1 1
A=—7 3t gt 3<
18822 -18832 1883z-18842 20212 - 20222
140
<—
1882 2022
Solutie
Deoarece:
! < ! ! (V)n € N* obti
T 3 =—— n obtinem:
nz-(n+1)2 nn+1) n n+1
A< 1 1 + 1 1 o 1 1 _
1882 1883 1883 1884 2021 2022
1 1 140

1882 2022 1882-2022
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Problema 6

a) Fie x,y € R astfel incat:
(x+Vx2+1)(y+/y7+1) = 140.
Ardtati cd 141(x + y) = 139(VxZ + 1 +,/y* + 1).
b) Fie x,y € R astfel incat:
(x+Vx2+1)(y+y7+1) = 1882.
Ardtati cd 1883(x + y) = 1881(VxZ + 1+ /y2 + 1).
¢) Fie x,y € R astfel incat:
(x+Vx2+1) (y+y?+1) = 2022.

Aratati cd2023(x +y) = 2021(VxZ + 1 +,/y2 + 1).

Solutie
Vom ardta ca dacad
(x+ x? +1)(y+\/m) = a > 0 atunci
(a+Dx+y) = (a—1)(\/xz-|-1-i-\/y2 +1).
Intr-adevar x + \/ﬁ = ﬁ =a (m - y)
si analog y +/y* + 1 = a(Vx? + 1 — x). Adunate, cele doud relatii ne

duc la relatia cerutd. Pentru a = 140,1882,2022 se obtin a), b)
respectiv c).

Problema 7

Ardtati ca 140!, 1882!, 2022! nu sunt pdtrate perfecte.
Solutie

Pentru 140! avem cd cel mai mare numar prim < 140 este 139 =
exponentul lui 139 In 140! este 1 = 140! nu poate fi patrat perfect.

Pentru 1882! avem ca cel mai mare numar prim < 1882 este 1879,
el se gaseste doar o data in 1882! = 1882! nu poate fi patrat perfect.

Pentru 2022! avem ca cel mai mare numar prim < 2022 este 2017,
el se gaseste doar o datda in 2022! = 2022! nu poate fi patrat perfect.

8



150+1 PROBLEME (si solutiile lor)

Problema 8

Demonstrati ca 140!!,1882!!,2022!! nu sunt patrate perfecte, unde
2n=2-4-6----(2n),n e N*.

Solutie

Folosind formula lui Legendre pentru aflarea exponentului unui

numar prim p in n!:

=< 3] 3]

obtinem exp lui 2 in 140!! = exp lui 2 in 140! =
140 140 140 140 140
-7+ =
care este un numar impar.
Analog procedam si cu 1882!!
Pentru 2022!! = 21011.1011! avem 1099 cel mai mare numar
prim < 1011 = 1009 se gaseste doar o datda in 1011! -
- 21011 = 2(022!! nu este patrat perfect.

Problema 9

Gasiti cel mai mic numar natural n = 2, astfel incit fiecare dintre
ecuatiile

a) x !+ x4+ -+ x! = 140!

b) xq! + x5! + -+ x,! = 1882!

) X!+ x4+ -+ x, 1 = 2022!
sd aiba solutii.
Solutie

Avem:

x,! < 140! x,! < 139!

! I I < 139!
X2t < 1401 ot = 1391 de unde:

a) .
x,! < 140! xp! < 139!
= x,! < 139!
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140! = 2!+ x5+ -+ x,! <n-139!'=>n > 140

Pentrun = 140 avem Xy = *++ = X149 = 139
b) n = 1882
on=2022

Problema 10
Ardtati cd nu existd n € N*astfel incat suma cifrelor lui n! e 2022.
Solutie

Daca n = 6 = n! se divide cu 9. Cum suma cifrelor lui n! nu se
dividecu9 = n < 5.
Analizand n = 1,n = 2,n = 3,n = 4 obtinem concluzia.

Problema 11

Aratati cd numdrul 2021!-2022! se poate scrie ca suma a 2021
numere naturale consecutive, dar nu se poate scrie ca suma a 2022
numere naturale consecutive.

Solutie

2021120220 = x + (x + 1) + - + (x + 2020) =

2020-2021
= 2021!2022! = 2021x + ———— =

=2021x+1010-2021 = x = 2020!2022! — 1010.

La fel daca presupunem ca numarul 2021!2022! se scrie ca suma
a 2022 numere naturale consecutive ar trebui ca pentru x € N sa
avem:
202112022 =x+ (x+ 1) + -+ (x + 2021) =

=2022x+ 142+ +2021 =
20212022
=2022x + ——— "=

2
= 2022x 4+ 2021-1011 de unde

2022x = 2021'2022!' —2021-1011 fals, deoarece 2022x este
numar par iar 2021!2022! — 2021 - 1011 este numar impar!

10



150+1 PROBLEME (si solutiile lor)

Problema 12

Determinati numerele naturale nenule m si n pentru care:

11-2t-e-nl =ml
(S-a notat cu p!=1-2+---+p, unde p = 1 este un numadr natural
nenul).
Solutie

Observam ca (n,m) € {(1,1),(2,2)} verifica si n = 3 nu aduce
solutii. Cautam n = 4.

Fie p cel mai mare numar prim cel mult egal cu m. Atunci m <
2p — 1(*), astfel, daca m = 2p, postulatul lui Bertrand ne spune ca
exista un numar prim g pentru careap < q < m, lucru care contrazice
maximalitatea lui p.

Daca n < p, atunci partea stangd a egalitdtii nu este multiplu de p in
timp de partea dreapta este, absurd. Atunci n = p. Dacin=p +1
atunci partea stanga este multiplu de p?, deci si partea dreaptd. Atunci
m = 2p, fals. Atuncin =psim < 2n—1.

Mai departe, se arata prin inductie dupa n cd pentru n = 7 avem
1-21-sn! > (2n —1)!, deci n < 6. Dacd n = 6, partea dreapta
este divizibild cu 7 (pentru cd m > n) in timp ce cea stanga nu. Cazurile
n = 4,5 se verifica direct si se observa ca nu genereaza solutii.

Problema 13

Calculati V2022 +a? — V1882 +a? daci: 2022+a?+
V1882 + a? = 140.

Solutie

2022 + a? — 1882 — a2
V2022 + a? + /1882 + a2 = -
V2022 + a? — V1882 + a?

_140_1
140

11



® Carina Maria Viespescu ® Lucian Tutescu ® Florentin Smarandache ®

Problema 14
Sirul (a,),n € N* este definit astfel:
aTl -
> dacd n e par
= 5’ =
! n+1 a, + 51

2
Calculati a, 40, 1882 $i A2022-

dacd n e impar

Solutie

Cuma, = 5,a, =28,a3 = 14,a, = 7,as = 29, a4 = 40,
a; =20,ag =10,a9 =5 si se observd (inductie) agmip = ap
(periodic de perioada principala 8).

Cum 140 =17-8+ 4

1882 =235-8+2
2022 =252-8+6

Q140 =7
asadar aqigg2 = 28
Az022 = 40

Problema 15

Ardtati cd nu existd a, b € Z astfel incat
(a+ b+ 2)'882 =2022(ab + 1)14°,

Solutie

Cum 3|2022 =>a+b + 2 :3siab+ 1 3 relatii ce nu pot exista
simultan pentru a, b € Z.

Problema 16

Fie a, b, c € N* astfel incat
(a+ b)) =(b+c)** = (c + a)?*P.
Ardtaticaa =b = c.

12



150+1 PROBLEME (si solutiile lor)

Solutie

Fiea+b=x,b+c=y,c+a=z

Deoarece x¥ = y* = z¥ vom ardtacix =y = z.

Presupunem x < y sidin x¥ = y#? = y > z cum
y?=z"=>z<xsidinz*¥ =xY = x > y fals.

Analog, daca presupunem x > y obtinem x < y (fals!)

Asadar x = y side aici x* = x% = z* de unde x = z. Asadar x =
y =2z

Revenind la enuntul problemei, gasima + b = b + c = ¢ + a si de
aicia = b = ¢, cc.td.

Problema 17

Ardtati cd ecuatia :

X" + yn+1 = Zn+2
are o infinitate de solutii in numere naturale.
Solutie

x = g"*2
y = q™!

z=a" b,undea = b"*? —1,vb € N.
Inlocuind in ecuatie, obtinem raspunsul.

Problema 18

Aradtati ca numarul
A = 5123 + 6453 + 7203 este compus.

Solutie
3-720-512-645=2-7203
= A =15123 4+ 6453 4+ 7203 = 5123 + 6453 + (—720)3 =
=3-720-512-645
Din formula: a® + b3 + ¢ — 3abc =
=(a+b+c)(a®+ b?+ c? —ab — bc — ca) obtinem cerinta.

13
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Problema 19

Fie A multime de numere reale cu proprietatea (¥)a, b € A = a®b? € A.
Arétati cd (V)a € A rezulta: a) a*®%° € 4; b) al0000 ¢ 4

Solutie
a€EA=>a*€A=>a¥ed=>

= @100 = (¢*0)2(g10)2 € 4 = 0 € 4 >

= 1600 € 4 = (q1600)2(400)2 = 4000 ¢ 4
Din @990 = (a*°9)2(q1%9)2 € A obtinem
10000 — (4000)2(41000)2 ¢ 4.

Problema 20

Fieaq, a,, -+, 502, NUMere reale strict pozitive. Ardtati ca:

2 2 a?
ay az Aj40 QA140
a) — +—=+ - +—>—+—+ o
: a3 a1 a, as a,
In ce caz avem egalitate?
at at
‘11 Qiggz _ A1 Az Q1882
b)—+—+ >t — e ——
a; a3 a1 a, as 1
In ce caz avem egalitate?
8 8 ad
a a; Az022 _ 1 | A az022
¢) s+ttt >+ —
a2 a3 a1 a, as a,

In ce caz avem egalitate?

Solutie
Din inegalitatea Cauchy-Buniakovski-Schwarz:

2 2 2 2
az a; an al a, an
nfls+—s+-+5|z2—+—++—

a; a3 a? a, as a,

a

aq a, n .
R I +—>n -+ — = n cu egalitate
a, as aq a;
) an
pentru —=-—="-+=-—deundea; = a, = = a,.
a, as ay

Pentru n = 140 obtinem a). Pentru b) si c) se procedeaza ca la a).

14



150+1 PROBLEME (si solutiile lor)

Problema 21

Rezolvati in multimea numerelor reale nenule sistemul:

( 1
1882 _ 2022
+ _1882 =X +1
1
1882 _ 2022
%27+ gz = x5 7+ 1
X2
1
1882 2022
Xixo + —Tgsz = Xi +1
140

2022 2 ; _—
= xj = 1deunde x; = 1sideaici - < 1.
x
k
Adunand membru cu membru ecuatiile sistemului, obtinem:
1

1882 BT X1882 Tt e X1882
140

= X022 4 072 | L | 12022 4 140, Cum x5 < 27072 i

1 1
1882 _ ..2022
Tz = L k =1,140 gasim xj; = Xxj ““si 1882

X k
de unde xZ = 1,k = 1,140 de unde x, X, "+, X140 € {—1,1}
(in total 2140 solutii).

x 1882 4 (1882 .. 4 1882 4

=1

Problema 22
Numerele strict pozitive a, ay, by, by, ¢y, ¢, Vverificd b? < 4a;cq, b3 <
4a,c,.
Ardtati ca:
a) 4(a; + a, + 1882)(cy + ¢, +2022) > (by + b, + 140)?
b) 4(a; + a, + 2022)(c; + ¢, + 2022) > (by + b, + 140)?

15
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Solutie

Din semnul trinomului avem:

a; x>+ bx+c¢; =0,Vx €R

a;x?>+ byx +c, = 0,vx €ER

1882x% + 140x + 2022 > 0,¥x € R
= (a; + a, + 1882)x% + (by + b, + 140)%2 +¢; + ¢, +
+2022 > 0,Yx € Rdeunde
(by + b, + 140)? — 4(a, + a, + 1882)(c; + ¢, +2022) < 0
adica a).

b) Se obtin analog, considerand
2022x% + 140x + 1882 > 0,Vx € R.

Problema 23
Aratati fard a calcula partile intregi:
b) 3[log3 1882] < 1882 < 3[log3 1882]+1
c) 5[10g5 2022] <2022 < 5[log5 2022]+1

unde [a] reprezinta partea intreaga a numdarului real a.

Solutie

a) @)k € Nai.: 2k < 140 < 2k+1 (1)
= k <log, 140 < k + 1 = [log, 140] = k si inlocuind in (1) rezulta
a).

b) ()k € Nai.: 3% <1882 < 3k+1 (2)
si logaritmand in baza 3 rezultd
k <log; 1882 < k + 1 = [log3 1882] = k si inlocuind in (2) se
obtine b).

¢) Se procedeaza ca la a) sau b).

16



150+1 PROBLEME (si solutiile lor)

Problema 24

Fie z astfel incat z2 + z + 1 = 0. Calculati:

1 b) 21882 +

2022
7140’ +

140 +

a)z C)z

41882 42022
Solutie

Inmultindrelatia z2 + z+ 1 =0cuz—1=z3 = 1.

Atunci:
1 1
140 _ 138, .2 — (3146 .2
a)z +Zl40_Z z+2138_22—(z) z° +
1 o, 1_Z4+1_z3-z+1_z+1_
+(Z3)46.22_Z +Z_2_ [ R
=z =1
1 1 1 z%2+1
1882 _ 1881 . _ - _
b)Z +21882_Z Z+Z1881.Z_Z+Z_ 7 -
-z
=—=—1
2022 1 _ /.3\674 1 _
d) z +—22022—(z) +(23)674—1+1—2

Problema 25

Fie z si w doud numere complexe nenule astfel incat z? + wz +
w? = 0. Calculati:

140 140
al)Az(z-iw) * Z-IVYW)
1882 1882
=) )
7 2022 w2022

9c=(Gw) )

17
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Solutie

Daci z = w atunci 3z% = 0 adicd z = 0 fals. Asadar z # w si de
aici z3 — w3 = 0. Obtinem z = ew, unde ¢ este o radécina complexa
nereald de ordin trei a unitatii

(e #1sie? +¢e+1=0). Atunci:
140

140
A= (swg‘-/}-v w) + (swmj- w) -

_( € )140 ( 1 )140 8140+1 82(83)46+1 3

+ _ = =
e+1 e+1 (e +1)140 (—e2)140
€241 — — —&
T o280 T g279.5 (83)93.5=?=_1
In mod aseminitor B = 1,C = 2.
Problema 26
Fiea, b, c > 0 astfel incét:
1 N 1 N 1 -
a+2 b+2 c+2 7

_ 1 1 1
Aratatica: —+—+—2> 3.
a b c

Solutie
Din ipoteza rezulta ab + bc + ca + abc < 4
ab + bc + ca + abc
Y (abc)3 < =1>=>abc< 1.

4
Din1+l+1>33L
a b ¢~ abc|™
siabc <1

_ 1 1 1
= obtinem —+—-+—-2>3
a b c

cu egalitate pentrua = b =c = 1.

18



150+1 PROBLEME (si solutiile lor)

Problema 27

Fiex,y,z > 0 astfel incat
1 1 1

+ + = 2.
2x+1 2y+1 2z+1

1 1 .
Aratati ca o + ; + p = 12. In ce caz avem egalitate?
Solutie:
. 1
Efectuand calculele obtinem 7 =>xy+yz+zx + 4xyz

1
cum 1 =xy+yz+zx +4xyz = 44\/4(96}’2)3 =

< — _ 6
= = 2
xyZ_26 =

11 1 5|1
Apoi —+—+->3 |[— >3320 =12
X Yy z xXyz
1

Egcéndxy=yz=zx=4xyz=>x=y=Z=Z.

Problema 28

Fiex,y,z > 0 astfelincit x + y +z = 3.
Aratati ca:

1 1 1 6
+ + < .
x+y x+z y+z xy+yz+zx
Solutie
xy+yz+zx xy+yz+zx xy+yz+zx
YTy n YTy n yTYy <
x+y x+z y+z
xy Xz vz
sau + + +x+y+z<6
x+y x+z y+z
xy Xz yz
= + + <3 (1)
x+y x+z y+z
Xy x+y
Cum < cu egpentrux =y

x+y 2

19
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XZ X+ 2z

< cu egpentrux = z
X+ 2z &P
yZz <y+z ¢

< cu egpentruy = z
y+z 2 &P Y

Obtinem (1), cueg pentrux =y =z = 1.

Problema 29

Fie x4, x5, X3, V1, V2, Y3 numere reale pozitive. Aratati ca:

1 1 1
Gy + 31y + 72) (x5 + )+4( by )zzo
1 T Y1) X2 TY2) (X3 T Y3 XYL XyYy X3V

Solutie

Avem E = (x1X; + X1, + y1%, + ¥1¥2) (x5 + y3) +
1 1

+ ( + +
X1Y1  X2)Y2  X3)Y3

) = X1XpX3 + X1X3Y, + Y1XoX3 +

1
TX3Y1Y2 + X1X2Y3 + X1Y2V3 + Y1Y3Xz + Y1YV2Y3 + U +
1Y1
1 1 1 1 1 1 1
+—+
X1Y1 X1Y1 X1Y1 X2Y2  X2)Y2  X2Y2  X2)»
1 1 1
t—t—t—2=
X3Y3 X3Y3 X3Y3 X3)3
20 1 1 1
>20 |xf —x3 =y — =20
R A

Problema 30

Aratati ca numarul N = 1882 1883 --- 2022 poate fi diferenta de doud
padtrate perfecte.
Solutie

N trebuie si fie de forma a? — b%2 = (a — b)(a + b).

Dacid a si b au aceeasi polaritate, atunci (a — b)(a + b) : 4, dar
N =M, + 2.

Daci a si b au polaritati diferite, atunci a? — b? impar, dar N par.

= nu exista numarul n care sa satisfacd conditiile.
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Problema 31

Demonstrati cd produsul P = Xx{X, '+ X149 al primelor 140 de
numere prime nu poate fi cu 1 mai mare sau mai mic decat un patrat

perfect.
Solutie

P:2 darnucu4,insix?®—1 = (x— 1)(x + 1) da resturile 0 sau
3 la impartirea cu 4.
P : 3, insa x? poate fi M3 sau M, + 1
=>x2 -1+ M,

Problema 32

Determinati numarul prim p astfel incat p + 10,p + 50 sa fie de
asemenea numere prime.

Solutie

p = 3, convine.
Dacip=3k+1=>p+50=3k+51:3.
Dacap=3k+2=>p+10=3k+12:3.
Singurul numar convenabil este, asadar, p = 3.

Problema 33

Arétati cd 3*™*1 + 1 se poate scrie ca suma de 3 pétrate perfecte
pentru oricen € N.

Solutie

Rezulta din identitatea:
34n+1 +1= (32n _ 1)2 + (3271 _ 3n)2 + (371 + 32n)2'
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Problema 34

Gasiti valorile luin € N pentru care 2™ — 1 se divide cu 7 si ardtati
cd nu existd n € N astfel incat 2™ + 1 sd fie divizibil cu 7.

Solutie

Resturile lui 2™ la impértirea cu 7 sunt 1, 2,4 deunden = 3k, k €
N sunt numerele care au proprietatea cd 2™ — 1 se divide cu 7 si cum
2™ 4+ 1 dd restul 2, 3,5 la impartirea cu 7 rezulta cerinta problemei.

Problema 35

Pentru cevaloriale luin € N numdarul 3™ — 1 se divide cu 13. Aratati
cd nu existd n € N astfel incat 3™ + 1 sd se divida cu 13.

Solutie

Resturile lui 3" la impartirea cu 13 sunt 1, 3,9 de unde rezulta
n =3k,k € N. Cum 3" + 1 da restul 2,4,10 la impartirea cu 13
rezultd cerinta problemei.

Problema 36

Comparati fractiile:
1088 +1 10139 +1

) 10941 ¥ Tot0 4 1
101880 4 1 10188141

101881 11 ¥ 701882 4 1’
102020 4 1 102021 41

R TE s Ty

Solutie

Fien = 2. Sd comparam
10"+1  10™'+1

10T+ 1 102 +1
(10" + D02 + 1) — (10™! + 1)

(101 + 1(10"*2 + 1) = N
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_ 10%™*2 +10™ + 10™*% + 1 — 10*"*2 —2-10™"** — 1

N
_10"(102+1—2-10) 10"-81
B N - N
primele fractii sunt cele mai mari.

Problema 37

Aflati radacinile reale ale ecuatiei:

x—1 3—x
— 1)140 3 — x)140 = 2.

Q) (= DI Z— 4 3-010 | =2
x—1 3—x

b) (x _ 1)1882 + (3 _ x)1882 — 2;
3—x x—1
x—1 3—x

c) (x — 1)2022 + (3 — x)?022 = 2.
3—x x—1

Solutie
Evidentx # 1,x # 3 six € (1,3).

2n [x —

Fie

=t=>0,n€N"

w
|
R | =

Ecuatia se scrie (3 — x)t? — 2t + x — 1 = 0 cu radicinile
) x—1
tl =1 S1 t2 = 3

_x.

2n[x —

Din =1=x=2sidin

w
I
R

2n-1
=1

2nx—l_x—l (x—l)

3 " 3—x \3-—x

I
=

X
deunde3 =1=>x=2.

uuuuu
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Problema 38

Numerele reale nenegative x si y verifica x +y = 2. Aratati ca:
a) (ay)™*0(x* +y?) < 2;
b) (xy)'*%2(x* +y*) < 2;
o) (xy)?°22(x* +y?) < 2.
Solutie

Vom arita ci (xy)?"(x2? + y?) < 2, unde n € N*,

Fiex =1—2y =14z cu z € [0,1]. Atunci inegalitatea devine
(1-2z)"(2+422z2) <2 sau (1-22)*"(1+2z%)<1 sau (1-
z2)2""1(1 — z*) < 1, care este adevirati. Egalitate avem cand z = 0
adicax =y = 1.

Problema 39
Aflati x € R astfel incat 7* — 3* = 40.

Solutie

Observam x = 2 solutie. Ecuatia se scrie:

(7)" 1_40
3 e
. 7\* 49 40 40 40 .
Dacax>2:><§) —1>?—1=?§13—x<?1ar
dac30 < % < 2 (7)" 1<49 1_40. 40>40
aca x 3 5 =g larz >4

Asadar, x = 2 este unica solutie a ecuatiei deoarece x < 0 nu se
poate.

Problema 40

Rezolvati in R ecuatia:
2022% — 1882* = 140.
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Solutie

Din 2022* — 1882* > 0 = x > 0.
Observam x = 1 solutie.
2022)" _ 140

1882/ 1+ 1882’

x < 1 si observam

2022

1882
drept mai mic si pentru 0 < x < 1 membrul sting e mai mic ca
2022

1882

Scriem ecuatia (

1ar cel

ca pentru x > 1 membrul stdng e mai mare decét

iar cel drept e mai mare.

Problema 41

Determinati numarul de cifre ale numarului [(\/E + \/§)200], unde
[a] reprezintd partea intreagd a numarului real a.
Solutie
Avem
200 100
(V2++v3) =(5+2V6) < (5+2-25)100 =101
200 100
(VZ2+v3)" =(5+2V6) > (5+2-24)100 = (9,8)1°°,
Vom arita ca (9,8)190 > 10%°.
10199 149
=(1+—
(9,8) (1+75)
<1+ 1)49 10 _, ,.10_9 90
49/ 98 98 98 98
200

Atunci avem 10100 > (\/E + \/§)200 > 107 = (\/E + \/§) are
100 de cifre.

Problema 42

Ardtati cd existd o infinitate de perechi a,b, ¢ € R astfel incat
Vva+b++Vb+c+Vc+a€eN.
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Solutie
a+b=k?
b+c=k2
c+a=k3?
)
kZ + k3 + k2
a+b+c= %
k? — k2 + k3
N 2 3
2
| _ KB — K
- 2
_ —kf 4+ k5 + k3
€= 2
Problema 43
Arétati cd pentrun € N numérul n?°22 — n + 1 nu se poate divide
cu2022.
Solutie
2022

n —n + 1 este numadr impar!

Problema 44

Fie x,y € N* astfel incat x + y + 1 divide x? — y? + 1. Arétati c4
x + y + 1 nu poate fi numdr prim.
Solutie
Avem x*—-y*4+1=@x+1)* -y’ -2x=(@x+y+Dx—-y+1)—
2x.

Cum x2—y%2+1 se divide cu x+y+1=>x+y+1|2x.
Presupunand x + y + 1 = p (p numdr prim) obtinem p|2 sau p|x
ceea ce este fals, deoarece
p=x+y+1>2sip=x+y+1>x.
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Observatie

Pentrux =2,y =1,
x2—y2+1=4ix+y+1=2+1+1=4si4estecompus sau
x=3,y=2,x2—y>+1=9—4+1 = 6 care se divide cu
x+y+1=3+2+ 1= 6sideasemenea 6 este numar compus.

Problema 45

Ardtati cd dacd a®+b3+c3ia+b+c atunci a+b+c
compus, a, b, c € N*,

Solutie

al+b3+c3—3abc(a+b+c)a?+b?>+c?—ab—bc—ca):
t(a+b+c)=3abcia+b+c
Dacd a + b + c ar fi prim atunci a + b + c ar divide 3,a, b
sau c.

Dar:
a+b+c>3
a+b+c>a o
a+b+csh = Imposibil = a + b + ¢ compus
a+b+c>c
Problema 46
Ardtati cd dacd x?> + y? — 1 se divide cu x +y + 1, atunci x +
y + 1 compus.
Solutie

x2+y?—1+2xy—2xy=(x+y)?—1-2xy =
=x+y-Dkx+y+1)—-2xy=>2xyix+y+1

Dacd x + y + 1 ar fi prim atunci x + y + 1 ar divide 2,x sau
y. Dar x + y + 1 este mai mare decat acesti factori =
=>x+y+1+#prim=x+y+1compus.
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Problema 47

Fiex,y € N,x > 3,y > 3 astfel incat x> +
+y3 + 3x%x — 8 sedividecux +y — 2. Ardtaticd x +y — 2 nu
poate fi numar prim.

Solutie

Avem
x3+y3+3x2x—8=(x+y)>—23-3xy? =
=(x+y—-2)[(x+y)?+2(x+y)+ 4] — 3xy? side aici
x +y — 2|3xy2.

Dacd presupunem x + y — 2 = p, p numdr prim p|3 sau p|x sau
ply.

Cumx+y—22>23+3—-2=4six+y—2>x,
X +y — 2 > yseobtine x + y — 2 nu este numar prim.

