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PREFACE

In this book authors study the properties of finite real
quaternion ring which was introduced in [2000]. Here a
complete study of these finite quaternion rings are made. Also
polynomial quaternion rings are defined, they happen to behave
in a very different way. In the first place the fundamental
theorem of algebra, “a nth degree polynomial has n and only n
roots”, n is untrue in case of polynomial in polynomial
quaternion rings in general. Further the very concept of
derivative and integrals of these polynomials are untrue.

Finally interval pseudo quaternion rings also behave in an
erratic way. Not only finite real quaternion rings are studied, but
also finite complex modulo integer quaternion rings,
neutrosophic finite quaternion rings, complex neutrosophic
quaternion rings for the first time are introduced and analysed.
All these rings behave in a very unique way. This book contains

several open problems which will be a boon to any researcher.
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Chapter One

ON FINITE QUATERNION RINGS

In 2000 [126] the finite quaternion ring was defined for the
first time which is as follows:

DEFINITION 1.1: Let P = {py + p;i + psj + psk | po, p1, p2 p3 €
Z, n a finite number, n > 2; +, x} with usual addition and
multiplication modulo n defined in the following way is defined
as the ring of real quaternions of characteristic n;, n a finite
positive integer where

P =7 =K =m-1)=ikandij = (n-1)ji =

k jk=m-1) kj =1,

Fin—1)ik =j;

0 = 0i + 0j + Ok is the additive identity of P and
1 =1+ 0i + 0j + Ok is the multiplicative identity of P.

This will also be known as finite quarternion ring.
We just illustrate how we define ‘+’ and *.”” on P.
Let x =po + p1i + paj + p3k
andy =qo + qui + qaj + qsk € P;
where p;, i € Z,; 0 <1< 3,
X +y=(po+piitpy+psk)+(qotaqitqy+tqsk)

=Potqo)+ (Pt a)it (P2t )+ (ps+ @k
(where p; + q;=r1;(mod n), 0 <1< 3)
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=rptri+tnjt+nkneZ, 0<i<3,
This is the way addition of defined.

X.y = (po + pii + paj + p3k) (qo + qui + qoj + qsk)

= Poqo + Pidol + Padaj + P3dok + Poqii + piaui’ + paquji +
psqiki + podzj + Piqaii + padai’ + psazki + pogsk + pigsik +
paqsjk + psqsk’

= (poqo + (n-Dpiq1 + (n-1)p2q2 + (n=1)psq3) + (poq: +
pido + p2gs + (n=1)p3q2) 1+ (Pod2 + qo P2 + psqi + (n=1)p1q3)j +
(Pogs + qops + (n=D)p2qi + p1q2) k € P.

This is the way + and °.” operations are performed on P and
P is a non commutative finite ring.

We will illustrate this situation by some examples.

Example 1.1: LetP= {po+pii+pj+psk|pi € Z3=1{0,1,2},
0<i<3;i¥=j"=k>=2=ijk, ij = 2ji = k, jk = 2kj =1, ki = 2ik
=], +, x} be the ring of order 81 under + and x.

P is a non communicative finite quaternion ring. It is
important to observe P has zero divisors. Forx=i+j+k € P
is such that x> = 0. Thus at this point the first author theorem 2
[126] is not correct for it is made under the assumption

o, +o; +ao+a; has inverse which is not correct. Thus the
statement of theorem 2 of [126] is not valid.

We will prove this by examples.
Example 1.2 : LetP = {po+pii+pytpk|pieZ,0<1<3,
iP=i=k*=ijk=10,ij=10ji=k, jk=10kj=1i, ki = 10ik =],

+, x} be the ring of finite quaternions. P has zero divisors.

Considerx =i+j+k € P.
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x=(@1+j+k)}

=2 +ji+ki+ij+j+kj+ik + jk + kK

— 10+ 10k +j +k+ 10 + 10i + i + 10j + 10
=30 (mod 11).

=8=0.

But y = 3i + 3j + 2k e P is such that y* = 0 we see
32+32+22=9+9+4=0(mod 11).

Consider z=4i + 4j + k € P, clearly z* = 0 we see
4+ 4+ 1*=0(mod 11).

That is we see sum of the square of the coefficients of i, j
and k is 0 in Z;; then that element is nilpotent of order two.
Thus P is only a ring and has zero divisors.

Thus we show this by a simple theorem.

THEOREM 1.1: Let P = {ay + a;i + ay + ask | a; € Z,; 0 <i <
3.7 =7 =K =m-1) =ijk ij = (n—1)ji =k, jk = (n—1)kj =i,
ki =(m—1)ik = j, +, x} be the finite ring of quaternions has zero
divisors.

Proof: Let x =ti + sj + mk € P; x is a nilpotent element of
order two and t, s, m € Z, is such that t* + s>+ m? = 0. That is P
has zero divisor for x> = (ti + sj + mk)® = t*i* + tsji + tmki + stij
+ s%* + smkj + tmik + msjk + m’k*

= (-1t + ts (n-1)k + tmj + stk + (n—1)s* + sm (n—1)i +
tm (n—1)j + msi + m* (n—1)

= (n-1) ( + m* + s%) + tsk ((n—1) + 1) + tmj (n-1) + 1) +
smi ((n—1) + 1)

=0asgivent + m’ +s>=0 (mod n) and t, s, m € Z, so
ts = st, sm = ms and tm = mt

and n—1 + 1 = 0 (mod n).

Hence the claim.
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Now we will find all the zero divisors of the form
(ai + bj + ck) € P where P is built using Z.

X =1i+j+kisazero divisor of P.

Y =2i+j+k e Pis such that Y = 0.

Z=1+2j+ k e Pisa zerodivisor, T=i+j+ 2k € Pis
also a zero divisor.

U=2i+2j+2k e Pisazero divisor of P.
M = 2i + 2j + k is such that M> = 0, N = 2i + j + 2k and
R =2j + 2k + 1 are all zero divisors.

Infact P has 8 zero divisors of this form.

Now it is left as an open conjecture to find number of zero
divisors of the form ai + bj + ck € P over any Z,,.

Example 1.3: LetP = {ay+ajita+ak|ae€Z,0<1<3,
i =i =k =3 =ijk; ij = 3ji = k, jk = 3kj =1, ki = 3ik = j; +, x}
be the finite ring of real quaternions.

(2 +2i), (2 +2k), 2k +2j, 2 + 2§, 2i +2j, 2i + 2k, 2 + 2i +
2j, 2 +2j+ 2k, 2 +2j + 2k, 2i + 2j + 2k, 2 + 2i + 2j + 2k are all
zero divisors different from other zero divisors.

x=3+1i+j+k e P is such that x> # 0 that is x is not a zero
divisor in P.

Can we have x =ai + bj + ck € P with a, b, c € Z,\ {2}
such that x* = 0?

This remains an open problem for any Z, (n not a prime).
Example 1.4: LetP = {ay+aji+aj+ak|aeZs;0<i<3,
i = kj* = k> = 5 =ijk, ij = 5ji = k, jk = 5kj =1, ki = 5ik = j} be

the finite quaternion ring.

Consider x =2i + 2j + 2k € P.



On Finite Quaternion Rings | 11

X =4 x 5+ 4 x 5+ 4 x 5+ 4ij + 4jk + 4ki + 4ji + 4kj + 4ik
= 20+ 20 + 20 + 4k + 20k + 4i + 20i + 4j + 20j

= 0 is a zero divisor.

y =4i+ 4j + 4k € P; we find y* = 0 so is zero divisor.
z=1i+2j+k e P is such that z° = 0 so is zero divisor.
t=2i+j+k e P is such that t* = 0 is a zero divisor.
s=1i+j+ 2k e Pis such that s> = 0 is a zero divisor.

Now m = 4i + 2j + 2k € P is a zero divisor in P.

Now a =21+ 4j + 2k and b = 2i + 2j + 4k € P are zero
divisors in P.

Letx=4i+2j+2k € P.
Consider x* = (4i + 2j + 2k)*
=16 x5+4x5+4x5+8ij + 8ik + 8ji + 8ki + 4jk + 4kj
=80+20+20+8k+8x5k+8x5j+8 +4x55+4i

=0 (mod 6) is a zero divisor and 4% + 2* + 2> = 0 (mod 6).

Likewise y = 2i + 4j + 2k and z = 2i + 2k + 4k are all zero
divisors of P.

x=5i+2j+k e P. Weseex”=(5i+2j+k)’=0is a zero
divisor of P.

y =2i+ 5j + k is also a zero divisor.

51 +j + 2k is a zero divisor 2i + 5k + j is again a zero
divisor.

Wesee 52 +2°+1=25+4+1=0 (mod 6).
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a; =51+ 5j+ 2k, a,=5j+2i+ 5k and a3 = 2j + 5i + Sk are
zero divisors and 5> + 5% + 22 = 0 (mod 6).

Thus we see x = agi + a;j + ak is a zero divisor only if
a(z) Jral2 +a§ = (0 where ay, a;, a, € Zs.

Now we see in Zg all element x = agi + a;j + a,k € P with
al +a’ +a2 =0 (mod 6) are such that x> = 0.

Example 1.5: Let P = {ay+aji+aj+ak|aeZgs0<i<3,
P=7=K=7=ik,ij=7ji=k, jk=7kj =1, ki = 7ik = j; +, x}
be the finite ring of quaternions.

Letx=4i+2j+2k € P.

x> = 16x7+4xT7+4x7+8k+8x7xk+4i+
4><7><I+8j+8><7><j

= 112 +28 + 28 + 64k + 64j + 32i
= 0 (mod 8) is a zero divisor.
Thus P has zero divisors.

All elements of the form x = agi + a;j + ak; 0 <1 <2,
a; € Zyg are zero divisors provided a; +a; +a> =0 (mod 8).

We see P has also other zero divisors of the form

(4i+2j) Qi +4j)=0,
(2k +4j +4i+2) x (2 +4j) =0 and so on.

X = (61 + 2j) € P is a zero divisor fory = (4j + 4k) € P is
such that xy = 0. This ring has different types of zero divisors.

x=4iandy = (6j + 6k +2i+4) e Pissuchthatx.y=0.
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Example 1.6: Let P = {a,+aji + ajj + ask |a; € Zpp; i2 = =Kk
= 11 =ijk, ij = 11,(i) =k, jk = 11, (ki) =i, ki = 11, (k) =], +, x;
0 <t <3} be the ring of finite quaternions.

P has several zero divisors. P has subrings which are not
ideals.

For S;={ai+b|b,a € Zy,} is a subring and is not an ideal.

S,={a+Dbj|a b e Z,} is again a subring and is not an
ideal.

S;={a+Dby|a,be Z,} is asubring and is not an ideal.

It is little difficult to find ideals but P has ideals.

Consider S = {ap + a;i + a,j + ask | a; € {0, 2, 4, 6, 8, 10};
0<i<3;i*=j=k"=11=ijk, ij = 11Gi) =k, jk = 11(kj) = i, ki
=11(ik) =j} < P is aideal of P.

M={ay+ajitaj+ak|ae{0,3,6,9}; 0<t<3} cPis
an ideal of finite order.

M N S is an ideal of P, however M U S is not an ideal of P.
We can find also idempotents in P.
Letx=4i+4j € P.

X =(4i+4j =161+ 16+ 16k+ 16 x 11 xk
=4x11+4x11+4k+ 8k

= 4,
Letx (91+9_]+9k)€P
x> = 81i%+81j"+81k* + 81k + 81 x 11 x k + 81k +
81 x11xI+81j+81x11xj
9+9+9

9.
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y =(@{+j+k) eP.

v =2+ P+ +k+ 1k+j+11j+i+ 114
=33=0.

Thus we see one can get the square of the sum of real
quaternion is an element in Z,.

It is an interesting aspect to study units of P.

x=1liisaunitfory=1ie Pissuchthatxy=11lixi=11 x
11=1.

Certainly every ring of finite quaternions has units.

THEOREM 1.2: Let P ={ay+aji+ay +ask|a; €Z, 0<i<3,
P =7 =k =ik =n-1 ij = (n-1)ji =k jk = (n—Dkj = i,
ki = (m—1)ik = j; +, x} be the ring of real quaternions. P has
units.

The proof is direct and hence left as an exercise to the
reader. However x = (n—1)i, y = (n—1)j and z = (n—1)k are units
in P. For x; =1 is such that xx; = 1 and y; = j is such that
yy; = 1 and z; = k is such that zz; = 1.

Example 1.7: Let P = {a,+aji + ajj + ask |a; € Zy;i° = =k
=10 = ijk, ij = 10(i) = k, jk = 10(kj) = 1, ki = 10(ik) = j; x, +}
be the finite ring of quaternions. P has zero divisors. P is a
Smarandache ring as Z;; < P is a field. Hence P is a S-ring.

However P is not a field every element x = agi + a;j + a)k
with a] +a] +a> = 0 (mod 11) is a nilpotent element of order
two.

Forinstace x; =3i+j+k,x,=1+3j+kandx;=1+j+ 3k
are all nilpotent elements of order two.

We have subrings of finite order.
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However we do not know whether they have ideals?

THEOREM 1.3: Let P = {ay + a;i + ay + ask | a; € Z,;
0 <i<3 ¢ =j7=FK=nl=ik ij= n-I1§i)=k
jk = m-1)(kj) =i, ki = (n-1)(ik) = j; +, x} be the ring of finite
quaternions. If Z, is S-ring then P is a S-ring.

Proof is direct and hence left as an exercise to the reader.

Now we can using the finite ring of quaternions built vector
space of the real quaternions. This would be useful to us for we
can have also eigen values to be the finite real quaternions.
However the linear algebra of finite real quaternions may not be
always a commutative linear algebra.

We can also in case of finite ring of quaternions get all the
properties associated with finite non commutative ring.

We also have finite complex number of real quaternions
which is defined as follows:

DEFINITION 1.2: Let

C(Z,) = {a + bir where a, b € Z,, i;. = n—1} be the finite ring of
complex modulo integers. Pc = {ay + a;i + ayj + ask | a; €
C(Z); 0<i <3 i =j =K =n1=ijk ij = (n-1)§i) =k
Jk = m-1)(kj) =i, ki = (n—1)(ik) = j; +, x} under + and xis a
ring of finite order. We define Pc to be the finite complex
modulo integer ring of quaternions.

We just show has sum and product are defined on Pc.
Letx = (ao + boip) + (a1 + b]ll:)l + (az + bzlp)] + (.':13 + b31p)k

and y= (CO + dOiF) + (Cl + dllF)l + (Cz + dle)J + (C3 + d31F)k
S PC

We define x +y = ((ap + ¢ + (bot+ do)ir) + ((a; + ¢1) + (by +
d)ip)i + ((ay +¢o) + (bt dy)ip)j + (a3 + ¢35 + (b3 + d3)ip)k € Pe.
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Clearly x +ty=y +x as
(a + big) + (¢ + dif) = (¢ + dif) + (a + big) for every a + big
and ¢ + dir € C(Z,).

Consider x x y

[(ao + boi]:) (31 + bllF)l + (az + bzl]:)_] + (8.3 + b311:)k] X
[(co + doir) + (1 + diip)i + (c2 + daip)j + (c3 + dsip)k]

(a9 + boir) (Co + doir) +[(a; + byir) (co + doip)]i +

[(a2 + baig) (co + doir)j + [(as + bsir) (co + doir) ]k +

(ap + boig) (¢1 + diip)i + [(a; + biip) (¢1 + diip)](n—1) +
[(a2 + baip) (¢ + diip)(n—1)k + [(a3 + bsip) (c; + diip)]j +
(a9 *+ boir) (€2 + daip)j + (a; + byig) (c2 + daip)k +

(az + bzi]:) (Cz + dziF)(n—l) + (33 + b3iF) (02 + dzi]:) (n—l)l
+ (ap * boir) (c3 + dsip)k + (a; + biig) (c3 + dsip) (n-1)) +
(a2 + bai) (c3 + dsip)i + (a3 + bsig) (¢3 + dsip) (n—1).

Collecting the elements of C(Z,) + coefficient of i +
coefficient of j + coefficient of k; we get the product to be in Pc.

We can easily verify 0 = 0 + 0i + 0j + Ok is the additive
identity of Pc and 1 =1 + 0i + 0j + Ok acts as the multiplicative
identity.

We will give some examples of them.

Example 1.8: LetPc={ay+aji+taj+ak|aeCZy);0<i<
3,i" = =k*=3=1ijk, ij = 3(ji) = k, jk = 3(kj) = i, ki = 3(ik) = ;
+, x} be the finite complex modulo integer of real quaternions.
Pc has zero divisors.

Forx=2+ (2 +2ip)iandy = (2 + 2ip)k + (2 + 2ip)j in P are
such that x x y = 0 is a zero divisor. Let x = 3i € P, we have
y =1, such that xy =3 x i*=3 x 3 = 1; a unit.

Thus P is a ring with units and also has zero divisors. It is
easily verified P has ideals and subrings which are not ideals.
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Now if x = (2 + ir) + (3 + 2ip)i and

y = (ir + Dk + (3iF + 2)j are in P then

x+y=2+ip) + 3+ 2ip)i +(ir + Dk + 3ip + 2)j

xxy=[(2+1ip) + (3 +2ip)i] x [(ir + Dk + (3ir + 2)j]

=2 +ip) (ip+ Dk + (3 + 2ip)i (ir + Dk + (2 + ip) Bir + 2)]
+ (3 +2ip) G + )il

=2 +ig+2ig+3)k+ 3+ 3ig+ 21 + 2 x 3)3] + (4 + 2ig
+6ip+3x3)j+ it 6+6x3+4ip)k

=(1+ 3ip)k + (3 + 3ip)j +jj + irk € Pc.

This is the way sum and product are got in Pc.
P is a finite ring.

Example 1.9: Let Pc = {ay+ a;i+ay) +azk|a; € C(Zy);0<i<
3, i = =Kk =10 = ijk, ij = 10(ji) = k, jk = 10(kj) =i, ki =
10(ik) = j; +, x} be the finite complex modulo integer ring of
real quaternios.

o(Pc) < o. Pc is non commutative has units and zero
divisors.

Clearly Z;; < Pc so Pc is a Smarandache ring.
Example 1.10: Let Pc = {ap + aji + ay) + ask | a; € C(Zyy);
0<t<3,i*=j=Kk=11=ijk, ij = 11(i) = k, jk = 11(kj) =i,
ki = 11(ik) = j; +, x} be the finite complex modulo integer ring
of finite real quaternions.

Pc has zero divisors, units, ideals and is non commutative.

Interested reader and can develop all the properties
associated with finite non commutative rings.

Now we can develop the notion of neutrosophic ring of
finite real quaternions.

DEFINITION 1.3: Let N(Z,) = (Z, v 1) be the ring of
neutrosophic modulo integers.
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N(Z,) ={a+bl|a b eZ,and I’ =1, Iis an interminate;.

Consider Py = {ag + a;i + ay + ask | a; € (Z, U 1) where
iI=10jl=1Ilk=k 0<t<3i=;7=K=mI1 =ik
ij = (=1)Gi) = k, jk = (n=1) (kj) = i, ki = (n-1) (ik) =j, F = I;
+, x}. Py under + and x is a ring defined as the neutrosophic
modulo integer ring of real finite quaternions.

We will illustrate this by a few examples.

Example 1.11: LetPy= {ap+aji+tajt+tak|ae(ZowI)0<t
<3, ' =i =k* =ijk, ij = 8(ji) = k, jk = 8(kj) = 1, ki = 8(ik) = j;
+, x} be the finite ring of neutrosophic real quaternions. Py is
non commutative and has zero divisors, idempotents and units
further [Py| < .

Example 1.12: Let Py = {ap +aji + a) + ask | a € (Zz U D)
0<t<3,i’=j=k*=ijk ij = 12(Gi) =k, jk = 12(kj) =i, ki =
12(ik) = j; +, x} be the finite neutrosophic rings of real
quaternions.

Let x = (31 +2) + (41 + 1)i + (5 + 3)j and
y = (5 + 10Dk +(4I + 2)j e Py.

x x y = (31 +2) + (41 + )i + (51 + 3)j x ((5 + 10Dk
+ (41 + 2)j)

— (31+2) (5+10I) k+ (41 + 1) (5 + 101) x 12j +
(3L +2) (2 + 41)j + (41 + 1) (2 + 4D)ij

= (151+ 10 + 20I + 30D)k + (20I + 5 + 101+ 401)12j +
(61 +4 + 81+ 12I)j + (8T + 2 + 161 + 4D)k

= 10k + (8 + 8I)j + 4j + (21 + 2)k
= (12 + 2Dk + (12 + 8)j < Py

y x x = ((5 + 10Dk +(41 + 2)j) x [(3] + 2) + (41 + 1)i
+ (514 3)j]
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(5 + 101) 3L+ 2)k + (2 + 431 + 2)j +
(5 + 101) (41 +1)j + (2 + 41) (41 + 1) 12k

= (151+20I+30I+ 10)k + (6 + 121 + 4 + 8I)j +
(20T +401 + 5+ 10I) j +(8T +4I + 161 + 2) 12k

— 10k +4j+ (51+5)] +(21+2) 12k

= 10k+4j+(5I+5))+ 111+ 1)k
= (8+ 11Dk + (9 + 5I);.

Clearly x x y =y x x so Py is a non commutative ring. Py is
a Smarandache ring as Z;; < Py.

Pn has subrings which are not ideals as well as Py has
subrings which are ideals. All of them are finite order.

Example 1.13: Let Py = {ag +aji + a) + ask | a € (Zp U D)
0<t<3 i’=j =Kk =ik ij = 11Gi) = k, jk = 11(kj) = i,
ki = 11(ik) = i, I* = I; +, x} be the finite real quaternion
neutrosophic ring of modulo integers. Py has zero divisors units
and idempotents.

All properties of finite non commutative rings can be
derived for these rings also in a systematic way without any
difficulty.

Next we define the notion of neutrosophic finite complex
modulo integer real quaternions ring.

DEFINITION 1.4: Let C((Z, U1)) = {a + bl + cir + dlir | a, b, c,
deZ,F=11i =nl (liry = (m=1)I; +, x} be the finite
neutrosophic complex modulo integer ring. Pyc = {ay + a;i +
ay +ask | a, € C(Z, VI); 0t <3, =7 =K =ijk=m-1),
ij =m-1)(ji) =k, jk = (n—1)(kj) =i, ki = (n—1)(ik) =j; il = Ii,
iip = ig, jI = Ij, jir = igj, kir = irk, kI = Ik} be the ring under +
and ".". Pyc is defined as the finite neutrosophic complex
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modulo integer ring of real quaternions. |Pyc| < coand Pyc is a
non commutative ring.
We will illustrate this by examples.
Example 1.14: Let Pye = {ag + aji + ay) + ask | a5 € (Z3 U I),
0<t<3,i*=j =k =ijk, ij = 2(ji) = k, jk = 2(kj) =1, ki = 2(ik)
=j, P =1; +, x} be the finite neutrosophic complex modulo

integer real quaternion ring of finite order.

Letx=2+ip+ 1)+ (1 +ip +2I) i+ (2ig] +ip)j and
y = (2 +ip +I + 2ig))k € Pxc.

x+ty=[Q2+ig+ )+ (1 +ip+2I)i+ Qigl +ip)j]+
[(2 + ig +1 + 2ipDK].

xxy=[2+ig+)+ (1 +ip+2I)i+ il +ip)j] x
[(2 + ip +I + 2ipD)K]

= Q41+ 1) x (2 + i + L+ 20Dk + (i + 1+ 20)
(2 + ip +1 + 2Lip)2j + (il + i) (2 + i + [ + 2igD)i

41+ 2lipk + Qip+2 +41+2 +ip+ 2lig + lipg + 1+
21 + 4lig + 2Tig + 41) 2j + (4igl + 2ip + 41 + 2 +
2ipl +ip + 81 + 411

= (p+t2[+ 2Dk + 2+ D)j+ I+ 2)i.

This is the way product is performed on Pyc.

Clearly Pyc is only a ring for x =i + j + k in Pxc is such that
2
x"=0.

Thus Pnc has zero divisors, units and has subrings.

73 < Pxc so Pyc is @ Smarandache ring.
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Example 1.15: Let Pye= {agtajita)+ak|a e CZpul),
0<t<3, ==Kk =ijk=11,ij=11(i) =k, jk = 11(kj) =i,
ki = 11(k) = j, * =1, il = 11, (igl)* = 111; +, x} be the finite
neutrosophic complex modulo integer ring of real quaternions.

0(Pnc) < o0. Pyc has units zero divisors, subrings and ideals.
Pne is a non commutative ring and all properties of non
commutative rings can be obtained as a matter of routine.

Z1» < Pxc is a subring of Pyc and is not an ideal of Pyc.
(Z15 W I) < Pxc is only a subring and not an ideal of Pyc.

C({Zy, v D)) is subring of Pxc and is not an ideal of Pyc.

S;={a+bi|abeZp, 2= 11} < Pnc is a subring and not
an ideal of Pyc.

Sj={a+bj|a beZpy, j* =11} is again only a subring of
PNC-

Sy={a+bk|a beZpy, K= 11} < Pnc is not an ideal of
Pnc only a subring.

Ti={a+bi|a,be CZpy), (iir)* =1, i’ = 11} is a subring of
Pxe.

Ty={a+bj|abe CZp), i =11,j = 11, jir = ixj and
(jir)* = 1} is a subring of Pyc and not an ideal.

Te=f{a+bk|a,be CZpy, k=11, ii=11, ik’ = 1}
Pnc is a subring of Pyc and not an ideal of Pyc.

Mi={a+bilabe(Z,ul),i¥=11,F=1, (i)’ =111}
Pnc 1s not an ideal of Pyc only a subring.

M;={a+bjla,be(Zoul),j7=11,F=L ) =111} isa
subring and is not an ideal.
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Now
M={a+bk|a,be(Z,uD),kK=11,F=L (Ik*=111}
Pnc is not an ideal of Pyc only a subring of Pyc.

We can have several subrings which are not ideals.

Clearly Pyc has units and zero divisors. Further Pyc also
has idempotents.

Example 1.16: Let PNC = {ao + ali + agj + a3k | a; € C((Zlg v I),
0<t<3, i*=j=k*=ijk =18, ij = 18(ji) = k, jk = 18(kj) = i,
ki=18(ik) =j, I’ =L, iZ = 18, (Iig)* = 181, (jir)* = I, (liip)* =1
and so on; +, x} be the finite complex modulo integer ring of
real quaternions. Pyc has zero divisors and units. Pyc is a
Smarandache ring as Z;y < Pnc is a field. Infact Pyc has
subrings which are S-subrings.

For Li = {(Zio U I) | i* = 18} is a subring which is a
S-subring of Pyc.

Similarly L = {a + bj | a, b € Zyo, j2 =18} < Pnc is also a
subring which is a S-subring and

Ly={a+bk|a be Zy k>=18} < Pyc is a S-subring of
Pne. None of these S-subrings are ideals or S-ideals of Pyc.

Interested reader can find S-ideals if any in Pyc.

Example 1.17: Let Pyc = {ag + a;i + a5) + ask | a, € C((Zpg U ),
0 <t<3,i*=j =k*=ijk = 23, ij = 23(ji) = k, jk = 23(kj) = i,
ki = 23(ik) = j, (Ik)* = 231, I* = I, (li)* = 231, (Ij)* = 23I,
(lig)* = 231, (iig)” = 1, (igj)* = 1, (irk) = 1 and so on; +, x} be the
finite neutrosophic complex modulo integer ring of real
quaternions.

Pnc has ideals zero divisors, units and idempotents.
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We see clearly
Zn c Pc PC c PNC

as rings and the containment relation is strict.

Zn CPCPNCPNC

This relation is also a strict containment relation.

Now we know Z,, P, Py, Pc and Pyc are groups under
addition.

In the following we define the notion of vector space (linear
algebra) of real finite quaternions and S-vector spaces (S-linear
algebras) of real quaternions.

DEFINITION 1.5: Let P = {ay + aji + ay + ask | a, €
C((Zy UI) 0<t<3 7 ==K =ijk=p-1,ij = (p-1)§i) =k
jk = (p-Dkj =i, ki = (p—1)ik = j, +} be the additive abelian
group. P is a vector space over the field Z, called the vector
space of finite real quaternions. P is finite dimensional over Z,.
Infact P is a non commutative linear algebra over Z, P is
known as the linear algebra of finite real quaternions over Z,.

We see |P| < o and infact P is finite dimensional real
quaternion vector space (linear algebra) over Z,.

We will first illustrate this situation by some examples.

Example 1.18: Let P = {a,+a;i + ay) + a;k | a, € Z3, i =j2 =K
=ijk = 2, ij = 2(ji) = k, jk = 2(kj) = 1, ki = 2(ik) = j, +} be the
finite real quaternion vector space over the field Zs.

Example 1.19: LetP = {ay+aji+ayj+ak|a € Zy 0<t<3,
i’ =j* =Kk* = ijk = 18, ij = 18(ji) = k, jk = 18(kj) = i, ki = 18(ik)
=j; 1, x} be the finite real quaternion non commutative linear
algebra of finite dimension over Z9. B = {i, j} is a basis.

For (By = {i,j,i+],2i, 3i, ..., 181, ], 2j, ..., 18], ai + bj, a, b
€Z,,i°=18,1,ji=18k,k, ..}. SoB={i, ]} is a basis.
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Similarly C = {j, k} and D = {i, k} are basis of P over Z,.

Example 1.20: LetP = {ap+ajitay tak|a €75, 0<t<3,
i’ =i =k>=ijk =4, ij = 4(ji) = k, jk = 4(kj) =1, ki = 4(ik) = j; +,
x} be the linear algebra of finite real quaternions over the field
Zs.

We see B = {i, j} is a basis of P over Zs.

For (B)={i,j,4,1,2,3, (i2 =4), k, ji = 4k hence a, + a;i +
ayj + azk with a; € Zs} = P. Thus B is a basis. Hence dimension
of P over Zs is two.

Inview of this we can have the following theorem.

THEOREM 1.4: Let P = {ay+ aji + aj + ask | a, € Z,, i’ = =

K= (p-1) = ijk ij = (1) Gi) = k jk = (p-1) (k) =i, ki =
(p-1) (ik) =j, +, x; 0 <t <3} be a linear algebra of finite real
quaternions over Z,. P is of dimension two over Z,.

Proof is direct and hence left as an exercise to the reader.

THEOREM 1.5: Let P = {ap+ a;i +ay +ask|a, € Z, 0 <t <3,

¢ =7 =K =(p-1) =ik ij = (p-1) () = k jk = (p-1)(kj) = i,
ki = (p—1)(ik) = j, +} be the finite real quaternion vector space
over the field Z,. Dimension of P over Z, is four.

Proof: Take B ={1, 1, j, k} < P, clearly B is a basis of P over Z,
and dimension of P over Z, is four.

Example 1.21: LetP = {ay+aji+ayj+ak|ae”Z;,0<t<3,
i =i =k =ijk =6, ij = 6ji = k, jk = 6kj = i, ki = 6ik = j, +} be
a vector space of finite real quaternions over the field Z,.

Bl = {13 i’j’ k}ﬂ B2 = {23 i)j) k}: B3 = {37 i,j) k})
Bs={4,1, ], k} and so on are all basis of P over Z,.

T = {6, 31, 4j, 5k} is also a basis of P over Z;.
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We can using the real quaternion groups to built matrices
and polynomials.

Example 1.22: Let M = {(x1, X, X3, X4) | X; € P = {ay + a;1 + ay]
+ak|a e€Z;3 0<t<3 +} 1<1i<4} be a finite real
quaternion vector space of row matrices over the field Z;. M is
finite dimensional over Z;s.

P ={(1,0,0,0), (i, 0,0, 0), (j, 0, 0, 0), (k, 0, 0, 0), (
0), (0,1, 0, 0), (0,3, 0,0), (0,k, 0, 0), ( 1, ( i
0,3, 0), (0, 0, k, 0), (0, 0,0, 1), (0, 0, 0, 1), (0, 0, 0, j), (0, 0,
k)} is a basis of M over Z3.

Clearly dimension of M over Z; is 16.
Example 1.23: Let M = {(x1, X2, ..., X36) | X; € P={ap + a;i +
aj + azk | a, € Zy3, 1 <1 <36, +} be the vector space of row
matrices of real quaternions over the field Zy;.

We see T has a finite basis given by

B={1,0,...,0),G0,...,0),G,0,...,0), ko0, ..., 0),
0,1,0,...,0),(0,1,0, ...,0),...,(0,0, ....k)}.

Example 1.24: Let

V= aiEP:{b0+bli+b2j+b3k|bt6217;0Stﬁ3},

1<i<6,+}

be the column matrix of vector space of finite real quaternions
over the field Z;,.

B is finite dimensional over Z,-.
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Example 1.25: Let

L= aieP={b0+b1i+b2j+b3k|bteZ“;

i2=j2=k2=ijk= 10, ij = 10ji = k, jk = 10kj = 1, ki = 10ik = j,
0<t<3},1<1<4,+ %, be the linear algebra of column
matrix of real quaternions over the field Z;.

L is finite dimensional over Z;;. A basis of L over Z;; is

1) [il[j][0
B 0,0,0,1’
ol’lo’lol’|o
o|[o]]o]]0
o]fol[ol[o
illjllo]]o
ool 111l
ojlol][o]]O
o]fol[o][o
0[|0[[0]]O
jltol’lol’|lo
O |1][il]]

The dimension of L over Z;; is 12 as a linear algebra.

If L is considered only as a vector space over Z;; dimension
of L over Z;; is 16.
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Example 1.26: Let

a, a, a,
a, a; a, ) )

V= . . . a; € P={by+ bji +byj +bsk|b, € Zy;
a., a, a

0<t<3), 1<i<15,+ %,

be a finite real quaternion vector space linear algebra over the
field Z4;. This has finite basis.

Likewise we can use also define super matrices and obtain
the finite real quaternion vector space over the P and find a
basis.

Further on similar lines we can build using Pc the finite
complex modulo integer of real quaternion vector spaces over
the field Z,,.

We will just illustrate this situation by an example or two.

Example 1.27: Let
V={ay+aji+aj+ak|a e CZpy),0<t<3, i12:= 18, +} be
the vector space of complex finite modulo integer of finite real

quaternions over the field Z,9. V is a finite dimensional complex
modulo integer quaternion vector space over Zig.

On V we can define product so that V can be made into a
linear algebra of complex modulo integer real quaternions over
Zyo.

Example 1.28: Let
V={ayt+aji+a)+tak|a e C(Zy),0<t<3, + x}

be a finite complex number of real finite quaternions. This has
finite basis both as a vector space as well as a linear non
commutative algebra over the field Z,;.
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Example 1.29: Let M = {Pc, +, x | Pc = ap + aji + a5] + azk | a;
€ C(Zy), 0<t<3,i2=28, i’ = =k> =ijk = 28, ij = 28ji = k,
jk =28kj =1, ki = 28ik = j, +, x} be the finite complex modulo
integer vector space (linear algebra) of finite real quaternions
over the field Z,9. M is infinite dimensional over Z,o.

As in case of real quaternions here also we can build using
matrices with entries from Pc.

All these will be illustrated by examples.

Example 1.30: Let M = {(dy, d», d3, ds4) | dj € Pc = {ag + a;i +
a)j + ask | a, € C(Zy7), 0 <t <3, 1% = =k* = ijk = 46, ij = 46ji =
k, jk = 46kj = i, ki = 46ik = j, i2 =46, (igj)’ = 1, (ir])” = 1, (irk)?
=1, (iFk)2 =1}, 1 <1<4, +, x} be a finite complex modulo
integer vector space (linear algebra) of finite real quaternions
over the field Z4;. M is finite dimensional over Zg;.

Example 1.31: Let N = {(x}, Xp, ..., X») | X € Pc = {ap + a;i +
aj +ak|a € C(Zy),0<t<3},1<1<20, +, x} be the finite
complex modulo integer finite real quaternion row matrix vector
space (linear algebra) over the field Z.

N is finite dimensional over Z-.

Example 1.32: Let

a,

a,

T=1{] 7 || ai € Pc= {by+bii+ byj + bsk | by € C(Zs3);

a4y

0<t<3), 1<i<10,+ x,}

be the finite complex modulo integer column matrix vector
space (linear algebra under natural product) of finite real
quaternions over the field Zs;. T is finite dimensional over the
field 253.
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Example 1.33: Let

S=< 0 0 7 7 aePc={by+byi+by+bsk|

a37 a38 a39 a40

bie C(Z3); 0<t <3}, 1<i<40,+, x,}

be the finite complex modulo integer column matrix vector
space (linear algebra under natural product x,) of finite real
quaternions over Z;. S is finite dimensional over Z;.

S is finite dimensional over Z; both as a vector space as
well as the linear algebra over Z;.

We can also define the notion of super matrix finite
complex modulo integer real quaternion vector spaces and
linear algebras. This is a matter of routine hence left as an
exercise to the reader.

Next we define the notion of neutrosophic finite real
quaternion vector spaces and linear algebras over the field Z,.
This situation is exhibited by the following examples.

Example 1.34: LetS = {ap+ a;i + a5j + ask | a; € Py, {bo+byi +
byj + bsk | by e (Z;; U Ty, 0<t<3}, +, x} be a neutrosophic
finite real quaternion vector space (linear algebra) over the field
le.

We see (il)* = 101, I* =, (kI)* = 10I and (jI)* = 10L.
Clearly S is finite dimensional over Z;.

Example 1.35: Let W= {a e Py={a +aji+aj+tak]|a e
C({Zyo U I); 0 £t <3}, +, x} be the neutrosophic vector space
of finite real quaternions over the field Zo.
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We can as in case of usual spaces define neutrosophic finite
real quaternion matrix vector spaces over the field Z,,.

This is illustrated by some examples.

Example 1.36: Let S = {(aj, a5, a3) |a; € Px={bp + bji + byj +
bsk | by € (Zs3 W) 0 <t <3},1 <1< 3} be the neutrosophic
finite real quaternion row matrix vector space over the field Zg;.
S is finite dimensional over Z;.

Example 1.37: Let

T= . aiEPN:{b0+b1i+b2j+b3k|bt€<Zz3UI>;

0<t<3},1<i<9, x,}

be the neutrosophic finite real quaternion column vector space
over the field Z,;.

V is finite dimensional over the field Z,; both as a vector
space as well as the linear algebra over Z,;.

Example 1.38: Let

_ 5 6 7 dg B . .
M= . . . . aiePN—{b0+b11+b2]+b3k\
d3; Az Az Ay

b e (ZsuD); 0<t <3}, 1<i<40,+, x,}

be the neutrosophic finite real quaternion vector space (linear
algebra) of matrices over the field Zs.
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M is finite dimensional over the field Zs. M is also finite
dimensional as a linear algebra over the field Zs.

Now super matrices of neutrosophic real finite quaternions
can also be built. This is considered as a matter of routine and
left as an exercise to the reader.

Next we proceed onto introduce the notion of finite
neutrosophic complex modulo integer real quaternion vector
spaces and linear algebras over the field Z,.

This will be only illustrated by examples.

Example 1.39: LetV={x|x € Pyc={ay+ajitay)+ak]|a e
C{{Zy v I); 0 <t <3}, +} be the neutrosophic complex

modulo integer finite real quaternion vector space over the field
223.

V is finite dimensional over Z,;.

Example 1.40: LetV = {x|x € Pxc={ay+aji+a,+ak|a e
C(Zz v I)); 0 £t <3; +} be the finite neutrosophic complex
modulo real quaternion vector space over the field Z;.