Obs. Pentrux =y = 4 avem x3 + y3 + 3x%x — 8 =
=434+4343:43-8=4-(16+16+48-2) =
=4-78ix+y—2=4+4-2 = 6sievident 6 nu e numdr prim.

Problema 48
Fie a > 0. Rezolvati in multimea numerelor reale nenule sistemul
de ecuatii:
4
x
—+xy=a®+a’
y
4
Y 3
—+xy=a’+1
xz Y
Solutie

Din cele doua ecuatii avem:

4 4
x y
Z_ _ 46 3 _ i _ — g3 —
yz—a +a xy§1x2—a +1—xy.
Inmultind relatiile obtinem:

x?y?=a3(@ +1)?2-a®@+1) - (a® + Dxy + xy? =

28



150+1 PROBLEME (si solutiile lor)

= x%2y? =a3(a® + 1)% — (a® + 1)?%xy + (xy)?

a’(@®+1)?* |
Xy =——m—"5—=
(a3 +1)2
4
X
:?=a6
4
A
x2
x* = aby?
yr=x? o xt=y8
ay? = y8 = y6 = a6 = y = +a

Daciy = a = x = a?

y=—a=x=—a?

Problema 49
Aflati solutia reald a ecuatiei
3 2 1
x> +x“+x+ 3= 0.
Solutie

3x3 +3x2+3x+1=0sau
2x3+ (x+ 1) =0=x+1=—xx sideaici

Problema 50
Rezolvati ecuatiile:
a)x® —(1++140)x* + 140 =0
b) x* — (1+1882)x* + 1882 =0
o) x? —(1++2022)x* + 2022 =0
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Solutie

a) Fie V140 = t si scriem ecuatia t? — x%t + x3 —x2 = 0 cu A=
x* —4(x3 —x?) = (x% — 2x)? de unde
x? + (x? — 2x)

t =140 = 5
De aici x; = V140 siV140 = x?> —x =
141+ 4140
=1 x2’3 - 2

b), ¢) Se procedeaza cala a).

Problema 51

Rezolvati in R ecuatia
x8—xb+xt—x2+1=0.

Solutie

Inmultim ecuatia cu x? + 1 si obtinem x° + 1 = 0.
Cum aceastd ecuatie nu are radicini reale si x? + 1 > 0 obtinem ca
ecuatia datd nu are raddcini reale.

Problema 52

Fiea,b € R, a # b. Aflati raddcinile reale ale ecuatiei
(a—x)°>+ (x — b)® = (a — b)°.

Solutie

Fiea—x=ux—b=9. Avem u+9=a—>b si u*> +9° =
(a — b)>. Deoarece
pe + 9% = (u+ )W — 139 + p?9% — pd® + 9*) =
= (u+N[((u+9)? - 2p9)* — uwd(a — b)* + p?9?] =
= (a - b)[((a - b)* — 2u9)* — pd(a — b)* + u*v?*] =
=(a-b)°®=(a—b)*=(a—-b)*—4(a—b)*ud +
+4(u9)? — (a — b)? + u?92 side aici 5u?9% — 5(a — b)?ud = 0 de
unde obtinem x; = a si x, =b radacinile reale.
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Problema 53

Gdsiti toate tripletele de numere reale nenule
bb ¢ ¢ a

a
a, b, ¢ pentru care numerele — + —,— + — si —+ — sunt intregi.
b cc a a b

Solutie

Fie o4 2=x, 2+ Smygistls €z
jepto=x —to=ysio+o=zouxyz€L
Fiex + y + z = s. Atunci:

a s—2y b s—2z ¢ s—2x

b 2 ¢ 2 a2

Atunci: (s — 2x)(s — 2y)(s —2z) = 8—-—-— =8.
ab c

De aici s — 2x,5 — 2y sis — 2z potfi (2,2,2); (2,—2,—-2);
(—-2,2,-2); (-2,-2,2).

Deoarece s —2x+s—2y+s—2z =35 se gaseste s =6 sau s =
—2. Atunci:

(x,v,2z) €{(2,2,2),(—2,0,0),(0,—2,0),(0,0,—2)}.

Obtinem de aici: (a, b, c¢) € {(£r, +r, +r)|r € R*}.

Problema 54

Rezolvati in multimea R ecuatia
Vi—1+3V2-x=1.

Solutie

Evident x > 1. Fiea = vx — 1si b = /2 — x. Atunci
a+b=1sia®+ b3 =1deunde (1—b)?+ b3 =1, adica:
b(b—1)(b+2)=0.

Dacib=0=2a=1=x=2.

Dacib=1=2a=0=>x=1.

Dacdb =-2=a=3=x=10.

Asadar, ecuatia are trei solutii reale: x; = 2,x, = 1,x3 = 10.
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Problema 55
Aratati cd nu existi n € N* astfel incat n® — —n + 1 sd se divida cu
n?+n+1
Solutie

Dinn®+n+1=n°*—n?+n?+n+1=n*n®-1)+
+nl+n+1=n*!(n—-1)M*+n+1)+n’+n+1=
= Mm% +n+1)(n3—n?+ 1) seobtine
n*—n+1=m?+n+1"n3—n?+1)— 2nsideaicdi
n? + n + 1|2n care este fals deoarece n? + n+ 1 > 2n pentru n €
N*n?—-n+1=nn—-1)+1>1>0).

Problema 56

Fiea,b,c € N*.
a) Ardtati ciecuatiax® + y? = 2z are o infinitate de solutii numere
naturale nenule.
b) Ardtati ci ecuatia x* + yP + z¢ = 3t%¢ are o infinitate de
solutii numere naturale nenule.
Generalizare.
Solutie
a)Fiez =k € N* = x = kP, y = k? solutii.
b)Fiet = k € N* = x = kP, y = k%, z = k* solutii.
Generalizare. Dacd aq,a,,*,a, € N* date (n = 2) rezulti ci
ecuatia x1 % + x,% + -+ 4 x, 9 = ny®1%n are o infinitate de solutii
in N*.
Daciy = k € N*sip = a, -+ a, rezulta ca solutiile vor fi:

b b p
Xy = k,x, =k, x, = k%,
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Problema 57

Fie p un numadr prim, care nu este divizor al lui 140. Determinati
numerele intregi x si y astfel incat
(2022x + y)? = px(1882x + y).
Solutie

Cum p|(2022x +y)? = 2022x+y =pa,a €Z si de aici
p|x(1882x + y). Dacd plx, din p|2022x +y = p|y iar daca
p|1882x + y obtinem p|140x de unde p|x. Asadar,

X =px1,y =pyi,b,c EZ si inlocuind in inegalitatea din enunt
rezultd ca (2022x; + y;)? = px,(1882x; + y;).

Se repeta rationamentul si se ajunge la concluzia ca x si y se divid

cu orice putere a lui p, deunde x =y = 0.

Problema 58
Arétati ci numarul A = 23° + 1 se divide cu 25.
Solutie

230 4+1 =293 +1=12043+1=
=(Mys —1)3+1=Mys —1+1=M,:.

Problema 59
Exista x,y € N astfel incat
2% 4+2Y =2022!1?(n!'=1-2-3----n)
Solutie

Din 2™ = r(mod7) = r € {1,2,4} =
= 2%+ 2Y = r,(mod7) cur, €{2,3,4,5,6}. Cum 2022!: 7 = cd nu
existd x, y € N cu proprietatea din enunt.
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Problema 60

Gasiti numerele naturale x siy astfel incat
x+y

SV =1

Solutie
2
Cum relatia se scrie (\/E - ﬁ) =2
= |\/§—\/§| = /2. Daci x 2yatunciﬁ=x/§+ﬁ=>
=>x=2+y+2J2y>2y=k?k €Ndeundey = 2[%,l €N

six =2+4+212+41=2(+1)%
Dacay > x gasimx = 2[%siy = 2(1 + 1)2.

Problema 61

Aratati cd exista o infinitate de numere naturale astfel incat:
x+
a) y—,/xy= 140;
xX+y
b - = 1882;
) Y
x+y
c)

S —Jxy = 2022,

Solutie
a)x =2-140k%,y=2-140(k +1)2,k €N
b)x =2-1882k%,y =2-1882(k + 1)2,k €N
) x=2-2022k%,y=2-2022(k+1)%,k €N

Problema 62

Fief:R > R, f(x) =ax?+bx +c,
a,b,c e Rali f(0), f(1), f(2) € Z. Aratati ca:
a) f(140) € Z; b) f(1882) € Z; o) f(2022) € Z.
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Solutie

f@)=2f(D+f(0) =
=4a+2b+c—2a—2b—2c+c=2a>2a€ZL
f()—fO0)=a+b+c—c=a+b€EZL
f(0)=ceZ
£(140) = 140%a + 140b + ¢ = (1402 — 140)a +
+140(a + b) + ¢ € Z deoarece 1402 — 140 e numar par.
£(1882) = 1882%a + 1882b + ¢ = (18822 — 1882)a +
+1882(a + b) + ¢ € Z deoarece 18822 — 1882 e numir par.
£(2022) = 2022%a + 2022b + ¢ = (20222 — 2022)a +
+2022(a + b) + ¢ € Z deoarece 20222 — 2022 e numér par.

Problema 63

Fie f:R = Rastfelincat f(x + 1) — f(x) =
=3x2+3x+1,(V)x ER

Daca |f(x)| < 3, (V)x € [0,1] aratati ca:

[F )| <4+ |x]2P(V)x €R.

Solutie

Fieg:R- R, g(x) = f(x)—x3>
59+ —g@)=fx+1D)—-(x+13-fx)+x3=0
= g e periodica de perioadd 1 = |g(x)| < |f(x)| + |x|® < 4,
Mx € [0,1] = |[gx)] <4, (V)x € R side aici
FO) =1gC) +x3 < 1gQ)| + |xI? < 4+ |x]® cctd.

Problema 64

Aflati restul impartirii polinomului
p = x2022 4 1882 4 5140
la polinomul
q=x*+x+1.
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Solutie
Fiex?+x+1=(x—x)(x—x),% # X.
Asadar x;2 +x; + 1 =0 (x; — 1),x; # 1 = x} = 1. Atunci:
p(x,) = x2922 } x1882 4 4140 _
= () + x, ()Y + 2 =14x,+xE=0>
= x — x,|p si, analog, x — x,|p.
Asadarp iq =1 =0.

Problema 65

Rezolvati in R ecuatia:
VX% —4x+5+/3x2 —12x + 16 = —2x% 4+ 8x — 5.

Solutie

Fiey=x2—-4x+52>1>0
deoarece(x—Z)Z20$\/;+\/3y—+=—2y+5(:)
o y+3y+1+2y-5=0
Cum f:[1,0) > R, f(y) = ﬁ+ \/m + 2y — 5 este strict crescitoare
= f(y) = 0 are cel mult o solutie.
Cum f(1) = 0 = y = 1 solutie unicd =
=>x2—4x+5=1% (x —2)? = 0 = x = 2 unica solutie.

Problema 66

Rezolvati in R ecuatia:
Vx—1+V3—x=x%2—-4x+6.

Solutie

Evident, x € [1,3]. Cum x?2 —4x + 6 =
=(x—-2)2+2=22=>Vx—1+V3—x2=22|’=>
25x—-14+3-x+2/(x—-1)B-x)=4>

=>Jx-1DB-x)=lsau(x—1)B-x)=1=>
> —x4+3x—-3+x=>1>
50>2x2—4x+4=(x-2)=>x-2)>’=0>
= x = 2 singura solutie.
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Problema 67

Ardétati cd dacd a, b, ¢ > 0 atunci
a® b 3
—+—+—>=>ab+ bc+ca.
b c a

Solutie

Folosind inegalitatea lui Holder, avem:
a® b3 3 - (a+b+c)® (a+b+c)? -

Pt et e %3Gt 3 °
3(ab + bc + ca)

= 3 =ab + bc + ca.
Problema 68

Fie a, b, c numere pozitive astfel incat abc = 1.
Arétati ca: a®> + b> +c?+ab+bc+ca—a—b—c = 3. In cecaz
avem o egalitate?

Solutie

Deoarece , avem:

a2+b2+c2><a+b+c>2

a?+b*+c*+ab+bc+ca—a—-b—c=a*+b*+c%*+
+(a+b+c)2—(az+b2+cz)

> —(a+b+c)=
a’?+b*+c? (a+b+0)?
= 5 +( 5 ) —(a+b+c)=
1(a+b+c)> (a+b+c)?
ZE( 3 ) +( > ) —(a+b+c)=

+b+
=2 : 2 T 2(a+b+¢)—3] = Vabe(2 - 3¥abc — 1) = 3,

Egalitate avem pentrua = b = ¢ = 1.
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Problema 69

Fiea,b,c € Rai.a+ b+ c =1 Aratatica:
a’?+b?+c?+1=4(ab + bc + ca).

Solutie

a?+b%>+c?+(a+b+c)?>=4(ab+bc+ca) &
ea’?+b*+c*>ab+bc+ca

1
Egalitate pentrua=b =c = 3

Problema 70

Gasiti
7 AF_x4—1Ox2+9 . o
x al F = —5————5 este numar prim.
Solutie
F_x4—x2—9x2+9_x2(x2—1)—9(x2—1)_
T (x—-1D2-4 (x-3)(x—-1) -
(x2-1)(x%-9)
= =(x—-1D(x+3
G-DErD D3
x—1==1=>x=0 F=-3<0 F
x—1=1=>x=2F=5 A
x+3=1=>x=-2 F=-3<0 F
x+3=—-1=>x=-4 F=5 A
= x € {—4,2}
Problema 71
Aflati
1.1 . 5 23 3 2,,2 3,,3
E=;+;§t11ndcax +y° + 3x°y° =x°y°.
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Solutie
0 =(xy)® + (=x)° + (=9)° = 3xy(=0)(-y) =
=@y —x=y) Py + x> +y* +xPy + xy® — xy)
I xy—x—y=0[+1
x-Dy-D=1
1 1
1 1 x=y=2=>E=-+-=1
x Yy
-1 -1 x=y=0 (F)
I x?y*+x*+y*+x’y+xy*—xy=0
>x=y=—-xy,x=y=-1
1 1 1
x y -1 -1

Problema 72

Ardtati cd dacd a, b, ¢ = 1, atunci:
(abc +2)(a+ b +c) = 3(ab + bc + ca).

Solutie 1

(a-1D)b-1)>0=>ab=a+b—-1 (1)
3(ab + bc +ca) < (a+b + c)?
(abc+2)(@a+b+c)=(a+b+c)?|:(a+b+c)>0
abc+2=>a+b+c
abc+2—-a—-b—-c=0
abc—(a+b—-1)—c+1=0
din(1)=abc—(a+b—-1)—c+1=abc—ab—c+1=
=ab(c—1)—-(c—-1)=@h-1D(c—-1)=0

>0 >0 @

Solutie 2
ab>+2>a+2bl-ce (b-Dab+1)-2]=0
ab?c + 2c > ac + 2bc
Analog abc? + 2a > ab + 2ac
a’bc + 2b = bc + 2ab

a®bc -@abzc + abc?® +2a + 2b + 2¢ = 3ab + 3ac + 3bc
(abc+2)(a+b+c)=3(ab + bc + ca) cctd.
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Problema 73
Fiex y > 0. Aratati ca:
X2y
7 +7 >/ 2(x? + y?).
Solutie
Avem de aratat ca (x3 + y3)? > 2x2y?(x? + y?)
x3 +y3 > 2,/x3y3, egalitate pentru x = y
= Raméne sd aratam ca x> + y° > [xy(x? + y) &
o x3 —x% [xy +y3 —y?,\[xy = 0, care se scrie:
xZ\/E(\/} — \/;) — yzﬁ(\/} - ﬁ) = 0, adica:
5 5
Vx= ) |(Vx) - ()] 2 0
avem: (VX = )" [(V0)" + (V) + (V) (V) +
+ \/E(\/;f + (\/;)4] =0 @ cu egalitate pentru x = y

Problema 74

Demonstrati ca pentru a,b,c>0:
) ) 1 1 1 1 1
(a®*+b +c)( +5+ )>(a+b+c)(—+—+—).
b a b ¢
Solutie 1

Desfacand parantezele, obtinem:
a’? b? a®?> ¢* b? c¢*"a b a ¢ b c
prtetetgtatpzyttetatety @
oo xP y? o«
AratamcaF+F2;+— (2) |-2pentrux,y >0
@)+ Q]2 (D) =26

y

x
S—+==2

y x
Folosind (2) obtinem (1).
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Solutie 2
3(a?+ b%?+c?) = (a+b+c)?

3(1_|_1_|_1) (1_|_1_|_1)2
b2 a b c

1 1 1 1
9(a? +b2+c2)< izt >(a+b+c)< +5+ )

(a+b+c)( +2+1)

Generalizare:
(xf + x5 4+ x5) Ll l)s
1 2 n x12 xzz x721 =
1 1 1
>(x1+x2+ +xn)( +_+ + )
X2 Xn
Problema 75

Fiea,b,c € Rai. a?+ b%>+c?=3.
Demonstrati ca: |a| + |b| + |c| — abc < 4.

Solutie
a® + b2 + c?
- >3a%b2c2 = |abc| <1
—abc S 1 (1

(lal + |bl +1cD? < 3(a? + b2 +c?) =9 =
= lal+|bl+1cl <3  (2)
Din (1) si (2) rezultd c.c.t.d.

cu egalitate pentru |a| + |b| + |c| = 1,abc = —1

Problema 76

Gdsiti cea mai mica valoare a expresiei xy + +yz + zx dacd x? +
y2+2z2=3(x+y+2).

41



® Carina Maria Viespescu ® Lucian Tutescu ® Florentin Smarandache ®

Solutie

Notand x + y + z = t avem:
t2—(x2+y?+2z%) t?-3t

xy+yz+zx = =
yry 2 2
3\ 9
t —_—— ——
_(-3) -3 5 3
2 8
Cea mai mica valoare este — 3 si este atinsa pentru
fy4z=2
x zZ=—
Y 2
Problema 77

Fie %1, X5, ***, Xon4q numere reale (n € N*) astfel incat x; + x, +
oo Xon+1 = X1X2 *** Xon41- Arétatl ca:
2n 2n 2n
X{0 X7t Xopg 2 X9 X2 Xopgg-

Solutie

Presupunem ca |x;]>1,[xy| > 1, |x9n41] > 1 atunci,
deoarece x2™ = |x;|%" > |x;| > x4 si, analog,
X2 > xp, 0, X501 > Xyn41, Obtinem:
XPP A X X S X Xy e Xy =
= X1Xp *** Xon+1 de unde
2n 4 ,2n 2n
XiU X" e Xoner = X1X2 0 X
Presupunem acum cé cel putin unul dintre numerele [x |,
[22],++, |%2p41| s4 zicem |x5,,44 | are proprietatea |x,,44] < 1.
s 42N 2n 2n 2n
Atunci X9 + Xy + -+ Xon + Xon+1 =
2n
> 2+ a3 e x50 = 207N (g e X )2 =
= 2n|x1x3 - Xonl 2 Xx2 - Xonl 2 X122 X2nXonaa| 2
= X1Xp *** Xon+1 adica
2n 4 ,2n 2n
XiU X" e Xoner = X1X2 0 X
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Problema 78

Fiex,y,z € Rastfelincitx +y +z = 0.
Arétati ci: x%y? + y%z? + z?x% + 3 = 6xyz.

Solutie

Avem de ardtat ca
x2y2 + 9272 + 22x2 + 3 — 6xyz + (x +y + 2)? —
—(x 4+ y + x) = 0 care se scrie:
(x2y? + 2% + 1+ 2xy — 2z — 2xyz) +
+(y2z2 + x2+ 1+ 2yz — 2x — 2xyz) +
+(x222 + y2 + 1+ 2xz — 2y — 2xyz) = 0 adici
(xy—Z+1)2+(yZ—x+1)2+(yZ_x+1)2 >0

Problema 79

Demonstrati cd dacd x + y + z = 3, atunci:
X y z

+ + <1
2x+yz 2y+zx 2z+xy

Solutie

Scazand % din fiecare membru, ecuatia se transforma in:
D S B A
2x+yz 2y+xz 2z+xy
Acest lucru se arata folosind Inegalitatea Titu Andreescu:
(xy + yz + zx)?
T 6xyz + x2y? + y?z?% + 72x?

Trebuie sa aratam ca my = 1, echivalent cu

6xyz < 2xyz(x +y + z).
Ajungem la x +y + z = 3, ceea ce e adevarat.
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Problema 8o

Fie x,y € R astfel incat x —y = 1. Aflati cea mai mica valoare a
expresiei E(x,y) = x3 —y3 — xy precum si valorile lui x si y
pentru care este atins acest minim.

Solutie

EC,y) = (x—y)(x? +xy +y?) —xy =
=x2+xy+y?—xy=x2+y’=(y+1)?+y%=
1\* 1_1
=2y2+2y+1=2(y+5) +525.Ceamaimicévaloare
1
estezatinsépentruy=—§ §ix=5.

Problema 81

Fiea, b, c € R astfel incat
|(a=b)(b—c)(c—a)l=3.
Gasiti cea mai mica valoare a expresiei: |a| + |b| + |c|.
Solutie

Presupunem, fara a restrange din generalitate,
a=b = csiavem:

a—b+b—c\?
3=(a—b)(b-c)c—a) < (—) (a—c)=
2
_ 3
= % de unde a — ¢ = V12. Deoarece

la| +|b| + [c| = |a —c| + |b| = V12 + 0 = V12.
Pentru ca minimul expresiei |a| + |b| + |c| si fie Y12 va trebui si fie
atins a — ¢ = Y12. Evident b = 0si|la — c| = Y12 =

3
= |a|l +|—c|+ |a—c| =3 = siac = 7— de unde
V12
3 3
a= g c=— g Asadar minimul cerut este VY12 atins
V12 V12

t =—,b=0c=——.
pentru a > c >
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Problema 82

Fie:

n
Z o (kH) 2(k + 1),undep € N*.

=p
Sé se calculeze [x] (partea intreagd a numdrului real x) si sd

==

se arate ca {x} < piz, unde {x } reprezinta partea fractionara a
numarului real x.
Solutie
Din inegalitatea lui Bernoulli:
2k 41 D 2k +1
( )

= - 14—
T kT 12 >t ey 2
=2k+2=2(k+1) =

2k + 1 21
51+— > R+ D) > 1

k?(k + 1)?
(deoarece 2k+1)>1) =

:Z( 2k + 1 )> >Z1 +1, adi
kz(k+ 1)2 X =n- p a lca

n
n-— p+1+z< > (k+1)2>>x>n—p+1sau
k=p

1
n—p+1+p—2—

kP (k+1)* =

m>n—p+1deunde

1
n—p+1+p—2>x>n—p+1§ideaici

1
[x] = n—p+1§i{x}<p—2
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Problema 83

Fiex,y,z > 0 astfel incat:
x2y? +y2z% + 2%x% + (xyz)® = 4.
Arétati cd x? + y? + z? = 3. In ce caz avem egalitate?
Solutie
Avem 4 = x2y? + y222 + 7z2x2 + (xyz)3 >
> 4y (x2y?2) (y222)(22x2) (xyz)? = 43/ (xyz)7 =

= 47/(xyz)” <1 = (xyz)” < 1deunde xyz < 1 (1)
2

cu egalitate pentru x2y? = y2z2? = z2x? = (xyz)?

Din x2y? = y2z%2 = z2x?2 2 x2 = y?2 = 722 = x = y = z si atundi
din x?y? = (xyz)3® = x* = x° = x> = 1, de unde

x =y =z = 1. Avem acum

x%2y? +y22% + z%2x% = 4 — (xyz)3 (din (1)) si apoi

(x? +y? +2z2)?2 > 3(x%y% + y22%2 + z?x?) > 3 - 3 adica
x2+y? + 2% >3 cuegalitate pentrux =y =z =1

Problema 84
Fiea,b,c > 0. Ardtati ca:
3 932
atb+c+—— == |-

ab+bc+ca 2.3

In ce caz avem egalitate?

Solutie

Cum (a + b + ¢)? = 3(ab + bc + ca) cu egalitate cind a = b = ¢ (1)
sinotand ab + bc + ca = x avem
a+ b+ c = v3x. Notand cu M membrul stang, avem:

3 V3x V3x smedii
M>\/§+—=—+— - =
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Vv3x 3
Minimul este atins pentruT === 3x3=36=2x3=12=>

= x =3 251d1n(1):>3a

=>a=»h —c—f f:az—b2=c2—J:
9
3(2

Asadar, avem egalitate pentrua = b = ¢ = 3
Problema 85

Aflati cea mai micd valoare a expresiei a expresiei (x +y)(y + 3)
dacd x si y sunt numere strict pozitive si xy(x +y + 3) = 27.
Determinati valorile lui x siy pentru care este atins acel minim.

Solutie

E(x,y)=xy+3x+y>+3y=y(x+y+3)+3x=

27 27 ..
= ~ +3x>2 7 3x = 18. Cea mai mica valoare este 18,

27
atinsa pentru ~ = 3x=2>x=9s519y(9+y+3)=27=>

—-12+v144+4-3

—12 4239
=— = —6 ++/39. Convine y = V39 — 6.
Problema 86

Fie x € R. Aratati ca:

2 +x+1\ L (X1 '
s =X ( > ).Incecazavemegalltate?
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Solutie

Fie x? + x = y. Inegalitatea se scrie:
+1\° _ y?
(yT) > yT sau4y3 + 12y%2 + 12y + 4 — 27y% > 0

4y3 —15y?2 + 12y + 4 > 0sau (y — 2)?(4y + 1) = 0.
Cum4y +1=4x’>+4x+1=2x+1)? >
= (x?+x-2)2Q2x+1)?>0.

-1
Egalitate avem pentru x = —2,x = - saux = 1.

Problema 87

Ardtati ca:
x?—x+x*—x+1>0Vx eR

Solutie
Avem
2 g , 132
x12 — x% + x* —x+1—< ——x ——) +Z<x —§) +
P a) +(x-2) o
2 2/ 6

Problema 88

Fiea,b,c > 0. Aratati ca:

b+c
a3+b3+c3—3ab622( 5 —a).

Solutie
3

b+ 3
a3+b3+c3—3abc—2( Zc—a) =Z(b+c)(b—c)2+

3 3
+§a(a—b)2+§a(a—c)220=>
b+c 3
=>a3+b3+c3—3ab622( > —a).
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Problema 89

Fien € N. Aratati ca:

1 1
-3 > ———
{ 21" 8Vn+3
unde {a} reprezintd partea fractionard a numarului real a.