M is finite dimensional over Z;. M is also a linear algebra
which is non commutative over Zs.

We can have matrix of finite real complex modulo integer
neutrosophic quaternion vector space (linear algebra) over the
field Z,,.

This will be exhibited by some examples.
Example 1.41: Let V = {(x1, X2, X3, X4, X5, Xg) | X; € Pne = {29 +
it ajtak|a e C{Zyul) ;0<t<3},1<i1<6,+} bethe
finite complex neutrosophic modulo real quaternion vector

space of row matrices over the field Z,o.

Clearly dimension of V over Zy is finite.
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Example 1.42: Let

M=l . .|| @ € Pnc = {bo + bii + byj + bsk |

bie C(ZiUD); 0<t<3), 1<i<21,+ x,)

be the real finite neutrosophic complex modulo integer real
quaternions vector space of matrices over the field Z,5.

Dimension of M over Z3 is finite. Clearly under the natural
product x,. M is a linear algebra which is non commutative and
is of finite dimension over Z;3.

Example 1.43: Let

a, a, a, a,
a, ag a, ag . .

V= aiEPNC:{b0+b11+bl]+b3k|
a’9 alO all a12

boe C(ZiUD); 0<t<3), 1<i<16,+ x,)

be the finite complex modulo neutrosophic real quaternion
vector space (linear algebra) over the field Z;5.

V is finite dimensional over Z;;.

a4j
a8

bie C(Z130 D)), 0<t<3}, 1 <p<8,+, x,}

Example 1.44: Let

a a
2 a, € Pyc = {by + byi + byj + bsk |

a;
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be the finite complex modulo integer neutrosophic real
quaternion vector space (linear algebra) over the field Z;3.

Next we proceed on to find substructures in these vector
spaces (linear algebras).

This will be illustrated by examples.

Example 1.45: Let V= {x|x € Pnc={agtaji+ay+azk]|a e
(Zsul;0<t<3), iP=1=k=ik=12,1ij=12ji=k, jk =
12kj =1, ki = 12ik = i, I* = I, (Ij)* = 121 and so on +, x} be the
vector space or linear algebra of finite real quaternions.

Wehave W, = {x | x € (Zui)=a+bi;i’=12} cMisa
subspace of M over Z;3.

We have many such subspaces.

Wo={x|x € (Zl3uk>=a+bk;k2= 12} cMis also a
subspace of M.

Example 1.46: Let

T= {(al, ap, as, a4)|ameP= {b0+b1i+b2j+b3k|bteZ7;
0<t<3} 1<m<4,+ x}

be the finite real quaternion vector space over the field Z-.

Py ={(a;, 0,0,0) | a; € P} < T is a subspace of finite real
quaternions.

P, = {(0, ay, 0, 0) | a € P} < T is a subspace of finite real
quaternions.

P; ={(0, 0, a3, 0) | a3 € P} < T is a subspace of finite real
quaternions.

Py=1{(0,0,0, ay) | a4 € P} < T is a subspace of finite real
quaternions.
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T=P,+P,+P;+P,is adirect sum and
Pi M PJ = {(09 05 05 0)}

We also have subspaces of T which cannot be written as a
direct sum.

Consider Ly = {(a;, 0, 0, 0) | a; € Zz vk} cTisa
subspace of T.

L,={(0, a,,0,0) | a, € (Z;3 W i)} < T is a subspace of T.
L;={(0,0, a3, 0) | a; € (Z;3 U j)} < T is a subspace of T.
Ly={(0,0,0,a4) | a4 € Z13} < T is a subspace of T.

However Ly " L; = {(0, 0, 0, 0)}, 1 #j, 1 <1, j <4 but
W=L,+L,+1Ls;+L;c T and hence is not a direct sum.

We can have the concept of direct sum only in some cases.
Further L; is orthogonal with L ifi#j, 1 <i,j<4.

However L; is not the orthogonal complement of L;. We
cannot have the complement of L; to be such that L; U L'=T
this is impossible 1 <i<j. L = {x € T | (x.y) = (0, 0, 0, 0) for
ally e Li}.

Now L% = {(0,a,b,c)|a,b,ce P} cTand Ly L:=(0, 0,
0,0) and L; + L} # T is only a proper subset of T.

We can derive all the properties of vector spaces without
any difficulty. This work is considered as a matter of routine.

We can define linear transformation provided both the real
quaternion spaces are defined over the same field Z,,.

Now we can find (subalgebra) subspaces in case of vector
spaces of complex modulo integer real quaternions,
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neutrosophic vector spaces of real quaternions and complex
modulo integer neutrosophic vector space of real quaternions.

All these will be described by an example or two before we
develop the concept of linear transformation and linear

operators.

Example 1.47: Let

V= a; € PC = {b() + bll +b2] + b3k | bs € C(Z31),

0<s<3},1<i<6,+ x,}

be the finite complex modulo integer real quaternion matrix
vector space (linear algebra) defined over the field Zs;.

We see V has subspaces which are as follows:
al

0
W, = a; € C(Z31)} <V is asubspace of V over Z;,.

W, = 0 || a € C(Z31)} < V is again a subspace of V

over Zs.
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Wi =<{|a, || & € C(Z31)} <V isalso a subspace of V over

F:Z31.

W, = ay € C(Z31)} <V isasubspace of V over Z;,.

as € C(Z31)} < 'V is asubspace of V over Z3,.

and W¢ = ag € C(Z31)} <V is a subspace of V over Z3;.
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Clearly W; " W; = ifi#j; 1<i,j<6.

S O O O O O

Further W; + W, + ... + W < V and is not V so is not a
direct sum.

Infact all these six subspaces Wy, W, ..., W are only real
subspaces of finite complex modulo integer subspaces.

None of them is the subspaces of real quaternions.

a,

Now wesee S;=1| . || aj € (Zy Ui)} cV;

S, = 0|lae{Zsuj}cV;

Ss=14la,||aseZsuk)}cV;
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S O o O

jov)
w

=

ae’lyicV;

as € C(Z3)} <V and

ag € C(Z31)} <V are all subspaces of V and

none of them real quaternion subspaces.

S4:
S5:

o

0
S = 0
“llo

0

L %6
Wesee Sin S =

S O O o o O

ifizj;1<i,j<6.

Wesee S; +S,+ ... +Se < V and is not a direct sum.
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Let B, = aePctcV

B,=4] 0 || a €Pc}cV;

Bi=<|a,||asePc} cV;

B,= ag € P} CV;

as € Pc } cVand
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Bg= ag € Pc} < V are all subspaces of V.

S O o o O

All of them are quaternion subspaces and

BinBj= ifi#j;1<i,j<6and

S O O O O O

V=B, +B, +... + B is a direct sum.

Example 1.48: Let

S= ’ aiEPN:{b0+b1i+b2j+b3k|

by e (Z;UT);0<s<3}, 1 <i<12,+, %,

be the finite neutrosophic real quaternion vector space (linear
algebra) over the field Z;.
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a, 00
0 0 O
LetT, = a;e(Z7uUl)} S,
0 0
0 0
[0 a, O]
0 0 O
T, = 0 0 0 aje(Z,VDh} S,
0 0 0]
[0 0 a,]
T; = 000 ae(Z;uh} S,
0 0 O -
0 0 0]
[0 0 O]
T, =% O Yl s ez umes.
0 0 O -
10 0 0
[0 0 0]
=12% Yaczunmes.
0O 0 o -
0 0 0]
0 0 O
Ts = 00 a as € (Z; W )} < S and so on.
0 0 O -
0 0 O
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0 0 O
Ty = 0 00 a e (Z,ul)} S
0 0 O -
la, 0 0]
[0 0 O]
T, = 0 00 aj € {(Zvul)} cSand
0 0 0
10 a, O]
[0 0 0]
T, = 000 an € (Z;ul)} S
0 0 O -
10 0 a,

are all neutrosophic subspaces of S and T; N T =

S O O O
S O o O
S O O O

ifi#zj;1<i,j<6and V=T, +T,+ ... + T;, < Sis not a direct
sum.

None of the subspaces of S are real quaternions vector
subspaces of S.

LetD; = aj, a € Py} S,

oS o o O
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0 0 a,
D, = a, 0.0 a3, a4 € Py} S,
0 0 O -
0 0 O
[0 0 0]
D; = 0 a5 a as, ag € Py} < S,
0 0 O -
_O O _
[0 0 0]
0 0 O
D, = as, a3 € Py} < S,
a, a; 0
10 0 0]
0 0 O
Ds= 0 00 a9, a0 € Pny} < S and
0 0 a
a, 0 O
0 0 O
Dg = 0 00 aj, ap € Py =S
0 0 O -
0 all a12

be six subspaces of S over the field Z,.
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Clearly Di " D; = ifi#j; 1<i,j<6and

S O O O
S O o O
S O O O

S=D; +D,+D;+ D4+ Ds+ Dg is a direct sum.

Thus we can have finite number of subspaces some
collection will lead to direct sum and some will never lead to a
direct sum.

Such study is a matter of routine and is left for the reader.

Example 1.49: Let

M= {|a, || a € Pxc = {bo + bii + byj + bsk | by € C(Z1o U I));

0<p<3},1<5t<9,+, %}

be the real finite neutrosophic complex modulo integer real
quaternions of finite order.

We see several subspaces exist in case of M.

We will denote them by

a,
0

P,=3] 01| a; € Pxc} ;
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P,=3] 0 || @ € Pxc},

P;= 4l a; || a3 € Pxc} and

Pg = 0 dg € PNC}

are all subspaces of M and

Piij: 0 ,1S1,JS9,

furtherM=P1 +P2+ +P9.
Thus M is a direct sum of subspaces.

We have several ways of representing M as a direct sum.
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o
(S}

Consider B; , = a;, a € Pnel € M,

S O O O

Bs4=qla, || a8 € Pnef S M,

Bs¢= 4| a5 || a5, a6 € Pnef € M,
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0
0
0
0
B7s=4] 0 || a7, a3 € Pne} <M and
0
a7
aS
_0_
o
0
0
0
Bo=4| 0 || ag € Pne} €M
0
0
0
L3 ]

are all subspaces of M.

Bif'\Bj: ,lfl;t_],

S O o o O

M= Bl,2 + B3,4 + B5,6 + B7,g + B9 is a direct sum.
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Consider D, = a; € Pcc P} M

D,

Il
e}

a e PccPnel =M

D;

Il
o
w

a3 € PccPrnet =M,

Dy=4la, || a4 € Pc S Pxet =M
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0
0
0
Ds= 14| 0 || as € Pc € Pnc} < M and so on.
aS
_0_
0
0
0
Dy= 4] 0 || a € Pc = Pxc} =M
0
L3 |

are all subspaces of M. It is noted

DiﬁDj: 0 ;1£i,j£9,and

L=D;+D,+ ...+ Dy M, so is not a direct sum. So we have
subspaces in M which can never be made into a direct sum.

None of Dy, Dy, ..., Dg can be completed to get a direct
sum.

However using Dy we can get the direct sum or complete it
to a direct sum.
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Example 1.50: Let

al a2 a3
B=4la, a; a,||a €Pnc={by+biit+by+bsk|
a, ay a,

b, e C({(Zsy U ])); 0<s<3},1<1<9,+, x,}

be the finite neutrosophic complex modulo integer real
quaternion vector space of finite dimension over Zsg.

B has several subspaces and B can be written as a direct
sum of 2 spaces 3 spaces and soon say upto 9 spaces.

For instance

[a, a, a,

Pi=</0 0 0] aePnc;1<i<3} cBand
100 0
[0 0 0

P,=14la, a, a,||aePy;1<i<6}cB
|3, a5 ag

are subspaces of B such that
0 00

P1 ﬂPz = 00 0

0 00

We can write using P;’s as direct sum P, + P, = B.
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Consider

fa, 0 O]

le a, 0 0 aiePNC;1SiS3}gB,
la; 0 O]
[0 a, O]

T,=4/0 a, 0| aePyc;1<i<3}cBand
10 a;, O]
[0 0 a]

T;3=4/0 0 a,||aePny:;1<i<3}cB
10 0 a|

are subspaces of B.

Further Ti N T =

S O O
S O O
S O O

1<1,j<3.T,+ T,+ T3 =B is the direct sum of subspaces of B.

Example 1.51: Let M = {(aj| a, a3 | a4 a5 a) | & € Pnc = {bo +
bii+byj +bsk|bje C(Z;; UI));0<j<3},1<t<9,+} bethe
neutrosophic finite complex modulo integer real quaternion
vector space over the field Z,;.
Py ={(a00[000)[a; € Pnej =M,
P,={0]a,0][000)|a, € Pne} =M,

P;={(0/02a3]000)[a; € Pxc} =M,
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P4: {(O|OO|3400)|34 EPNc} QM,
Ps={(0[00]04as0)|as € Pxc} =M,
and P6={(0|00|00a6)|a6 EPNc} QM

be real quaternion neutrosophic complex modulo integer vector

subspaces of M.

Clearly PinP;j={(0|00]000)} for ] <i,j<6and
P, + P, + ... + P¢=M is the direct sum.

We can have several subspaces.

Next we proceed onto give examples the notion of linear
transformation and linear operators.

Example 1.52: Let

M= |:a'1 aZ a3:|
a, a5 ag

aiePNc={b0+b1i+b2j+b3k|bseZ43;

0<s<3},1<i<9}

and
al a2
a'3 a4
a; ag . .
N: aiEP:{bo+b11+b2]+b3k|bSEZ43;

a7 ag
a9 a10

_all a12

0<s<3},1<i<12}
be finite real quaternion vector space over the field Zg;.

Define T : M — N by
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al a2
0
a, a, a;| la; a,
T
1o o
a, a5 ag
aS a6
0 0
a, a, a
1 2 3
for e M;
a, a, a,

it is easily verified T is a linear transformation from M to N.

Define S : N — M by

_ — _
a, a,

S( a;  a, - a,+a, a,+a, as+a,
a, ag a,+a; a,+a,, a,+a,
a9 a10

_all a12
_ 2 a, _
a, a,
for S e N.
a; Ay
a9 alO
_all a12_

S is a linear transformation from N to M.
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Thus we can define linear transformation provided the spaces
are built on the same field Z,.

Example 1.53: Let

a|
a
M= :2 a; € Pc = {bg + bii + byj + bsk | by € C(Z17);
a9
0<s<3},1<i<9}
and
al a2 a3
R=1<la, a; a,||aeP={by+bii+by+bsk|bse C(Z);
a7 aS a9

0<s<3),1<i<9)

be two finite complex modulo integer real quaternion vector
spaces defined over the field Z;.

A map T : S — R defined by

al
al a2 a3

aZ
TSl S =]as as ag
a7 a8 a9

39

1s a linear transformation of S to R.

We can have several such linear transformation.
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Example 1.54: Let S = {(aj, a,, a3, a4) | a, € Pc = {by + byi + byj
+bsk | bj e C(Z3); 0<j<3},1 <t<4}and

aI a2
a; a, . .
M= a[EPNC:{b0+b11+b2]+b3k|
a5 aé
a, ag

b, e C{Z; UI));0<p<3},1<t<8}
be the two finite real quaternion vector spaces over the field Z;.

Defineamap T: S —> M by

a, 0

0 a,
T (ai, &, a3, a4) =

a, 0

0 a,

It is easily verified T is a linear transformation.

This type of linear transformation can be defined and
developed as a matter of routine.

We now proceed onto give a examples of linear operators.

Example 1.55: Let

4, a4,
S=14la, a; ag||laeP={by+bit+by+bsk|b, e Zy;
a7 aS a9

0<p<3},1<t<9}

be the finite real quaternion space over the field Z,;.
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Define T: S — S by

a, a, a, a, 0 O
T(|a, a; a;|)=|0 a, O
a, ag a, 0 0 a,
T is a linear operator on S.
Define R : S — S by
a, a, a, a, 0 a,
R(|a, a5 a;|)=|0 a, O
a, ay, a, a, 0 a

R is a linear operator on S. We can have several such linear
operators on S.

Example 1.56: Let

S= : a[EPC:{b0+b1i+b2j+b3k|

b, € C(Z7); 0<p<3},1<t<15}

be the finite complex modulo integer real quaternion vector
space over the field Z-.

T : V —> V defined by



On Finite Quaternion Rings | 57

a, 00

a, a, a, a, 0 0

T @ =la, 0 0
a13 a14 alS : ' '
la; 0 0]

is a linear operator on V.
We can have several linear operators on V.

Now study of linear operators is also a matter of routine and
hence left as an exercise to the reader.

However if we try to build inner product of these linear
algebras of finite real quaternions we face with a lot of
problems.

In the first place we see in case of vector space of finite real
quaternions the product does not belong to the field.

That is we are not in a position to define a map from a pair
of vectors in V to the field Z, of scalars over which V is
defined.

Forifi, k € V, (i, k) = (n-1)j ¢Z,.

So in the first place we have to over come this problem.

Secondly we may have (x, x) =0 even if x # 0.

Forifx=i+j+k € P={ay+a;i +ay +ask|a, € Zs} then
(x, x)=0but x # 0.

For(x,x) ={+j+k,i+j+k)
="+ +K (asi*=2=7" =k
=2+2+2
=0 (mod 3).
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Thus to over come these we define Smarandache vector
space of real quaternions defined over the ring P of finite
quaternions where

P={aytajit+ayjtak|aeZ,;0<t<3}.

We see if this way it is define we can have a special type of
inner product called the pseudo inner product. So we just define
the notion of S-vector space of real quaternions over the S-finite
real quaternions.

DEFINITION 1.6: Let V be a vector space of finite real
quaternions defined over the Smarandache ring P of finite real
quaternions. We then define V to be a Smarandache vector
space of finite real quaternions defined over P.

We will illustrate this situation by some examples.

Example 1.57: Let

S= a, atePZ{b0+b1i+b2j+b3k|bpeZ“;

0<p<3},1<t<5)

be the S-finite real quaternion vector space (linear algebra) over
the S-ring P.

Example 1.58: Let W = {(a}, ay, ..., ag) | a, € Pc = {bp + bji +
byj +bsk | b, € C(Z,); 0<p<3},1<t<8 0<p<3,+ x} be
the finite real quaternion S-vector space over the S-ring C(Z9)
(or over the S-ring P¢).
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W has inner product defined over it only when W is defined
over Pc and not over C(Z9).

Example 1.59: Let

al aZ
a, a, . .

S= . . aiePN={b0+b11+b2J+b3k|
A Ay

b, e(Z i Ul); 0<p<3},1<1<20}

be the S-finite real quaternion vector space over the S-ring Py.
We can define on S an inner product which is as follows:

a a b
IfX=|' *landY=| ' *|leS

20
(X, Y)= Z:aibi (, ):S — Pyis an inner product on S.
i=1

Example 1.60: Let M = {(xy, X,, X3) | X; € Pne = {ap + a1 + ay]
+ak|a, e C(ZsuI); 0<p<3},1<i<3,+ x} be the
Smarandache finite real quaternion finite neutrosophic complex
modulo integer vector space over the S-ring Pnc.

On M we can define an inner product as follows:

Let x = (3il + 2igk, 0, 2kliF) and y = (2iglj, 3ip + 4il, 2 + 3if)
e M.

(x,y) = ((3il + 2igk, 0, 2kTig), (2ilj, 3if + 4il, 2 + 3ir))
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= (3il + 2igk) (2iglj) + 0 + 2ligk x (2 + 3if)
=6klig +4 x 4 x 4il +4ligk + 61 x4 x k
= klig + 41l + 4ligk + 4kI
= 4il + 41k € Pyc.
This is the way inner product is defined on M.
That is if X = (X3, X2, X3) and y = (Y1, Y2, ¥3) € M then
(X, y) =x1y1 * Xay2 + X3ys.

In general (x,y) #(y, x) forx,y € M.

This is also a difference between usual inner product and
special pseudo inner product.

Consider (y, x) = ((2iglj 4l + 3if, 2 + 3if), (31l + 2igk, 0, 2klif))

= 2iplj x 3il + 2igk + 0 + (2 + 3ir) (2kIiF)
= 6ipldk + 4 x 41 x I + 4klif + 6 x 4kI

= 4iplk + Ii + 4ligk + 4kI

= 311:11( + 11+ 4kl PNC-

Clearly for this x, y € M we see (X, y) #(y, X).
Example 1.61: LetP = {ay+aji+a)+ak|a € Zy5, 0513,

i? = =k*=ijk =42; ij = 42ji = k, jk = 42kj =i, ki = 42ik = j, +,
x} be the finite ring of real quaternions.

d d, d
V=4:ld, d; dg||djeP;1<;<3}
d, d, d

[
w

7

0

9

be a S-real quaternion vector space defined over P.

We define (A, B) for A, B € V as follows:
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X X X Yi Y2 ¥
IfA=|x, X; X(|andB=|y, y; ys| €V
X; X3 X Y Y5 Yo

then (A, B) = x1y; + Xoy2 + X3y3 + ... + Xoy9 € P.

Thus{ , ): V — Pisan inner product on V. We can define
inner products.

Now having introduced special pseudo inner product on V
we call a S-vector space of real quaternions over a S-real finite
quaternion ring to be a pseudo special inner product space
provided we have a pseudo special inner product defined on that
S-space.

All properties related to inner product spaces are derivable
in case of these special pseudo inner product spaces also. Such
study is considered as matter of routine and hence left as an
exercise to the reader.

Now we can define linear functionals on these pseudo inner
product spaces. Let V be a S-finite real quaternion space on
which special inner produce is defined on the S-finite real
quaternion ring Pc.

We see map f : V — Pc which is such that f is a linear
transformation. Fora € V; f(a) € Pc.

We will illustrate this situation by some examples.

Example 1.62: Let V = {(x1, Xz, X3) | X; € {ap + a;i + a5j + azk |
ac € C(Zy7), 0<t<3},1<1<3,+, x} be the S-finite complex
modulo integer real quaternion vector space over the S-complex
finite modulo integer ring Pc.

Define f: V — C(Z7) by f(xi, X2, X3) = X1 + X, + x3; fisa
linear functional on V.
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Example 1.63: Let

V= a; € PNC: {b0+b1i+b2j +b3k|bt € C(<ZI9UI>),

0<t<3),1<i<6,+ %}

be the S-finite neutrosophic complex modulo integer vector
space of finite real quaternions over the S-ring Pyc.

Define f: V — Pyc by

f( )=al+a2+...+aﬁePNc.

[ 3i+8ji, +9i.k |
4i.1+3i.k
7142
IfA= . e V.
611+ 61,j1
0
| 21+ 3igi+ Sipkl |

f(A) =31+ 8J1F + 91Fk + 41FI + 31Fk +71+2+ 6111:1 + 61FIJ +
0 + 21 + 3ipi + Sipkl
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= (24 91+ 4igl) + (3 + 6lip + 3ip)i + (12iF + Sip)k +
(811: + 6111:)_] S PNC-
f is a linear functional on V.

Example 1.64: Let

4 4, 84
V= a, a5 Qag a; € PC: {b0+b1i+b2j +b3k|bt S C(ZS),
a'7 a8 a9

0<t<3,1<i<9}

be the S-finite complex modulo integer real quaternion vector
space over the S-ring Pc.

Define a map f: M — Pc as follows:

Letx=|x, X; X,| € Mthenf(x)=x;+Xs5+Xo € Pc.

X7 XS X9
3ip +1 2i +3i+k 3ik
In particularifx=| 0 4kiy + 2igi 0 eM
2i, Jipi+k 20 j+k+i

then
f(x) = 3ip + 1 + 4kip + 2ipi + 2ipj + k + i

=3ip + (2 + 2ip)i + 2ig) + (4ir + 1)k € Pc.

This is the way the linear functional on V is defined.
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Example 1.65: Let

. a, ag|laeP={by+bi+by+bk|

bt € Zl970StS3}7+a X}
be the S-finite real quaternion vector space over the S-ring P.

Define for X € S

12
f(X)= > a, thenf:S—P

i=1
1s a linear functional on S.

Interested reader can study the notion of dual S-space and
other related properties of S. Since it is considered as a matter
of routine it is left as an exercise to the reader.

Now we can define polynomial ring of finite real
quaternions.

LetP={ay+aji+taj+tak|aeZ, 0<i<3,i’=j=k’=
ijk = (- 1), ij = (n-1)ji =k jk=m1Dkj =i, ki =
(n— 1)ik =3, +, x} be the finite ring of real quaternions.

ai € P, +, x};
i=0

Define P[x] = {Z ax'

X an indeterminate is a ring defined as a polynomial ring of
finite real quaternions in the variable x.

P[x] is only a non commutative ring as P is a non
commutative ring. P[x] is of infinite order. P[x] can have zero
divisors.
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For any n as P[x] can have zero divisors as P has zero
divisors. Clearly P < P[x].
We will first illustrate this situation by some examples.

Example 1.66: Let

aieP={b0+b1i+b2j +b3k|bt626;

P[x] ={§:aixi

i=0

0<t<k},+, x}
be the finite real quaternion polynomial ring.
P[x] has zero divisors.
For if p(x) = (3i + 3j + 3k)x’ + 3kx + (3 + 3j) and
q(x) = (4i + 2j)x + 2kx + 4 € P[x].
It is easily verified p(x). q(x) = 0.
Thus p(x) is a zero divisor.
P[x] is a non commutative ring.
Forlett=3ix +j and
s =jx’ +k € P[x]
ts =(3ix +j) (jx’ +k)
= 3ijx* + i’ + 3ikx + jk
=3kx*+ 5%’ + 3 x 5jx +1i
=3kx* + 5%’ + 3jx + i -1
Consider st = (jx* + k) (3ix + )
= 3jix* + 3kix + j’x° + kj

=3 x 5kx* + 3jx + 5x° + 5i
=3kx* + 5x° + 3jx + 5i — I
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Clearly I and II are different hence P[x] is non commutative
that is st # ts for the given t, s € P[x].

Thus P[x] is a non commutative ring of infinite order and
has zero divisors.

Example 1.67: Let

a; € {bg+bji +byj +bsk|b € Zyy;

P[x] I{iaixi

i=0

0<t<3;i’=j =k*=ijk = 10; ij = 10ji = k, jk = 10kj = i,
ki =10ik =j} = P, +, x} be the finite real quaternion polynomial
ring. P[x] is Smarandache ring as Z,; < P[x].

We see Z;; < P < P[x].

THEOREM 1.6: Let

@ €P = {by+ bii + by + bsk | b, € Zy;

Py = {i ax'
i=0

0<t<3} + x}
be the polynomial ring of finite real quaternions.

(i) P[x] has zero divisors.

(ii) P[x] has finite number of units.

(iii) P[x] is a non commutative ring and is of infinite order.
(iv) P[x] is a S-ring only if Z, is a S-ring or Z, is a field.

The proof is direct and hence left as an exercise to the
reader.

Now we see if p(x) € P[x] then p(x) can be differentiated
but integration as in case of usual polynomial rings is little
difficult.

We will illustrate this situation by some examples.
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Example 1.68: Let

aieP= {b0+b1i+bgj +b3k|bt6212;

P[x] ={iaixi

i=0

0<t<3;+ x}
be the polynomial ring of real finite quaternions.

Let p(x) = 3ix* + 6jx* + 3 € P[x]

dp(o) _ 12ix’ + 6j x 2x + 0 = 0.
dx

Thus in case of polynomials in p(x) non constant
polynomials can have their derivatives to be zero.

Now suppose q(x) = ix"' + 2ix + 3 € P[x].
Now | q(x) dx
=[ix"" + 2ix + 3dx

i 2ix?

12

+3x +c.

Clearly 12 = 0 (mod 12) so this integral of this polynomial
q(x) € P[x] remains undefined.

This is the type of problems we face while integrating.
However the differential exist but the conclusion the

constant polynomial alone when differentiated gives zero is
false.

Now we say p(x) € P[x] has a root a if p(a) = 0 where
o e P.
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We can solve for roots for p(x) € P[x], however we are not
sure whether every p(x) € P[x] is solvable.

Let p(x) = x + 1 is such that when x = 11i;
p(1li))=11i+I=0.

So x = — = 11i is the root. So we can not say all linear
equations in x are solvable.

P(x) =3x +4j € P[x]
Hence 3x = —4;, 3x=§j.

But 3x = §j cannot give the value for x as 3 is a zero divisor
in Z;p. So this type of linear equations are not solvable in
general. We declare this equation has no solution.

Consider 4x + 5k =0.

We see 4x = 7k but x has no solution as 4 is an idempotent
in Z;,. So in P[x] sometimes we may not be in position to solve
even the linear equations.

Thus (ai + bj + ¢j) x +t =0 where t, a, b, ¢ € Z, and if
a’ + b’ + ¢* = 0 then also this linear equation is not solvable.

Thus the major difference between the usual polynomials
and polynomials is finite real quaternions rings. So we will
reach a stage even a linear (first degree) polynomial has no
solution.

Consider the polynomial 8x” + (4i + 2k)x + 11j = 0 then it is
factored as 8x* + 4xi + 2xk + ik = 0 (ik = 11j).

4x (2x+ i) +2x + i)k =0
(2x +1) (4x + k) = 0.

Coefficients are from Z;, so this second degree eqution can
be factored into linear terms but linear terms do not have a
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solution as the coefficient of x is a zero divisors in this case and
in another case it is an idempotent as well as a zero divisor.

This sort of study leads to difficult situations to define the
notion of solvability of linear equations.

Thus if p(x) € P[x] is a polynomial of degree n with
coefficients form the finite neutrosophic ring of real quaternions
P.

We say p(x) € P[x] is completely solvable if
p(x) = (a;x + by) ... (a,x + by,) I

such that each a;x + b; is a solvable linear equation and each
a; is not an idempotent or a zero divisor but is invertible in P.

We say p(x) is linearly decomposable but not completely
solvable even if one of the linear equations ax + b; is not
solvable.

We say p(x) is not linearly decomposable that is
representation of the form I is not possible if p(x) cannot be

represented as linear product.

p(x) is totally irreducible if p(x) cannot be written as
q(x) r(x) where r(x) # p(x) or 1 and q(x) # r(x) or 1.

All linear polynomials are totally irreducible.

Consider p(x) = 4x’ + 1 € P[x] is a totally irreducible.
(4, 3 € Zy,). Study in this direction is also interesting.

For solving such equations is not easy even if P(x) is built
over Zy; p a prime.

Now we can define right ideal, left ideal and ideal in P[x]
which is considered as a matter of routine for they are just like
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finding ideals in non commutative ring R[x] where R is non
commutative and is finite order.

Now we can give one of two examples of them before we
proceed to define vector spaces or linear algebras using these
P[x].

Example 1.69: Let

aieP= {b0+b1i+b2j +b3k‘bt€Z3;

P[x] ={§:aixi

i=0

0<t<3;+ x}

be the polynomial ring with coefficients from the ring of real
quaternions.

Consider p(x) = (i +j + k) x* + 1 € P[x] we can generate the
ideal I by p(x); I = {All polynomials of degree greater than or
equal to three with coefficients from P}.

Now we see one has to stick to the property of multiplying
the values given to x as ax for xa will give a different solution.
Though we may say ax = xa but once the x takes a value in P we
see ax # xa in general.

This problem must also be kept in mind while working with
this special type of non commutative ring.

Thus if p(x) =ap + a;x + ... + a,x" and if a = x, a € P then
p(a) =ag+ao+ ... +aa".

Clearly aa; # a; o for all a; € P.

Example 1.70: Let

a; € P = {by+bii+bsj + bsk | b € Zu;

i=0

P[x] ={iaixi
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0<t<3;iP=j7=k=ik=239,1j=39i=k, jk=39j=1i,
ki =39ik =j}, +, x} be the polynomial ring of real quaternions.

a; € {0, 10, 20, 30} < Z4o} < P [x]

M= {i:aixi

i=0

is an ideal of P[x].
P[x] has atleast five ideals.

Next we proceed onto define the notion of Pc[x] polynomial
ring of complex modulo integer finite real quaternions.

Let P¢[x] ={Zaixi a; € Pc = {by+ bji + byj +bsk | b €

i=0

C(Z,). 0 £t < 3} be the finite comple modulo integer real
quaternion polynomial ring. Pc[x] is of infinite order. Pc[x] is
non commutative.

Clearly P[x] < Pc[x] and P[x] is only a subring of P¢[x] and
is not an ideal.

We will illustrate this situation by some examples.

Example 1.71: Let

aj € Pc = {bg + bji + byj + bsk [ by € C(Z12);

Pc[x] = {iaixi

0<t<3;+ %}

be the finite complex modulo integer real quaternion
polynomial ring.

Pc < P([x] is a subring P[x] < P¢[x] is also a subring and
none of them are ideals.
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Example 1.72: Let

a; € PC = {bo + b11 + bQJ + b3k | bt S C(Zn),

Pc[x] = {i“aixi

i=0

0<t<3;+ x}

be the finite complex modulo integer real quaternion
polynomial ring. Pc[x] has linear equations which are not
solvable.

Take p(x) = (2i + 2j + 3k) x + 5j € Pc[x], this is a linear
equation but (2i + 2j + 3k)x = 12j but we cannot find the value
of x as (2i + 2j+ k) is a zero divisor in Pc[x].

Example 1.73: Let

a; € PC = {bo +b1i +bQJ +b3k | bt S C(Zl5),

Pc[x] = {i“aixi

i=0

0<t<3};+ %}

be the polynomial ring of finite complex modulo integer. Pc[x]
has ideals and subrings of finite order.

a; € Z;s} is only a subring of Pc[x].
i=0

Take M = {i“aixi

Next we define neutrosophic finite real quaternion polynomial
ring.

aiePN={b0+b1i+sz+b3k|

Pn[x] = {iaixi

bie(Z,UI);0<t<3;+, x}

is defined as the polynomial ring of neutrosophic finite real
quaternion ring.
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Px[x] also has subrings and ideals. Infact all equations of
the form p(x) = Ix" + a, | X" ' + ... + ay are not solvable as =1
is an idempotent.

Thus Ix + a = p(x) has no solution for x.

We will illustrate this by some examples.

Example 1.74: Let

aiEPN: {b0+b1i+b2j +b3k|

Py[x] I{iaixi

i=0

bt€<Z42UI>;OStS3;+,X}

be the ring of neutrosophic polynomial quaternions. Pn[x] is a
non commutative ring of infinite order. Py[x] has subrings and
ideals.

Example 1.75: Let

aiEPN: {b0+b1i+b2j +b3k|

Pa[x] = {i aixi

i=0

bie{(Z;UI); 0<t<3;+, x}
be the neutrosophic finite real quatertions polynomial ring.

All polynomial whose highest degree coefficient as I will be
not solvable.

Next we define the notion of finite complex modulo integer
neutrosophic real quaternion polynomial ring.

Let

PNC[X] = {i EliXi

i=0

aiEPNC:{bo+b1i+sz+b3k|

b, eC{(Z, U I); 0 <t <3} +, x}.
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(Pnc[x]) is infinite and is not commutative Pyc[x] also has zero
divisors, ideals, subrings. Several linear polynomials have no
solution in Pyc[x].

Example 1.76: Let

a; € Pne = {bo + byl + byj + bsk |

PNc[X] = {i aixi

bie C(Z; U l)); 0<t<3; +, x}

be the polynomial complex neutrosophic finite real quaternion
ring. Pnc[x] has ideals, subrings, zero divisors and units.

Example 1.77: Let

aj EPNC:{b0+b1i+b2j +b3k‘

Prc[X] ={iaixi

i=0

boe C((Zi, UD); 0<t <35+, x}

be the polynomial complex neutrosophic finite real quaternion
ring. Pyc[x] has ideals and subrings;

p(x) = (4i + 6j)x + (31 +4j + 2k + 2) € Pnc[x] is not solvable
for x as the coefficient of x is a zero divisors.

So we see even linear equation cannot be solved in case of
Pnc[x], polynomial rings with neutrosophic complex finite real
quaternion coefficients.

For p(x) = 4i Ix + 3j =0 has no solution.

q(x) = 6lipx + 2Ij has no solution and so on.

Thus these rings display a very different properties.

Hence solving equations in them is a difficult job however

if we have to consider polynomials for finding eigen values and
eigen vectors.
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To find eigen values and eigen vectors we have some
advantages as well as some hurdles.

The advantage being that all characteristic equations will
have the highest coefficient to be always one. This will help us
solve the linear equations without any difficulty.

Secondly the main disadvantage is that we cannot define the
vector space or linear algebra over the field but only over the S-
rings which are real quaternion rings or finite real complex
modulo integer quaternion rings or finite neutrosophic complex
real modulo integer quaternion rings.

Thus the very concept of eigen values exist we need the
basic vector space or linear algebra to be a Smarandache vector
space or Smarandache linear algebra over the real quaternion
S-rings P or P¢ or Py or Pyc.

With this in mind we now proceed onto define S-vector
spaces (S-linear algebras) or vector spaces or linear algebras

using P[x] or Pc[x] or Pn[X] or Pyc[X].

Let P[x] be the real finite quaternion vector space over the
field Z,,.

P[x] is also a linear algebra over Z,,.

On similar line we have Pc[x], Py[x] and Pyc[x] built over
Pc or Py or Pyc respectively.

We will illustrate this situation by some examples.

Example 1.78: Let

aiEP: {b0+b1i+b2j +b3k|bteZ”;

i=0

P[x] I{iaixi

0<t<3;+}
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be a vector space over the field Z,;. P[x] is also a linear algebra
of finite real quaterion over the field Z,;.

Example 1.79: Let

a; € Pc= {by + bji + byj + bk | b, € C(Zs);

Pc[x] = {i ax'

i=0

0<t<3};+}
be the vector space over Zs or a S-vector space over C(Zs).
In both cases we see Pc[x] has subspaces and (S-subspaces).
Study in this direction is also a matter of routine.

Likewise we can have using polynomials Py[x] and Pyc[x]
also which will be described by examples.

Example 1.80: Let

a; € Px= {bg + biji + byj +bsk | by € (Z1g U I);

Pn[x] = {i aixi

i=0

0<t<3}
be the vector space of neutrosophic real quaternions over the

field Z;y or S-vector space defined over (Z;,y, U 1) the
neutrosophic S-ring.

aj € (Z1p U )}

is a S-subspace of Py[x] over (Z;9 U I); however W is also a
subspace over Z .



On Finite Quaternion Rings | 77

Example 1.81: Let

aj EPNC:{b0+b1i+b2j +b3k‘

Pne[x] = {i aixi

i=0

bie C(Z;; WD), 0<t <3}, +, %}

be a vector space of Z;3 or S-vector space over (Z;; U I) or a
S-vector space over C(Z;3) or a S-vector space over C({Z;3 U 1))
or a S-vector space over P or a S-vector space over Pc or
S-vector space over Py or S-vector space over Pyc.

Thus we can have 7 types of S-vector spaces using the same
Pne[x]; however only Pyc[x] defined over Pyc alone can give
the solution to eigen values / eigen vectors or for defining the
concept of linear functionals and inner product spaces.

Now finally we just give one or two examples regarding
eigen values or eigen vectors.

Already to this end the concept of matrices with entries
from Pyc (or Pc or Py or P) have been defined.

Let A = (aj)n x » matrix with entries from P or P¢ or Py or
Pne. We see as in case of usual matrices we can define the
notion of eigen values and eigen vectors however for the
solution to exist we need to have the spaces defined over P or
Py or Pc or Pye, then only we can have solution for the
characteristic equation.

This will be represented by an example or two.