Solutie
Fie [\/ﬁ] = k. Atunci:
1 |4k? + 4k + 1 — 4n| -

1 1
—=|=z2k+1-2vn| ==
|{ﬁ 2| 2| ’ Vi 2 2k+1+2vn

1 1 1 1 1

S > = > deoarece
2 2k+14+2yn 2 4/n+1 8/n+3

|4k? + 4k + 1 — 4n| > 1 (4k? + 4k + 1 este impar iar 4n par)
sik < V/n.

Problema 9o

Aflati cea mai mica si cea mai mare valoare a
—4x? + 3xy

expresiei E (x,y) = X2 + y2

unde x $i'y nu pot fi zero simultan.

Solutie

Presupunem x # 0 si

—4+3%. oy -4+ 3t
E(x,y) =———  sinotaind = =tavem ———— =z €R >
y X 1+ t2
1+%
=>zt2—3t+z+4=0culA=—-4z>-16z2+9<0=>
91]
>z=|-=,=|
=722
I . . 1
Cea mai micd valoare este — — iar cea mai mare —.
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Problema 91
Fie x,y € R astfel incat 1 < x? + y? < 2. Aflati cea mai micd si
cea mai mare valoare a expresiei
x2 4+ y% +xy.
Solutie
Fiex =rcostsiy = rsint, cut € [0,2m). Atunci

1
1<r2<2six®>+y?+xy=r1? (1 +Esin2t).

1 1 3 1
Cum 5 < 1+5sin2t < 2 rezult 5 < x% +y2 +xy < 3.

V2 V2

1
Valoarea > este atinsa pentru x = K y = - iar valoarea

3 este atinsd pentrux =y = 1.

Problema 92

5, +00).
Arétati cd a’b?c?d? + a® + b? + ¢? + d? > 4abcd + 1.
In ce caz avem egalitate?

Fie a, b, ¢, d numere reale din intervalul [

Solutie

Deoarece a2 + b2 + c2 + d? > 4Va?b%c2d? =
= 4+v/abcd vom arita ci a’b?c?d? + 4vVabcd > 4abcd + 1.

1\* 1
Fiex = vabcd = x > (—) = — si avem de aratat ca:
Vv2/ 2

(1) x* + 4x — 4x? — 1 > 0 sau:
xf—1—-4x(x—1)=20;(x—1D3+x*+x+1—-4x)>0
sau (x — 1)(x3 + x2 — 3x + 1) > 0 de unde
(x—D[x3—x+ (x —1)?] = 0, adica

(x — 1)?(x% 4+ 2x — 1) = 0 adevarats, deoarece

242 1>1+21 1—1>0
XrexmRegTeny T AT
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Egalitate in (1) avem pentru x = 1, adicd abcd = 1.
Egalitate in inegalitatea din enunt vom avea (deoarece am aplicat
inegalitatea dintre media aritmeticd si cea geometrici) pentru a? =

b?=c?=d?siabcd = 1,adicia=b=c=d = 1.

Problema 93

Punctul L se afla in interiorul triunghiului isoscel ABC astfel incat
AB = BC = CL si LAC = 30°.
Gadsiti masura unghiului ALB.

Solutie

Fie BD inaltimea triunghiului, D € AC si

BD n AL = {N}. Avem:

LNC = LNB = BNC = 120°
Atunci:

ALNC = A4BNL = NL = BN.
Asadar ABNL este isoscel si
NLB = 30°. De aici:

S

ALB = 150°

B

Problema 94

Se considera AABC cu BC = a,AC = b si AB =c. Fie P si
proiectiile varfului C pe bisectoarele interioare ale unghiurilor A,
respectiv B. Determinati, in functie de a, b, c, lungimea segmentului

PQ.
Solutie

Fie CP N AB = {P,}si CQ N AB = {Q,}.
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Cum AP e inaltime si bisectoare in
AAP,C = AP; = AC = b si P este
mijlocul lui CP;.

Analog, Q este mijlocul lui CQ;.
Atunci QP este linie mijlocie in

1
AP;Q.CsiPQ = §P1Q1-
Avem PQ; = AP, + BQ, — AB =

=a+ b + c,de unde
PQ=1/2(a+b+c)

Problema 95

Linia mijlocie MN a trapezului ABCD (AB |l CD) intersecteaza
diagonala AC in K si diagonala BD in L. Stiind cd patrulaterul KLCD
este pdtrat de latura 4 cm, aflati aria trapezului.

Solutie

Evident, CD = 4cm si cum

AB —CD
KL = — = 4cm = AB = 12cm.
Inaltimea trapezului este 2DK = 8cm si, de aici, aria trapezului
este:
4+12)8
¢#+12)8 = 64cm?
2
Problema 96

Aflati aria unui triunghi ABC daca AB = 3, BC = 7 si mediana
BD = 4.

Solutie
Din teorema medianei
_ 2(AB? + BC?) — AC?

BD?
4

= AC? =52
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Din formula Iui Heron
1
S2=pp-a)(p—=b)(p—rc) =E(a+b+c)(—a+b+c)-

1
(a=b+c)la+b—c)= R(Zazb2 + 2b%c? + 2c%a? —
—a* — b* — ¢*). Deoarece a? = BC? = 72,b? = AC? = 57,

AB? = ¢? = 9, inlocuind, gasim:

1
52=E(2-49-52+2-52-9+2-9-49—2401—2704—81)=>

1
= 52 =T 1728 = 108 de unde S = 6v/3.

Problema 97

Bisectoarele AM si BN, cu M € BC,N € AC, se intersecteaza in
punctul I. Stiind ca MINC inscriptibil, aflati:

a) ABC;
b) Unghiurile AMIN.
Solutie
a) Deoarece MINC inscriptibil => MIN + ACB = 180°
__ A+B A+B
dar MIN = 180° — — = (C + 180° — — = 180°

=180°—C = 120°
= 30°si INM = 180° — 120° — 30° = 30°.

2C = A B caum A+ B+ (¢ =180°=C =60°
b) MIN

Problema 98
Se d& un triunghi ABC. Inaltimile AA,, (A, €€ BC), BB;, (B, €
AC) se intalnesc in H si AHB = 150°.
a) Gasiti ACB.
b) Dacd M este mijlocul lui CH determinati masura A;MB,.
¢) Demonstratica CH = 24, B;.
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Solutie

a) Patrulaterul C B; HA, este inscriptibil si atunci ACB = 30°.

b) AMA,C si AMB; C sunt isoscele (B;M si A; M sunt mediane in
triunghiuri dreptunghice). Unghiul A; MB, va avea 60°.

¢) 4A1MB; fiind isoscel cu un unghi de 60° este echilateral si de
aici imediat concluzia.

Problema 99

Aratati cd in orice triunghi:
1 1 + 1 1 1 1
mg  mp  mg

- TaTv  TpTec rcra,
unde mg,my, m, sunt lungimile medianelor, iar 1,,1,,7, razele
cercurilor exinscrise triunghiului.

Solutie
Avem
2(b2+c*)—a?> (b+c)2—a?
mg = 2 > 2 =p(p—a)

si analoagele. Atunci:

Zi<z 1 Xe-bp-o _

mé = Laplp—a) plp-a)p—b){p-rc)

_Z(p—b)(p—C)_E(zv—b)_(p—C)_ 11

- 52 - S S Lin 1
S

s
deoarece se cunoaste 1, = —, 1, = =—,
p- p-c

Problema 100

Fie H ortocentrul triunghiului ABC. Daca CH = AB si BH = AC,
aflati unghiurile AABC.
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Solutie
A Fie AH N BC = {D} si

E BH N AC = {E}si
CHN AB = {F}.
= BAD = FCD = ACHD = 4ABD
= CD = AD = %ACD = 45°
(4ADC dreptunghic isoscel)
Analog: ¥ABC = 45° A=H

= m(BAC) = 90° -

= AABC dreptunghic in A si isoscel B C

Problema 101

Se considerd patratul ABCD si triunghiul echilateral BFE cu AB =
a, BE = b astfel incat punctele A, B, E coliniare in aceasta ordine si
punctul F sa fie situat in acelasi semiplan determinat de dreapta AB si
punctul C. Determinati in functie de a si b aria AHGB, unde DE N
BC = {H},DE n BF = {G}.

Solutie
ABCD patrat = DC || AB = DC |l BE (A, B, E cqliniare)
DinT.FA ADCH ~ AEHB

CH DC a
S5 —=—=—

HB BE b
CH+HB a+b a a+b ab

= > —= = HB =
HB b HB b 1 a+b

Fie GI L HB cul € (BH). Atunci in AGIBdreptunghic
m(IBG) = 180° — m(ABC) — m(FBE) =

BG
= 180°—90°—60°=30°=>GI=T

Daci GI = x = BG = 2x = BI? = 4x% — x%2 = 3x%,BI = x\/3
HBE = 180°— ABC =90°= EB L CB,GI L BC = IG || BE.
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Din TFA=> AHIG ~ AHBE =& =1L
BE  HB
= b - ab
at+thb
Din calcule obtinem abx = ab? —/3b(a — b)x =
ab R
g a+ (a+hb)V3
HB - GI (ab)?

= Aynce = =

2 2(@a+b)|a+ (a+b)WV3]

Problema 102

In triunghiul dreptunghic ABC proiectia lui A pe ipotenuza BC este
punctul D. E este mijlocul lui AD si AC NN BE = {F}. Daci BD =
a si CD = b, calculati lungimea segmentului BF .

Solutie

B Din teorema Inaltimii

a AD? = a - b de unde
D AD =+ab

vab . .
= ED = —, statunci

b
k ab
2X BE = |a? +— =
X 4

1
A F G C =E\/a(4a+b)

Prin D ducem o paralela DG la
BF (G € AC). Daci EF = x, cum EF e linie mijlocie in 4ADG =
DG = 2x.
Acum, din asemdnarea triunghiurilor ADGC si ABFC

1
BF BC 3va(4a+b)+x a+b
= =
DG DC 2x b

si de aici
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by a(4a + b)
x = ——— de unde
2(2a + b)
+b)Ja(da+ b
BF=BE+EF=(a )yalta )

2a+b

Problema 103

Fie M mijlocul lui BC, P si Q pe AB astfel incit AP = PQ =
QB in AABC. Daca PM(Q = 90°, demonstrati ca:
AC = AB
==

Solutie
Fie N mijlocul lui PQ. Atunci M N linie mijlocie in

AC
ABAC = MN = - Dar MN e si mediana in triunghiul
dreptunghic = MN = L2 - AB L AC_ 4B Gicaac =28
reptunghic =5 =% = ¢ adicadl =—

Problema 104

In AABC ascutitunghic inaltimea AA’ este cea mai mare dintre cele
3 ale triunghiului si este egald cu mediana BM. Aratati cd
m(4BC) < 60°.
Solutie
Ducem ML 1 AB,L € (AB) si
MK 1 (BC),K € (BC)
> MK =ZAA'sicum  BM =
AA' =

1
= MK = BM = m(MBK)
=30

LM—lCC’
2

Cum indltimea AA’ e cea mai mare =
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1 ___ R
= ML <-BM = m(ABM) < 30°si m(ABC) < 60°

Problema 105

Fie ABCD un trapez cu bazele AB = 2b, CD = 2a(b > a) si M
mijlocul segmentului AB iar N mijlocul segmentului CD. Dacd
MN = b — a, aratati cd ADB nu poate fi un unghi drept.

Solutie

Se cunoaste ca in trapez M, N si
P, intersectia laturilor neparalele
AD si BC, sunt coliniare.

Cum APDN ~ APAM, notand

DN PN
a PN=xavemm=msau
a X .
b-a E=madlca
A b v B ax +ab —a® = bx =

=>x(b—a)=alb—a)
atuncix = a. Cum PN = ain
triunghiul DPC mediana PN este jumatatea lui DC atunci ADPC este
dreptunghic in P. Daci si unghiul ADB ar fi dreptunghic atunci din B am
cobori doua perpendiculare pe AD cea ce este absurd.

Problema 106

Fie AABC ascutitunghic si AD,BE si CF finaltimile sale, iar H
ortocentrul.
Ardtati ca:

(@+b+c)?
AD'AH+BE'BH+CF'CHZT,

undea = BC,b = AC sic = AB.
In ce caz avem egalitate?
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Solutie
28 abc

AD =—,5§ =—
a 4R

Deoarece AH = 2R cos A, BE = 2R cos B si CF = 2R cos C,
28 2abc
avem:AD - AH = —+2RcosA=——-2Rcos A =
a 4aR
b? + c? — a?
=bccoOsA=——>
12 1
=>ZAD-AH=§Z(N+CZ—aZ)=E(a2+b2+cz)

Cum din inegalitatea Cauchy-Buniakovski

Ca? :
Zaz = 3 , obtinem imediat inegalitatea din enunt cu

egalitate pentru a = b = ¢, adicd 4ABC este echilateral.

Problema 107

Rezolvati in R ecuatia:

sin?%21 x + c0s2021 x + sin?%%2 x = 2,

Solutie

Avem:
sin?%21 x + c0s2%21 x < sin?x + cos?x =1
Cum sin?921 x + cos?921 x = 2 — sin?0%2 x =
=2 —-sin?%2x <1 >
= sin®??? x > 1 = sin®*?? x = 1 i, de aici,
sin?021 x + cos2021 x =1
Din sin?%%2x = 1=
a)sinx = =1 = —1 + c0s?%?1 x = 1 = c0s?%21 x = 2 Fals, sau

b)sinx =1=1+cos?®?lx=1=cos??lx=0=>
= cosx =0
Din sinx = 1 si cos x = 0 gasim solutiile ecuatiei:

X € {%+ 2km|k € Z}
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Problema 108

Ardtati ca dacd 3sinf = 2sin(2a + ) si cosa # 0, cos(a +
B) # 0 atunci 5tga = tg(a + B).

Solutie

Avem:
sinfB = 2[sin(2a + B) — sin ] = 4 sina cos(a + B) si
3sinf =2sin(a + B+ @) = 2sin(a + f)cosa +
+2 cos(a + B) sin a. Din cele doud relatii rezulta:
3sinf = 12sina cos(a + B) =
= 2sin(a + B) cosa + 2 cos(a + B) sin a si, de aici,
10 sin @ cos(a + B) = 2sin(a + B) cos a.
Impartind aceastd ultima relatie cu 2 cos(a + f) cos a, gasim
Stga = tg(a + B).

Problema 109

Fie a,b,c € (0, g) astfel incidt cosa =tgh, cosb =tgc si

cosc = tga. Ardtati ca:

. . . V51
sina = sinb = sinc = .

2
Solutie

Avem:

) _tzb_Sian_ 1 1_coszc 3
costa=1g " cos?h  cos?bh " sin?¢ -
3 1 1 1 _ 1-cos’a L
-1 . " cos’a_ ., ~ 2cosa—1 ¥

cos?c sin? a
de aici cos* a + cos?a — 1 = 0, adici

~1+V5 vo-1 o
cos’a = — Convine cos?a = si atunci
2
3-v5 (V5-1
sina=1-cos?a = 5 =( 5 )deunde

V5 -1

sina = . Analog pentru sin b, sinc.
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Problema 1102

In dreptunghiul ABCD construim GH || BC punctul G € (AB)
iar punctul H € (AD) si EF || DC punctul E € (AD) iar punctul F €
(BC).

Fie GH N EF = {M}si AH N CE = {K}.

Demonstrati cd punctul K este pe cercul ce contine picioarele
inaltimilor A DGF.

Solutie

B F c

Fie X,Y, Z - mijloacele laturilor A GDF.

Vrem sa demonstram ca punctul K apartine cercului celor 9
puncte al AGDF.

Demonstram ca B, X, M coliniare
Cum GM Il BF = GMFB- dreptunghi = BM N GF = {X}
GB | MF

deci X - mijloc.

Analog  pentru  dreptunghiurile FEDC,ADHG  deci
B,X,M; C,Z,E; A,Y, H coliniare.

Dem. ci AH N CE N BM = {K}.

Cum AH n CE = {K}.

Consideram transversalaA — K — H pt A CDE.

2 Propunere pentru clasa a VII-a de prof. Dan Lucian Grigorie - Craiova.
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. . AE HD KC
Aplicam teorema lui Menelaus = — - —-—=1;
AD HC KE
AE _AE_AD _ ME BF KC ME . .
dar —=—; —=— = ——-— =1 = conform reciprocei
AD  BC’ HC MF BC KE MF

lui Menelaus in A FCE = B, K, M coliniare, deci BM trece prin K.

Demonstram ca patrulaterul KXY Z - inscriptibil.

In A BKC: <BKC = 180° -(<KBC + <KCB).

In dreptunghiurile GBFM si EFCD = <MBF = <KBC =
IAGFB si XECF = 4DCF = ¥KBC + <KCB = ¥GFB + <DCF =
180° — XGED = 180° — <XYZ = 4XKZ = xXYZ deci KXYZ-
inscriptibil si punctele apartin cercului lui Euler pt A GDF.

Deci K este pe cercul ce contine picioarele indltimilor A GDF.

Problema 1113

Fie X1, X5, ... Xn € {—1;1};n > 2 astfel incat n € IN
2023 2023 2023 2023
X1 X Xp—1 X
+ +o +——=0
X2 X3 Xn X1

a ) Pentrun = 2024 dati exemple de astfel de numere

b ) Ardtati cd n este numar natural divizibil cu 4.

Solutie
a)Obscaptx;=Lx,=x3=x,=—-1;,x5=1;x5 =X, = xg =
=1 ..x2021 = L X2022 = X023 = X024 = —1

se formeaza 502 grupe de cate 4 numere a caror suma este 0. De aici
concluzia.

b ) Deoarece fiecare fractie are valoarea —1 sau 1 se obtine imediat ca
n este par, adican = 2k, k € IN.

x12023 i x22023 ) ] xn_12023 ] xn2023

Cum = (x1 ..%,)?022 = 1
x5 X3 Xn, Xy ( 1 n)

si pe de altd parte avand k fractii egale cu —1 si k fractii egale cu 1
din produsul anterior = (—1)¥- 1% =1
de unde n = 4/, I- numar natural.

3 Propunere pentru clasa a VIII-a de prof. Dan Lucian Grigorie, Craiova.
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Problema 1124

Fie ABCD un dreptunghic cu AB = I, BC = 2l si M un punct
in interiorul sdu astfel incat MAB = MBA = 15°. Determinati

masurile unghiurilor triunghiului MCD.
Solutie

Fie E si F mijloacele laturilor BC si AD ale dreptunghiului.
Cum ABEF este patrat demonstram cia A MEF este echilateral
(proprietate cunoscuta).

B E C
15 15
15 N
M
15°
A F D

Se considera un punct N in interiorul A BME astfel incat A
BNE =A MNE. Atunci A BMN este echilateral (avand NBM = 60°
si BM = BN).

Se arata in continuare ca A BNE =A MNE (L.U.L.), unghiul
ENM = 360° — 60° — 150° = 150° = ME = BE si asemandtor
MF = AF considerand A EMC care este isoscel. Cum BEM = 90° —
60° = 30° = MEC = 150° = ECM = EMC = 15°. Analog FMD =
15° = CMD = 60° — 15° — 15° = 30°. Cum A MCD este isoscel =

MCD = MDC = 180;‘3°° = 75°,

4 Propunere pentru clasa a VI-a de prof. Dan Lucian Grigorie si prof. Lucian
Tutescu.
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Problema 1135

Determinati numerele reale x astfel incat expresia sd fie numar

x2-3x+5
intreg.

Solutie
X

Fie——=k€Z=>kx?—Bk+1)x+5k=0

x2-3x+5
Pentru k=0=>x=0. Dacda k#0, A= 3k+1)*—-
20k? = —-11k?+6k+1>0=11k>—-6k—1<0
Cum 11k? — 6k — 1 = 0 are radicinile
6+v36+44 34420 3—+/20 3++20
19 = = >ke€e , NZ
’ 22 11 11 11
De aici k = 0, care nu convine (suntem in cazul k # 0).

Asadar singurul numar real care convine este x = 0.

Problema 114
a) Fiea,b € R" astfel incat
(ab)'*° + 4(ab)7° = 2(a?10 + p210)
Aratati ca cel putin unul din numere este irational.
b) Fiea,b € R* astfel incat
(ab)1882 + 4(ab)941 — 2(a2823 + b2883)
Aratati ca cel putin unul din numere este irational.
Solutie
a) Relatia se scrie (a* — 2b7%)(b**° — 2a7°%) = 0 de unde
(5) =2su(3)
b) Relatia se scrie: (a882 — 2p%41) (1882 — 2¢%41) = 0 si

se procedeaza ca la a).

2 2
= 0 adica % ¢ Qsau % ¢ Q de unde concluzia

5 Propunere clasa a VIII a de Viespescu Carina si Militaru-Cismaru Gabriela,
eleve, Craiova.
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Problema 115°

Fie xy,z > o astfel incat (x+y)(y+z)(z+x)=1. Aratati ca

Z (x+y)Jx2+xy+y2

>v/3 . In ce caz avem egalitate ?
X+y+2xy

Solutie

Din x?+xy+y> >— (x +y)? => m (x+y)\/— (1)

(x+y)\/xz+xy+y2 \/x2+xy+y2 Jx2+xy+y?
2Xy = xry
X+y+2xy 1422 1+
x+y 2

24/ %2 4+xy+y2? x+y)V/3
yty? o, (xty) , conform (1).

x+y+2 — 2(x+y+2)
A ex apstxm f 3T EFIVE (x+y)
Ramane sd ardtam ca V3 sau 1.
€s ALy = V3 8 Zz(++z)—
Fie x+y=a, y+z=b, z+x=c. Evident abc=1 si ramane sd ardtam ca:
a b c
L L |
a+2 + b+2 + c+2
sau
a+2-2 1
=1, adlca— — —<1.
2z a+2 TS

Efectuand calculele:
12 +4).a+y.,ab < 9 +
+4Y a+2) a, adica ), ab = 3, care rezultd din

z ab > 3¥abbcca = 3

Egalitatea este pentru a=b=c => x=y=z => 8x3 =1 => X=%

Problema 116

FieneN«six>1, xER.

M1 _y—(n+1) xM—yx 1

Aratati ca
? n+1 n

® Propunere de prof. Marian Cucuoanes, Mirdsesti, prof. Lucian Tutescu,
Craiova.
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Solutie
x2n+2_q 21
Avem DR > <=> n(x**2-1) > n+1) x (x> -1) [: x-1>0

=SnE™ +x" + L X2 X +H1) > (D) (PP AT+ L 4P +X) <=>1n

2n-1

X" 4+nx®" + ... 4+nx* +nx +n > nx> +nx>? + .. +nx® +nx + X" +X
+ o XX <=>

nx** +n > X+ + L +X3 +X

ardtim ca x> + 1> x> 4 x¢ k=1,..,n

XM 41 > X" +x

X2n+1 +1 > infl +X2

XEH 41 > xPNH 4 yn $1 prin adunare

XA 41 > x4 xk k= 0,n
X2+ _ in—k +1+ Xk+1 >0
x2k (xk1 1) - (xK1-1) > 0 <=> (x*F - 1)(x*"'-1) > 0, pentrux > 1.

Problema 1177

Fien=3siz, 2, ..., Zan EC astfelincat |S| = |S-z:| + | S- 2.
|+ | S-2z; | +..+|S-2zy|,undeS =2z,+2 + ... + Zn.

Ardtaticd z,=Zz = ... = Zp = 0.
Solutie

Avem (n-1) (|S-z,| +| S-2> |+ | S-23 | + ... + | S=27Zn |) = |
n-1)S| =|S-z+S-2,+S-2z3++... +S-2y | < |S-z| +|S-2z |+
|S-2z3| + ..+ | S—2Zn|

= (n-2) (|S-z:| +|S-22 |+ |S-2z3| +... + | S-zn|) <
osideaici |S-z;| + | S-z |+ | S-2z3| +...+ | S-2zn | =0, adica |S-
Z|=|S-2|=|S-2z;|=..=|S-z|=0,deunde S-z,=S-1z,
=S-7; =...=S-7z,=0,iardeaiciz,= 7, = ... = Z, = 0.

7 Problema pentru clasa a X-a de prof. Butaru Zizi-Iuliana si prof. Betiu Anicuta
- Craiova.
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Problema 118

Determinati cel ~mai mic numdr n€ N*pentru care existd numerele
reale X, Xa,...,Xaastfel incat |x;| +|xz| + ... |Xn| = 2017 + |X;+X2+...+Xn].

Solutie

\%

Deoarece n>|x;| +|Xz| + ... |Xn| = 2017 + |[X+Xo+...+Xn
2017=>n= 2018.

Aratam ca n= 2018 este numarul cdutat.
2017

Intr-adevdr pentru X,=X,= ... =Xjo09 = 2018 Si Xi010= Xion =...=
2017 .. . .
Xzo18 = = o obtinem cerintele problemei.

Problema 119
Fie x, y, z > o0 astfel incat xy+yz+zx =y. Aratati ca 6(x> +y*) +z°z 21.

Solutie
Cum 9x* +z°= 6xz (1)

9y* +7°= 6yz  (2)

3(x* +y*)= 6xy (3), prin adunare=> 12 (x> +y*) +2z°= 6
(xy+yz+zx) =6 - 7, adica
6(x* +y*) +z°= 21.
Egalitate avem cand avem egalitate 1n (1), (2) si (3), adicd 3x=z, 3y = z
Si x=y => x=y=18i z=3.

Problema 1208

; — 018 L1 P N
Fie A= 47°°'° | aratati ca:
a) A nu se poate scrie ca suma a doud cuburi de numere intregi
b) A nu se poate scrie ca suma a trei cuburi de numere intregi.

8 Problem& pentru clasa a VI-a de prof. Cremeneanu Luiza Lorena si prof.
Prunaru Constantina, Craiova.

67



® Carina Maria Viespescu ® Lucian Tutescu ® Florentin Smarandache ®

Solutie

A= (59 + 2)*8 = My + 228 = My + 22°0 . 4 = My + 872 . 4 = M, + (9
-1)572. 4 = Mg+ (Mg + +1) - 4 = M,

Cum resturile unui numadr intreg la impdrtirea cu 9 pot fi 0, 1 sau 8
obtinem imediat a) si b).

Problema 1219

Fie a, b, ¢ lunigimile laturilor unui triunghi ABC care verifica:
a?+b3+c3—ab(a+b)+bc(b+c)—acla+c)=0
Aratati ca triunghiul ABC este dreptunghic in A.

Solutie

Relatia din enunt se scrie:
(@>—=b?-c*)(a—b—-c)=0.
Cuma > b + ¢ = a? = b? + ¢?, de unde concluzia.

Problema 122%°

Fiea,b,c € N* astfel incat (a + b)?*¢ = (b + ¢)*** = (¢ + a)¢*P.
Ardtaticaa =b = c.

Solutie

Fiea+b=x,b+c=y,c+a=z deorece x¥ = y* = z*
vom ardta cix =y = z. Presupunem x < ysidinx¥ = y? =y > z.
Cum y? = z¥ =2 z < x sidin x¥ = z*¥ = x > y fals!

Analog daca presupunem x > y obtinem x < y (fals!).

Asadar x = y si de aici x¥Y = y# = z* de unde x = z asadar
xX=y=z.

Revenind la enuntul problemei gasima+b =b+c=c+a
sideaicia =b = c.

9 Propunere pentru clasa a VII-a de prof. Zaharia Gigi - Craiova.
' Propunere pentru clasa a V-a de prof. Meda Iacob Elena si prof. Gilena
Dobrica - Bechet.
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Problema 123™

Rezolvati in R ecuatia:

\/\/x+5+\/x—5=\/ﬁ<\/\/x+5—\/x—5>+\/§.

Solutie
Din(\/x+5+\/x—5)(\/x+5—\/x—5)=10noténdt=
\/\/x+5+\/x—5>Oavemt=\/ﬁ-@+\/§deundet2—

V5t —10=0
t1,2=\/§imcut1=—\/§<0§it2=2\/§>0
Vx+5+Vx—5=20
Atunci{\/x+5_\/x_5=% si=>2Vx +5=20+
1 41
E:) x+5—:
412 _1681-80 _ 1601

sideaicix =— — —_—
g 16 16 16

Problema 124

Pentru ce numere reale x, numerele x + V2021 si % — V2021 sunt

numere intregi?

Solutie
Fie x + V2021 =msi%—\/2021 =n,undem,n €EZ=>x=m—
. 1 _
V2021 Sl 2021 =n
=1-—mv2021+ 2021 = nm —nv2021 & 2022 —nm
= (m—n)v2021

" Propunere pentru clasa a X-a de prof. Cremenenanu Luiza si prof. Nedelcu
Irina - Craiova.

2 Propunere pentru clasa a VIII-a de prof. Vasile Roxana si prof. Tacu Dana -
Craiova.
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Cum V2021 nu este numdr rational= m = n sinm = 2022 =
{(1)m=n= 2022

(2)ym =n=—-v2022
Daci avem: m = n = V2022 = x = /2022 — /2021
Daci avem: m = n = —/2022 = x + 2021 = —/2022 = x =
—/2022 — /2021
Asadar: x € {\/2022 —4/2021,—/2022 — /2021 }, in concluzie:

x = +4/2022 — /2021

Problema 1253

Fiea € (0,1) si (xp)pso unsircuxo =b > 0six, =a’*+a+

JXn_1 — 2a /a +/xp-,n =1

Atdtati cd (x,)nso este convergent si calculati 7{1_1)7(}0 Xp -

Solutie

2
Avem x, = < /a + . Jxp_1 — a) >0 de unde: x, =0, (V)n € N*.
Cum /a + /Xp—1 = a deoarece

a+./x,_; = a? cae este adevaratid deoarece a > a?, (a € (0,1))

obtinem ,/x, = |a+ /xp_1 —a,adicda + . /x, = |a+ /xp_1.
Fie yp— /a + /x, cuyy =+Va+ b . Atunci y? = y,_;, de unde y, =

y2™" (inductie). De aici lim y, = 1 sidin x, = y2 — a, rezultd
n—-oo

(xp)nso este convergent si lim x, =1 —a.
n—-oo

'3 Propunere pentru clasa a XI-a de prof. Cremeneanu Lorena-Luiza si prof.
Prunaru Constantina - Craiova.
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Problema 1264

Fie ABCD un pdtrat, in exteriorul patratului sd construim
triunghiul echilateral ABE si triunghiul echilateral EDF astfel incat
punctul B este in interiorul sau. Determinati m(BFE).

Solutie

Notam latura pdtratului cu a.
DA =DC

AABE = LUL _ B
Astfel avem F| ED =FD |==>AADE = ACDF = FC = a
EDF = FDC

= m(FCB) = 60° = AFCB —echilateral= FB = BE = a

= AFBE — isoscel,
Avem m(FBE) = 150°, astfel m(BFE) = 15°.

| s |
—8 0

4 Propunere pentru clasa a VII-a de prof. Lucian Tutescu si prof. Grigorie Dan
- Craiova.
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Problema 127%5

a) Dati exemple de doud numere rationale strict pozitive distincte x siy
astfel incat x + % siy+ % sd fie naturale.
b) Dati exemple de 3 numere rationale strict pozitive distincte
X, Y, Z astfel incat numerele
x + yiz, y+ i siz+ % sd fie naturale.
¢) Dati exemple de 3 numere rationale distincte x, y, zZ astfel

PN 1 1 . 1
incat numerele xy + vz + > S1xz + e

Solutii

1

2

b) x=1,y=2,z=

a) x=2,y=

NIRN]|FP

o x=1L,y=2,z=

Problema 128

Fie un triunghi ABC avand AB = AC =a,BC=Db si
m(ABC) = 40°. Dacd (BD este bisectoarea unghiului B, iar D €

- _a®b
(AC), demostrati cd: BD = Pos

Solutie

Construim ABCE echilateral (in exteriorul AABC). Cum
m(4) = 100°,m(B) = 20°.

Din ADB = BEC = vpatrulaterul BDCE inscriptibil
= m(DEC)=20°.

'5 Propunere pentru clasa a V-a de prof. Chiritd Simona - Craiova.
16 Propunere pentru clasa a V-a de prof. Pitrascu Ion si prof. Grigorie Dan -
Craiova.
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ABD~ACED 22 =22 _28 . cp _pc = p
DE DC CE
.BD a . BD

Deci— = —, dar DE = BD + DC (Relatia Von Schooten) = =

DE b ; AD+DC
a BD a
> bc ba W
Aplicand teorema bisectoarei in AABC = DE_BE_D 5 DC _

AD  AB  a  AD+DC
b DC b ab
ab a2 P @
a’b

Din (1) si(2) > BD =

p2—q?’

B

=3
¥

\E//
Y

Problema 129"

Fie a, b numere pozitive astfel incit a - b = 1.
Ardtati ca: ab(a + b) — 10ab + 8(a + b) = 8.
In ce caz avem egalitate?

'7 Propunere pentru clasa a VIII-a de prof. Ciulcu Claudiu si prof. Dana Camelia
- Craiova.
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Solutie

Inegalitatea se scrie: ab(a + b)(ab + 8) = 10ab + 8.
Deoarece a + b > 2+/ab vom arita ci:
2vab(ab + 8) = 10ab + 8 sau notand Vab =t > 1 rezulti:
t(t?+8)>5t2+4ot3-5t2+8t—-4>0e (t—1D(t? -
4t +4) = 0 sau:
t—-1D(t—-2)*>=0.

Egalitate avem pentru t = 1 sau t = 2 adici Vab = 1 sau
Vab = 2 darsia + b > 2+ab adica:

a=b=1saua=b=2.

Problema 1308

Determinati numerele intregi n pentru care existd a, b, c € Z astfel
incatn> =a+b +csind =a?+ b%+ 2
Solutie
(a+b+c)?—(a® + b? + ¢?)?
> =

>2n>n*—nfsau3dn®=>n*=>n3B -n) =0,deunden €

n=a?+b*+c?>ab+bc+ca=

_ (nZ)Z_n3

{0,1,2,3}
Pentrun = 0,gasima =b =c =0,
a=b=0,c=1
Pentrun = 1, gasim {a =c=0,b=1,
b=c=0a=1
a=b=2c=0

2 2 2 _
Pentrun = 2, artrebui{a +bb +C__4 ,segdsescia =c = 2,b =0,
atb+c= b=c=2,a=0
2 2 2 _
Pentrun = 3, ar trebui {a +b°+c" =27 cu solutia:
a+b+c=9
a=b=c=3.

8 Propunere pentru clasa a IX-a de prof. Lucian Tutescu - Craiova.
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Problema 1319
Precupeata Ioana vinde in piata oud. Ea reuseste sd vanda intreaga
cantitate in 4 zile dupa cum urmeaza:
Ao L2, . y NS
- Inprima zivinde 3 din cantitatea totald de oua si 3 dintr-un ou,
A L2, . . . . .1
- In a doua zi vinde 3 din cantitatea ramasa dupd prima zi si 3
dintr-un ou,
- s 2. . . . y .1
- In atreia zi vinde 3 din cantitatea rdmasa dupd a doua zi si 3
dintr-un ou,
” L2 ; y NP |
- In cea de-a patra zi vinde 3 din cantitate dupa a treia zi si 3
dintr-un ou raménand astfel fara niciun ou dupad cele patru zile.
Céate oud a avut precupeata intial?
Solutie

Notam cu x - numarul total de oua.

S . .. 2 1 A 2 1 x 1 .

In prima zi vinde: 73X + 3 ramanand: x — (5 “x + E) =Z—5oud

(noul rest),

T P 2(x 1 1 S A A x 1 2(x 1

In a doua zi vinde: - (— - —) + - rdmanand: - —=— [— (— — —) +
3\3 3 3 3 3 3\3 3

1 X 4 o

= | == —=- oua (noul rest),

3 9 9

7 s 2(x 4 1 S A A x 4 2(x 4

In a treia zi vinde: = (— - —) +- raméanand: - —-— [— (— — —) +
3\9 9 3 9 9 3\9 9

1 x 13 .

-] = — — — - oud (noul rest),

3 27 27

i P 2(x 13 1 o A A x 13

In cea de-a patra zi vinde: —(— - —) + = rdméanand: ————

3\27 27 3 27 27

2(x 13 1 x 40 . . .

=|==— =)+ 3| = = — == - oud (noul rest), insa dupd cea de-a patra

3\27 27 3 81 81

zi precupeata ramanand fard niciun ou inseamnd ca noul rest este 0.

. x40 X _ 40 .
Deci: ——— =0 —==—=x =40 oua.
81 81 81 81

Precupeata a avut initial 40 de oua.

'9 Propunere pentru clasa a V-a de prof. Grigorie Ramona Carmen si prof.
Boborel Maria - Craiova.
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Problema 1322°

Aratati ca pentru orice n = 3, existd numerele naturale nenule distincte

X1, Xy, ..., Xy, astfel incat produsul:

1 1 1
P = xle ...xn (x_1+x_2+ "'+x—>
n

sa fie patrat perfect.
Solutie

Vom cduta sd facem paranteza egald cu 1 adunand la suma
termenilor unei progresii geometrice alti termeni.

Fie
1\t 1\ ! 1\ ¢!
n=(3) m=(3) me=(zm) e
1 ! 1 !
=<3-2n—3) 'x"=<3-2n—2)
Atunci
1+1+ +1—(1+1++1)+ 2 + 1
X, Xy x, \2 22 2n=2) " 3.2n-2 " 3.pn-2
1 1

iar produsul cdutat este
(n—-2)(n—-1)

2:2%2....20"2.3.2n=3.3.92n=2 _ 9 2 +2n—5-32
n?+n-8 n(n+1)
=2 2 -32=72 2 *.32

—I):par,decin=4ksaun=4k+3

< n(n+
care este patrat perfect pentru 5

Dacin = 4k + 1 sau n = 4k + 2 putem alege numerele
1 1 -1

1,7t 1\~ 1\~ 1
n=(3) m=(z) me=(mm) wa=(gzm)

1 -1
- (5 : 2n—4)

(unden = 5)

¢ Propunere pentru clasa a X-a de Viespescu Carina Maria, eleva - Craiova.

76



150+1 PROBLEME (si solutiile lor)

si atunci
1+1+ +1—(1+1+ +1>+ ! + *
X1 X n_ 2 22 n-=2 5.2n-2  §.on-2
1 1
=1- + =1

iar produsul de calculat devine

(n—2)(n-1)
2-22-...-2"‘2-5-2"_2-5-2"_4=2n 2"

IR S

M) 5 = (4k +1)(2k + 1) — 5 = par
"D 5= (2k+1)(4k+3) =5 =
par deci xq, X5, ..., X, este patrat perfect.

+2n—6
- 52

Pentrun = 4k + 1 avem

iar pentru n = 4k + 2 avem

Problema 133**

Calculati determinantul:

1 1 1 1o 111

1 2241 3 3 33 3

d= 1 3 342 5 .. 555
1 3 5 413 . 7 7 7

..... 2n-5 (n-1)*+(n-2) 2n-3

...... 2n-5  2n-3 n?+(n-1)

unde n=2, neN.

' Propunere pentru clasa a XI-a de prof. Tutescu Lucian si prof. Vasile Roxana
- Craiova.
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Solutie

Inmultim prima coloand cu -1 si o adunim la celelalte coloane si

obtinem
1 000 ... 00
1 22 2 2 22
d= 1 2 3241 4 4 4
1 2 4 6 .. (n-12+(n-3)  2n-4
1 2 4 6 .. 2n-4 n2+(n-2)

Rezolvdm dupd prima linie si apoi dam factor comun pe 2 de
pe prima linie si iIncd un 2 dupa prima coloana in determinantul

obtinut. Avem:

1 1 1 1 1
1 32+1 4 .. 44
d= D e e
1 4 6 ... (n-1y*+(n-3) 2n-4
1 4 6 ... 2n-4 n?+(n-2)

Inmultim iar prima coloand a determinantului anterior cu -1 si
adunand-o la celelalte coloane, scoatem factor comun pe 3> Continuam

procedeul si obtinem:
n-1?% n-1
-1 n?+1

=22.32. .

=2%3% ... -(n-2)*(n-

d =2%3*..(n-2)-
AT

1 n?+1
-(n-2)>(n-1)>n?>=(n)!? Asadar d=(n)!?
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- 1 0 0 ..0 !
1 2 0 ..0
A= |1 1 3 .. 0 det(A At =n'=det A-detAt =(n)!1?
1 1 1 n

Problema 13432

Gasiti cifrele a si b astfel incdt numdrul a123456789987654321b
este divizibil cu 144.

Solutie

Cum 144 = 16+ 9, ultimele patru cifre 321b trebuie sd formeze un
numar divizibil cu 16 , astfel rezultd ca b = 6.
Cum 1+ 2+ -+ 9 = 45 si numarul se divide cu 9 rezultda + b : 9

adicia+6:9=>a=3.
Asadara = 3,b = 6.
Problema 13523

Fiex,y,z > 0. Aratati ca:

X+ +z z+x
Xy +yz+zx = /xyz 2y+ yz + >

In ce caz avem egalitate?

*> Propunere pentru clasa a V-a de prof. Preda Oana si prof. Sanda Iulia -
Craiova.

3 Propunere pentru clasa a VII-a si a VIII-a de prof. Grigorie Dan Lucian si
prof. Lupu Razvan Ilie - Craiova.
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Solutie
Ridicand la patrat inegalitatea initiald vom obtine:
(xy)? + (y2)? + (zx)? + 2xyz(x + y + z) =
- (x+y+y+z+z+x
Zxyz|—, > >

x+y |y+z y+z |z+x x+y |z+x

&Y+ (2)? + () + 2xyz(x +y+2) = xyz(x +y+ z +

x+y |y+z y+z |z+4+x x+y |z+x

Deoarece avem urmatoarea inegalitate:
)%+ (y2)? + (zx)? = xyz(x + y + 2)
ce se deduce din: a® + b2 + ¢ > ab + bc + ac pentrua = xy,

b = yz, ¢ = zx, ramane sa demonstram ca:

x+y |y+z |y+z |z+x |x+y
> . .
x+y+z_\/ > \] > +\j > \/ 5 +\/ 5

z+x
2
sau:
2 +y+2) = x+y-Jy+tz+ Jy+tz-Vz+x+ x+y
NTFE
sau:

2ty+z)=x+y+x+tz+y+z=
~(F) +(EFD () 2
> Jx+y-Jy+z+ Jy+z-Vz+x+ /x+y Vz+x(am
folosit inegalitatea a? + b? + ¢? = ab + bc + ac)
Egalitate vom avea in cazul x = y = z.
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Problema 136
Fien € N*.
Aratati cd nu existd numerele intregi X1, X7, ..., X1 4, astfel incat:
xt+x3+-+x{,=200..015.
| —
den—ori

Solutie

Vom folosi urmatorul rezultat: “Restul puterii a patra aunui numar
intreg este 0 sau 1 la impartirea cu 16” adica: x* = 0(mod16) sau
x* = 1(mod16).

Intr-adevar:

daca x = 2k, k € Z=>x* = 16 - k* = 0(mod16) ,iar

dacda x =21+ 1,l€Z>x?>=4Il(l+1) = Mg + 1, (deorece I(l +
1) i 2) si atunci:

x*=M§+2 Mg+ 1= 1(mod16)

Atunci conform rezultatului anterior : x{ + x3 + -+ + x{, = r(mod
16) unde r € {0,1,2, ...,14}.

Cum 200...015 = 15(mod 16) obtinem cerinta enuntului.

de n—ori

Problema 137%4
Determinati numerele prime p si q astfel incat p* — q si p* + q sd fie
de asemenea numere prime.
Solutie
Evident p si ¢ nu pot fi simultan impare.
Asadar avem doua cazuri:
- Dacdp =2=16 — g si 16 + g numere prime, convine g =
3siqg =13.

4 Propunere pentru clasa a V-a de prof. Tutescu Lucian si prof. Grigorie Dan
Lucian - Craiova.

81



® Carina Maria Viespescu ® Lucian Tutescu ® Florentin Smarandache ®

- Dacd q = 2 atunci p* — 2 si p* + 2 trebuie si fie numere

prime. Pentru

p=3k+1=>p*+2=0Ck+tD*+2=M;+1+2=

M sip* + 2 > 3, asadar p = 3k de unde p = 3 si atunci

p* —2=3*%—2 =79 respectivp* + 2 = 3* + 2 = 83.
In concluziep = 2siq=3;p=2siq=13sip =3siq = 2 sunt
numerele cautate.

Problema 13835

Fiex,y > 0six3 +y3 = x — y. Si se arate ca:
a) xy<l,
b x*+y?<1

Solutie

x3-y3 x3+y

3
x2+x-y+y2=x_y — =1=x-y<lsix?+y?<1

Problema 1392¢

Fie f:[1918;2018] — R, f continud pe [1918; 2018] si derivabild pe
(1918;2018) astfel incat f(1918)=1918, f(2018)=2018.
a) Ardtati cd existd X, Xz ,....,X100€(1918;2018) toate distincte
astfel incat f(x,)+f(x2)+....+f (X100)=100

b) Daca, in plus, f este strict crescatoare , aratati ca exista y; , Y.

1 1
fr(y1) + fr(y2) +

,--»Yn€ (1918;2018) toate distincte astfel incat

1

ot f1(¥100) =100

5 Propunere de prof. Tigae Alina si prof. Miu Simona - Craiova.
26 Propunere de prof. Tutescu Lucian - Craiova.
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Solutie

a) Aplicam teorema lui Lagrange pe intervalele
[1918;1919],[1919;1920],...,[]2017;2018] (o suta de
intervale) si avem:

f(1919) - f(1918) =(1919 -1918) f'(x,) , x,€ (1918;1919)

f(1920) - f(1919) =(1920 -1919) f'(x.) , X-€ (1919;1920)

f(2018) - f(2017) =(2018 -2017) f'(X100) , X100E (2017;2018)

de unde, prin adunare obtinem :

f(2018) - £(1918) = (%)) +f (X2) +....+F (X:00), adicd

P(x)+f(X2)+....+F (X100)=2018-1918 =100,cu X;<X, <....<X00 (distincte).

b) Fie a, = 1918<a;<a,<...<a;o0 = 2018 astfel incit f(a,) = 1019,
f(a,) = 1920, ..., f(a100)=2018 (existd a; , @z , ... , 2018 din
continuitate si monotonie).

Aplicand teorema lui Lagrange pe intervalele
fla))-f (ag)

a;—aop

[ag; a1], [aq; azl, ..., [age; @q00],0btinem =1 (y,) cuy,€

1 1 1
=f sau —— = a, — ao,CU V1€ (a0, A1) ;o
trag - LOW S G5 = 81~ B0,CUYIE (@, 1) i s

(a0, a1) , de unde

= a, — a,y.€ (a0 , ay) y eee = Q100 — AggY100E (a99 ’ A100)

_1
’f(Y100)
1 1

1
o0 Y rom T T Fome

Prin adunare => =100, undey, <y

<.ee<¥n.

Problema 14027

Fiea > 0,a # 1 fixat. Rezolvati in R ecuatiile:
a) log ,(x+2021) =log,(a + 2021)
b) log,(x?°?1 +2021) = log,(a?°?! + 2021)

*7 Propunere pentru clasa a X-a de prof. Mirea Mihaela si prof. Grigorie Dan -
Craiova.
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Solutie

In(x+2021) In(a+2021) In(x+2021) Inx
Inx Ina In(a+2021) ina’

logg42021 X + 2021 =log, x = ysideaicix = a”,x +

2021 = (a + 2021)Y

a¥ +2021 = (a + 2021)Y &

a) Avem adica

a y
(a52020)

1 y
+ 2021(a n 2021) =1

2 < 1=y = 1 solutie unica.

.1
< 1si
a+2021 a+2021

Atuncix = a

Cum

b) Asemanitor cu a) = log 2021, 505, (X292 + 2021) =

log,x=y=>x=a”
(a2921 4 2021)Y = x2°21 4 2021 si de aici (a2°2 +
2021)Y = a?%? + 2021

= (L)y + 2021 (;)y = 1 cu solutia unica

a202142021 a202142021
(monotonie) y = 1 side aici x = a.

Problema 14128
Aflati aria unui triunghi ABC, daca AB = 3, BC = 7 si mediana
BD = 4.
Solutie:

2(BA%2+BC?)-AC?
4

2(32+7%) — AC? = AC? = 2-58-64 = 52
Din formula lui Heron:

Din teorema medianei BD? = =4-4% =

28 Propunere pentru clasa a X-a de prof. Prunaru Constantina si prof.
Cremeneanu Luiza - Craiova.
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S?=pp-a)p-Db)p-c)
=1—16(a+b+c)(—a+b+c)(a—b+c)(a+b—c)
=1—16(2a2b2 + 2b2%c? + 2c%a® — a* — b* — )
CumBC=a=7,ac=b = V52siAB =¢ = 3, inlocuind gasim:
52 =%(2-49-52+2-52-9+2-9-49—2401—2704—81)

1
:>52=E-1728=108:>S=6\/§

Problema 142
Rezolvati in R ecuatia : X’y + y°z + z°x = 2x° |y — 1 + 2¢°
vz —1+272Vx — 1.

Solutie

Ecuatia se scrie (evident x=1,y=1,z=1)

(Jy=1-1) +y(z=1-1)+2(x=1-1)"=o0,de
unde \/y —1=+vz —1==1+/x — 1 =1, adici x=y=z=2.

Problema 143

Aflati numerele intregi x , y astfel incat x(x+1) = y (y +3).

Solutie

Avem 4x> + 4X = 4> + 12y => 4X° +4X +1+8=4y*+12y+9 sau (2x+1)>
+8=(2y+3)* sau
(2y+3)? - (2x+1)*> =8 => (2y+3-2x-1)(2y+3+2x+1) =8
= (2y-2x+2)(2y+2x+4) =8 =(y-x+1)(y+x+2) =2 =
y—x+1=-1

1'{y +x+2=-2
0I5

x =2

=> 2y = —6=> y=-3 =>-3-X=-2 =>X=1=>
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— 1=-2
2. §+§12=—1 => 2y = —6=>y=-3 => -3-X+1=-2=> X=0 =>
oy
x=0
y—x+1=1 _ o y=
3'y+x+2=2 =>2y=0 =>Yy=0 —>X—O—>{x:0
y—-x+1=2 __ (y=0
tlyrxsz=1 YO x> {0 T
Solutiil ; x=1 (x=0 (x=0 (x=-1
olutiile sun y==3'ly==3'ly=0 ‘ly=0
Problema 144

Ardtaticd : 5% 133" ¢ 31° > 27 ¢ 135 ¢ 3773 ¢ 53

Solutie
13.1231.215 26 16,1210 8 10
54213 31= 13 =13 13 :(169)_(£) >1_210=
135.3113.531 318.518 318.58.510 155 5
— 210
Problema 145

Determinati f : R -—-> R astfel incat f(f(xy)) = |x| f(y) + 2019f(xy) , ¥
xy €ER.

Solutie

Schimband x cu y = f(f(yx)) = |y| f()+2019f(yx) = |x| f(y)
= |yl fx)
Pentru y=1= f(x) = |x| f(1)
Pentru x=y=1 => f(f(1)) = f(1) +2019f(1) => f(f(1)) = 2020f(1) (1)
Din f(x) = |x]| f(1) ludnd x=£f(1) => {(f(1)) = |f(1)| f(1) (2)
Din (1) si (2) = |f(1)] f(1) = 2020f(1) sau f(1) (|f(1)| - 2020) =0 si
atunci f(1) € {0,—2020,2020}
gasim solutiile f(x)=0, V x € R ; f(x) =-2020|x| ,VxE R ; f(x)
=2020(x| ,VxER.
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Problema 146

Fie ABCD si AEFG patrate astfel incit GE(AB) si A€(ED) . Pe
semidreapta (EB se consider punctual M astfel incat MD N (BC) ={H}.
Ardtati cd daca E , G si H sunt coliniare, atunci ME = MD.

Solutie

E,F, G coliniare => m(HED) = m(GEA) =45°

Proiectand H pe ED in H si {F’}=EF N BH => EFHH péatrat cu EH
bisectoarea 4FEH .

Se obtine FB=HC si A BEA = A HDH => 4BFA = A HDH , adici A
MED isoscel cu ME =MD.

Problema 147

Masurile unghiurilor unui polygon convex formeazd o progresie
aritmetica cu ratia 3° . Stiind cd cel mai mare dintre unghiurile
poligonului are 177° , aflati numadrul de laturi pe care poate sa-l aiba

poligonul.

Solutie

Unghiurile poligonului sunt 177°, 174° , 171°, 171° ,..., 177° -3° (n-1)
si atunci (177° -(n-1)3%) + (177° -(n-2)3°) + ... +177° = (n-2) 180° <=
n(n-1)3°
2
354°n -3°n*+ 3°n =360°n-720° <=>3n*+3n-720°=0 |: 3=

> n-177° - =(n-2) 180°

n®>+n - 240 =0
A=1+4"240 =961
—-1+31
2
poligonul are 15 laturi si unghiurile 135°, 138°, ..., 174°, 177°.