S5i+ ] 3i+j+k
Let A=

0 2+3i+4j+k

5i+j,3i+j+k 2+3i+4j+keP={a+aji+ay+ak|
a €z, 0<t<3}
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Si+j—A 2i+k }

[A—2A|= . .
1+] 2+3i+4j+k—-A

=Gi+j—A) 2+3i+4+k-1)=0
implies L =6j +2i or A =5+ 4i+ 3j + 6k.
This is the way it is solved.

Hence if the vector space is defined over Z; this
characteristic values will have no relevance.

3+1 2j+k

. . be 2 x 2 matrix with entries
1+ 4k+j+2

LetA=[

from P.

3+i-A 2i+k }

A=A = , .
1+j 4k+j+2-A

— BH+i-N)@k+j+2-1)—(1+])Qi+k)

= B EkFj D) Ak +]+2) RGN
(1+)) ) +k)

= 12k+3j+6+4x6]+k+2i—A5+i+]+4k)+ A
—(2j+2x6+k+i).

Thus A2+ & (2 + 6i + 6] + 3k)+ (dk + 6] + 2i+ 6) = 0.

Solving even a quadratic equation cannot be done.

This is left as an open conjecture.

For we can solve second degree equation in field of
characteristic zero but solving equations with coefficients from
P or Pc or Py or Pne happens to be one of the challenging
problems of the present day.
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2i.1+7 3i+4i.k+
LetA:{ plt] F Ji|

0 Bik+4ij+i

where 2ii+, 31 + 4irk + j, 3irk + 4igj +1 € C(Zs)

Now |[A-A|=

2i+j-A  3i,+4ik+]
0 3ik+4ij+i—A

= (2ipi +j— 1) Biek + 4igj +i— 1) = 0.

Thus (2iri + j) ik + 4igj + 1) — (i + ) A —
(Birk + 4igj +i) A+ A7 =0

A+ M4 + 3igi + 4it igj + 2ipk) + (2i +j) (4igj + i + 3igk)
=0

22— ((Bip + 4L+ (4 +1ip) j + 2ipk) + 8 x 4k + 4ip x 4 +
2p x4 +4k+6 x4 x4j+3ipi=0

that is
A+ ((3ip + 4)i + (4 + ip) j + 2ipk) + 4ip + k +j + 3igi = 0.
Solving this equation is difficult.
Now we work with entries in Py.

31+ 251 0
Let A=

AT+4jI+k 2i+3jI

where 31 + 2j1, 41 + 451 + k, 2i + 3j1 € Py= {ao + a;1 + ayj + azk |
a e (Zsul). 0<t <3},

A=A = . o
4I+4jl+k 2i+3j1-A

3[+2j1-1 0 ‘
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=@I+2jI-2) (2i+3jI-A1)=0
GI+2j) Qi+ 31— A i+ 3j) —A GBI+ 2j) +A*=0
A+ I+ 3i) + 31+ 2i1) 2i + 3j) =0
MH+HAQRI+31)+(6li+KkI+9j1+6x4xI)=0
A+ A (21 + 31) +(Ii + KI + 41 + 41) = 0.

Solving even this equation is difficult.

Thus it is left as an open conjecture to solve even equations

of second degree in case of finite quaternion rings P or P¢ or Py

or PNC-

Let

A= 3ligi+2ij+ 1k 0
4i 1+ 20+ 3L, 2+ 21+3i I+4i.1k

where 3111:1 + 21FI + Ik, 41FI + 2IJ + 3Ii]:, 2+21+ 31]:1 + 41FIk €
Pne = {a0+ ali + azj + a3k | a € C(<Z§ \ I>), 0<t< 3}

[A—Al=

3Tii +2ij+ik — A 0
4 1+20+3L, 2+ 20+3i1+4i,Ik -1

= (3ligi + 2igj + [ =) (2 + 21 + 3igl + 4iglk — 1)

= (3ligi + 2igj + IK) (2 + 21 + 3ip+ 4iglk + A% —
A (2 + 21+ 3igl + 4iglk + 3ligi + 2igj + 1k)

=A% — A (2+ 21 + 3igl + 31igi + 2ipj + (4ig] + DK) + (6ligi
+ 4igj + 21k + 6igli + 4ligj + 21k + 91 x 4i + 6 x 4jI + 3iglk +
121 x 4 x 4j + 8 x 4 x il + 4igl x 4)
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= A+ A (3 + 31+ 2igl + 2lipi + 3igj + (il + 41)k) + (Tig
+ (31 + 2Iip)l + (4iF + 4ligt 31)j + (41 + 31ip)k) is the quadratic in
A? and finding a solution for this is extremely difficult.

Thus finding eigen values and eigen vectors of the S-vector
spaces of finite real quaternions, S-vector spaces of finite
complex modulo integer real quaternions, S-vector spaces of
finite neutrosophic real quaternions and S-vector spaces of finite
complex modulo integer neutrosophic real quaternions defined
over the S-rings P, P, Py and Pyc respectively.

This study is innovative and interesting. However finding
solution to the related characteristic polynomials happens to be
a difficult task even if it is a quadratic equation.

However if we have only diagonal values for the matrices
and if the nth degree polynomial can be linearly factorized then
as the coefficient of every a is one we can always have a
solution.

3i, 0 6
LetA=| 0 4i,+3il 0 ;
2, 0 3iJi+ jip

to find the eigen values of A.

3i, — A 0 6
A-A=| 0  4i +3-2A 0
0 0 3iLi+i,j—A

= (3ip — M)(4ir + 3ip - L) Bipli + 15 - 1)
=0 implies
3iF -1=0
4ip+3li-A=0
311:11 + 11:_] -A=0
A—=3ip=0; A =31, A=4ip+ 30
and A =3ip li + 1.
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Hence to find eigen values for a square matrix with values
from P or P¢ or Py or Pxc.

We suggest one can make use row echelon method and
make as many zeros as possible and then solve the equation.

In many cases it may result in the linear form of the
representation of the characteristic polynomial.

To the best of the authors knowledge this happens to be the
workable method for solving equations in P or Pc or Py or Pyc.

3i,j 21, +2k 4i+3j
LetA=|2i.j+2 4k 2+]
0 242 3ik

be the given matrix with the entries from
P={ay+aji+ay+ak]|a e C(Zs),1<i<3}.

We try to make as many zeros as possible by simple row
reduction method.

Add row (1) with row (2) in A and place it in the first row
of A.

2 2ip+k 4i+4j+2
A~|2ij+2 4k 2+] =A
0 2+2j 3ik

Adding (1) and (2) rows of A, and placing it in the 2™ row gives
2 2ip+k 4i+4j+2

2i.j+4  2i 4i+4 | =A,
0  2+2j  3ik
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Multiply the 2™ row by 3 (mod 5).

2 2ip+k 4i+4j+2
A, ~ iFj+2’ iF 2i+2 =A;
0 2+2]j 3ik

Multiply 2™ row of A; by 3 and add with first row we get
the following.

3i;j+3  k  4j+3
Az~ iFj+2 lF 21+ 2 | = Ay
0 2+2j) 3igk

In A4 add row (1) and row (2) and place it in 2™ row

3i,j+3 k 4j+3
Ay~ | 4 i.+k 2i+4j| =As
0 2+2j 3ik

Multiply first row of As by 4 we get

2ij+2 4k j+2
As~ | 4ij ip+k 2i+4j| =A¢
0 2+2j 3ik

Add row (1) with (2) and place it in row (2) in As.

2ij+2 4k j+2
A(,N IFJ+3 iF 2i+2 :A7
0 2+2) 3igk
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Multiply row 3 of A; by i we get

2i,j+3 4k j+2
A~ | 1pj+3 1p 21+ 2| = Asg.
0 2i+3k  3ij

Like this one can row reduce the matrices and obtain a
matrix with maximum number of zero.

It is kept on record that making the diagonal elements to be
non zero or big does not matter or intervene the simplification
we need to make only non diagonal elements zero.

Multiply the 3™ row of Ag by 4 we get

2i.j+3 4k j+2
Ag~| ipj+3 ip 2i4+2 | = Ay
0 3+4k  2i,j

and so on.

It is pertinent to keep on record that one need to know that
such reduction is also a difficult job.

The next difficult task is finding eigen vectors using these
eigen values.

Now having defined these S-vector spaces we shall call the
eigen values only as S-eigen values.

Next we sugget a few problems. Some of the problems are
very difficult and some of them can be taken as open
conjectures.

However only by solving these problems one will under
stand the depth involved in arriving at a solution.
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Further only when the study is based on the respective
S-rings P or Pc or Py or Pyc the S-space has some nice features
otherwise that when defined over Z, it does not enjoy several of
the properties.

Problems

1. Find the special features enjoyed by the finite ring of
real quaternions.
P={ay+aji+ay+ak|aeZ,;0<i<3}.

(i) Can P be a S-ring?

(ii)) Can P have S-subrings which are not S-ideals?

(iii) Can P have S-ideals?

(iv) Can P have subrings which are not S-ideals?

(v)  Can P have subrings which are not S-subrings?

(vi) Can P have S-units?

(vii) Can P have S-zero divisors?

(viii) Can P have zero divisors which are not S-zero
divisors?

(ix) Can P have ideals which are not S-ideals?

(x) Can P have S-idempotents?

(xi) Can P have idempotents which are not S-
idempotents?

(xii) Describe or develop any other property associated
with P.

2. LetR={ag+aji+aj+tak|aecZ;0<i<3,i’=j=
k> = 10 = ijk, ij = 10(i) = k, jk = 10(kj) = i, ki = 10(ik)
=], +, x} be the ring of finite real quaternions.

Study questions (i) to (xii) of problem 1 for this S.

3. LetS={ao+aji+aj+tak|aeZ;;0<i<3,i’=j=
K = 16 = ijk, ij = 16(ji) = k, jk = 16(kj) = 1, ki = 16(ik)
= j, +, x} be the ring of finite complex modulo integer

real quaternions.

(1) Study questions (i) to (xii) of problem 1 for this R.
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10.

(ii) Find o(S).

LetB={agtaji+atak|a e C(Z,ul));0<i<3,
iP=6, (ir1)’ = 1,i* =j* = k> = 6 = ijk, ij = 6(ji) = k, jk =
6(kj) =1, ki = 6(ik) = j; +, x} be the finite neutrosophic
complex modulo integer real ring of quaternions.

(i) Study questions (i) to (xii) of problem 1 for this B.
(i1) Find o(B).

Let PNC = {a() + ali + azj + a3k | a; € C(<Zz4 |\ I>), 0<i
<3, +, x} be the ring of real finite quaternions.

Study questions (i) to (xii) of problem 1 for this Pc.

Let Pc = {ap+aji+a)j+ask|a e C(Zy);0<i<3, i
=i =k> =13 =ijk, ij = 13Gi) =k, jk = 13(kj) =i, ki =
13(ik) = j}, ii= 13, (is)* = (ig)” = (k)= 1; +, x} be
the ring of finite modulo integer real quaternions.

(i) Find o(Pc).
(i1) Study questions (i) to (xii) of problem 1 for this Pc.

Prove P ¢ Pc € Pnc and P < Py < Pue.
Prove Pc, Pnc and Py are all S-vector spaces over P,
provided P is a S-ring of finite real quaternions.

Compare the four real quaternion rings P, Pc, Py and
Py for a fixed Z,,.

Under what conditions P or Py or P¢ or Pyc will have
commutative subring of finite order; that is for what
values of n of Z,,.

Describe and develop some interesting features about
the rings P, P¢, Py or Pnc.
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11. Describe the semi idempotents in P, P, Py or Pyc.

12. Obtain some special features enjoyed by finite complex
modulo integer real quaternion rings.

13.LetV={ay+aji+aj+ak|aeZs0<i<3, i’=j=
K> = 42 =ijk, ij = 42(ji) = k, jk = 42(kj) = i, ki = 42(ik)
=j, +} be the vector space of finite real quaternions
over the field Z4;.

(1) Find a basis of V over Zj;.

(i1) What is the dimension of V over Z4;?

(ii1)) How many subspaces of V exist?

(iv) Find Hom, (V,V)=S.

(v) Is S avector space over Z3?

(vi) If S is a vector space over Zs3; what is the
dimension of S over Z43?

14. LetV = {(al, ap, asz, a4, 35) | a; € P= {bo + b11 + bz_] + b3k
|by e Z13; 0 <t <3} 1<i<5;+} be the vector space of
finite real quaternions over the field Z,5.

Study questions (i) to (vi) of problem 13 for this V.

15. LetP = aiePC={b0+bli+b2j+b3k|btezl7;

0<t<3;i¥=j =Kk =16 =ik, ij = 16(ji) = k, jk =
16(kj) =1, ki = 16(ik) = j, +} be the vector space of real
quaternions over the field Z.

Study questions (i) to (vi) of problem 13 for this P.
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16.

17

18.

19.

20.

21.

LetB — [al a, . alOJ
a, 8, . Ay

a, a, a, a, a
a a )
Let M= 6 10 a; € Py={by+ bji
all a15
3 ay

+byjtbk|b e CZu); 0<t<3;1<1<20, +}
be the vector space of real quaternions over the field
Zy.

Study questions (i) to (vi) of problem 13 for this M.

a; EPC:{bo""bli"‘sz

+bsk | b € C(Z7); 0<t<3} 1 <i<20, +} be the vector
space of real quaternions over the field Z,.

Study questions (i) to (vi) of problem 13 for this B.

Let PNC[X] = {Zaixi a; € PNC = {bo + bll + bz_] + b3k |

i=0

b, € C({(Z1o U I)); 0 <t < 3} be the vector space over
Z19.

(1) Is Pnc[x] infinite dimension over Z9?
(il) Find subspaces of Pxc[x] over Zis.
(iii) Can Py([x] have any subspace of finite dimension

over Zo?

Find some special features enjoyed by Pnc[X] as a ring
of finite real quaternions.

How will one solve polynomials in Pyc[x]?

Construct a method of solving polynomials in P¢[x].



22.

23.

24.

25.

26.
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Find the method of constructing polynomials of nth
degree in Pyc[x].

Let Px[x] = {Zaixi a; € Py = {by + bji + byj + bsk | by
i=0

€ (Z1y U I); 0 <t <3, +, x} be the polynomial ring of
real quaternions.

(1) Find right ideals which are not left ideals.

(i) Find two sided ideals of Py[X].

(iii) Give some subrings which are not ideals.

(iv) Find S-ideals if any.

(v) Find a S-subring which is not an S-ideal.

(vi) Can Py[x] have ideals which not S-ideals?
(vii) Can Py[x] have ideals which are not S-ideals?
(viii) Can Py[x] have S-zero divisors?

(ix) Can Py[x] have S-idempotents?

Let PNc[X] = {Zaixi a; € Pne= {bO + b1+ bQ‘] + bsk |

i=0

b, € C({Z; U I)); 0 <t <3, +, x} be the ring of finite
complex neutrosophic real quaternion polynomials.

Study questions (i) to (ix) of problem 23 for this Pyc[x].
Find the special features enjoyed by S-vector spaces.

Let V= {(al, a, ..., al()) | a; € PNC - {bO + b11 + bZJ +
bsk | bi e C(Z1); 0<t<3,1<1<10, +} be a S-vector
space over the S-ring Pc.

(i) Find the S-basis of V over Pc.
(i1) What is the dimension of V over P¢?
(i1i1) Find Hom, (V, V)=R.

(iv) Find Hom, (V,Pc)=S.

(v) What is dimension of R as a S-vector space?
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27.

28

29.

a a .. a
.LetW= { b 7}
a8 8,9 a14

(vi) What is dimension of S over Pc?
(vii) Write V as a direct sum.

a,

a

LetM = aiEPNC:{bo+b1i+b2j+b3k|bt€

alO

CZ;uD);0<t<31<1<L10,+, x4} be a S-linear
algebra finite complex neutrosophic real quaternions
over the S-ring Pyc.

Study questions (i) to (vii) of problem 26 for this M.

aiEPC:{b0+b1i+ij

+bsk | by € C(Z41); 0 <t <3} 1 <1< 14, +, x,} be the
S-linear algebra finite complex modulo integer real
quaternions over the S-ring Pc.

Study questions (i) to (vii) of problem 26 for this W.

Leth |:211 32 alo:|
a” a,2 a20
+ bk | b e(Z,U;0<t<3) 1<i<20} be the

S-vector space of neutrosophic finite real quaternions
over Py.

aiePN={bo+b1i+sz

a, a, a, a,

- DA . .
N= aiEPN:{b0+b11+b2]+

a, B

a a
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bsk | by e (Z; UI); 0 <t<3}1<1<16,+} be the
S-vector space of neutrosophic finite real quaternions
over Py.

(1)  Find Hom, (M,N)=S.

(i1)  What is the algebraic structure enjoyed by S?

(i) Find R, = Hom, (M, M) and R, = Hom, (N, N).

(iv) What is the algebraic structure enjoyed by R; and
Ry?

(v) Find B, = Hom, (M, Py)and B,=Hom, (N, Py).

(vi) What is the algebraic structure enjoyed by B, and

B,?
(vii) Can there exist a T € Hom (M, N) such that T
has T'?
(viii) Find a linear transformation L € Hom (N, M) so
that ker L = (0).
al a2 alO
LetV=1<la,, a, a,, || @ € Pne={bo +bji+
ay Ay a3

a a a
W= :4 :5 :6 a; € PNC: {bo+b1i+b2j +b3k

Ay 8y Ay

| by e C((Zs W 1)); 0<t<3} 1 <1i<30}be the S-vector
space of finite neutrosophic complex modulo integer
real quaternion over the S-ring Pyc.

Study questions (i) to (viii) of problem 29 for this V and
W.
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31.

32.

33.

34.

35.

36.

a, a, a, a, a,
ag a9
LetS=4la, .. .. .. as|laePc={bg+bii+
a16 aZO
_a21 N a25_

al aZ a7
a a
9 14 . .
R= § aiEPC:{b0+b11+b2]+
a15 alé a21
a a a

bsk | by € C(Zyg); 0 <t <3} 1 <1 <28, 4, %} be two
S-linear algebra of finite complex modulo integer real
quaternions over the S-ring Pc.

Study questions (i) to (viii) of problem 29 for this S and
R.

Obtain some special features associated with P[x]. (P
the finite ring of real quaternions over Z,).

Prove linear equations can not be solved in general in
P[x].

Find a new method of solving polynomial equations in
P[x].

Show differentiation and integration in general do not
follow the usual law in case of P[x] or Pc[x] or Py[X] or
Pnc[x]-

Derive a method of solving second degree polynomial
equation in P[x] or P¢[x] or PN[X] or Pnc[X].



37.

38.

39.

40.

41.
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aiEP:{bg‘i‘b]i‘i‘ij‘i‘b:;klth

Let P[x] = {i ‘
=0
<

Zy, 0 <t
quaternions.

3} be the polynomial ring of real

(1)  Find ideals of P[x]

(ii)) Can P[x] have S-ideals?

(iii) Find S-subrings which are not ideals of P[x].

(iv) Find ideals which are not S-ideals.

(v)  Show P[x] has infinite number of zero divisors.

(vi) Find a method of solving p(x) = 0 in P[x].

(vii) Can P[x] have S-zero divisors?

(viii) Can P[x] have idempotents which are not S-
idempotents?

(ix) Can P[x] have S-units?

(x)  Define the concept of semi idempotents in P[x].

(xi) Can P[x] have S-semi idempotents?

If in P[x], Z4o in problem 37 is replaced by Z,; study
questions (1) to (xi) of problem 37 for that P[x].

alePc—{b0+b11+bl]+b3k|bt

Let Pc[x {Za X'

€ C(Z1,); 0 £t <3}, +, x} be the finite complex modulo
integer real quaternion polynomial ring.

Study questions (i) to (xi) of problem 37 for this Pc[x].
If in problem 39, 7, is replaced by Zs.

Study questions (i) to (xi) of problem 37 for this Pc[x].

aiEPN:{b0+b1i+sz+b3k|bt

Let Py[x] = {Zaixi
i=0

e (Z,5 U I); 0 <t <3}, +, x} be the finite neutrosophic
real quaternion polynomial ring.
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42.