N, = =n=15
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Problema 148
. . . L. xn+1_x—(n+1) xN—x— N
FieneN*si x>1, xER . Aratati ca
4 ? n+1 n
Solutie
K242 _q x2M_1
Avem DR > <=> n(x*"*2-1) > n+1) x (x> -1) [: x-1>0
=>

nE*"?t +x2 + L +x2+X +1) > (n+1) (X X3+ L +x2+X ) <=>1n

2n+1 2n-1

X
+ o XX <=>

n x> +n > x*" +x*" + L +X2 +X
ardtim ca x> + 1> x> 4+ x* k=1,..,n
XM +1 > x*" +X

X2n+1 +1 > in—l +X2

X2H 41 > x40 $1 prin adunare

XA 41 > x K gxk Tk =0,n

X2+ _ in—k +1+ Xk+1 >0

+nx*" + ... +0nxX> +nx +n > nx** +nx2* + L +nx? +nx + X2 +X

2n-1

XK (k1) - (X1 -1) > 0 <=> (XK - 1)(x**-1) > 0, pentrux > 1.

Problema 149

Calculati

(xyzt + mnuyv) : 5=

dacd xn +my = 81 si zv + ut =125
Solutie

xn +my = 81 si zv +ut =125.
Scriem numerele in baza zece: 10x+n+10m+y=_8i.
fnmultim relatia cu 100:
10Z+v+10u+t=125
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=1000X+100N+1000mM+100y=8100
10Z+V+iou+t=125
Adunam relatiile:
1000X+100N+1000M+100Y+10Z+V+10u+t=8225
Grupam termenii:
(1000x+100Yy+10z+t) + (1000m+100n+10u+v)=8225
xyzt + mnuv = 8225
(xyzt+mnuv):5=8225:5=1645

Problema 150

Restul impadrtirii unui numar la 8 este egal cu 7, iar al impartirii la 9
este egal cu 3. Aflati restul impadrtirii numdrului la 72.

Solutie

Fie n numarul dat
Atunci
n:8= ¢, resty
n:9=c, rest3
Din teorema impartirii cu rest, avem
n=8c,+7
n=9c; +3
Inmultim prima relatie cu 9 si a doua relatie cu 8 si obtinem:
ogn=72 ¢, +63
8n=72c, +24
Scddem relatiile:
on-8n=72¢, + 63 -72C, - 24
n=72(c -c)+39
Din teorema Impartirii cu rest, rezultd ca restul impartirii lui n la 72
este 39.
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Problema 150+1
Observam cd 122 = 144,21% = 441,13% = 169,312 =
961,2021% = 4084441,12022% = 1444804,2022% =
4088484,22022% = 4848804.
Aceste numere au proprietatea cd patratul rasturnatului este
rasturnatul patratului.
Sa se arate ca exista o infinitate de astfel de numere.

Solutie

Prin calcul direct, se aratd ca numerele de forma 1100...01
verificd cerinta problemei.
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150+1 PROBLEMS (and their solutions)

Foreword

This book is written for middle and high school students, for
teachers and for those with a passion for math, containing 150+1
problems (which are followed by solutions) to make it more accessible
to the reader.

The last problem (150+1), a very interesting one, leaves some
space for comments and generalizations.

The book is a collaboration between a multi-awarded student
at Romania’s National Mathematics Olympiad (Carina Maria Viespescu,
student in year 10 at Liceul International of Informatics Bucuresti), a
teacher from Colegiul National “Fratii Buzesti” din Cravoia and prof.
Dr. Emeritus Florentin Smarandache from the University of New
Mexico.

A couple of problems are proposed by colleagues, and their
names indicated in footnotes.
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150+1 PROBLEMS (and their solutions)

Problem 11

Consider the number
A= (1895-1896 - ---- 2020)4

125
¢) Determine the last 125 digits of the number A.

d) Determine the last digit of the number

A
b= [10125]’
where the notation [-] represents the integer part.

Solution

a) Noting with v,(n) the exponent of the prime factor p in the
decomposition of the non-zero natural number n into the product of

powers of primes, we obtain:
| n n n
vp(n.) = [;]-l‘ [p_2]+ [E]-l-’ (1)
the sum in the right member having a finite number of nonzero terms,

since for any n € N* there exists k € N so that p* < n << pk*1.
|

20200
LetC = 1895-1896--:--2020 = Tgoar" Using formula

(1), we obtain v5(C) = v5(2020!) — v:(1894!) = 32 and

v,(C) = v,(2020!) — v,(1894!) = 126.
We infer that vs(A4) = 4v5(C) — 3 = 125, and

v, (A) = 4vs(C) = 504, respectively.
In conseq., 4 is divided by 1012°, so the last 125 digits of A equal o.

b) The above calculation show that C = 2126 - 532 - k and

B = 2379 - k* where k is an odd natural number that does not divide
by 5. Since the last digit of k is 1, 3, 7 or 9, it follows that the last digit
of k* is 1. Therefore, the last digit of B is the last digit of 237° =
(24)%4- 23 ie. 8.

' Problem dedicated to 100 years of existence of the "Gazeta Matematica"
(Mathematical Gazette).
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Problem 2

a) Prove that there exist 140 distinct natural numbers
Ll' L2, eeey, L140 such that
Ly L, Lyizg9  Lyao
— + — + oo _ + —_—
L, Lj Ly4o Ly
is a natural number.
b) Prove that there exist 1882 distinct natural numbers
Fl' F2, s, F1882 so that
ﬂ E Figg1 i Figgo
F, F; Figgo Fy
is a natural number.
c) Prove that there exist 2022 distinct natural numbers so that
By B, By021  B2o22
— + vee + —_— +
B, Bs B3022 By
is a natural number.

Solution
a Li=1L,=139L; = 1392,...’L140 = 139139,
b. F;,=1,F, =1881,F; = 18812""'F1882 = 18811881,
c. By=1,B,=2021,B; = 20212, ,Bygy, = 20212021,

d.
Problem 3
Prove that:
A = 1882 + /18822 — 140 + /20222 — 140 4+ 2022 <
1882 - 2022
< -
140

106



150+1 PROBLEMS (and their solutions)

Solution

We obtain:

A <1882+ 1882 + 2022 + 20022 < 4-2022 <
< 18822022

120 because 4 - 140 < 1882

Problem 4

Prove that:

1 1 1
Dot Tt T a0z
1 1 1

D) o8z " 1883 T 188a T T 18822
1 1 1
c)

cee —_— >
2022 * 2023 * 2024 ot 20222

>1

1

1

Solution

We show that forn € N, n > 2 it results:
Ly il
n n+l1l n+2 n?

Thus,forn+1<m<n?—1,meN= %>i and then:

nZ

LR S L S R
n n+l1l n+2 n:2"  n n? n? nz
1 n? — 1
T n nz

Problem 5
Prove that:

1 1 1
A=—7 3t —1 R 3 <
18822 -18832 18832 -1884z2 20212 -20222
140
<—
1882 - 2022
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Solution

Since
1 1 1

< = ———— (V)n € N* we obtain:
1 3
nZ-(n+1)2 nn+1) n n+1
A< 1 1 N 1 1 - 1 1
1882 1883 1883 1884 2021 2022
1 1 140

T 1882 2022 18822022

Problem 6
a) Let x,y € R, so that:
(x+ x2+1)(y+\/m) = 140.
Prove that 141(x + y) = 139(\/362 +1+4y2+ 1).
b) Let x,y € R,so that:

(x+Vx2+1)(y+y?+1) = 1882,

)

Prove that 1883(x + y) = 1881(\/x2 +1+yZ+1)
)
(

c) Let x,y € R, so that:

(x+ Va2 +1) (y +y2+1) = 2022.

Prove that 2023(x + y) = 2021(VaZ + 1 + /32 + 1).

Solution

We show that if

(x+ x2+1)(y+\/y2+1)=a>0,then
(a+1)(x+y)=(a—1)(\/x2+1+\/y2+1).
By~ ()

and analogously, ¥ +/y2+ 1 = a(Vx? + 1 —x). Added together,
the two relations lead us to the required relation. For a =
140,1882,2022 a), b), and c), respectively, are obtained.

In fact,x +/x2+ 1=
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150+1 PROBLEMS (and their solutions)

Problem 7
Prove that 140!, 1882!,2022! are not perfect squares.

Solution

For 140! we observe that the largest prime number < 140 is 139 =
the exponent of 139 in 140!is 1 = 140! It cannot be a perfect square.

For 1882! we observe that the largest prime number < 1882 is
1879, found only once in 1882! = 1882! It cannot be a perfect square.

For 2022! we observe that the largest prime number < 2022 is
2017, found only once in 2022! = 2022! It cannot be a perfect square.

Problem 8
Prove that 140!!,1882!!,2022!! are not perfect squares, where (2n)!! =
2-4-6---(2n),n € N*,
Solution

Applying Legendre's formula to find the exponent of a prime p in

L PR

exp of 2in 140!! = exp of 21in 140! =

[140] [140] [140] [140] [140]
is obtained, which is an odd number.
Analogous to 1882!!
For 2022!! = 21911.1011!, 1099 is the largest prime number <
1011 = 1009 is found only once in 1011! -
- 21011 = 2022!! is not a perfect square.

Problem 9

Find the smallest natural number n = 2, such that each of the following
equations
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a) X! + x5! + -+ + x,! = 140!

b) x4 + x5! + -+ + x,! = 1882!

) X!+ x4+ -+ x, 1 = 2022!
has solutions.

Solution

We obtain:
x1! < 140! x.! < 139!

! I I < I
2) x5! <: 140! _, X2! = 139! where:
X! < 140! x,! < 139!
= x,! < 139!
140! = xq '+ 21+ -+ x,! < n - 139!
=>n =140
Forn = 140 avem x; = -* = X149 = 139
b)n = 1882
on=2022
Problem 10

Show that therre is non € N*, so that the sum of the digits of lui n! is
2022.

Solution

Ifn = 6 = n! isdivided by 9, since the sum of the digits of n! does
not divide by 9 > n < 5.
Analyzingn = 1,n = 2,n = 3,n = 4 we obtain the conclusion.

Problem 11

Show that the number 2021!-2022! can be written as the sum of
2021 consecutive natural numbers, but it cannot be written as the sum
of 2022 consecutive natural numbers.
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150+1 PROBLEMS (and their solutions)

Solution

202112022! = x + (x + 1) + - + (x + 2020) =

20202021
= 2021!12022! =2021x + ———— =

=2021x+1010-2021 = x = 2020!2022! — 1010.

The same if we assume that the number 2021!2022! is written
as the sum of 2022 consecutive natural numbers, for x € N we should
have:

202112022 =x+ (x+ 1) + -+ (x + 2021) =

=2022x+1+2+--+2021=

2021 - 2022
=2022x + —— "=

= 2022x 4+ 2021 - 1011 whence
2022x = 2021!2022! — 2021 - 1011 false, because 2022x is an even
number and 2021!2022! — 2021 - 1011 is an odd number!

Problem 12

Determine the non-zero natural numbers m and n to which:
1!-2----nl =ml
(Letp! =1-2+----p,wherep = 1isanon-zero natural number).

Solution

We note that (n,m) € {(1,1), (2,2)} is valid and that n = 3 does
not provide any result. We look for n > 4.

Let p be the largest prime number at most equal to m. Then m <
2p — 1(*), so, if m = 2p, Bertrand's postulate confirms that there
exists a prime number q for which p < g < m, which contradicts the
maximality of p.

If n < p, the the left side of the equality is not a multiple of p, while,
absurdly, the right sideis. Thenn = p.Ifn = p + 1, then the left side
is a multiple of p?, and so is the right side. Thus, m > 2p, is false.
Therefore,n = pandm < 2n — 1.
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Further, it is shown by induction after n that for n = 7 we have
11-21-osnl>2n—-1), so n<6. If n =6, the right side is
divisible by 7 (because m > n) while the left side is not. The cases n =
4,5 are directly verified and it is noted that they do not generate any
solutions.

Problem 13

Calculate V2022 + a? — V1882 + a?, if: V2022 +a®+
V1882 + a? = 140.

Solution

2022+ a®—1882—a?
V2022 + a? — /1882 + a?

V2022 4+ a? ++/1882 + a2 =
_mo_,
140
Problem 14
The string (a,),n € N* is defined as follows:
In if nis even

I B
1= 30n41 =3¢, +51

,if mis odd.
Calculate A140,A1882 and A2022-

Solution

Since a; = 5,a, = 28,a3; = 14,a, = 7,a5 = 29, a4 = 40,
a; = 20,ag = 10,a9 = 5 and itis noted (by induction) that g 4+p =
a,, (periodical of the main periodic 8).

On accountof 140 =17-8+ 4
1882 =235-8+ 2
2022 =252-8+6
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Q40 =7
therefore {a;ggy, = 28
Az022 = 40

Problem 15

Show that thereisno a,b € Z such that
(a+ b+ 2)'882 =2022(ab + 1)14°,

Solution

Since 3|2022=>a+b+2:3 and ab+1:3, relations that
cannot exist simultaneously for a, b € Z.

Problem 16

Leta, b, c € N*, so that
(a+ b)) =(b+ )" = (c +a)**b.
Show thata = b = c.

Solution

leta+b=xb+c=y,c+a=z

Since x¥ = y* = z¥ we prove thatx =y = z.

Assumint that x < y and fromx¥ = y* =y > z, as
y? =2z*¥ = z < x and from z* = x¥ = x > y false.

Analogously, if we assume that x > y, we get x < y (false!)

Therefore x = y and hence x* = x% = z*, whence x = z. Thus,
X=y=2z.

Returning to the problem statement, wefinda + b =b+c =c+a
and hencea = b = ¢, q.e.d.

Problem 17

Prove that the equation:

n+1 n+2

x"+yttt =2

has infinitely many solutions in natural numbers.
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Solution
x = q"+2
y = g+t

z=a"-b,wherea = b"*%2 —1,vb € N.
Substituting into the equation, we obtain the answer.

Problem 18

Prove that the number
A = 5123 + 6453 + 7203 is a composite number.

Solution

3-720-512-645=2-7203
= A =5123 4+ 6453 4+ 7203 = 5123 + 6453 + (—720)3 =
=3-720-512-645

From the formula: a® + b3 + ¢ — 3abc =
=(a+b+c)a®+b?+c?—ab—bc—ca) the reqirement
derived.

Problem 19

Let A be a set of real numbers with property (V)a, b € A = a?b? € A.
Show that (V)a € A ensues:
a) a0 ¢ 4. b) a10000 ¢ 4

Solution

a€EA=a*edA=>a*"ecA>
= @100 = (@*0)2(q10)2 € 4 = g0 € 4 =
o q1600 g 4 = (q1600)2(q#00)2 — 4000 ¢ 4

1000 — (a4-00)2 (aIOO)Z

From a € A we obtain

alOOOO — (a4000)2(a1000)2 € A.
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150+1 PROBLEMS (and their solutions)

Problem 20

Let a4, az, e+, 0022 be strictly positive real numbers. Show that:
2

ai  aj afso a 140
a) 5 +—<5+ - +— > 24244 22
a; a3 a? a, as aq

In which situation is there equality?
4 4 at
aq az 1882 Q1882
b) z+—5++ > — + 2t .
In which situation is there equality?
8 8
ai  aj a2022 a 2022
c)g+—g++ > 242y .

In which situation is there equality?

Solution
From the Cauchy-Buniakovski-Schwarz inequality:

2 2 2 2
az a; an al a, an
nls+—s+-+5|z2—+—++—
a; as aj a, as aq

Then we use the inequality of means:

al az an an . .
S+ =24+ >n -+ — = n with equality
a, as a; a;

a; a4 an
for —=-—=..=— hencea, = a, = = a,.

a, a4z a;

For n = 140 a) is obtained. For b) and c) proceed as in a).

Problem 21

Solve in the set of non-zero real numbers the system:

1
1882 _ 2022
X1 + L1882 — b +1
1

1
_ 2022
1882 x37“+1
2

x’él882 +

1
1882 _ 2022
Xia0 + —Tgaz = Xi +1
\ 140
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Solution

From

1882
Xk o F x1882 =
k

1
= x?%%2 > 1 whence xZ > 1,and wherefrom — < 1.
xi
Summing the equations of the system member by member we obtain:

1882 1882 1882 =
X7+ e Xqg0” 1882+ 1882+ -+ %232_

= x12022 + x22022 + -4+ xlz%z + 140. Smce x;ssz < x]%ozz si

1
Tz = Lk = 1,140 we find x4£88? = x2°22 and L1562

X k
where xZ = 1,k = 1,140 wherefrom x;, X, ***, X140 € {—1,1}

(a total of 2140 solutions).

=1

Problem 22

The strictly positive numbers a4, a,, by, b,, ¢4, ¢, verify
b? < 4a,cqy,b? < 4ayc,.
Show that:
a) 4(a; + a, + 1882)(cy + ¢, +2022) > (by + b, + 140)?
b) 4(a; + ay + 2022)(c; + ¢, + 2022) > (by + by + 140)?

Solution

From the trinomial sign we have:
ax*+bx+c, =20,Vx €ER
a;x? 4+ byx + ¢, =2 0,Vx ER
1882x% + 140x + 2022 > 0,Vx € R
= (ay + a, + 1882)x2% + (by + b, + 140)2 + ¢y + ¢, + 2022 > 0,V
x € R from where
(by + by + 140)? — 4(a, + a, + 1882)(c; + ¢, + 2022) < 0 i.e. a).
b) Obtained analogously, considering
2022x% + 140x + 1882 > 0,Vx € R.
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Problem 23
Show without calculating whole parts:
a) 2[log2 140] < 140 < Z[Ing 140]+1
b) 3[log3 1882] < 1882 < 3[log3 1882]+1
c) 5[log5 2022] <2022 < 5[log5 2022]+1

where [a] is the integer part of the real number a.

Solution

a) Ak € Nai.: 2k < 140 < 2k+1 (1)
= k <log,140 < k + 1 = [log, 140] = k and substituting in (1)
results a).

b) (I)k € Nai.: 3% <1882 < 3k+1 (2)
and by logarithmizing to base 3,
k <log; 1882 < k + 1 = [log3 1882] = k and substituting in (2)
results b).

¢) It proceeds as in a) or b).

Problem 24

Let z be such that z%> + z + 1 = 0. Calculate:

1 1
140 1882 2022
a)z" + 4140 b)z + 41882’ )z + £2022°

Solution

By multiplying the relation z> + z+ 1 =0cuz— 1= z3 = 1.
Then:
1

a) z140 + a0 = z138 . 72 +—Z138 = (z)%6- 22 +
1 , 1 z¢+1 z22-z41 z4+1 -z
+(Z3)46.22:Z +Z_2= 22 g2 —T2 T2 =-1
1 1 1 z°4+1 -z
1882 _ 1881, _ 1 _"z_
b)z +21882—z Z+21881_Z—Z+Z— PR 1
1 1
2022 _ (.3\674 _ _
c)z +22022—(z) +(23)674—1+1—2
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Problem 25

Let z and w two complex non-zero numbers, so that z% + wz + w? =

0. Calculate:

va=(2) +(Gm)
1882 1882
b)B—( +(w)
2022 2022
o9c=(;3 ) +(w)
Solution

If z=w, then 3z%2 = 0, i.e z = 0 false. Therefore, z # w and

3 — w3 = 0. We obtain z = ew, where ¢ is a non-real

wherefrom z
complex root of order three of the unit (¢ # 1si €2 + £ + 1 = 0).

Then:
sw 140 w 140
a)A_(ew+w) +(sw+w) B
g 140 1 \M0 1041 g2(e3)%0 41
(s + 1) (s + 1)

T (e4+ DMO T (—g2)140
€241 — — —&
= o280 =£279.£=(83)93.5=?=_1

Similarly, B = 1,C = 2.

Problem 26
Leta,b,c > 0, so that:

1 1
> 1.
a+2+b+2+c+2_1

1 1
Demonstrate that: — + — 4+ — > 3.
a b c

—_

Solution

From the hypothesis it results that ab + bc + ca + abc < 4

ab + bc + ca + abc
Y (abc)3 < ) =1=>abc< 1.
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P 1+1+1>33 1
oM Ty T e =° Jabe| =
siabc <1

1 1
= weobtain —+-—-+-—-=>3
a b c

with equality fora = b =c = 1.

Problem 27

Let x,y,z > 0, such that
1 N 1 N 1 -
2x+1 2y+1 2z+1"
Show that: % + % + i = 12. In which situation is there equality?

2.

Solution

1
By solving the calculationz =>xy+yz+zx + 4xyz

1
as 7 > xy + yz + zx + 4xyz > 41/4(xyz)3 =

= <1=> ! > 26
XVZ =796 xyz

1 1 1 3 1 3
Then, —+—+—>3 [— > 3/26 = 12.
X vy z xXyz
1

nghenxy=yz=Zx=4xyz:x=y=z=z.

Problem 28

Letx,y,z > 0,sothatx +y +z = 3.
Show that:
1 1 1 6
+ + < .
x+y x+z y+z xy+yz+zx
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Solution
Xy+yz+zx xy+yz+zx xy+yz+zx
yTy n yTy n yTy <6

x+y x+z y+z
xy Xz yz
or + + +x+y+z<6
x+y x+z y+z
x Xz z
4 4 <3 (1
x+y x+z y+z
. Xy _x+y .
Since < —— with egforx =y
+y 2
Xz x+z
< with egforx = z
x+z

z +z
4 Sy— with egfory =z
y+z 2

(1) is obtained, witheg forx =y =z = 1.
Problem 29

Let x1, X2, X3,¥1, Y2, Y3 be positive real numbers. Show that:

1 1 1
Gy + 91y + 72) (63 + )+4( by )zzo
1 T Y1) (X2 TY2) (X3 T Y3 XYL XyYy X3V

Solution

Wehave E = (x1X; + X1y, + y1X2 + ¥1Y2) (X3 + ¥3) +
1

+ ( + +
X1Y1  X2Y2  X3)Y3

) = X1X2X3 + X1X3Y2 + Y1X2X3 +

1
+X3Y1Y2 + X1X2Y3 + X1Y2Y3 + Y1Y3X2 + V1Y2ys + X1 "
Tt 1 1 1 1 1 1
+—+

X1Y1 X1Y1 X1Y1 X2Y2  X2)Y2  X2)2  X2)2
1 1 1

+ + + >
X3Y3 X3Y3 X3Y3 X3)3

20 1 1 1
> 20 \/xil._4.x§._4.....y§l._4=20
X2 3

y
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Problem 30

Show that the number N = 1882 1883 --- 2022 can be the difference of
two perfect squares..

Solution

N must be of the form a? — b2 = (a — b)(a + b).
If a and b have the same polarity, then (a — b)(a + b) : 4,butN =
M, + 2.
If a and b have different polarities, then a® — b? is odd, but N is
even.
= there is no number n matching the conditions.

Problem 31
Prove that the product P = X1X, " X149 Of the first 140 prime
numbers cannot be 1 greater or less than a perfect square.
Solution

P:2, but not by 4, but x> —1=(x—1)(x+1) gives the
remainders 0 or 3 when dividing by 4.
P : 3, but x? can be M5 or M, + 1
>x2—1%# M,

Problem 32
Determine the prime number p so that p + 10,p + 50 to be also
prime numbers.
Solution

p = 3, convenient.
fp=3k+1=>p+50=3k+51:3.
fp=3k+2=>p+10=3k+12:3.
Therefore, the only convenient number is p = 3.
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Problem 33

Show that 3*"*! + 1 can be written as the sum of 3 perfect squares
forany n € N.
Solution

It results from identity:
34n+1 —+ 1= (32n _ 1)2 —+ (32n _ 3n)2 —+ (3n + 3211)2.

Problem 34
Find the values of n € N for which 2™ — 1 divides by 7 nd show that
there isnon € N so that 2" + 1 is divisible by 7.
Solution

The remainders of 2™ when dividing by 7 are 1, 2,4 where n =
3k, k € N are the numbers that have the property that 2™ — 1 divides by
7 and since 2™ + 1 results in the remainder 2, 3, 5 when dividing by 7,
the requirement of the problem is obtained.

Problem 35

For which values of n € N does the number 3™ — 1 divide by 13? Show
that there is no an € N so that 3" + 1 divides by 13.
Solution

The remainders of 3™ when dividing by 13 are 1, 3,9 from which n =
3k, k € N. Since 3" + 1 gives the remainder 2, 4, 10 when dividing by
13, the problem requirement is obtained.

Problem 36
Compare the fractions:
10138 +1 1009 +1
a) s ;
10139 +1 7 10M0 + 1
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101880 +1 101881 41

b) Toreer 3 1 ¥ 1oz 4 1
102020 41 102021 4 |

102021 4 1 ' 102022 1

Solution
Letn = 2. Let’s compare
10" +1 10" +1
101 +1 10m2+1
(10™ + 1)(10™2 + 1) — (10™*1 + 1)2
T AT+ DA+ ) =N
1072 +10" + 10™2 + 1 - 1022 — 2- 10" — 1

N
_10"(102+1—2-10)_10"-81>0
B N N
the first fractions are the largest.
Problem 37
Find the real roots of the equation:
-1 3—x
_ 11140 _ 4140 —-9.
a)(x—1) - x+(3 X) ] 2;
x—1 3—x
b — 1)1882 3 — x)1882 =2
) (- D12 St (3201902 |-
x—1 3—x
c) (x — 1)2022 + (3 — x)?022 = 2.
3—x x—1

Solution

Evidently, x # 1,x # 3 six € (1,3).

nx —1
Let =t=>0,n€N"
3—x
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The equation is written as follows: (3 —x)t? —2t+x—1=0

with the roots
t = 1landt, = -
= an = -
1 2 3 —x

2n|x — 1
From =1= x = 2 and from
3—x
amfx—1 x-—1 x — 1\2"1
3—x 3—x 3—x

=1=>x=2

where

Therefore, the euqations a), b) and c), respectively, have a single
real root, x = 2.

Problem 38
The non-negative real numbers x and y satisfy x + y = 2. Show that:
a) (xy)*0(x? +y?) < 2
b) (xy)'%%(x? +y*) < 2;
o) (xy)?922(x2 + y?) < 2.
Solution

It will be proved that (xy)?™(x? + y2) < 2, where n € N*.

let x=1—-2zy=14+2z cu z€[0,1]. Then the inequality
becomes (1 —2z2)?"(2+4+22z%2)<2 or (1—-2z2)?"(1+4+2?)<1 or
(1 — z2)?""1(1 — z*) < 1, which is true. Equality is identified when z =
0,ieex=y=1.

Problem 39
Find x € R such that 7* — 3* = 40.