43.

44,

45.

46.

Study questions (i) to (xi) of problem 37 for this Py[x].

If in problem (41) (Z;5s U I) is replaced by (Z,; U I)
study questions (i) to (xii) of problem 37 for this Pn[x].

aiEPN:{bo+b1i+bﬂ+b3k‘

i=0

Let PNc[X] = {Zaixi

b, € C({(Zg W I)); 0 <t <3}, +, x} be the polynomial
ring of finite complex neutrosophic modulo integer real
quaternions.

Study questions (i) to (xi) of problem 37 for this Pnc[X].

If in problem (43) C({(Z¢ U 1)) is replaced by C({(Zs U 1))
Study questions (i) to (xi) of problem 37 for this Pyc[x].

aiEP:{b0+b1i+b2j+b3k|bt€

Let P[x] = {iaixi

i=0

Z13; 0 <t <3}, +} be a vector space over the field Z;;.

(1) Find a basis of P[x] over Z;;.

(i1)) What is the dimension of P[x] over Z;3?

(ii1) Find subspaces of P[x].

(iv) Find Hom (P[x], P[x]) = M.

(v) What is the algebraic structure enjoyed by M?

(vi) If P[x] is a S-vector space over P study question (i)
to (v) for that S-vector space.

(vii) Let N = {Hom (P[x], P)}; what is the algebraic
structure enjoyed by N?

Let Px[x] = {Zaixi a; € Py = {by + bji + byj + bsk | by
i=0

€ (Z19 U I); 0 <t <k}, +} be the S-vector space defined
over Px.




47.

48.

49.

50.
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(1) Study questions (i) to (v) of problem 45 for this
PN[X].

(ii) If Py is replaced by Z study questions (i) to (v)
problem 45 for that vector space over Zis.

aiePc={b0+b1i+b2j+b3k|bt

Let Pc[x] = {iaixi

i=0

€ C(Zg3); 0 <t <3}, +} be a vector space of finite
complex real quaternions over the field Z;.

(1) Study questions (i) to (v) of problem 45 for this
Pc[x].

(11) If Z43 1s replaced by C(Z43) study questions (1) to
(v) for that S-vector space Pc[x] over C(Zs3).

aiePNC={b0+b1i+ij—l—b3k|

i=0

Let Pne[Xx] = {Zaixi

b € C({(Z7; U I)); 0 <t <3}, +} be the vector space of
finite complex neutrosophic real quaternions over the
field Z7.

(i) Study problems (i) to (v) of question 45 for this
Pnc[x]-

(ii) If Z; is replaced by C({Z; L 1)) study question (i) to
(v) for that S-vector space Pyc[x] over Pyc.

Obtain any special features enjoyed by the S-vector
spaces Pnc[x], Pn[x], Pc[x] and P[x] over the S-ring
Pne, P, Pc and P respectively.

Find the eigen values and eigen vectors associated with
the matrix;

3i+4j+2k 2+i
4j+8k+i1 1+71+10j+3k
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51.

52.

53.

54.

55.

56.

3i+4j+2k,2+i,4j+8k+iand 1 +7i+10j+3k € P
={agtajitay+ak|aeZ;;0<t<3).

Find the eigen values of the matrix
3i+4j+3Ik+1 0 3i + 4kl
S=| 2i+3jl+1k 7i+8]j 0
0 4i+9lj+ 11kl &il+k

where the entries are from
PN: {ao+ali+a2j+a3k|at € <Zl3UI>,OStS3}
Can any special means be invented to find eigen values

when the entries of the matrix are from P or P¢ or Py or
Pne?

3L, +ki,  2h+3i1k 0
Let A= |4lLi.j+4lk 2i.dk+il I

11+ kip+jip+1 I+i.+]
where the entries of A are from

PNC: {ao+a1i+agj +a3k | a € C((Zs UI)), 0§t§3}

Find the eigen values and eigen vectors associated with
the matrix A.

Can the theorem of diagonalization be obtained for S-
vector spaces over Pyc?

Study question (54) if Pyc is replaced by Pc.

Is Cayley’s theorem true in case of S-vector spaces over
Pn?



58

a a a
.LetW= { b2 ’ }
alo a11 a18
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LetM={la, a; a, ag|laePc={by+bi+tby

a‘) a10 all a12

+bsk | b€ C(Zys); 0 <t <3} 1<i<12} be the S-
vector space over Pc.

(1) Study all properties associated with M.

(i1) Define the inner product of M.

(iii)) Can Hom (M, P¢) = S be isomorphic with M as a
S-vector space?

(iv) What is the dimension of Hom (M, M) =V over
Pc?

(v) Finda T € V so that T is not invertible.

(vi) Find a T in V so that ker T # (0).

(vii) Finda T in V that ker T = (0).

a; € Pne= {b0+b1i+

byj +bsk | b e C((Z; UD; 0<t<3Y; 1<i<18,+, x,}

a3, a4

a, a5 a,
a, a, a
9 . .
and V = 7o a € Pye = {by+bji+byj+
al() all alZ
a. a, a

bsk |bie C{Z; U T); 0<t<3} 1<i<18,+, x,} beaS-
vector spaces defined over Pyc.

(1) Find a basis of V and W
(i1) Find Hom (V, W) =S.
(ii1) What is the dimension of S over Pyc?
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59.

60.

61.

(iv) Find Hom (V, V) and Hom(W, W).

(v) Find Hom (V, Px¢) = Ly, and Hom (W, Pne) = Ls.
IsL; = LZQ

(vi) Define two different types of inner products on
Vand W.

(vii) Show these inner product spaces are of same
dimension over Pxc.

(viii) Study (i) to (iv) if Pxc is a replaced by Py.

(ix) Study (i) to (iv) if Pyc is a replaced by Pc.

(ix) Study (i) to (iv) if Pyc is a replaced by P.

Study the special features enjoyed by S-linear
functionals using S-vector spaces over P or Pc or Py or
Pxe.

Prove only if the linear algebras /vector spaces are
defined over P or Pc or Py or Pyc we can have the
concept of pseudo special inner product on them.

Can we define bilinear forms in S-vectors spaces
defined over P or Pc or Py or Pne?



Chapter Two

INFINITE QUATERNION PSEUDO RINGS
USING [0, n)

In this chapter we for the first time introduce the notion of
pseudo quaternion rings of infinite order using [0, n), n > 2. For
n=1 we cannot define this notion.

These infinite quaternion rings does not satisfy several of
the usual properties of the real ring of quaternions.

In this chapter several interesting features about them are
described and developed.

DEFINITION 2.1: Let O = {ay + a;i + ay + ask | a, € [0, n)
n>20<t<3iF=7=FK=ik=nlij=ml)ji =k
jk = m-Dkj = i, ki = (n-1)ik = j, +} be a group which is
commutative and of infinite order under +. This Q will be
known as the group of infinite interval real quaternions.

Q is commutative and has subgroups of finite order also.

We will first illustrate this by some examples.



100 | Infinite Quaternion Pseudo Rings Using [0, n)

Example 2.1: Let Q = {ag+ aji + a5j + ask | a, € [0, 5), i =j* =
K =ijk=4,ij=4ji=k, jk=4kj=i,ki=4ik =j,0<t <3, +} be
the interval group of real quaternions |Q| = o.

P={ag+aji+aj+tak]|a €Zs50<t<3} cQis a finite
subgroup of Q.

Example 2.2: Let S = {ap + a;i + apj + azsk | a, € [0, 12),
0<t<3,i’=j=k*=ijk=11,ij=12ji=k, jk=12kj =1, ki =
4ik = j, +} be the group under +.

S has several subgroups of finite order.
Finding subgroups of infinite order is an interesting work.

We can have several such groups of interval finite
quaternions of infinite order.

We see the interval real quaternions under x is a semigroup.

DEFINITION 2.2: Let S = {ap + a;i + ay + ask | a, € [0, n)
0<t<3 i =j=K=ijk=n-1ij =m-1)ji =k jk=n-1kj =
i, ki = (n—1)ik = j, x} be a semigroup under product known as
the interval real quaternions semigroup, is of infinite order
which is non commutative and is a monoid. Infact these
semigroups have zero divisors.

They are S-semigroups provided [0, n) is a S-semigroup.

We will illustrate this situation by some examples.
Example 2.3: Let S= {ay+ aji + ayj + ask | a, € [0,7),0<t< 3,
i’ =j* =Kk* = ijk = 6, ij = 6ji =k, jk = 6kj = i, ki = 6ik = j, x} be

a interval real quaternion semigroup under x.

x = (3i +2j + k) € S is a zero divisor for x> = (3i + 2j + k)’
= 9i* + 4j> + k* + 6ij + 6ji + 2jk + 2kj + 3ik + 3ki



Infinite Quaternion Pseudo Rings Using [0, n) | 101

= Ox6+4x6+6+6k+6x6xk+21i+2x61+
3j+3x6j

= 54+24+6+42k+ 141+ 3j+18§j

= 0.

Thus x is a zero divisor in S and
32+2°+1°=0(mod 7). Alsoifx=35iandy=4k € S

X xy=3.51 x 4k = 14.0 x 6j =0 (mod 7).
We have several zero divisors in S.

This semigroup also have units 3.5 = 1 (mod 7). We see
how product operation is performed in S.

x=(1+i) e S

XX =(1+i)*=1+2i+1i
=2i.

x> =(1+2i) =1+ 2i) +4i
=1+4x6+4i
=4+ 4i.

x5 =(1+3i)>=1+3i)’ +6i
=1+9x6+6i
=6+ 6i.

X: =(1+4i)=1+16x6+8i
=97 + 81 =1+6 and so on.

Lety=i+jeS,y’=6+6+k+6k
2
y =5.

Example 2.4: Let S = {ay + a;i + a5j + ask | a, € [0, 12), i* =j* =
K =ijk=11,ij=11ji=k, jk=11kj =1, ki = 11ik =j, 0 <t < 3,
x} be the interval real quaternion semigroup which is non
commutative and of infinite order.
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Consider 2i +2j+2k=x € S;
2= (2i +2j + 2k)?

>

= 4i° +4j* + 4K + 4ij + 4ji + 4jk + 4kj + 4ki + 4ik

= 4x11+4x11+4x11+4k+4x11xk+4i+
4x11it4j+4x11x]j

= 0 (mod 12) is a zero divisor in S.

Example 2.5: Let S = {a, + a;i + a)j + ask | a, € [0, 17), i =j* =
k> = ijk = 16, ij = 16ji = k, jk = 16kj =i, ki = 16ik =j, 0 <t < 3,
x} be the interval semigroup of real quaternions of infinite
order.

S is non commutative and has zero divisors, idempotents
and units.

THEOREM 2.1: Let S = {ay+ a;i +ay +ask|a, € [0, n) 0 <t
<3, P =7 =k =ijk=n-1ij = (n-1)ji =k, jk = (n—1)kj = i, ki
= (n—1)ik = j, x} be the interval semigroup of real quaternions;

(i) S is non commutative and is of infinite order.
(ii) S has zero divisors, units and idempotents.
(iii) S has subsemigroups of finite order.

(iv) S has subsemigroups of infinite order.

The proof is direct and hence left as an exercise to the
reader.

Example 2.6: Let S = {ap, + aji + ay) + azk | a, € [0, 42),
iP=i"=Kk*=ijk=41,ij=4lji=k, jk=41kj =1, ki =41ik =j, 0
<t £ 3, x} be the real quaternion interval semigroup. S has
units, zero divisors and idempotents.

S has both finite and infinite subsemigroup.

S is a Smarandache subsemigroup. For consider the table
given by {i, j, k, (n-1)i, (n-Dk, (n-1)j, (n-1), 1}.
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x 1 n-1 | (-Di | (1) | -k | i j k
1 1 -l | @Di | @1 | @Dk | i j k
n-1 n-1 1 i j k| @-Di | @-Dj | (-Dk
(-1i | (=D i (n-1) k| @1y 1| @k |
(-1 | (D) j (-Dk | (n-1) i k 1 (D)
(m-Dk | =Dk | k j m-Di | (-1) | (D) i 1
i i (n-D)i 1 (-Dk | (n-1) k| @1y
j j (n-1)j k 1 (m-Di | (-Dk | (n-1) i
k k| =Dk | (n-1) i 1 j (m-Di | (n-1)

Clearly this is a non commutative group of order 8.
Inview of this we have the following theorem.

THEOREM 2.2: Let S = {ay + aji + ay + ask | a, € [0, n)
0 <t <3 iF=j7=1IK=ik=nlij=mlji =k
jk = m=Dkj =i, ki = (n—1)ik = j, x} be the interval real
quaternion semigroup. S is a Smaradache semigroup and
G={ij kI, (n-1), (n-1)i, (m—Dk, (n—-1)j} < S is a group of
order 8 in S.

Proof is direct and hence left as an exercise to the reader.

Example 2.7: Let M = {a, + a;i + ajj + ask | a, € [0, 19), i*=7j
=k’ =ijk=18,ij = 18ji =k, jk = 18kj =1, ki = 18k =j, 0 < t <
3, x} be the interval real quaternions semigroup of infinite
order.



104 | Infinite Quaternion Pseudo Rings Using [0, n)

Now we can build infinitely many group of interval real
quaternions and semigroup of interval real quaternions. This
situation described by the following examples.

Example 2.8: Let M = {(a,, a, ..., as) a, € Q= {by+ bji +byj +
bsk | b € [0, 26), i*=j=k*=ijk =25, ij = 25ji =k, jk = 25k]
=1, ki = 25tk = j, 0 <t < 3, +} be the group of interval real
quaternions.

M has subgroups of both finite and infinite order.

Let N; = {(a;, 0,0,0,0) | a; € Q= {by + bji + byj + bsk |
b, € [0, 26), i’ =}’ =k’ =ijk =25, ij = 25ji =k, jk = 25kj =1,
ki=25ik=j,+} c M,

N2 ={(0,,0,0,0) |a; € Q} = M,

N3 = {(0: O: asz, 05 0) | az € Q: +} < M:

Ns=1{(0,0,0,2a4,0)| a5 € Q,+} cMand

Ns = {(0, 0, 0, 0, as) | as € Q, +} < M are all interval
quaternion subgroups of M and all of them are also normal
subgroups of M.

We seeWINl +N2+N3+N4+N5.

Consider P, = {(a;, 0,0, 0,0) | a; € [0, 26), +} = W,

P2 = {(Oa A, 0’ O’ O) | € [09 26)9 +} c Wa

P;=1{(0,0,23,0,0) |a; € [0,26), +} c W,

Ps=1{(0,0,0,a4,0,) | a4 € [0, 26), +} < W and

Ps = {(0, 0, 0, 0, as) | as € [0, 26), +} < M are all interval

subgroups of M and all of them are a normal subgroups of M as
M is always commutative under +.
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Clearly M #N; + N, + N3+ Ny + Ns.

Infact Ny + N, + ... + Ns is only an interval subgroup of W
and that subgroup is also a normal subgroup of W.

Thus this group has several subgroups.

Example 2.9: Let

M= 1|7 || ai € Q= {by+bii+by+bsk|b e [0, 24),

2= =12 = ijk = 23, ij = 23ji = k, jk = 23kj =,

ki=23k=j,0<t<3,0<i<9,+} be the interval quaternion
group of column matrices.
M has subgroups all which are normal subgroups of M.

LetL1= . a GQ,+}§M,

a2
L,=4| . peQ +cM,
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0
0
L;= a()3 a; € Q, +} and so on and
L 0 _
0
0
Lo= 14| : || a9 € Q, +} be the subgroups of M.
0
L3 |

L,+L,+...+Ly=Mis adirect sum.

Example 2.10: Let

a1 a2 a‘)
alO a'll a'18 . .

M . . . aiE{bo+b11+bz]+b3k|
a64 a65 o a70

b € [0, 19), i*=j*=k*=ijk =18, ij = 18ji =k, jk = 18kj =1,
ki = 18ik = j}, 0 <1 £ 70, +} be the interval real quaternion
group of infinite order.

M has several subgroups which are normal.
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a, 0 .. 0
a, 0 .. 0
P, = S . | |15 @10, @19, A28, A37, A4, As3,
a, 0 ... 0
ags € [0, 19)} < M,
a, 0
0 a, 0 .. 0
P=41. . . . | |22, ai1, 220, A9, 33, 47,
0 a, 0 .. 0

ase, a5 € [0, 19)} = M,

P;= .o . . . a3, 412, A21, A30, A39,

ags, as7, ags € [0, 19)} = M,

S

S

oS O
oo
@ £
oS O
oS O

Py= . . . . a4, 413, A22, 431, A40,

(e}
(e}
(e}
oo
9 ..
el
(e}

ay, asg, ag7 € [0, 19)} < M and so on;
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_ 8
Py = . . A, a11, 420, A29, A38, A47,

ase, a6s € [0, 19)} =M
be the collection of subgroups of M.

P;’s are only subgroups of M.

a, 0 .. 0
0 0 .. 0 . .
le . . . a; € {{b0+b11+b2] +b3k},
0 0 0
b e [0,19),0<t<3} c M,
0a, 0 .. 0
T2: aze{{b0+b11+sz+b3k|
0 0 O 0
b e[0,19),0<t<3 M, ...,
000 .. O
T70 = ayy € [0, 24)} c M
000 .. a,

are all subgroups of M and all of them are normal subgroups of
M.
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Wesee T+ T, + ... + T;o=V < M is only a subgroup of
M.

Such study is interesting and involves lot of properties.

Example 2.11: Let

a'1 aZ a3
R= a, a5 Aag a; € {bo"‘bli"‘bgj +b3k|
a, ag a,

b € [0,16),0<t<3},1<i<9,+}
be the interval group of real quaternions.

R has subgroups and normal subgroups.

a, 0 0
T1 = 0 00 a € Zl6} c R
0 0 0

is only subgroup which is also a normal in R.

Several such finite and infinite subgroups of R exist all of
which are normal in R.

Example 2.12: Let

al a2 a3
_ 4 s dg . .
V= . . . aiE{b0+b11+bQJ+b3k|

30
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be € [0, 40), 0 <t <30, i* =i* =k* = ijk = 39, ij = 39ji = k, jk =
39kj = i, ki = 39ik = j, +} be the interval group of real

quaternions.
a’l a’2 a’3
0 0 O
LetP, = . . . | |a1, a, a3 € [0, 40), +} CV,
0 0 O

P, is a subgroup which is normal.

a4, a, da,

0 0 O i
Let B1 = . . . ap, dp, A3 € {b() + b11 +

0 0 O

byj + bk | b, € [0,40),0<t<30,+ <V,
B, is a subgroup of V and B; is a normal subgroup of V.

Thus V has normal subgroups. All normal subgroup of V
are of infinite order or infinite order.

All the finite subgroups of V are normal.

Inview of this we have the following theorem.
THEOREM 2.3: Let V = {(ay) beam xn matrix 1 <i <m and I
<j=<n,a; €{by+bji+by+bsk|b €[05)0=<t=<3 +}be

the interval group of real quaternions.

(i) Every subgroup of V is normal.
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(ii) Every normal subgroup of V is of finite or of infinite
order.

Proof is direct hence left as an exercise to the reader.

Example 2.13: LetT={(a;|a,as|asas)|a € {byg+bji+by+
bsk | by € [0,10),0<t<3,1<1i<5,+} be the interval group of
real quaternions.

T has atleast sC; + sC, + ... + sCs number of infinite
subgroups which are normal.

We have atleast sC; + + sC, + + sC; + + 5C4 number of

subgroups of finite order which are normal. All subgroups are
normal.

Example 2.14: Let

P=1{la,||a e {by+bii+by+bsk|

b, e [0,40),0<t<3, 1<i<7,+)

be the interval real group of real quaternions of super column
matrices.

P has subgroups of finite order say
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M;

M1:

a, || aj € {bo+bii+by +bsk|b € Zy,

ag
.
0<t<3,1<i<7)
fa ]
a,
a,
M= 4|2, || a e fbo+bi
as
ag
.

bo,bl €Z43,1§i§7}

a4 = {b0+b1j: by, by € Z43,1 <1< 7}



My

Ms
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ai={b0+b1k,b0,b1 EZ43,1SiS7}

ai:{b0i+b1j,bo,b1 €Z43,1Siﬁ7}

a; = {boi +byj, by, b) € Z43, 1 <1< 7}
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M7: a, a; = {b0i+b1j,b0,b1 S Z43, 1 §1S7}

are seven finite subgroups of P and are of finite order.

Now we illustrate some semigroups of interval real
quaternions and the properties associated with them.

Example 2.15: LetS={(aj, ...,a3) | a; € {by+ bji+ by + bsk|
b, € [0, 12),0 <t <3, 1<1<8, x} be the semigroup of interval
real quaternions.

S is non commutative and has subsemigroups of both finite
and infinite order.

Example 2.16: Let S = {(ap+ aji + a5j + azk | a; € [0, 15),0<t
<3, P =7 =k*=ijk = 14, ij = 14ji = k, jk = 14kj =i, ki = 14ik =
Jj, x} be the interval real quaternion semigroup of infinite order.

This has subsemigroups of both infinite and finite order
which are not ideals only subsemigroups.

Let Py ={a|a € [0, 15) < S be a interval subsemigroup of
infinite order and is not an ideal of S.

P,={a+bi|a, b e[0,15),i’ =14} c S is again an interval
subsemigroup of infiite order and is not an ideal of S.

P;={a+bj|a be [0 15), x, j = 14} is an interval
subsemigroup of infinite order which is not an ideal.
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P,={a+bk|a be [0, 15} < S is a subsemigroup of
infinite order which is not an ideal.

Ps={a|a € Z;s} < S is a subsemigroup of finite order.

Ps={a+bi|a,be Zs} S is also a subsemigroup of
finite order.

P,=1f{a+b|abeZsj =14 c S is also a
subsemigroup of finite order.

Ps={a+bk|a b e Z;s} < Sis asubsemigroup of finite
order.

Py={aytai+aj+ak|aecZ;s;0<t<3}cSisa
subsemigroup of finite order. None of these finite order
subsemigroups or ideals of S.

Example 2.17: Let S = {(a;, ay, a3, a4, as, ag) | a; € {bp + bji +
byj+bsk | b e [0,9),0<t<3,1<1i<6, x} be the semigroup of
infinite order.

S is a interval row matrix real quaternion semigroup.

Pl = {(ah 0’ 09 09 Oa O) | a; € {bO + bl1 + bQJ + b3k} Wlth
b €[0,9);0<t<3}, x} S,

P, = {(0, a5, 0, 0, 0, 0) | a, € {by + bji + byj + bsk} with
b;€[0,9);0<t<3}, x} S, ...,

Ps={(0,0, ..., a) | a6 € {by + bji + byj + bsk | b; € [0, 9);
0 <t<3}, x} =S are all subsemigroups of infinite order and
all of them are also ideals of S.

PIZ = {(ala a, O: ceey 0) ‘ a, & € {bo + b]l + bQJ + b3k | bt (S
[0,9); 0<t<3}, x} = Sandsoon.
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Pis = {(a, 0,0, ..., ag) | aj, ag € {byp + bji + byj + bsk |
b € [0, 9); and

P56 = {(09 0: O, Oa as, aG) | as, d¢ € {b() + b11 + bz] + b3k |
b, € [0, 9); 0 <t <3}, x} < S are all subsemigroups of S which

are also ideals of S.

Thus S has atleast (<C; + ¢C, + ... + Cs number of
subsemigroups which are also ideals of S.

S has atleast 4(,C; + ¢C, + ... + ¢C¢) number of
subsemigroups of finite order which are not ideals of S.

Example 2.18: Let

M=1| "2 ||a € {by+bii+byj+bsk| b, € [0, 12),

0<t<3}, 1<i<15, %,

be the interval semigroup of real quaternions.

o &

T]Z . ale{b0+b1i+bﬂ+b3k|bt€

[0,12),0 <t <3, x,} = M,
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0
To=1] 2 | |az € {bo+byi + baj + bk |
0
bee[0,12),0<t<3, xa} €M, ...,
0
0 . .
T15: d|5 € {b0+b11+b2] +b3k|
a

b e[0,12),0<t<3, %, €M

are all such semigroups of M which are also ideals of M.

Likewise

Kl

o p o

Bisi015= aj, a3, a19, a5 € {bg +bji +

b2j+b3k|b16215,0StS3,xn}

is a subsemigroup of M which is not an ideal of M.
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We have atleast sC; + 5C, + ... + 15Ci4 number of
subsemigroups which are ideals of M.

We have atleast ;5C; + 15C, + ... + 5C;5 number of finite
subsemigroups which are not ideals.

Example 2.19: Let

al aZ aS

a6 a7 alO
S=<la, a, .. a;||ae€ {by+bji+by+bsk]

a16 a17 aZO

_a21 a'22 a25

b, € [0,25), 0 <t <3}, 1 <i<25, x,}

be the interval semigroup of real quaternions semigroup of
infinite order.

S has atleast ,5C; + ,5C, + 25C3 + ... + 25Cys number of
infinite order subsemigroups of S which are ideals.

S has atleast 25C1 + 25C2 + 25C3 R 25C24 + 25C25 number
of finite order subsemigroup none of which are ideals of S.

S has infinite number of zero divisors. S has only finite
number of units and idempotents.

Example 2.20: Let

s=1170 F 77 TF aie {by+bii+ by + bk |

b e [0, 11),0<t<3}, 1 <i<48, x,}
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be the interval semigroup of real quaternions. N is non
commutative and is of infinite order. N has ideals and
subsemigroups which are not ideals.

P]Z . . . . ale{b0+b1i+b2j+b3k|

bt S Z]],OStS3, Xn}
is a subsemigroup of finite order which is not an ideal of N.

We see N has atleast 43C; + 43C5 + 43C5 + ... + 43Cyg number
of finite subsemigroup which are not ideals.

N also has atleast 43C; + 43C, + ... + 43C47 number of infinite
subsemigroup which are ideals.

Let
a, 0 a, O
0 0 0 O .
B= . . . . aleZ“andaze {b0+b11+
0 0 0 O

byj +bsk | b, € [0, 11),0<t <3}, x,} <N
be a subsemigroup of infinite order which is not an ideal.

Thus N has several subsemigroups of infinite order which
are not ideals of N.

However N has infinite number of zero divisors but only
finite number of units and idempotents.
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Now having seen examples of semigroups and groups of
interval real quaternions we now proceed onto define develop
and describe the concept of pseudo interval ring of real
quaternion.

DEFINITION 2.3: Let
R={ay+aj+ay+ask|a €[0, n), 0<t<3 + x}be
defined as the pseudo real quaternion interval ring.

We know R under the operation “+” is an abelian group.

R under the operation xis a semigroup.

Clearlya x(b +¢) #za xb+a xcforalla, b, c €RR; hence
we call R as a pseudo real quaternion interval ring.

R is of infinite order.

Further R is non commutative. R has zero divisors and
idempotents.

We will illustrate this situation by some examples.
Example 2.21: Let R = {ay + aji + a5 + azk | a, € [0, 6),
0<t<3,i*=j=k*=ijk=5,1ij=5ji=k, jk=5kj =1, ki = 5ik =
J, T, x} be the pseudo real quaternion interval ring. o(R) = co.
Consider x =2iand y=3j € R.
X xy=2ix3j=0 (mod 6)

and y x x = 3j x 21 = 0 (mod 6); hence R has zero divisors.

Consider 3 € R, 3 x 3 =3 (mod 6) and 4 € R is such that
4 x 4 =4 (mod 6) thus R has idempotents.

Now let (1.31 +4.2j + 2.1k) =x and
0.61+0.8k=y e R.
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xxy =(1.3i+4.2j+2.1k) (0.6i + 0.8k)

=0.78 x i* + 2.52ji + 1.26 ki + 1.04ik +
3.36jk + 1.68k>

=0.78 x 5+2.52 x 5k + 1.26 x j + 1.04 x 5] +
336xi+1.68x5

=3.90 + 12.60k + 1.26j + 5.20j + 3.36i + 8.40

=3.90 + 2.60k + 1.26j + 5.20j + 3.361 + 2.4

= 0.3 + 2.60k + 0.46j + 3.36i o1

Consider y x x =
(0.61 + 0.8k) x (1.3i + 4.2j + 2.1k)
=0.78 x 5+ 1.04j +2.52k + 3.36 x 51 + 1.26 x

5)+1.68x5
—3.90 + 1.04j + 2.52k + 16.80i + 6.30j + 8.40
= 1.34j + 2.52k + 4.80i + 0.30 LI

Clearly I and II are distinct hence R is a non commutative
pseudo ring.

Letx=0.3i,y=12jand z=0.4j € R

xx(y+z) =0.3i x (1.2) + 0.4))
=0.3i x 1.6j
=048k |

Nowx xy+xxz
=0.3i x 1.2j + 0.31 x 4j
=0.361j + 0.12ij
=0. 48k Lo

Hence I and II are identical so in this case the triple X, y,
z € R satisfies the distributive law.

A natural question is can the distributive law be true in case
of every triple x, y,z € R.
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Consider x =5.1i; y=4.2k and z= 3.8k € R.

Now x x (y +2z) =5.11 x (4.2k + 3.8k)
=5.1i x 2k
=10.2ik=10.2 x 5j
=3j |

We now find
xxy+txxz=51ix42k+ 5.1ix3.8k
=5%x342j+1.38 x5j
=17.10j + 6.90j
= 24j
=0 |

I and II are distinct.

Hence the distributive law is not true in case of R, thus R is
only a pseudo ring.

Example 2.22: Let
R ={ay+aji+ay+ak]|a €[0,7),0<t<3, 4+ x} be the

pseudo real quaternion interval ring. Clearly o(R) = oo and R is
non commutative.

R has zero divisors for if x =3.5 and y =2 € R then
x xy =0 (mod 7).

Letx=3.51and y = (2k + 4j) € R.

We see x x y =0 (mod 7).
Consider x =3.11,y=0.9] and z=6.1j € R.

xx(y+2z)=3.1ix(0.95 + 6.1j)

=3.1x7j
=0 (mod 7) |
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Consider x xy+xxz=3.11 x0.9j+3.1i x 6.1j
=2.79ij + 4.91jj
=279k +491k
=0.7 (mod k) LI

I and II are distinct hence R is only a pseudo real quaternion
interval ring.

We see Py = {a | a € [0, 7), +, x} is a pseudo interval
subring of R.

Clearly P, is not an ideal of R.

P, = {ag+ aji| ap, a; € [0, 7), +, x} < R is again a pseudo
interval subring of R which is not an ideal of R. Both P, and P,
are commutative subrings of R.

Let P; = {ay + a;j | ap, a; € [0, 7), +, x} < R be again a
interval pseudo subring of R and P; is also a commutative
pseudo subring of R.

Let P, = {bp + bk | by, b; € [0, 7)} < R be a pseudo interval
subring of R which is commutative.

Now

B ={agtajit+tajtak|aeZ,0<t<3k,+, x} cRisa
subring of R which is only a real quarternion finite ring which is
not pseudo.

B, =1{agt+aji|ay,a € Z; +, x}is a subring of R of finite
order which is not pseudo.

B; = {ag+ a,j | ap, a; € Z7, +, x}be a subring of R of finite
order which is not pseudo.

By = {ap + a)k | ag, a € Z, +, x}be a subring of R of finite
order which is not pseudo.
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Now By, B,, B; and By are not ideals of R only subrings.

We give more examples.
Example 2.23: Let R = {ay + a;i + a)j + ask | a, € [0, 12), i* =}
=k =ijk=11,ij=11ji=k, jk=11kj =1, ki=11ik =j, 0 < t <
3, +, x} be the pseudo interval real quaternion ring of infinite
order. R is non commutative. R has zero divisors, units and

idempotents.

It is left as an open conjecture whether pseudo interval real
quaternions rings contains proper ideals?

Can R have right ideals which are not left ideals?
Study in this direction is innovative and interesting.

We can build matrix pseudo interval real quaternion rings
which will be described by examples.

Example 2.24: Let
al
a
M= 4| "2 | la € {by+bii +byj +bsk | b € [0, 11),
18

0<t<3},iP= =K =ijk =10, ij = 10ji =k, jk = 10kj = i,
ki = 10ik = j, +, xu}

be the pseudo column matrix and real quaternion ring of infinite
order.

M is non commutative M has pseudo subrings of infinite
order which are not ideals.
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For P = 0 aj,a € [0,11)and a;g € {by+ byi |

by, by € [0, 11)}, +, x,}

is only a pseudo subring which is not an ideal of M. Clearly P
is of infinite order.

Example 2.25: Let

M=q| "7 L€ Pae = {by+ bii + byj + bik |

aZS aZ‘) a30

bie C(J0, ) U D), 0 < t<3,+, x}; 1) <30, +, %}

be the pseudo interval neutrosophic complex finite modulo
integer real quaternion ring. |M| = oo,

M is non commutative.

M has atleast 3(30C; + 30C; + ... + 30Ca + 1) number of
finite order subring of real quaternions which are not pseudo.

M has atleast 30C; + 30C, + ... + 30Cy9 number of subrings of
infinite order which are pseudo.
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Apart from this M has pseudo subrings of infinite order
which are not ideals the above said 3;(C; + 30Cy + ... + 30Cyo
number of pseudo rings are also ideals of M.

Let
a, 0 0
0 0 0
Pi=q] . . a; € Pxnef €M
0 0 O

is a pseudo subrings which is also a pseudo ideal of M. M has
infinite number of zero divisors and only finite number of
idempotents and units.

Example 2.26: Let

W= apePN={b0+b1i+b2j+b3k|

b e ([0,7)UT),0<t<3,1<p<10,+ x}; +, xq}

be the pseudo interval neutrosophic finite real quaternion ring of
super column matrices.
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Clearly W is non commutative and is of infinite order. W
has both commutative rings of finite and infinite order.

W has atleast 1(C; + 1¢C; + ... + 10Cy number of pseudo
1deals.

Further W has atleast
5(10C1 + 1()C2 + ... F 10C9 + 10C1()) number of finite subrings
which are not pseudo and are not ideals of W.

Example 2.27: Let M= {(a; |a, a3 |as|asasa;|ag) | a € Pc=
{bp + bii + byj + bzk | by € C([0, 12)); 0 <t < 3, +, x} be the
pseudo interval complex modulo finite integer real quaternion
super row matrix ring. o(M) = oo.

M is non commutative but has commutative subrings of
both finite and infinite order.

Now we can use the pseudo interval quaternion ring to build
group pseudo interval rings.

Let R be the pseudo interval ring R = {[0, n), +, x}. G be
any group

RG = {Zaigi ;n<oo,a; € [0,n), g € G;+, x} under usual

i=1
+ and x is a pseudo interval ring defined as the pseudo interval
group ring.

We will first illustrate this situation by some examples.

Example 2.28: Let R =[]0, 5), +, x} be the pseudo interval
ring. G = S; the permutation group. RG be the pseudo interval
group ring. RG is of infinite order.

Letx = O35p1 +2.1 P2 +4.5
andy =2p; +4p, + 1 € RG.
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) 1 2 3 12 3
where p, = P2 = ,
PPl 3 o) P73 2

12 3)
= [SENER
PPy 3 ’

x xy=(0.35p; +2.1p, +4.5) x 2ps +4p; + 1)

= 1.4p; +8.4p.p; + 18p; + 0.7p1ps + 4.2paps + 9ps +

0.35p; +2.1p, +4.5

= 1.4+3p4+3p1+0.35 p1+2.1p2+4p3+4.5+
0.7ps +4.2ps

= 09+335p; +3.7ps+ 2.1p, +4p; +4.2ps.

It is easily verified RS; = RG is only a pseudo interval ring.
RG has zero divisors, units and idempotents. RG has pseudo
ideals and finite subrings. RG is non commutative.

Example 2.29: Let R = {[0, 6), +, x} be the pseudo interval
ring G = {g | g’ = 1} be the cyclic group of order 5. RG be the
pseudo interval group ring.

Clearly G < RG and R ¢ RG.

RG is a commutative pseudo ring. RG has units, zero
divisors and idempotents.

Letx =3.7g*+4.8g+ 1.3 and
y=4g'+3g’ +2g+5 e RG.

X+y =37 +4.8g+13)+4g"+3g7+2g+5
=4g" +3g°+2g+5

=4g" +0.7¢> + 0.8g + 0.3 € RG.
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xxy =(3.7g+4.8g+1.3)4g" +3g>+2g+5)
=14.8g° +15.2g° + 5.2g" + 11.1g* + 14.4¢’
+3.9¢% + 7.4g° + 5.6 + 2.6g + 18.5g" + 24.0g
+ 6.5 (mod 6).
(using the fact g’ = 1 we get)

=48g+3.2¢° +5.2¢"+5.1g" +2.4¢° + 3.9¢°
+1.4¢° +5.68° +2.6g+0.58+ 0+ 0.5

=32g° +43g" +3.8g° +4g” + 1.4g+ 0.5 € RG.

This is the way product is defined. RG is an infinite
commutative pseudo interval ring which has zero divisors and
units.

This has subrings and subrings which are not ideals are also

in RG. RcRG and G c RG.

Example 2.30: Let B = {([0, 9) U I), +, x} Dbe the pseudo
interval neutrosophic ring. G = S4. BG is the pseudo interval
neutrosophic group ring. BG is non commutative and has units
and zero divisors.

B < BGand Gc BG. |BG|=m.

Example 2.31: Let B = {([0, 28) U I), +, x} be the pseudo
interval neutrosophic ring. G = D, ; be the dihedral group. MG
be the group ring of G over M.

M has zero divisors and is non commutative and is of

infinite order.

Example 2.32: Let

B= {Zaigi‘gi € Dy;and a; € C(([0, 7) U 1))
i=1
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be the pseudo group ring of the group G over the pseudo
interval ring C{[0, 7) U I)} be the pseudo group ring of the
group G over the pseudo interval ring {C([0, 7) U 1)), x, +}.

Example 2.33: Let B = {C([0, 12)), +, x} be the pseudo
interval complex modulo integer ring.

G = S; be the symmetric group of degree 7. BS; be the
interval pseudo group ring.

Example 2.34: Let M = C(([0, 17) U I)), +, x} be the pseudo
interval ring of finite complex neutrosophic integer number.

G =D, 7 x S5 be the group.

MG be the pseudo interval group ring. MG has zero
divisors, units and idempotents.

Now we proceed onto define the notion group ring using
pseudo interval real quaternion rings.

Let P denote the pseudo interval ring of real quaternions, P¢c
the pseudo interval complex modulo integer ring of real
quaternions.

Py the pseudo interval ring of neutrosophic real quaternions.

Pne the pseudo interval complex modulo integer
neutrosophic ring of real quaternions.

Now using P or Pc or Py or Pyc we can build group rings
using pseudo interval rings of real quaternions.

This will be illustrated by some examples.

Example 2.35: Let PG be the pseudo interval group ring of
finite real quaternions, where
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P={by+bjitbyj+bsk|b €[0,3),0<t<3,+ x} and
G =(g| g =1) be the group.
Example 2.36: Let
P={ay+aji+ay)y+ak|a e€[0,9),0<t<3,+ x} be the

pseudo interval ring. G = Ss.

PS5 ={Zdigi‘ gi € Ssand d; € P}

i=1

be the pseudo interval group ring of real quaternions. PSs is non
commutative and has zero divisors, units and idempotents.

Example 2.37: Let
Pc={ayp+aji+ay +ak|a; €[0,15),0<t<3, +, x}

be the pseudo interval complex modulo integer real quaternion
ring. G = {g|g' =1} be the cyclic group of order 12.