Solution

We observe x = 2 as solution. The equation is written as follows:
X

(7) 1= 40
3 T o3x
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- >2:(7)" . 49 _ 40 _40<4O 4
g 3 9 T 9 MmmSg™
if0 < x <2 (7)x 1 <P B Y
PESESA 3 9 T oMz Ty

Therefore, x = 2 is the only solution of the equation because x <
0 is not possible.

Problem 40

Solve the equation in R:
2022% — 1882* = 140.

Solution

From 2022* — 1882* >0 =>x > 0.

Notice that x = 1 is the result.

22\ 140
1882) =1+ 1582 ”
< 1 and observe

We write the equation (

022

] 2
that for x > 1,the left memner is larger than Teaz’

and the right member is smaller

and for 0<x<1 the left member is smaller than
2022

Te82’ and the right one is larger than it.

Problem 41
200
Determine the number of digits of te number [(\/E + \/§) ], where
[a] s the integer part of the real number a.

Solution
We have
200 100
(V2+V3)" =(5+2V6) < (5+2-25)1% =100

(VZ+V3)™ = (5+2V6) " > (5+2-2,4)1 = (9,8)1°,
We will then show that (9,8)1° > 109°.
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10 99 1 49
(9,_8) =(1+3)
<1+ 1)49 10 _, ,.10_9 90
49 9,8 98 98 98 o
Therefore, 101°° > (V2 + \/§)200 > 109 = (V2 + \/§)200 ha 100
digits.

Problem 42

Show that there are infinitely many pairs a,b, ¢ € R such that
Vva+b++Vb+c+Vc+a€eN.

Solution
a+b=k?
b+c=k:
c+a=k:
&)

k? + k2 + k2
a+b+c=%
k2_k2 2
Lo 5+ k3

2
R
h 2
—k? + k3 + k3
c=—2

Problem 43

Show that for n € N the number n?°?2 — n + 1 cannot be divided
by 2022.

Solution

n2922 _ n + 1 is an odd number!
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Problem 44

Let x,y € N* such that x + y + 1 divide x> — y? + 1. Show that x +
vy + 1 cannot be prime number.

Solution

Wehavex? —y2+1=(x+1)2—y%2—-2x =
=x+y+1Dx—-y+1)—2x.

Since x2 —y?+1 is divided by x +y+1=>x+y + 1|2x.
Assuming that x + y + 1 = p (p, prime number) we obtain p|2 or
plx which is false, because
p=x+y+1>2sip=x+y+1>x.

Observation

Forx =2,y =1,
x2—y2+1=4ix+y+1=2+1+1=4and4 is composite or
x=3,y=2,x2—y%2+1=9—4+1 = 6 which is divided by
x+y+1=3+2+ 1= 6 andalso 6 is a composite number.

Problem 45

Show that if a®> + b3+ c3 i a+ b +c, then a + b + ¢ is composite,
a,b,c € N,

Solution

a®+b3+c®—3abc(a+b+c)a?+b?>+c?—ab—bc—ca):
i(a+b+c)=3abcia+b+c
If a + b + ¢ was prime, then a + b + ¢ would divide 3,a,b orc.
But:
a+b+c>3

a+b+c>a
a+b+c>b

a+b+c>c

= Impossible = a + b + ¢ composite
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Problem 46
Show that if x*> + y?> — 1 divides by x + y + 1, then x + y + 1
is composite.
Solution

x2+y2—1+2xy—2xy=(x+y)?—-1-2xy=
=x+y-Dx+y+1)—-2xy=>2xyix+y+1

If x + y + 1 was prime, then x + y + 1 would divide 2,x or
y.But x + y + 1 is larger than these factors=
= x+y+ 1+ prime = x +y + 1 composite.

Problem 47

Letx,y € N,x > 3,y > 3 such that x3 + y3 + 3x%x — 8 is
divided by x +y — 2. Show that x + y — 2 cannot be a prime
number.

Solution

We have
x3+9y3+3x2x—-8=(x+y)®>—-23-3xy? =
=(x+y—-2[(x+y)?+2(x+y)+ 4] — 3xy? and from here x +
y — 2|3xy?2.
If we assume X + y — 2 = p,p prime number, p|3 or p|x or p|y.
Sincex+y—22>234+3—2=4andx+y—2>x,
x +y— 2> ygives that x + y — 2 is not prime.

Observation

Forx =y = 4wehave x3 + y® + 3x?x — 8 =
=43443+3-43-8=4-(16+16+48-2) =
=4-78ix+y—2=4+4-2=06 and obviously 6 is not a prime
number.
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Problem 48
Let a > 0. Solve the system of equations in the set of nonzero real
numbers:
(**
7 +xy =a®+a3
4
Y — 3
) +xy=a+1
Solution

From these two equations we notice:
xt — 6 3 y* — 3
?—a +a —xyandp—a +1—xy.
By multiplying the relations we obtain:
x’y?=a}@@+1)?-a@+1) - (@@ +Dxy+xy?=>
= x2y? =a3(a® + 1)? — (a® + 1)%xy + (xy)?

a3(a® + 1)? 5
Xy=—as—"—=
(a3 +1)2
4
X
:?=a6
vyt
==
x* = aby?
yt=x2 o xt =B
a®y?=y8=y°=a>y=+a

fy=a=x=a?

y=—a=x=—a?

Problem 49

Find the real solution to the equation

1
x3+x2+x+§=0.
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Solution

3x3+3x2+3x+1=0o0r
2x3 4+ (x+1)® =0= x4+ 1 = —x3/x and from here

Problem 50

Solve the equations:
a)x® — (1++v140)x*> + 140 =0
b) x* — (1+V1882)x? + 1882 =0
o) x% — (1++2022)x? +2022=0

Solution

a) Let V140 = t and we note the equation as t? — x?t + x3 —
x? = 0 with A= x* — 4(x3 — x?) = (x? — 2x)? from where
x? + (x? — 2x)

t =v140 = >
From here, x; = V140 si V140 = x? —x =
1++1+4v140
= x2’3 - 2

b), ¢) Proceed as in a).

Problem 51
Solve in R the equation
x8—x+x*—x2+1=0.
Solution

We multiply the equation by x? + 1 and get x'° + 1 = 0.
Since this equation has no real roots and si x? + 1 > 0 we conclude
that the given equation has no real roots.
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Problem 52

Let a,b € R,a # b. Find the real roots of the equation (a — x)° +
(x —b)® = (a — b)>.

Solution

Lle a—x=ux—b=19. We have u+9=a—>b and u° +
9° = (a — b)°>. Since
1>+ 9% = (u+ )W — 139 + p?9% — pd® + 9*) =
= (u+ND[((u+9)? = 2p9)* — wd(a — b)* + p?9?] =
= (a—b)[((a - b)? - 2u9)* — ud(a — b)* + u*9?*] =
=(a—b)°=(a—b)*=(a—b)*—4(a—b)?ud +
+4(u9)? — (a — b)? + p?9? and from here
5u?9?% — 5(a — b)?ud = 0 from where we obtain x; = a and x, =b
as the real roots.

Problem 53

Find all the triples of real non-zero numbers a, b, ¢ for which the numbers

a bbb, 6 c .c, 6 a .
-+ -,—+-s5i —+— areintegers.
c'c a a b

b
Solution
a b b ¢ c a
LetE'i'E:X,E+E=y$ia+E=ZWithx,y,ZEZ.

Letx + y +z = s. Then:
a s—2y b s—2z ¢ s—2x

b 2 ¢ 2 ' a 2
C

Furher: (s — 2x)(s — 2y)(s —2z) = 8—+—+— -
ab c

From here: s — 2x,5s — 2y and s — 2z can be (2,2,2); (2,—2,—2);
(-2,2,-2); (-2,-2,2).

Since s—2x+s—2y+s—2z=s,s=6 or s =—2 are found.
Then:

(x,v,2z) €{(2,2,2),(—2,0,0),(0,—2,0),(0,0,—2)}.

We obtain: (a, b, ¢) € {(£r, +r,+r)|r € R*}.
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Problem 54

Solve the equation in the R set:
Vi—1+3V2-x=1.

Solution

Evidently, x > 1. Leta = Vx — 1 si b = Y2 — x. Then
a+b=1anda?+ b3 =1 fromwhere (1 —b)2+b3=1,ie.
b(b—1)(b+2)=0.

fb=0=2a=1=>x=2.

fhb=1=2a=0=>x=1.

Ifb=-2=a=3=x=10.

Thus, the equation has 3 real solutions: x; = 2,x, = 1,x3 = 10.

Problem 55
Show that there is no n € N* such that n®> —n + 1 divides by
n?+n+1.
Solution

Fromn®+n+1=n>-n’?+n’+n+1=n>n®-1)+
+n?+n+1=n’(n—-1)N*>+n+1)+n’+n+1=

= Mm% +n+1)(n3—-n?+ 1) we obtain
n®—n+1=m?+n+1)n3—-n?+1)— 2n and from here

n? +n+ 1|2n which is false, since n?+n+1>2n for n€
N*n?-n+1=nn—-1)+1>1>0).

Problem 56
Leta,b,c € N*,
a) Show that the equation x* + y? = 2z has an infinity of non-zero
natural number solutions.

b) Show that the equation x* + y? + z¢ = 3t*° has an infinity of
non-zero natural number solutions.
Generalization.
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Solution

a)letz=k €N* = x =k? y=k? asresults.

b)Lett = k € N* = x = kP¢,y = k%, z = k% as results.

Generalization. If a,, a,, -+, a, € N* given (n > 2) it follows that
the equation x; %t 4+ x,%2 + -+ + x, %7 = ny% % has infinitely many
solutions in N*.

Ify =k € N*sip = a, - a,, it implies that the solutions will be::
b b p
X, = k@,x, = k%, x, = k%,

Problem 57

Let p be a prime number, which is not a divisor of 140. Determine the
integers x and y such that
(2022x + y)? = px(1882x + y).

Solution

Since p|(2022x +y)? = 2022x +y =pa,a € Z and from
here p|x(1882x + y). If plx, from p|2022x +y = ply, and if
p|1882x + y we get p|140x where from p|x. Therefore,

X = px1,Y = py1, b,c €Z substituting into the inequality in the
statement, it leads that (2022x; + y;)? = px;(1882x; + y,).

We repeat the reasoning and conclude that x and y are divided by

any power of p, hence x =y = 0.

Problem 58
Show that the number A = 23° + 1 is divided by 25.

Solution

230 4+1 =293 +1=12043+1=
=(Mys —1)3+1=Mys—1+1= M,
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Problem 59

Is there x,y € N, such that
2 +2Y =202217(n!=1-2-3----n)?

Solution
From 2™ = r(mod7) = r € {1,2,4} =

= 2% + 2Y = r;(mod7) with r; € {2,3,4,5,6}. Since 2022!:7 =
there is no x, y € N with the property in the statement.

Problem 60

Find the natural numbers x and y, such that
x+y

V=1

Solution

Since the relation is written as: (\/E —ﬁ)z =2>
= |Vx—\/y| =V2.ifx > y, thenVx =V2 + [y =
=>x=2+y+2/2y=>2y=k%k €N, hencey =212l €N
andx =2+ 21?2 + 41 = 2(1 + 1)2.

Ify > x,wefindx =2[%and y = 2(l + 1)2.

Problem 61
Show that there are infinitely many natural numbers such that:
+
a) X y—W/xy = 140;
+
b) . Y _ Jxy = 1882;

X+
c) > 4 —Jxy = 2022.

Solution
ax=2- 140k2,y =2-140(k + l)z,k eN
b)x =2-1882k%,y=2-1882(k+ 1)%,k €N
O x=2-2022k%y =2-2022(k + 1),k €N
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Problem 62

Let f:R > R, f(x) = ax? + bx + c,
a,b,c € Rai f(0), f(1), f(2) € Z. Show that:

a) £(140) € Z; b)f(1882) €Z; ¢ f(2022) € Z.
Solution

f(@2)=2f(1)+f(0) =

=4a+2b+c—2a—2b—2c+c=2a>2a€’
f()—fO0)=a+b+c—c=a+b€eZL
f(0)=ceZ
£(140) = 140%a + 140b + ¢ = (140 — 140)a +
+140(a + b) + ¢ € Z because 140? — 140 is an even number.
£(1882) = 18822%a + 1882b + ¢ = (18822 — 1882)a +
+1882(a + b) + ¢ € Z because 18822 — 1882 is an even number.
f£(2022) = 2022%a + 2022b + ¢ = (20222 — 2022)a +
+2022(a + b) + ¢ € Z because 20222 — 2022 is an even number.

Problem 63

Let f:R - R, suchthat f(x +1) — f(x) =
=3x2+3x+1,(V)x ER

If |f(x)| < 3,(¥)x € [0,1] show that:

[f )| <4+ |x]2(V)x €R.
Solution

Let g:R- R, gx) = f(x) —x%=
59+ —g@)=fx+1D)—-(x+13-flx)+x3=0
= g is periodic with period1 = |g(x)| < |f(x)| + |x|® < 4,
(W)x €[0,1] = [g(x)| <4, (¥V)x € R and therefore
If] =1g@) +x3 < g+ |x]* < 4+ |x|* qed.
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Problem 64
Find the remainder of the division of the polynomial

p= x2022 + X1882 + x14-0

to the polynomial ¢ = x* + x + 1.

Solution
Letx?+x+1=(—x)(x—x3),x; # x5.
Therefore, x,2 + x; + 1 = 0] (x; — 1),x; # 1 = x3 = 1. Then:
p(x;) = x2022 4 1882 4 y140 _
=@+, () + 2D =1+x,+x2=0>
= x — x1|p and, analogically, x — x,|p.
Thus, pig=>1r=0.

Problem 65

Solve the equation in R:
Jx% —4x+5++/3x2 —12x + 16 = —2x% + 8x — 5.

Solution
Let y =x*—4x+5>1>0, because (x —2)>=>0= [y +

JIy+l=-2y+5&

o Jy+3y+1+2y—-5=0

Since f:[1,0) > R,f(y) = \/;+\/m+ 2y —5 is strictly
increasing= f(y) = 0 has at most one solution.

As f(1) = 0 = y = 1, unique solution=
5x2—4x+5=1 x-2)?=0=>x=2,

unique solution.

Problem 66

Solve the equation in R:
Vx—1+V3—-x=x%—4x+6.
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Solution

Evidently, x € [1,3]. Since x2 —4x + 6 =
=(x—-2)2+4+222>Vx—-1+V3—x=2|?>
>x—14+3—-x+2/(x—-1)B—-x)=4=>
:m21or(x—1)(3—x)21=>
> —x2+3x—-3+x>1>
50>x?—4x+4=x-2)=>x-2)>=0=>
= x = 2 as the only result.

Problem 67

Show that if a, b, c > 0, then
a® bp® 3
—+—+—>=>ab+ bc+ca.
b c a

Solution

By using Holder’s inequality, we have:
a®> b3 3 - (@+b+c)® (a+b+c)? -

?+c+;_3(a+b+c)_ 3 -
3(ab + bc + ca)
> 3 =ab + bc + ca.
Problem 68

Let a, b, ¢ be positive numbers, such that abc = 1.
Show that: a®> + b?> + c2 +ab + bc + ca —a — b — ¢ = 3. In which
situation is there equality?

Solution

o a?+b P+ ja+b+cy? _
Since 3 2( ) , We obtain:

a?+b*+c?+ab+bc+ca—a—b—c=a*+b*+c*+
+(a+b+c)2—(az+b2+cz)

2

—(a+b+c)=
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_a*+b*+c?  (a+b+c)?

> + > —(a+b+c)=
1(a+b+c)®> (a+b+c)?
=5 3 + > —(a+b+c)=
a+b+c

3 ———[2(a+b+c)-3] = Vabc(2-3Vabc — 1) = 3.
We identify equalityina = b = ¢ = 1.

Problem 69

Leta,b,c € Rai a+ b+ c = 1. Show that:
a’?+b%+c?+1=4(ab + bc + ca).
Solution

a?+b%>+c?+(a+b+c)?>=4(ab+bc+ca) &
ea’?+b*+c*?>ab+bc+ca

1
Equalityfora=b=c=§.
Problem 70
Prove that
7 AF_x4—10x2+9. _ b
x ai F = —5— ¢ isaprime number.
Solution
F_x4—x2—9x2+9_x2(x2—1)—9(x2—1)_

T (x—-1D2-4 (x—3)(x—-1) -

(x> -1 (x%2-9)

GoHerD - FTHE
X—-1=-12x=0 F=-3<0 ®
x—-1=1>x=2F=5 ®
x+3=12x=-2 F=-3<0 ®
x+3=-1=>x=-4 F=5 @
= x € {—42}
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Problem 71
Find

1 1
E= -+ " knowing that x3 + y3 + 3x2y? = x3y3.

Solution
0 = (xy)® + (=0)° + (=¥)° = 3xy(—x)(-y) =
=y —x—y) (x2y? +x2 + y? + x%y + xy? — xy)
I xy—x—y=0|+1
x-Dy-D=1

1 1
1 1 Xx=y=2=FE=—-+-—-=1
x ¥y

-1 -1 x=y=0 (F)
II x2y? +x2+y2+x%y+xy?—xy =0
Sx=y=—xy

1

Problem 72

Show that if a,b,c = 1, then:
(abc +2)(a+ b +c¢) = 3(ab + bc + ca).

Solution 1

(a—-1DB-1)>0=>ab=>a+b-1 (1)
3(ab + bc +ca) < (a+b +c)?
(abc+2)(a+b+c)=(a+b+c)?|:(a+b+c)>0
abc+2=a+b+c
abc+2—a—-b—-c=0
abc—(a+b—-1)—c+1=20
from()=>abc—(a+b—-1)—c+1>abc—ab—c+1=
=ab(c—1)—(c—1)=(@-1(c—-1)=0

>0 >0 @
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Solution 2
ab’+2>a+2blceb-Dab+1)-2]=0
ab?c + 2¢ > ac + 2bc

Analogically, abc? + 2a = ab + 2ac , a’bc + 2b = bc + 2ab
&

a’bc + ab?c + abc? + 2a + 2b + 2¢ > 3ab + 3ac + 3bc
(abc+2)(a+b+c)=3(ab + bc + ca) q.e.d.

Problem 73
Let x y > 0. Show that:

xZ 2
— +y7 >./2(x% + y?).

y
Solution
We must prove that (x3 + y3)? > 2x2y2(x? + y?)

x3 + y3 > 2,/x3y3, equality for x= y
= It remains to show that x> + y3 > \/xy(x? + y?) &
& x3 —x% [xy + y3 — y?, /xy = 0,which can be noted as:

x*Vx(Vx = \fy) —y3[y(Vx = \[y) = 0,ie:

Wx =) [ = ()] =0

We obtain: (Vx = /7)” [(V%)" + (V%) 'V + (V) (/9) +
+ &(\/})3 + (\/;)4] >0 @ with equality for x =y

Problem 74

Prove that for a,b,c > 0:
. 11 11 1
(a®>+b +c)( +-=+ )>(a+b+c)(—+—+—).
b? a b c
Solution 1

By unfolding the brackets, we get:
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?

a? b* a®> ¢ b2 c2'a b b

Ftat gttt E+a+ += + +— (1)
x>y x|y

We indicate that )7+—2 ;+; 2) [2forx,y>0

2 2
(12 +12) (—) + (X)
y X
®f+222
y X
Using (2) we get (1).

+

-

><I‘<

J2ae)-

1R

Solution 2
3(a?+ b%?+c?) = (a+ b+ c)?

1 1 1 1 1 1\2
3( + =+ ) <E+_+_)

b2 b
1 1 1 1
9(a? +b2+c2)< +32+ )>(a+b+c)< +t )
1 1
(a+b+c)< +o+ )
Generalization:
1 1
(x1+x2+ +xn) 2 _2
X1 Xn
> (0 + x4+ + )1 Ly 1
X1 T X2 Xn X, %,
Problem 75

Leta,b,c € Rai. a®?+ b?+c?=23.
Prove that: |a| + |b| + |c| — abc < 4.

Solution
a® + b2 + c?
- >3a%b2c? > |abc| <1
—abc S 1 (1

(lal + bl +|cD? <3(@* +b?>+c?)=9=>
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> lal+|bl+]cl <3 (2)
Resulting from (1) and (2) q.e.d.
With equality for |a| + |b| + |c| = 1,abc = —1

Problem 76

Find the smallest value of the expression
xy + +yz + zx ifx> + y> + z> = 3(x + y + z).
Solution

By noting x+y + z = t we obtain:
t? — (x> +y*+2z°) t*-3t

xy+yz+zzx= > > =
32 9

(=3) -3 o
2 =73

9
The smallest value is — = and is reached forx + y + z = >

Problem 77

Let x1,X5, "+, Xan41 bereal numbers (n € N*) such that x; + x, +
oo Xon+1 > X1X2 *** Xopn41- Show that:
2n 2n 2n
X{Tt X7t Xopg = X1 X2 Xopta.

Solution

Assuming that [x;] > 1,|x3| > 1,-+, |x3,41| > 1 then, hence
X2 = |x,|%™ > |x;| > x4 and, by analogy,
X2 > Xy, 000, X511 > Xoyp4q, We obtain:
XA XS XS S X Xyt Xy =
> X1Xy " Xop4q Where
XFT X+ e+ XIR 2 XX Ko
Now supposing that at least one of the numbers |x; |,
|21, -+, [X2n 41 let's say |xzp41 | has the property|xz, 1] < 1,
then x2™ + x3™ + -+ + x2 4+ x27 | >
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> X2  x3" 4 e+ 20 > 207N (X Xy o Xpy )2 =

= 2n|xyxp - Xon| 2 X125 - Xon| 2 |x12x5 - XonXopnsq| 2
= XXyt Xopiq, L€

XEM 23" e XS 2 XX X

Problem 78

Letx,y,z € Rsuchthatx +y+z = 0.
Show that: x%y? + y2z? + z?x? + 3 > 6xyz.

Solution

We must prove that
x2y? +y2z2 + 22x2 + 3 —6xyz+ (x + y + 2)? —
—(x + y + x) = 0, which is noted as follows:
(x2y?2 +z%2+ 1+ 2xy — 2z — 2xyz) +
+(y2z2 + x2 + 14 2yz — 2x — 2xyz) +
+(x%z%2 +y2+ 14 2xz — 2y — 2xyz) = 0, i.e.
(xy—z+1)?+(@yz—x+1)?>+(@yz—x+1)>=0

Problem 79

Prove that if x +y + z = 3, then:
X y z

+ + <1
2x+yz 2y+zx 2z+xy

Solution

Substracting ; from each member, the equation converts into:
S=yz+xz+xy21
2x+yz 2y+xz 2z+xy

This is shown using the Titu Andreescu Inequality:

(xy + yz + zx)?

T 6xyz + x2y? + y?z?% + z2x?
We must note that m; = 1, equivalent to
6xyz < 2xyz(x +y + z).
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We obtain x + y + z = 3, which is true.

Problem 8o

Let x,y € R such that x —y = 1. Find the smallest value of the
expression E(x,y) = x3 —y3 — xy, and the values of x and y for
which this minimum is reached.

Solution
E(x,y) =(x—y)x*+xy+y*) —xy =

=x?+xy+y?—xy=x+y’=(@y+1)?+y%=
2

=2y%+2 +1—2( +1) MES

1 1 1

The smallest reached value > isy= —3 and x = >
Problem 81

Let a, b, c € R such that
|(a=b)(b—c)(c—a)l=3.
Find the smallest value of the expression: |a| + |b| + |c|.

Solution
Assuming without restricting from generality,

a = b = c, we have:

3=(a—b)(b—c)(c—a)g<$) (a—c)=(“‘4c)

from where a — ¢ = ¥Y12. Since|a| + |b| + |c| = |a — c| + |b]
> V12 +0 = V12.
For the minimum of the expression|a| + |b| + |c| to be 312 must be
reached a — ¢ = V12.
Obviously, b = Osila —c| = V12 =

3
= |a| + |—c| + |a — ¢| = 3 = and ac = — hence

V12
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B v
2’ 2’
Therefore, the required minimum, ¥/12 , is reached for
V12 Viz
a :T‘b =0,c= —T.
Problem 82

Be:
n
2 2
x = Z * (k+1)1/2(k + 1), where p € N*.
k_

Calculate [x] (the integer part of the real number x)and show
that {x} < where{x Jis the fractional part of the real number x.

Solution

From the Inequality of Bernoulli:
2k 41 KD 2k +1
) e
k2(k + 1)? k2(k + 1)?
=2k+2=2(k+1)=

2k+1 k2(k+1)2
31+m> V2(k+1)>1
(since 2k+1)>1) =

2k + 1 = ,
:>Z< k2(k+1)2) len_p“"‘e‘
k=

n
n-— p+1+z:(2 (k+1)2)>x>n p+1lor
k=

n—p+1+

kP (k+ 1) =

>n—p + 1 hence

p? (n+1)?
1
n—p+1+?>x>n—p+1andfromhere

1
[x] = n—p+1and{x}<l7.
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Problem 83

Let x,y,z > 0 such that:

x2y? + y2z% + 2%2x% + (xyz)® = 4.

Show that x? + y? + z2 > 3. In which situation is there equality?
Solution

We have 4 = x2y? + y22z% + z2x2 + (xyz)3 =
> 4y (x2y2) (y222) (22x?) (xy2)? = 43/ (xyz)7 =

= 47/(xyz)” <1 = (xyz)” < 1 where xyz < 1 (1)
2

with equality for x2y? = y2z? = z2x? = (xyz)3

From x2y? = y2z2 = z?x%2 = x? = y? = z2 > x = y = z and then
from x2y? = (xyz)® = x* = x° = x> = 1, whence
x=y=z=1

We obtained

x2y? + y2z% + z22x? = 4 — (xyz)3 (from (1)) and then

(x? +y?2 +22)%2 > 3(x?y? + y22z2 + z?x%) >3- 3 i.e.

x%2 +y? + 2% > 3 withequalityforx =y =z=1

Problem 84
Let a, b,c > 0. Show that:

+h+c+ > 272
@ ¢ ab+bc+ca 2.3

In which situation is there equality?

Solution

Since (a + b + ¢)? > 3(ab + bc + ca) with equality when a =
b = c (1) and noting ab + bc + ca = x, we obtaina + b + ¢ = V3x.
Denote the left member by M and we have:

3 3x 3x 3mean
MZV3X+;=T+T+; =
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AT

The minimum is reached forT = ; =23x3=36=2x3=12=>

= x = 312 and from (1) = 3a? = Va2 >

A R

32
Therefore, we identify eqaulity fora = b = ¢ = 3

Problem 85

Find the smallest value of the expression (x + y)(y + 3) if x and y are
stricly positive numbers and xy(x +y + 3) = 27. Determine the
values of x and y for which that minimum is reached.

Solution

E(x,y)=xy+3x+y>+3y=y(x+y+3)+3x=

27 27
= ~ +3x>2 = 3x = 18. The smallest value is 18,

27
reached for ~ = 3x=>x=9and9y(9+y+3)=27=

—12+V144+4-3
> =

= —6 £ V39. Convenient to y = V39 — 6.

_ —12+2v39
=—
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Problem 86
Let x € R. Show that:

x2 +x+1\° 2<x+1)2
—_— ) =2Xx .
3 2

In which situation is there equality?

Solution

Let x2 + x = y. The inequality is written as follows:
2

+1y°
(yT) Zyzor4y3+12y2+12y+4—27y220

4y3 —15y2 + 12y +4=>0o0r (y —2)?2(4y + 1) > 0.
Since4y +1=4x?+4x+1=Q2x+1)? >
= (x?+x-2)2Q2x+1)?>0.

Equality is obtained forx = —2,x = _T orx = 1.

Problem 87
Show that:
X2 —x%+x*—x+1>0,Vx eR.
Solution
We have
1 12 3 1
12 _ .9 4 _ 1=<6__ 3__) _(3__
X x’+x X+ X 2x > +4 X 3
R B
XT3 *72) %
Problem 88

Let a, b,c > 0. Show that:
3

b+c
a3+b3+c3—3ab622( 5 —a).

148



150+1 PROBLEMS (and their solutions)

Solution

b+c 33
a3+b3+c3—3abc—2( > —a) =Z(b+c)(b—c)2+
3 3
+§a(a—b)2+za(a—c)220=>
b+c 3
:a3+b3+c3—3abc22( 5 —a).

Problem 89
Let n € N. Show that:

1 1
A=Y
{ 2l 8vn+3
where {a} is the fractional part of the real number a.

Solution
Let [\/ﬁ] = k. Then:
11 1 1 |4k? + 4k + 1 — 4n|
\/ﬁ——|=—-2k+1—2\/ﬁ=—- >
|{ 2 2| |2 2k + 1+ 2vn
1 1 1 1 1

> > > .
2 2k+1+2yn 2 4yn+1 8/n+3

because
[4k? + 4k +1—4n| > 1
(4k? + 4k + 1is odd and 4n is even)

and k < v/n.
Problem 9o
Find the smallest and the largest value of the expression
—4x? + 3xy
E ) = —J
(0y)=—73 Ty

where x and y cannot be zero simultaneously.
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Solution

Assuming that x # 0 and

—4+3% oy —4+3t

E(x,y) =———— and by noting = =tweget ———=z€ER=>

y x 1+ t2

1425

=>7t? —3t+z+4=0withA= —4z2 —-16z4+9<0=
9 1]

>z=|--,—-\

2= 1722

9 .1
The smallest value is — > while the largest one is >

Problem 91

Let x,y € R such that 1 < x? + y? < 2. Find the smallest and the
largest value of the expression x? + y? + xy.

Solution
Letx =rcostsiy = rsint, with t € [0,27). Then

1
1<r?<2six?+y?>+xy=12 <1+Esin2t).

1 1 3 1
Since - < 1 +§sin2t <5 results 5 < x2+y2+xy<3.

% is the reached value for x = \/; VY = —g and 3 is the reached
value forx =y = 1.
Problem 92

Let a, b, c, d be real numbers from the interval

1
—, +).
2
Show that a’b?c?d? + a? + b? + ¢? + d? = 4abcd + 1.
In which case is there equality?

Solution

Since a? + b2 + ¢? + d? > 4Va2b2c2d? =
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= 4/abcd we will find that a?b?c2d? + 4vabed > 4abcd + 1.
Let x = Vabcd = x > (%)4 = % and we must show that:
() x*+4x —4x*>—-1>0or:
x*—1—-4x(x—1D=20;(x—Dx3+x2+x+1—-4x)>0
sau (x — 1)(x3 + x? — 3x + 1) > 0 from where
(x—D[x>—x+(x—-1)?]=0,ie.
(x — 1)?(x? 4+ 2x — 1) = 0 true, because

1

242 1>1+2-1 1==>0
S R R R

We identify equality in (1) for x = 1, i.e. abcd = 1.

We will notice equality in the inequality in the statement (because
we applied the inequality between arithmetic and geometric mean) for
a?=b*=c*=d?andabcd =1l,ie.a=b=c=d =1.

Problem 93

The point L lies inside the isosceles triangle ABC so that AB =
BC = CL and LAC = 30°.
Find the measure of the angle ALB.

Solution

Let BD be the height of the triangle, D € AC and
BD n AL = {N}. We have:
LNC = LNB = BNC = 120°
Then:
ALNC = 4BNL = NL = BN.
Thus, ABNL is isosceles and
NLB = 30°. Hence:

ALB = 150°

B
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Problem 94

Consider AABC with BC = a,AC = b and AB = c. Let P and Q be the
projections of vertex C onto the interior bisectors of angles A and
B, respectively. Determine, as a function of a, b, c, the length of the
segment PQ.

Solution

Let CPNAB = {P,;}and CQ N AB = {Q,}.

Since AP is both height and bisector in

AAP,C = AP; = AC = b and P is the middle of CP;.
Analogously, Q is the middle of CQ;.

Then QP is midline in 4P; Q;C and PQ = P; Q.

We have

PQ, =AP,+BQ,—AB=a+b+c,

hence PQ =1/2(a + b + ¢).

Problem 95

The midline MN of the trapezoid ABCD (AB || CD) intersects the diagonal
AC at K and the diagonal BD at L. Knowing that the quadrilateral KLCD
is a square of side 4 cm, find the area of the trapezoid.

Solution

Evidently, CD = 4cm and since
_AB—-CD
2

The height of the traoezoid is 2DK =
8cm and hence, the area of the trapezoid

KL =4cm = AB = 12cm.

is:

(4 +12)8
———— = 64cm
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Problem 96

Find the area of a triangle ABC if AB = 3, BC = 7 and the median
BD = 4.

Solution

From the median theoreme
_ 2(AB? + BC?) — AC?
- 4

From Heron’s formula

BD? = AC? =52

1
S?=pp-a)p-DP-c)=@+b+)(-a+b+0):

1
(a=b+c)la+b—c)= E(Zazb2 + 2b?c? + 2c?a? —
—a* — b* — ¢*). Since a? = BC? = 72,b% = AC? = 52,
AB? = ¢% = 9, by replacing, we find that:
1
Sz:E(Z-49-52+2-52-9+2-9-49—2401—2704—81)=>

1
=52 = e 1728 = 108 hence S = 6+/3.

Problem 97

The bisectors AM and BN, with M € BC, N € AC, intersect at point I.
Knowing that MINC inscribabe, find:

a) ABC ;

b ) the angles AMIN.

Solution

Because MINC is inscribable = MIN + ACB = 180°

—

but MIN
2

A+B . A+B
180°—T=>C+180°—T=180°
=A+B>sinceA+B+C=180°=>C =60°
b) MIN = 180° — € = 120°

(N

—_—

and IMN = ICN =

N oYy

= 30°and INM = 180° — 120° — 30° = 30°
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Problem 98

Let ABC be a triangle. The heights AA,, (A; €€ BC), BBy, (B, € AC)
intersect at H and AHB = 150°.

a) Find ACB.

b) If M is the middle of CH, determine the measure A;MB,.

¢) Prove that CH = 2A,B;.

Solution

a) The quadrulateral CB; HA, is inscriberd and then ACB = 30°.

b) AMA;C and AM B, C are isosceles (B;M and A; M are medians
in right triangles). The angle A; MB; will be 60°.

¢) Being isosceles with an angle of 60°, 44, M B, is equilateral, and
hence, the conclusion.

Problem 99

Show that in any triangle:
1 1 1 1 1 1

Tt st

ma mb mC

- TaTv  TpTec rcra,
where my, my, m. are the lengths of the medians, and 1,, 1y, 7, the radii
of the circles inscribed of the triangle.

Solution
We have
2(b2+c*)—a?> (b+c)2—a?
Z= 2 > ) =plp—-a)

and the analogues. Then:

ZLSZ 1 Ze-b-o _
mg pip—-a) plp-a)p-b)p-c)
_Z(p—b)(p—c‘)_Z(p—b)_(p—c)_ 11
B 52 B S s Ln
o S S S
since it is known 1, = Ty = T =
p—a p—>b p—c
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Problem 100

Let H be the orthocenter of the triangle ABC.If CH = AB si BH = AC,
find the angles 4ABC.

Solution
A Let AH N BC = {D} and
. E BH N AC = {E} and
CH N AB = {F}.

= BAD = FCD = ACHD = AABD
= CD = AD = <ACD = 45°

B b = (4ADC rectangular isosceles)
Analog: ¥ABC = 45° A=H

= m(BAC) = 90° f

= AABC rectangular in A and isosceles. B C

Problem 101

Consider the square ABCD and the equilateral triangle BFE with AB =
a, BE = b such that points A, B, E are collinear in this order and point
F lies in the same half-plane which is determined by line AB and point C.
Determine in terms of a and b the area AHGB, where DE N BC =
{H},DE n BF = {G}.
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Solution

ABCD square = DC || AB = DC || BE (A, B, E collinear)

D
¢ F
H
I
A B
From T.FA ADCH ~ AEHB = <& =D¢ _ ¢
HB BE b
CH+HB_a+b: a —a+b=>HB— ab
HB b HB b T a+b

Let GI L HB with I € (BH). Then in the right AGIB
m(/BG) = 180° — m(ABC) — m(FBE) =

BG
= 180° —90° — 60° = 30° = GI =5

IfGI = x = BG = 2x = BI? = 4x% — x? = 3x%,Bl = x\/3
HBE = 180° — 4ABC = 90°= EB L CB,GI L BC = IG | BE.

From TFA= AHIG ~ AHBE = 2 =L 5
BE  HB
ab
X _a+b_ V3
®pT T ab
a+b
From the calculations we obtain abx = ab? —v3b(a — b)x =
ab
xX=—m=
a+(a+b)W3
HB - GI (ab)?
= Agnee = =

2 2@a+b)|a+ (a+b)W3]
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Problem 102

In the right triangle ABC the projection of A onto the hypotenuse
BC is point D. E is the middle of AD and AC NN BE = {F}. If
BD = a and CD = b, calculate the length of the segment BF.

Solution
B From the height theorem
a AD? = a - b, where
D AD =+ab
= ED = @ and then
b
k ab
2X BE = |a? +—=
X 4
1
A F G c =3 a(4a + b)

Problem 103

Let M be the middle of BC, P and Q on AB such as AP = PQ =

QB in 4ABC. If PMQ = 90°, prove that:
AC = AB
==

Solution

Let N be the middle of PQ. Consequently, M N is middle line in

AC
ABAC = MN = -

But MN is also a median in the right triangle
PQ AB AC AB AB
= MN = — = — = — = — | therefore AC = —.
2 6 a 6 3

157



® Carina Maria Viespescu ® Lucian Tutescu ® Florentin Smarandache ®

Problem 104

In the acute triangle ABC, the height AA’ is the largest of the 3 of
the triangle and is equal to the median BM.
Show that m(ABC) < 60°.

Solution

Through D we take a parallel DG to BF (G € AC).If EF = x, since EF
is the middle line in 4ADG = DG = 2x.
Now, from the similarity of triangles ADGC and 4BFC

1
BF BC pyJa(da+b)+x a+b
x b

=>—DG=Ror > and hence
b/alda +b by Jaa + b
oo vatath) e BF = BE + EF = Gt Dvatatb)
2024+ 1) 2a+b

We take ML L AB, L € (AB) and MK L (BC),K € (BC)

1
= MK = EAA, and since BM = AA' =

1
= MK = EBM = m(MBK) = 30°

1 !
LM = ECC
Since height AA’ is the largest =
= ML < 5BM = m(ABM) <
30°and m(4BC) < 60°.

Problem 105

Let ABCD be a trapezoid with bases
AB = 2b,CD = 2a(b > a) and M the
middle of segment AB, and N, the
middle of segment CD. If MN = b — a, show that ADB cannot be a
right angle.
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Solution

It is known that in the trapezoid M, N and P, the intersection of the
non-paired sides AD and BC, are collinear. Given that APDN ~

APAM, noting
DN PN

PN = x we have o "
a x .
b x+b—a "
ax +ab —a? = bx >
=>x(b—a)=alb—a)
then x = a.
Since PN = q, in triangle DPC the median PN is half of DC, then
ADPC isrectangular in P.
If angle ADB were also rectangular, then from B we would descend two

perpendiculars on AD, which is absurd.

Problem 106

Let AABC be angular and
AD, BE and CF its heights, and
H, the orthocenter. Show that:
AD-AH + BE-BH + CF - CH
- (a+b+ c)z,
- 6
where a=BC,b=AC si c=
AB.In which case is there equality? A b M B

Solution
abc

AD =2 5 =%¢
a 4R

Since AH = 2R cosA,BE = 2R cosB and CF = 2R cos C,
) 28 2abc
we obtain:AD - AH = —-2RcosA =——-2RcosA =
a 4aR
b? + c? — a?

=b A=———>
c cos >
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1 1
= ZAD -AH = EZ(bZ +c% —a?) =E(a2 +b?% +¢?)
Given the inequality of Cauchy-Buniakovski

2.

Ca)?
3

= , we immediately find out the inequality in the statement with

equality fora = b = c, i.e. 4ABC is equilateral.

Problem 107

Solve in R the equation:

sin?%?! x + c0s?%21 x + sin?%2? x = 2.

Solution

We have:
sin?%?1 x + cos?%?l x < sin’x + cos?x =1
Cum sin?°?! x + c0s?%?1 x = 2 —sin?%%2 x =
= 2—-sin?"??2x <1 =
= sin?%%22 x > 1 = sin?°??2 x = 1 and, from here:
sin?%?1 x + cos?%?1 x = 1
From sin?%%2x = 1 =
a)sinx = =1 = —1 4+ cos?%?1 x = 1 = cos?%?1 x = 2 false or
b)sinx =1=1+cos?®?lx =1=cos??lx=0=>
= cosx =0

From sinx = 1 and cos x = 0 we find the results of the equation:
X € {§+ 2km|k € Z}.

Problem 108

Show that if 3sin § = 2sin(2a + ) and cosa # 0, cos(a + ) # 0,
then5tga = tg(a + ).
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Solution

We have:
sin B = 2[sin(2a + B) — sinB] = 4sina cos(a + B) si
3sinf = 2sin(a + f + a) = 2sin(a + B) cosa +
+2 cos(a + B) sin a. From the two relations it follows:
3sinf = 12sinacos(a + B) =
= 2sin(a + B) cosa + 2 cos(a + B) sin a and, hence,
10sina cos(a + ) = 2sin(a + B) cosa.
Dividing this last relation by 2 cos(a + ) cos a, we find

S5tga = tg(a + B).

Problem 109

Let a,b,c € (O,g) such that cosa =tgb, cosb =tgc and

cos ¢ = tga. Prove that:

_ _ _ V5 -1
sina = sinb = sinc = >
Solution

We have:

) _tzb_Sian_ 1 1_coszc 3
costa=1g " cos?h  cos?b " sin?¢ -
3 1 1 1 1 1—cos?a L
-1 . " cos’a_ ., ~ 2cosa—1 ¥

cos?c sin? a
de aici cos*a + cos?a—1=0,i.e.

~14+5 . V5-1
cos?a = — Convenient to cos? a = 5 and
‘2 2 3-V5 V5-1 ’
sin“a=1-—cos“a = > = > hence

o, V5-1
sin® a =

. Analogously for sinb,sinc.
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Problem 1102

In the rectangle ABCD we find GH || BC, point G € (AB), the
point H € (AD) and EF || DC, point E € (AD) and point F € (BC).

Let GH N EF = {M}and H N CE = {K}. Prove that point K is
on the circle containing the feet of heights A DGF.

Solution
A E D
T
K
G _—— H
i
z
X
B F C
Let X, Y, Z- be the means of the AGDF sides.
We want to show that point K belongs to the 9-point circle of
AGDF.
We prove that B, X, M are collinear
Since GM || BF = GMFB- rectangle = BM N GF = {X} so
GB | MF & -
X - middle.
Analogous for  rectangles FEDC,ADHG S0

B,X,M; C,Z,E; A,Y, H are collinear.
We prove that AH N CE N BM = {K}.
Since AH N CE = {K}.
We consider the transversal A — K — H for A CDE.

2 Suggestion for the 7th grade by Prof. Grigorie Dan Lucian - Craiova.
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AE HD KC AE
We apply the Menelaus theorem = —+—+— = 1; but — =
e apply the Menelaus theore T ;b D
AE AD _ME __ BF KC ME . o
—; — =-—=—"-—"— =1 = according to Manelaus' reciprocal
BC’ HC MF  BC KE MF

in A FCE = B, K, M collinear, so BM passes through K.

We prove that the KXYZ - inscribed quadric.

In A BKC: <BKC = 180° — («KBC + <KCB).

In rectangles GBFM and EFCD = <MBF = «KBC =
AGFB and <ECF = «DCF = ¥KBC + <KCB = 4¥GFB +
ADCF = 180° — «GED = 180° — xXYZ

= IXKZ = «XYZ so KXYZ- inscriptible and the points
belong to Euler's circle for A GDF.

Therefore, K is on the circle containing the legs of the heights
of A GDF.

Problem 1113

Let Xq1,%g, ...xn € {—1;1};n = 2; such that n € IN
2023 2023 2023 2023
X1 Xy Xp—1 X
+ + ot +——=0
X2 X3 Xn X1

a) For n = 2024 give examples of such numbers.
b) Show that n is a natural number divisible by 4.

Solution

a)Notethatforx; = 1;x, = x3 =%, = —1;x5 = 1; x5 =
X7 = xg = —1..X2021 = 1; X2022 = X2023 = X2024 = —1.

502 groups of 4 numbers whose sum is o are formed. Hence
the conclusion.

b) Since each fraction has the value —1 or 1 it immediately
follows that n is even,

ie.n =2k k €lIN

3 Suggestion for the 8th grade by Prof. Grigorie Dan Lucian, Craiova.
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x12023 x22023 xn_12023 xn2023

Since . . = (xq ..x,)%%%2 =1
o P o oy (X1 o xp)

and on the other hand having k fractions equal to —1 and k fractions
equal to 1 from the previous product = (—1)* - 1% = 1,
where n = 41,1 - natural number.

Problem 1124

Let ABCD be a rectangle with AB = |, BC = 2l and M point
inside it such that MAB = MBA = 15°. Determine the measures of the
angles of the triangle MCD.

Solution

Let E and F be the means of the sides BC and AD of the
rectangle. Since ABEF is square, we prove that A MEF is equilateral
(known property).

Consider a point N inside A BME such that A BME =A
MNE. Then A BMN is equilateral (having NBM = 60° and BM =
BN).

B E C
15" 15-
15 N
M
15°
A F D

4 Suggestion for the 6th grade by Prof. Grigorie Dan Lucian and Prof. Lucian
Tutescu.
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It is further shown that A BNE =A MNE (L.U.L.), angle ENM =
360° — 60° — 150° = 150°=> ME = BE and similarly, MF = AF,
considering A EMC which is isosceles. As BEM = 90° — 60° = 30° =
MEC = 150° = ECM = EMC = 15°. Analogously, FMD = 15° = CMD =
60° — 15° — 15° = 30°.

__180°-30°

Since A MCD is isosceles > MCD = MDC = — = 75°,

Problem 1135

Determine the real numbers x, such that x2+

is an integer.
3x+5 g

Solution

X

Let o——=keZL= kx? —Bk+1Dx+5k=0
Fork=0=x=0.1f# 0, A= 3k + 1)2 — 20k? = —11k? + 6k + 1 >
0=11k*—-6k—1<0
Since 11k%? — 6k — 1 = 0 has the roots
6+V36+44 34420 3-+20 3++20

12 = = =>ke€ , NZ

’ 22 11 11 11
Hence k = 0, which does not dit (considering k # 0).
So, the only real number that corresponds is x = 0.

Problem 114

a) Let a,b € R* such that
(ab)140 + 4(ab)7° — 2((1210 + b210)
Show that at least one of the numbers is irrational.
b) Let a,b € R* such that
(ab)1882 + 4(ab)941 — 2(a2823 + b2883)
Show that at least one of the numbers is irrational.

5 Suggestion for the 8th grade by Viespescu Carina and Militaru-Cismaru
Gabriela, students - Craiova.
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Solution

a) The relation is noted as follows: (a*® — 2b7%)(b**% — 2a7°) = 0,
2. 70 2,70 2 2

hence (%) =2 or (%) =0, ie. % gQ or% &€ @Q, whence the

conclusion.

b) The relation is noted as follows: (al882 — 2p941)(p1882 —

2a°*1) = 0 and proceed as in a).

Problem 115°

Let x,y,z > 0, such that (x + y)(y + z)(z + x) = 1. Show
that : Z L VX2 +ay+y?

. -
xtyiziy >+/3. In which case do we have equality:

Solution

From x2+xy+yzz% (x+y)?2=>x2+xy+y?> @

1 =>

() Vx2+xy+y2  x2+xy+y?  Jx2+xy+y?  2\/x2+xy+y? >
ZxXy Xty

x+y+2xy IS T+ C O xty2
(x+y)V3 .
21y according to (1)
. (x+y)3 (x+y)
IS SN _ >
It remains to show that ), 2iyiz) 2V 3or) 2yt = 1.

Letx+y=a,y+z=Db,z+ x = c. Evidently, abc = 1 and we

. b +2-2 .1
still have to prove that: — + —— + — > 1 or 3} = >1,ie. —+
a+2 b+2 c+2 a+2 a+2

L + - < 1. By doing the calculations:
b+2 c+2

12 +4y. a+yab <9+4Y a+2) a,ie. ), ab = 3, which results from
Y ab > 33/abbcca = 3
The equality is valid for a=b=c => x=y=z => 8x3 =1 => x=%.

® Proposed by Prof. Marian Cucuoanes, Marisesti, and Prof. Lucian Tutescu,
Craiova.
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Problem 116

n+1_x—(n+1)

Let neN*and x>1, xER . Show that ad r=
n+1 n
Solution
We have:
x#+2—q x%n— 2n+2 2n
T D > — <=> nx>""?-1) > m+1) x (x*-1) |:x-1>0 =>

nE!t +x*" 4L X2 X +1) > () (XA + L +XP+X ) <=>1n
X*™M +nx® + ... +nx® +nx +n > nx*” +nx*? + L +nx? +nx + X277 +x2
2n > X+ 4 L X +X
We show that x>™*' + 1 > x®™"* + x* k=1,..,n

XM 41 > x*" +x

+ .. +X*+X <=>DnX

P GUEET IS G &
X2 4 >y g0 and by addition,

X241 > xR gxk Tk =0,n
X2+ _ in—k +14+ Xk+1 >0
XK () - (- 1) >0 <=> (K- 1)(x¥ -1) >0, for x> 1.

Problem 1177

Letn=3siz, 2, ..., Zn ECsuch that |S| = |S-z;| + | S- 2
|+ |S-2z; | +...+|S-2z,|,whereS=2z,+2, + ... + Zy.

Show that z,=z, = .. =z, = 0.
Solution
We have (n-1) (|S-z,| +|S-2z |+ |S-23 |+ ...+ |S-2Za|) = | (n-
1)S|=|S-2+S-Z+S-23++... +S—-2, | = |S-Z| + | S-2 |+ |
S-z;| +..4+ | S-27n |

7 Problem for the 10th grade proposed by Prof. Butaru Zizi-Iuliana and Prof.
Betiu Anicuta, Craiova.
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= (-2) (|S-z:] +|S-2Z |+ |S-23| +...+|S-2zn|)<0and
hence, |S-z,| + | S-2> |+ | S-23| + ...+ | S-2Zn | =0, adica
|S-z,| = |S-2Z|=]S-23]| =...=|S-2n |=0,where S-2z

=S-272,=S-2, =..=S-2,=0,whencez,=7z,=...=2,=0

Problem 118

Determine the smallest number n € N* for which the real numbers
X1,Xa2,...,Xn €XISt, SUch that |X;| +|Xz| + ... [Xa| = 2017 + |X;+Xo+...+Xn] .

Solution

Since n>|x;| +|Xa| + ... |Xn| = 2017 + |X;+Xa+...4+Xy| = 2017=>> n= 2018.

Let n = 2018 be the number we are looking for.

In fact, for X,=X,= ... =X —Mandx = Xion =...= X2018 = 2017
) 17— A27 «ee —A1009 T 2018 1010 — 1011 ~eee ™ 2018 = 2018 )

we obtain the requirements of the problem.

Problem 119

Let x,y,z > 0, so thatxy + yz+zx =17.
Show that 6(x* +y*) +z°= 21.

Solution

Since 9x* +z*= 6xz (1)
9y® +z°= 6yz (2)
3x*+y)=z6xy  (3),
by addition=> 12 (x* +y*) +2z°= 6 (xy+yz+zx) =6 - 7,
ie. 6(x> +y*) +z°= 21.
Equality is identified when we have equality in (1) ,(2) si (3), i.e. 3x=z,
3y =z and i x=y => x=y=1 and z=3.
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Problem 1208

Let A= 47°°'8, show that:
a) A cannot be written as the sum of two whole number cubes
b) A cannot be written as the sum of three whole number cubes.

Solution

A= (59 + 2)*°8 = My + 228 = My + 22° . 4 = My + 872 . 4 = M, + (9
-1)572. 4 = Mg + (Mg + +1) - 4 = M,

Since the remainders of an integer when dividing by 9 can be 0, 1 or
8 we immediately obtain a) and b).

Problem 121°

Let a, b, ¢ be the lengths of the sides of a triangle ABC which checks:
a?+b3+c3—ab(a+b)+bc(b+c)—acla+c)=0
Show that the triangle ABC is right-angled in A.
Solution
The relation from the statement is written as follows:

(a>=b*—c>)(a-b—-¢c)=0

Sincea > b + ¢ = a? = b? + ¢?, hence the conclusion.

Problem 122'°

Let a,b,c € N* such as
(a+ b)P* = (b + )t = (c + a)**P.
Show thata = b = c.

8 Problem for the 6th grade proposed by Prof. Cremeneanu Luiza Lorena and
Prof. Prunaru Constantina - Craiova.

9 Problem for 7th grade proposed by Prof. Zaharia Gigi - Craiova.

' Problem suggestion for the 5th grade proposed by Prof. Meda Iacob Elena
and Prof. Gilena Dobrica - Bechet.
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Solution

Leta+b=x,b+c=y,c+a=zsincex? =y%=2z"we
prove that ex =y = z.

Assuming that x < y and from x¥ = y* =y > z. Since

y? = z*¥ = z < x and whence x¥ = z* = x > y is false!
Analogously, presumming x > y, we obtain x < y (false!)
Therefore x = y and whence

x¥ =y*=2z%inwhichx =z,sox =y =z
Returning to the problem statement, wefinda+ b =b + ¢ =
¢+ aandhence,a =b =c.

Problem 123"

Solve in R the equation:

\/\/x+5+\/x—5=m<\/\/x+5—\/x—5>+\/§.

Solution

From (\/x +5+Vx — 5)(\/x +5—+vx—5) =10, noting t =
JVx+5+Vx—5> 0,weobtaint=m-@+\/§,wherefrom
t2—\/5t-10=0

t, =L it = —VE<Oand t, = 25 > 0

Vx+5++vx—-5=20
Ten,{ 1§i:2\/x+5=20+%:,>\/x+ =

\/x+5—\/x—5=5
41
4
412 1681-80 1601
and whence x =— —5 = =—
16 16 16

"' Problem proposed by Prof. Cremeneanu Luiza and Prof. Nedelcu Irina -
Craiova.
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Problem 124
For which real numbers x, are the numbers x + 2021 and
%— 2021 integers?

Solution

Let x ++v202 =mand§—\/2021=n,wherem,n EZ=>x=
m —+/2021 and ;1— 2021 =n

m—/202
©1-mv2021+ 2021 = nm —nv2021 & 2022 —nm
= (m—n)v2021

Since V2021 is not a rational number > m = n and nm = 2022
{(1)m=n= 2022
2)m =n=—-v2022
If we have: m = n =+v2022=x =+v2022 —+2021

If we have: m = n = —/2022 = x + V2021 = V2022 2> x =
—/2022 —+/2021

Therefore, x € {v2022 — V2021, —v2022 — v2021 }, in
conclusion:

x = +v2022 —+v2021

Problem 125"

Let a € (0,1) and (x,)ps0 be a set withx, = b > 0 and x,, = a® +

a+ . xp_1—2a /a+1/xn_1,n2 1.

Show that (xy,)n»0 IS convergent and calculate lim x,, .
n—-oo

> Problem for the 8th grade by Prof. Vasile Roxana and Prof. Tacu Dana -
Craiova.

'3 Problem for the 11th grade by Prof. Cremeneanu Lorena-Luiza and Prof.
Prunaru Constantina - Craiova.
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Solution

2
We have x,, = < a+ . /x,_1— a) > 0 where:x, > 0, (V)n € N*.

Since /a + /Xn-1 = a, then

a + /x,_, = a?® which is true because a > a?, (a € (0,1)) we
obtain \/x, = |a+./x,_1 —a

le.a+ . x, = [a+ . xp_1.

Let V- ’a + /x,, with y, = Va + b . Then y? = y,_;, with y,, =

y2™" (induction). Hence lim ¥, = 1 and from x,, = y2 — a, it
n—-oo

follows (X, )50 is convergent and lim x,, = 1 — a.

n—oo

Problem 1264

Let ABCD be a square, on the outside of the square construct the
equilateral triangle ABE and the equilateral triangle EDF such that point
B is inside it. Determine m(BFE).

Solution

We denote the side of the square by a.

AA DA=DC |,,.
Thus we have ACDF| ED = FD |=—AADE =ACDF =FC =a
EDF = FDC

= m(FCB) = 60° = AFCB —equilateral=> FB = BE = a

= AFBE — isosceles,
We have m(FBE) = 1500, therefore m(BFE) =150,

!4 Problem for the 7th grade by Prof. Tutescu Lucian and Prof. Grigorie Dan -
Craiova.
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—8 0

Problem 1275

a) Give examples of two strictly positive rational numbers x
1 1
and y so that x + 5 andy + S to be natural.

b) Give examples of 3 strictly positive rational numbers
X, Y, Z so that the numbers

1 1 1
X +—,y +—and z + — to be natural.
yz Xz xy

¢) Give examples of 3 distinct rational numbers x, Y, z, so

that the numbers xy + i,yz + %

and xz + % to be natural.
Solutions
a) x=2,y= %
b) x=1,y=2,z=
2,z =

NIRrRN]|[R

0 x=1y=

'S Problem proposed by Prof. Chirita Simona - Craiova.
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Problem 128

Let ABC be a triangle with AB = AC = a,BC = b and m(ABC) =
40°. If (BD is the bisector of angle B, and D € (AC), prove that:

a’p
BD =e
Solution

We build ABCE equilateral (outside AABC). Since m(4) =
100°,m(B) = 20°.

From ADB = BEC = BDCE inscribed quadrilateral
= m(DEC)=20°.

AABD~ACED = 22 =22 _

B.CE=BC=b
CE

DE  DC

16 Problem for the 7th grade.
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Therefore, % = %, but DE = BD + DC (Von Schoten Relation)

BD a BD a
>5———=-—=—=— (1)
AD+DC b  DC b-a
. . . DC _BC _ b
By applying the bisector theorem in AABC = T
DC b DC b ab
= =—>S>—=—>=DC=—— (2)
AD+DC a+b a a+b a+b

_a’p
From (1) and (2) = BD = 5—

Problem 1297

Let a, b be positive numbers such that a - b = 1. Show that:
ab(a + b) —10ab + 8(a+ b) = 8.
In which case do we have equality?

Solution

The inequality is written as follows: ab(a + b)(ab + 8) = 10ab +
8. Since a + b > 2vab we demonstrate that:

2vab(ab + 8) = 10ab + 8 or by noting vab = t > 1 results:
t(t?+8)>5t2+4ot3-5t2+8t—-4>0e (t —1D(t? -
4t +4) = 0or:

t—-1D(t-2)*>=0.

Equality is identified in t = 1 ort = 2 i.e.vVab = 1 or Vab = 2 dar
sia+b = 2Vabie.

a=b=1lora=b=2.

Problem 1308

Determine the integers n for which thereis a, b, ¢ € Z, so that n? =
a+b+candn® =a?+ b?+ 2.

'7 Problem for the 8th grade by Prof. Ciulcu Claudiu and Prof. Dana Camelia -
Craiova.
8 Problem proposed by Prof. Tutescu Lucian - Craiova.
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Solution

a+b+c)?—(a?+b?+c?)?
n3=a2+b2+022ab+bc+ca=( ) 2( ) =

(nz)z—"3 3 4 3 3 4 3
=———=2n°>2n*—nor3n’ =2n*=n’(3 —n) = 0,whencen €
{0,1,2,3}

For n=0, a = b = ¢ = 0is obtained
a=b=0c=1
Forn=1, {a=c=0,b=1areobtained
b=c=0,a=1
) 2 2 a=b=2,c=0
Forn = 2, {a +b%+c _8, a =c = 2,b = 0 are obtained
at+b+c=4 hb=c=2a=0
2 2 2 _
For n = 3, {a +bh"+c _27,withtheresult:a=b=c=3.
at+b+c=9

Problem 1319

Ioana the petty trader sells eggs on the market. She manages to sell the
entire quantity in 4 days, as follows:
- On the first day, she sells % of the total amount of eggs and

L ofan g

- On the second day, she sells g of the remaining quantity

after the first day and % of an egg,

- On the third day, she sells % of the remaining quantity after

the second day and g of an egg,

- Onthefourth day, she sells g of the remaining quantity after

the third day and 13 of an egg, thus remaining without any

eggs after the four days.

How many eggs did the petty seller have in the beginning?

9 Problem for the s5th grade by Prof. Grigorie Ramona-Carmen and Prof.
Boborel Maria - Craiova.
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Solution

We note with x - the total number of eggs.

On the first day, she sells: g ‘x + % remaining: x — (g ‘x + %) = g -

1 .
3 eegs (new remainder),

On the second day, she sells: g(f—g) +§ remaining: x_1_

3 3 3
[2/x 1 1 x 4 .
3 (E - 5) + 5] =35 "5 €8ss (new remainder),
On the third day, she sells: 2 (Z - i) +1 remaining: r_2_
3\o9 9/ 3 9 9
[2(x 4 1 x 13 .
3 (E - ;) + 5] =5, 5, €8s (new remainder),
On the fourth day, she sells: 2 (i - E) +1 remaining: X_B_
) 3\27 27/ 3 27 27
E(i - E) + l] =2 20 eggs (new remainder), but since after
[3\27 27/ "3 81 81
the fourth day she had no egg left, the remainder is 0.
Thus: 2~ -2 =0eoi=2ox= 40 eggs.
81 81 81 81

The petty trader initially had 40 eggs.

Problem 1322°

Show that for any n = 3, there are distinct natural non-zero numbers

X1, X3, ..., X, SUch that the product:

1 1 1
P = X1X3 e X (x_+x_+ ...+x_)
1 2 n

to be a perfect square.

Solution

We try to make the relation from the parenthesis equal to 1,
by adding to the sum of the terms of a geometric progression other
terms.

2° Problem for the 10th grade by Viespescu Carina Maria, student - Craiova.
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Either
1\ 1\7" 1\
w=(z) w=(z) mea=(gm) e
1 ' 1 !
B <3 : zn-3) n = <3 : zn-Z)
then
1+1+ +1—(1+1+ +1)+ 2 + !
X, X, " T \2 ' 22 on—2 3.2n-2  3.n-2
- on-2 - on-2 "
and the product we are looking for is
(n—-2)(n—-1)
2-2%.,,-2"72.3.2073.3.2n72 =) 2 +2n—5-32
n2+n-8 n(n+1)
=2 2 -32=2 2 *+.32

nn+1)

which is a perfect square for =par,son =4korn =4k + 3

Ifn =4k + 1 orn = 4k + 2, we can choose the numbers
1 1 1

1\~ 1\~ 1\~
n=(3) m=(z) me=(mm) e
1 ! 1 !

=(522) =(52)

(wheren = 5)

and then
1+1+ +1—<1+1+ +1)+ ! + !
X, X, x, \2 22 2n-2) ' 5.2n=2  5.n-2
1 1
=1- + 1

and the product to be calculated becomes

2.22. .on-2.g5.on-2.5.9on~4 _ 2W+2n—6 .52

_ T s M s
—5=(4k +1)(2k + 1) — 5 = even,
M) 5= (2k+1)(4k+3)—5 =

even, thus x4, X5, ..., X, is perfect square.

n(n+1)

Forn = 4k + 1, we obtain

and for n = 4k + 2, we obtain

178



150+1 PROBLEMS (and their solutions)

Problem 133%**

Calculate the determinant:

1 1 1 1o 111
1 2241 3 3 33 3
d= 1 3 342 5 .. 555
1 3 5 413 . 7 7 7
1 3 5 7 2n-5 (n-1)2+(n-2)  2n-3
1 3 5 A 2n-5  2n-3 n2+(n-1)

where n=2, neN.

Solution

We multiply the first column by -1 and add it to the other columns
and get

1 000 ... 00
1 22 2 2 22
d= 1 2 341 4 ... 44
1 2 4 6 ... (n-1)2+(n-3)  2n-4
1 2 4 6 . n-4 n2+(n-2)

' Problem for the 11th grade by Prof. Tutescu Lucian and Prof. Vasile Roxana
- Craiova.
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Then we solve the first line and then take out 2 as common factor on
the first line and another 2 after the first column in the determinant

obtained.
We note:
1 1 1 1 1
1 32+1 4 ... 44
d= 22 e eeree et e e e et e een e a e en e e en e et en e e a e e n e e ne e e rannen
1 4 6 ... (n-1)>+(n-3) 2n-4
1 4 6 ... 2n-4 n?*+(n-2)

We multiply the first column of the previous determinant by -1 and by
adding it to the other columns, we take out the common factor on 32
We continue the process and obtain:
n-1?% n-1
n—1 n?+1

:22.32. et

d=2%3*...:(n-2)*-
s 1 1

1 n?2+1
-(n-2)*(n-1)>n* =(n)!?
Therefore, d=(n)!?

=2%3* ... -(n-2)*>(n-

Final solution:

1 11 [|- ]
1 2 0 D

A= 1 1 3 .0 detiA AY)=nl=det A detAl =(n]?
1 1 n
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Problem 13422

Find the digits a and b so that the number
al23456789987654321b is divisible by 144.

Solution

Since 144 = 16 - 9, the last four digits 321b must form a number
divisible by 16, thus it results that b = 6.
Because 1 + 2 + -+ + 9 = 45 and the number is divided by 9, it

resultsa+b:9ie.a+6:9=a=23.
Therefore,a = 3,b = 6.

Problem 13523
Let x,y,z > 0. Show that:

x+y y+z z+x
>/
xy+yz+zx =2 ./xyz \/ > +\/ > +\/ >

In which case is there equality?

Solution

By squaring the initial inequality, we obtain:
(xy)? + (v2)? + (zx)? + 2xyz(x + y + z) =
- (x+y+y+z+z+x
= xyz > > >

x+y |y+z y+z |z+x x+y |z+x

** Problem for the s5th grade by Prof. Preda Oana and Prof. Sanda Iulia -
Craiova.

3 Problem 7th/8th grade by Prof. Grigorie Dan Lucian and Prof. Lupu Razvan
Ilie - Craiova.
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&Y+ (2)? + (2x)? + 2xyz(x +y+2) = xyz(x +y+ z +

x+y |y+z y+z |z+x x+y |z+x

Since we identify the consequence of inequality:

()% + (y2)? + (zx)? =2 xyz(x + y + 2)
which is deducted from: a® + b% + ¢? > ab + bc + ac for a = xy,
b = yz, ¢ = zx, it remains to be proven that:

x+y |y+z y+z |z+4+x xX+y
> . .
x+y+z_\/ > \] > +\j > \/ 5 +\/ >

zZ+x
2
or:
20k +y+2) 2 Jx+y-Jy+tz+ Jytz-Vz+x+ x+y
NTFR
or:

2c+y+2)=x+y+x+z+y+z=
“(FFy) + (VxF2) + (J7Fy) =
> /x+y-Jy+z+ Jy+tz-Vz+x+ [x+y Vz+x(the
inequality a? + b2 + ¢ > ab + bc + ac being used)
We identify equalityin x =y = z.

Problem 136

Letn € N*. Show that there are no integers x4, X3, ..., X4, Such that:
xf+x3++x{,=200..01 5
by n—times

Solution

The following result will be used: ” The rest of the fourth power of an
integer is 0 or 1 at the division with 16”, i.e.: x* = 0(mod16) sau x* =

1(mod16).
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Certainly:
if x =2k, k€ Z=>x*=16-k* = 0(mod16), and

if x=2l4+1,l€Z=>x?=4l(l+1)=Mg+1, (since [(l+1):
2) and then x* = MZ + 2 Mg + 1 = 1(mod16)
Thus, according to the previous result : x{ + x5 + -+ + x4 = r(mod
16) where r € {0,1,2, ...,14}.
Since 2 00...01 5 = 15(mod 16) we obtain the requirement of the
| —
by n—times

problem.

Problem 13724

Determine the prime numbers p and q so that p* — q and p* + q be
prime numbers as well.

Solution

Evidently, p and g cannot be odd simultaneously.
Therefore, we identify two situations:

- Ifp=2=16 —qsil6+ g prime numbers, g = 3 and g =
13.
- Ifq = 2 then p* — 2 si p* + 2 must be prime numbers. For

p=3k+t1=>p*+2=0Ckt+tD*+2=M;+1+2=

Mg sip* + 2 > 3, thus p = 3k, where p = 3 and then p* —

2=3*-2=79, p*+ 2 = 3%+ 2 = 83, respectively.
Toconclude,p =2,q=3;p=2andq =13,p =3 and q = 2 are
the requested numbers.

24 Problem for the 5th grade by Prof. Tutescu Lucian and Prof. Grigorie Dan-
Lucian - Craiova.
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Problem 13835
Let x,y > 0six3+y3 = x —y. Show that:
xy<l1,
x2+y? <1,
Solution
2ypxy+y? =T T gy <landa? +y2 < 1
xxy+y—ﬁﬁ—=>xy<anx+y<.
Problem 1392

Let f:[1918; 2018] —R, f continues on [1918; 2018] and derivable
on (1918;2018) such that f(1918)=1918, f(2018)=2018.
Show that there are x; , X2 ,....,X100€(1918;2018) all distinct so
that f(x)+f(x2)+....+f(X100) =100

If, in addition, f is strictly ascending, show that there are y; ,
1 1

fr(yd) + f1(y2)

Us ,...,Un€ (1918;2018) all distinct so that

1

ot f1(100) =100

Solution

We apply Lagrange’s theorem on the following intervals
[1918;1919],[1919;1920],...,[]2017; 2018] (one hundred
intervals) and we identify:

f(1919) - (1918) =(1919 -1918) f'(x1) , x,€ (1918;1919)
f(1920) - f(1919) =(1920 -1919) f(x>) , X.€ (1919;1920)

f(2018) - f(2017) =(2018 -2017) f'(Xi00) , X100E (2017;2018)

25 Problem proposed by Prof. Tigae Alina and Prof. Miu Simona - Craiova.
26 Problem proposed by Prof. Tutescu Lucian.

184



150+1 PROBLEMS (and their solutions)

from where, by addition we obtain :
f(2018) - f(1918) = £(x)+(x2) +....+F (X100), L.€.
P(x)+(X2)+.... +F (X100) =2018-1918 =100,cu X,<X; <....<X100 (distincts).
¢) Leta, = 1918<a,<a,<...<ajoo = 2018 such that f(a,) = 1019,
f(a,) = 1920, ..., f(a100)=2018 (there are a, , a, , ... , Az018 from

continuity and monotony).

By applying Lagrange’s theorem on the intervals
. fla)-f(a ,
[ao; al], [al; az], ey [agg; aloo], we obtain C;TOO) =f (Y1) cu y1€

1

(a0, a1) , whence = f(y1) or —— = a, - a,, with y:€ (a, , a.) ,,;
f(y2)

1
Ai-qay f(y1)

= a, — a,y.€ (a0 , ay) y eee = Q100 — AggY100E (a99 ’ A100)

_1
’f(Y100)
1 1 1

o0 Y ron T Fomen

By addition =>

=100, hence y, < y

<...<¥n

Problem 14027

Let a > 0,a # 1 fixed. Solve in R the equations:
a) log,(x+2021) =log,(a + 2021)
b) log,(x2°%1 +2021) = log, (a?°?! + 2021)

Solution

In(x+2021) In(a+2021) ln(x+2021)_1n_x .
Inx h Ina In(a+2021) lna’
logg42021 X + 2021 = log, x = y and from where x = a”,

x + 2021 = (a + 2021)Y
a¥ +2021 = (a + 2021)Y &

a) We have

a y
(a52020)

y
+2021 (a n 2021) -

*7 Problem for 1oth grade by Prof. Mirea Mihaela and Prof. Grigorie Dan -
Craiova.
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1
< 1land
a+2021 a+2021

Since <1=>y=1.Thenx =a

b) a-) = 10ga2021+2021(x2021 + 2021) = 10gax =y=>Xx= a¥
(a?921 +2021)Y = x2°21 + 2021 and then (a?°?! +
2021)Y = a?%? + 2021
2021 y 1 y .
= (m) + 2021 (m) = 1, one solution
only (monotony) y = 1 and whence x = a.

Problem 14128

Find the area of an ABC triangle, if AB = 3, BC = 7 and the median
BD = 4.

Solution

2(BA%+BC?)-AC?

From the median theorem BD? = =442 =

2(32 +7%) — AC? > AC? = 2-58-64 = 52

From Heron’s formula:

§2=p-a)(p-b)p—c)
=%(a+b+c)(—a+b+c)(a—b+c)(a+b
—0)

= %(Zazb2 + 2b%c? + 2c%a? — a* — b* — )

Since BC = a =7,ac = b =+/52 and AB = ¢ = 3, by replacing we
find:

1
Sz=E(2-49-52+2-52-9+2-9-49—2401—2704—81)
=

1
SZ=E-1728=108:>S=6\/§

28 Problem for the 1oth grade by Prof. Prunaru Constantina and Prof.
Cremeneanu Luiza - Craiova.
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Problem 142

Solve in R the equation :

Xy +yz+z2x=2xJy—1+2y°vVz—1+222vx—1.

Solution

The equation is written (evidently x=1,y=1,z=1)

2 2 2
xz(,/y -1- 1) +y2(\/z -1- 1) +z° (Vx -1- 1) =0, from
where \/y —1=vz—1==+vx—1=1,ie x=y=z=2.

Problem 143
Find the integers x, y, so that x(x+1) = y (y +3).

Solution

We have 4X* + 4X = 4y> + 12y => 4X> +4X +1+8=4y*+12y+9 or
(2x+1)* +8=(2y+3)* or

(2y+3)? - (2x+1)* =8 => (2y+3-2x-1)(2y+3+2x+1) =8 => (2y-
2x+2)(2y+2x+4) =8 =>

(y-x+1)(y+x+2) =2 =>

1{§ + i i 2 ==2 => 2}’ = —6=> y=-3 =>-3-X=-2 =>x=1=>
25
x=—2
.{i_}_iiz - _1 => 2y= —6=> y=-3 => -3-X+1=-2=> X=0 =>
P
x=0
y—x+1=1
'{y+x+2:2 =>2y=0 =>Yy=0 —>x_o_>{x:0
y—x+1=2 y=0
'{}’+x+2:1‘>Y—0—>X—-1_>{x:_1
Theresultsare{x_=1 ;{x_zo ;{xiO ;{x =_—1
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Problem 144

Show that: 5 #133' ¢ 315 > 21° ¢ 135 ¢ 313 e 53!

Solution
513.1331.315 _ 132 _ 13164310 _ (169)8_ (E)lo S 1. 210 = 910
135.3113.531 318.518 318.58.510 155 5

Problem 145

Determinef: R —> R,
such that f(f(xy)) = |x| fly) + 2019f(xy) , V x,y € R.

Solution

By substituting x with y => f(f(yx)) = |y| f(x) + 2019f(yx) => |x]|
f(y) = |yl f(x)

Fory=1=> f(x) = |x| f(1)

For x=y=1 => f(f(1)) = f(1) +2019f(1) => {(f(1)) = 2020f(1) (1)

From f(x) = |x| f(1) taking x=f(1) => {(f(1)) = |f(1)| f(1) (2)

From (1) si (2) => |f(1)| f(1) = 2020f(1) or f(1) (|f(1)| - 2020) =0
and then

f(1) € {0,—2020,2020}

we obtain the following reuslts: f(x)=0, V x € R ; f(x) =-2020]|x| ,V x
€ R ; f(x) =2020|x| ,VXER.

Problem 146

Let ABCD and AEFG be two sqaures, such that GE(AB) and AE(ED). On
the line (EB consider point M, so that MD N (BC) ={H}. Show that if E,
G and H are collinear, then ME = MD.

Solution

E,F, Gcollinear => m(HED) = m(GEA) =45°
Projecting H on ED in H and {F'}=EF N BH => EFHH square with
EH bisector, 4FEH .
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FB=HC and A BEA = A HDH => ABEA = £ HDH are obtained, i.e.
A MED isosceles with ME =MD.

Problem 147

The measures of the angles of a convex polygon form an arithmetic
progression with the 3° ratio. Knowing that the largest of the angles of
the polygon has 177°, find out the number of sides that the polygon can
have.

Solution

The angles of the polygon are 177°, 174°,171°,171° ..., 177° -3° (n-
1) and then (177° -(n-1)3°) + (177° -(n-2)3°) + ... +177° = (n-2) 180° <

n(n-1)3°

=>n177° - =(n-2) 180°

354°n-3°n*+ 3°n =360°n-"720° <=>3n*>+3n-"720°=0 |: 3=
>n’*+n-240 =0

A=1+4-240 =961
—-1+31
2
the polygon has 15 sides and the angles 135°, 138°, ..., 174°, 177°.

N, = =>n-=15

Problem 148
xn+1_x—(n+1) xN—x— M
Let néN*and x>1, xER . Show that
n+1 n
Solution
X221 x*"-1 2n+2 2n .

We have D > o <=> n(x -1) > (n+1) x (x> -1) |: x-
1>0=>

n*"?t +x2 + L +x2+X +1) > (n+1) (X X3+ L +x2+X ) <=>1n
X*™M +nx® + ... +nx® +nxX +n > nx*” +nx*7 + L +nx? +nx + X277 +x2
+ .. XX <=>

n x> +n > x*" +x*" + L +X2 +X

Proving that x>™* + 1> x®*"k 4+ xK k=1,..,n
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X2 41 > %" +x
X2 41 > x2M +x?

X2 41 > x20+1 0 and by addition,

XA 41 >k gxk Tk =0,n
X2+ _ in—k +1+ Xk+1 >0
KR () - (k- 1) >0 <=> (X - 1)K -1) >0, forx > 1.

Problem 149

Calculate:
( xyzt + mnuyv) : 5=
if xn +my = 81 and zv + ut =125

Solution

xn +my = 81 and zv +ut =125

We write the numerbers in base 10

10x+n+10m+y=_81, multiply the relation by 100

10Z+V+10u+t=125

=>1000X+100N+1000mM+100y=8100
10z+v+10u+t=125

By addition:

1000X+100N+1000M+100y+10Z+V+10u+t=8225

By grouping the terms:

(1000x+100y+10Z+t) + (1000m+100n+10U+Vv)=8225

Xyzt + mnuv = 8225

(Xyzt+mnuv):5=8225:5=1645

Problem 150

The rest of dividing a number by 8 is equal to 7, and dividing by 9 is
equal to 3. Find out the rest of the number distribution at 72.

190



150+1 PROBLEMS (and their solutions)

Solution

Let n be the given number.
Then,
n:8= ¢, remainder 7
n:9=c, remainder 3
From the division with remainder theorem, we obtain
n=8c,+7
n=9c, +3
From the multiplication of the first relation by 9 and the seond one by
8 the following results are obtained:
gn=72 ¢, +63
8n=72c, +24
We reduce the relations:
9n-8n=72¢, + 63 -72C, - 24
n =72(c, - C)+39
From the division with remainder theorem it results that the reminder
of the division of n to 72 is 39.

Problem 150+1

It can be noted that
122 = 144,21% = 441,13% = 169,312 = 961,
2021% = 4084441, 1202% = 1444804,
20222 = 4088484,22022 = 4848804.
These numbers have the property that the square of the upheaval is the
overthrow of the square. Show that there are infinitely many such
numbers.
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Solution
By direct calculation show that the numbers of the form 1100...01 verify

the requirement of the problem.
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