PcG be the pseudo group rig of interval modulo integer
complex real quaternios of the group G over Pc.

Example 2.38: Let
Pn={agtaji +ayj +ask|a, e {0,23)U]),+ x}
be the interval pseudo neutrosophic ring of real quaternions.
G = D, 7 be the dihedral group.

PNG be the group ring of G over Py. PyG has zero divisors,
units and idemponents.

Study in this direction is routine but interesting and
innovative.
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Example 2.39: Let
Pne = {ap + aji + ay) + ask | a; € ([0, 21) U I), +, x}

be the neutrosophic complex modulo integer interval pseudo
ring of real quaternions. G = D57 be the dihedral group.

PneG be the pseudo interval complex modulo integer
neutrosophic real quaternion group ring of the group G over the
pseudo interval ring Pyc of real modulo finite complex
neutrosophic quaternions.

Next we proceed onto give examples of pseudo interval
semigroup ring.

Example 2.40: Let R = {[0, 42), +, x} be the pseudo interval
ring. S={d|d € Z,, x} be the semigroup.

n<8,d; € Zsp,dy=0,a € R; +, X}

RS = {i a,d,

i=1

be the pseudo interval semigroup ring of the semigroup S over
the pseudo ring R.

Example 2.41: Let R = {C[0, 31), +, x} be the pseudo interval
ring complex modulo integer ring. S = S(4) be the symmetric
semigroup of (1 2 3 4).

si e Sand a; € R, +, x}

RS = {Zn: a;s;
i=1

be the pseudo interval complex modulo integer semigroup ring.
RS has zero divisors units and idempotents.

RcRSand S < RS.
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Example 2.42: Let B = {{[0, 92) U I), +, x} be the interval
pseudo neutrosophic integer ring. G = {Zjq, x} be the
semigroup BG the interval pseudo neutrosophic semigroup ring
BG has zero divisors, units and idempotents.

G = {Z9, x} be the semigroup BG the interval pseudo
neutrosophic semigroup ring BG has zero divisors, units and
idempotents.

Example 2.43: Let L = {C([0, 7) U I), +, x} be the pseudo
interval integer ring of complex finite modulo integer
neutrosophic numbers. S = S(4) be the symmetric semigroup of
degree four. LS be the semigroup ring of interval complex
modulo integer neutrosophic numbers.

LS is a Smarandache ring.

Example 2.44: Let

P={ay+aji+ay+ak]|a €[0,15),0<t<3,+ x} be the
pseudo interval finite real quaternion ring. S = S(7) be the
symmetric semigroup. PS be the pseudo interval finite real
quaternion semigroup ring of the semigroup S over the pseudo
ring P. PS has zero divisors and units.

Example 2.45: Let

Pc = {ap+ aji + a5j + ask | a, € C([0, 18)), 0 <t <3, +, x} be the
pseudo interval complex modulo integer finite real quaternion
ring.

S = {Z;s, x} be the semigroup. PcS be the pseudo interval
semigroup ring of real quaternions of complex modulo integers.
PcS has zero divisors, units and idempotents.

Example 2.46: Let
Pv={aptaji+aj+ak|ae(0,24)uland0<t<3, +, x}
be the pseudo interval neutrosophic real quaternion ring. Let S
= S(6) be the symmetric semigroup on (1 23 4 5 6).
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PxS be the pseudo interval neutrosophic real quaternion
semigroup ring of S over Py.

Example 2.47: Let

Pc= {ag+aji +a) +ak |a € C([0,24)) UI),0<i<3, i7
=23, +, x} be the pseudo interval finite complex modulo integer
ring of real quaternions.

S = {Z4,, x} is be the semigroup under product.

41
PcS = {Zaigi‘ g =0,g =1, g =2 and so on g, = 41;
i=0

and a; € Pc; 0 <1 <41} be the semigroup S over the interval
complex modulo integer quaternion pseudo interval ring Pc, the
semigroup S.

P¢S is non commutative semigroup pseudo ring with zero
divisors, units and idempotents. PcS has subrings which are not
ideals as well as subrings which are ideals.

Let x = 13.7irg;o + 10.3g; + 20.4g, + 12.5j + 10k

andy = (2i + 4j) gs + (51 + 10j + 20k)gs + 4j + 101
+ 5k + 20 € PcS.

xxy =(13.7iggio + 10.3g4 +20.4g, + 12.5j + 10k))
x (2i +4j)gs + (51 + 10j + 20Kk) g¢ + 4j + 10i
+ 5k + 20

= (27411:1 +1681F_])g8 + (2061 + 3_]) £20 +
(16.81 + 9.6]) g1o + (9.5k + 20j + 22 + 8i) gs +
(20511]: + 17]1]: + 101]:1() 213 +
(3.51+ 7j + 14k)go + ... + 8k + 22 € P.S.

This is the way product is performed on PcS.

Infact P¢S has zero divisors.
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For take x = (121 + 6jif) g1o and
Y= (4_]1]: + 81Fk) g2 + 12g5 (S Pcs

Weseex xy=0
Infact we have several zero divisors in PcS.

Clearly S < PcS and Pc < PcS. Product is a matter of

routine as in case of usual semigroup rings. Only distributive
law is not true leading us to call them as pseudo ring.

Example 2.48: Let Py= {ag+a;i+ayj +azk|a; € ([0, 19) U ),
0 <t < 3,4+, x} be the pseudo interval neutrosophic finite real
quaternion ring.

S = S(3) be the symmetric semigroup. PxS(3) be the pseudo

interval neutrosophic finite real quaternion semigroup ring.
PnS(3) is no commutative has zero divisors and units.

Example 2.49: Let Pye = {by + bii + byj + bsk | by € C(([0, 4) U
1)), 0 <t <3, + x} be the pseudo interval finite complex
modulo integer neutrosophic real quaternion ring. S = {Z,, x}
be the semigroup. PncS be the semigroup ring which is a
pseudo interval neutrosophic semigroup ring.

Example 2.50: Let Z be the ring of integers. G = {a; + a;i + a,j
+ak [ a €[0,5),0<t<3 i=7i=KkK =ik =4,
ij = 4ji =k, jk = 4kj =1, ki = 4ik = j, x} be the semigroup. ZG
be the semigroup ring of the semigroup G over the ring Z.

Clearly this is the semigroup of real finite quaternion.

Letx=2 (0.3 +4.2i +3.4j +2.4k) + 3 and

y=4+2(2i+3j) e ZG.
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Xxy = 8(03+42i+3.4j+2.4k)+12
+ 14 (0.61 + 8.4 x 4 + 6.8ji + 4.8ki + 0.9
+12.6ij + 10.2j* + 7.2kj) 3(0.3 + 4.2i + 3.4j
+2.4K) + 2+ 4 (0.6 + 3.6 + 2.2k + 4.8j + 0.9
+2.6k + 0.8 + 3.8i)

= (0.9+2+44+08)+(2.6+2.4+3.8)
+(0.2+4.8+0.9)j + (2.2 +2.2 +2.6)k

= 3.1+3.8i+0.9)+2k € ZG.

This is the way product is performed.

Example 2.51: LetR =7, and
S={ay+aji+ay+azk|a e (0,3)ul),x}

be the ring of modulo integers and interval neutrosophic real
finite quaternion semigroup respectively.

RS be the semigroup ring. RS is of infinite order.

By this way we can built real quaternion semigroup rings of
complex finite modulo integers

Pc={ap +aji + a5 + azk | a; € C([0, 8)), 0 <t <3, x} be the
interval semigroup of complex real quaternions.

Pne = {ap + aji + a5 + azsk | a, € C({[0, 10) U I); 0 <t <3,
x} be the interval semigroup of complex neutrosophic real
quaternions.

Using them we can build semigroup rings.

We proceed onto suggest some problems for the reader.
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Problems

1. Study the special features associated with interval
group; G = {ay + aji + ay + azk | a, € [0, m);
0<t<3,i’=j=k*=ijk = (m-1), ij = (m-1)ji =k, jk =
(m-1)kj =1, ki = (m-1)ik =j, +}

2. Find all finite subgroups of G in problem 1 where
m= p/py.py;r<m,t>1,p’s are distinct prime
I1<i<r.

3. Does G have subgroups of infinite order?

4. What is the subgroup in S, (S, the infinite symmetric
group) which is isomorphic to G in problem (1) when m
in G takes the valuesm=2 m=3, ...?

5. LetG={ap+aji+aj+ak|aec[0,8);0<t<3 i*=j
=K =ik =7,ij=7ji =k, jk = 7kj = i, ki = 7Tik = j, +}
be the group.

Find a S(n) in which G is a subgroup.

6. Prove an interval group of real quaternions has
subgroups which are of finite order and characterize
them.

7. Find the special features enjoyed by interval complex
modulo integer real quaternion groups
B = {ap+a;i +a, +ask|a € C([0,n))); 0<t<3,+}.
(i) Characterize subgroups of B.

(i1) Characterize all subgroups of B finite order.

(iii) Find any other special features enjoyed by B.
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8.

10.

11

Let M = {ap + aji + ayj + azk | a;, € C({J0, n) U I);
0 <t <3, +} be the interval group of neutrosophic
complex modulo integer real quaternions.

Study questions (i) to (iii) of problem 7 for this M.
Let N = {ap + aji + ayj + azk | a, € C([0, n) L I);
0 <t < 3, +} be the interval group of complex

neutrosophic real quaternion group.

Study questions (i) to (iii) of problem 7 for this N.
Let T = {(al, Ay, ..., al()) | d; € {bo + b11 + bQJ + b3k
where b, € [0, 15), 0 <r < 3}; 1 <t <10, +} be the

interval group of real quaternion.

Study questions (i) to (iii) of problem 7 for this T.

- LetS = 4| 7 ||ae {bo+bii+byj+bsk|by e

(0,23) U ),0<m<3;0<Lt< 12, +} be the interval
group of neutrosophic real quaternions.

Study questions (i) to (iii) of problem 7 for this S.
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a, a, .. a
a11 alZ aZO . .

12. Let V= . . : ar € {bg+bji+by+
A, A . Ay

bsk | by € C{0,5) u); 0<m<3;0<t<70,+} be
the interval complex neutrosophic real quaternion group
under +.

Study questions (i) to (iii) of problem 7 for this V.

a, a, a,; a,

a; a, a, ag . .
13. Let S = a; € {bg + byi+byj +

a9 a'10 all alZ

al3 a14 alS a16

bsk | by, € C([0, 27)); 0 <m <3; 1 <t <16, +} be the
interval group of complex real quaternions.

Study questions (i) to (iii) of problem 7 for this S.

a a a a a
14. LetT = ( b 7o 9}
a, ..

€ {by + byi + byj + bsk | b, € C([0, 29)); 0 < m < 3;
1 <t <18, +} be the interval group of complex real
quaternions.

a, a, as|ag

g

Study questions (i) to (iii) of problem 7 for this T.
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15.

16.

17.

a, a,
a, a,
a5 aG
a7 a8 . .
LetN= a, € {by+bji +byj +bsk|by
a9 alO
a'll alZ
a13 al4
_aIS alG_

e C(0,124) U T); 0<m <3} 1 <t<L 16, +}
be the interval group of complex real quaternions.

Study questions (i) to (iii) of problem 7 for this N.
Obtain any other special features enjoyed by them.

Can the semigroup Sk = {ap + a;i + ayj + ask | a; € [0,
5,0<j<3 ==K =ik =4, ij = 4ji = k,
jk =4kj =1, ki = 4ik = j, x} be embedded in an infinite
symmetric group S(n). (n any appropriate value may be
infinite)?

Let

M= {ao+a1i+a2j +a3k|aj € [0, 12),0£t£3,x}

be the interval semigroup of complex modulo integer
finite real quaternions.

(i) Prove M is of infinite order.

(i1)) Prove M is non commutative.

(iii)) Can M have ideals of finite order?

(iv) Can M have S-subsemigroups?

(v) Can M have ideals which are not S-ideals?
(vi) Can M have S-zero divisors?

(vii) Can M have S-units?

(viii) Can M have S-idempotents?

(ix) Can M have units which are not S-units?



18.

19.

20.

21.
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Let M = {a, + a;i + ayj + ask | a; € C(([0, 23) U 1)),
0 <t <3, x} be the special interval semigroup of
complex neutrosophic real quaternions.

Study questions (i) to (ix) of problem 17 for this M.

Let M = {ay + a;i + ayj + ask | a; € C([0, 45)),0<t<3,
x} be the special interval semigroup of complex modulo
real quaternions.

Study questions (i) to (ix) of problem 17 for this S.
LetT= {(al, Az, ..., 8.12) | ap € {bo +b1i +b2J + b3k | bt €
[0, 140); 0 <t < 3; x, 1 < p < 12} be the interval

semigroup of row matrix of real quaternions.

Study questions (i) to (ix) of problem 17 for this T.

a,

a
Let A= 1| ' ||ai € {by+byi+byj+bsk|bpe
15

CH[0,15)uD); 0<m<3; x} x, 1 <1< 15}

be the interval semigroup of column matrix of complex
neutrosophic real quaternions.

Study questions (i) to (xi) of problem 17 for this A.
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22.

23.

24.

a, a, .. a,
LetM=<|a;, a, .. a,]||a€ {bp+bji+by+bsk
a5 A .. Ay

| by € ([0, 17)); 0 <t < 3; x} x, 1 <i<21} be the
interval real quaternions of complex modulo integers.

Study questions (i) to (xi) of problem 17 for this M.

Let M = {a, + aji + a5j + ask | a; € ([0, 24)), 0 <t <3, x}
be the special interval semigroup of complex modulo
real quaternions.

Study questions (i) to (ix) of problem 17 for this M.

If M is considered as a pseudo complex modulo integer
real quaternion pseudo ring study the following
questions.

(i) Prove o(M) = co.

(i1)) Show M is non commutative.

(iii) Can M have S-zero divisor?

(iv) Is every zero divisor of M a S-zero divisor?

(v) Can M have idempotents which are not
S-idempotents?

(vi) Find S units in any in M.

(vii) Find ideals which are not S-ideals in M.

(viii) Find S-subrings in M.

(ix) Can a finite subring of M be a S-subring justify?

(x) Obtain any other special property associated with
M.

Let W = {ap + aji + a5 + ask | a; € ([0, 43)),0<t<3,
+, x} be the pseudo interval real quaternion ring.

Study questions (i) to (x) of problem 23 for this W.



25.

26.

27.

28.

29.

30.
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Let S = {ap + aji + ayj) + ask | aj € C([0, 28)),0<t <3,
+, x} be the pseudo interval complex finite modulo
integer ring of real quaternions.

Study questions (i) to (x) of problem 23 for this S.

Let A= {ap+aji+ay+ak]|a e ([0,43)),0<t<3, +,
x} be the pseudo interval real quaternion ring.

Study questions (i) to (x) of problem 23 for this A.

Let W = {ap + aji + a,j + azk | a, € C({[0, 41) U D),
0 <t <3, +, x} be the pseudo interval real quaternion
ring.

Study questions (i) to (x) of problem 23 for this W.

Let M = {ap + aji + ayj + azk | a, € (([0, 23) U I)),
0 <t <3, +, x} be the pseudo interval neutrosophic real
quaternion ring.

Study questions (i) to (x) of problem 23 for this M.

Let S = {ap + aji + ay) + ask | a5 € ({[0, 124) U I)),
0 <t <3, +, x} be the pseudo interval neutrosophic real
quaternion ring.

Study questions (i) to (x) of problem 23 for this S.
LetM = {(al, a, ..., 3.12) | a; € P= {bo +b1i +b2] +b3k |

b € ([0, 42)); 0 <t<3; x} x, 1 <1< 12} be the interval
row matrix real quaternions ring.
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Study questions (i) to (x) of problem 23 for this M.

31. Let W= :2 a; € {bp+bji+by+bsk|b e

a12

C([0, 23)); 0 <t < 3; +, x} +, x,, 1 <1< 12} be the
pseudo interval complex modulo integer real quaternion
column matrix ring.

Study questions (i) to (x) of problem 23 for this W.

a, a, .. ap
32. LetS=1<|a,, a, .. ay ||aie{bytbi+by+
A, Ay ... Ay

bsk [ by e (([0,43) UD); 0 <t<3;+, x} +, %, 1 <1<
30} be the pseudo interval matrix ring of neutrosophic
real quaternions.

Study questions (i) to (x) of problem 23 for this S.

a
33. LetB=4| ° a; € {by+byi+byj+



34.

35.

36.
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bsk | by € C(([0, 21) U I); 0 <t < 3; +, x} +, x,,
1 <1 £ 49} be the pseudo interval complex modulo
integer neutrosophic real quaternion ring.

Study questions (i) to (x) of problem 23 for this B.

Let PG be the pseudo groupring of interval real
quaternion where P = {ag + aji + ay + azk | a, €
[0, 23), 0 <t < 3, +, x} be the pseudo interval real
quaternion ring over the group G = S,.

Study questions (i) to (x) of problem 23 for this PG.

n<8,aiePC={bo+b1i+sz

Let PcG = {Zn:aigi

i=1

+ bsk | b, € C([0, 23)); 0 <t <3; +, x}, g € Dyy, +, x}
be the pseudo interval group ring of finite complex
modulo integer real quaternion.

Study questions (i) to (x) of problem 23 for this PcG.

aiePN= {b0+b1i+b2j +b3k|

LetD = {Zn:aigi
i=1

boe ([0, 7) WD), 0<t<3;+ x}, g € S3} =Py S; be
the pseudo interval group ring of neutrosophic real
quaternions.

Study questions (i) to (x) of problem 23 for this
PNS3:D.
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37.

38.

39.

aj EPNC: {bo+b1i+b2j+b3k|

LetB= {Zn: a,g;
i=l1

b e CH[0, 12) UT),0<t<3;+ x}, 1 <i<t; g e
G = {g| g" =1} be a cyclic group of order m, +, x} be
the pseudo interval group ring of finite complex
neutrosophic integer of real quaternions.

Study questions (i) to (x) of problem 23 for this
PncG = B.

aj € [0, 7), si € S(4),

LetM= {Zn: a;s;

i=1

S(4) the symmetric semigroup of mappings of the set
(1234),+, x} be the pseudo interval semigroup ring.

Study questions (i) to (x) of problem 23 for this M.

a; € C([0, 23); gi € {Z4, X}

13
Let TG = {Z a,g,

i=0

where go=1,g, =1, ...,g53=13,1 <i< 13, +, x} be
the pseudo interval finite complex modulo integer
semigroup ring.

Study questions (i) to (x) of problem 23 for this TG.
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19
40. Let PG = {Zaigi a; € ([0,25) U I); gi € (Za, X)

i=0

=G, g=1g=1,..g9=19,0<i<19,+, x} be the
pseudo interval neutrosophic semigroup ring of the
semigroup G over pseudo interval neutrosophic ring P.

Study questions (i) to (x) of problem 23 for this PG.

a; € C{[0, 4) U D); s; € S(5);

41. Let S = {Zn:aisi

i=l1

1 <i<n, n=1S (5, +, x} be the pseudo interval
complex modulo integer neutrosophic semigroup ring.

Study questions (i) to (x) of problem 23 for this S.

42. Obtain some special properties enjoyed by pseudo
interval semigroup rings over pseudo interval ring P (or
PC or PN or PNC)

ai € P= {by+byi +bj + bsk|

43. LetS = {Zagq
i=1

b € [0,5), 0<t<3; and x; € (Zgo, X) X0 = 0,
x; =1, ..., X30 = 39; 0 <1< 39; +, x} be the pseudo
interval finite and quaternion semigroup ring.

Study questions (i) to (x) of problem 23 for this S.
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44,

45.

46.

Let M = {P\G | Py = {bp + bji + byj + bk | b; €
(0, 19) U I), 0 <t <3;+ x} and G = S(7) is the
symmetric semigroup} be the pseudo interval
neutrosophic real quaternion semigroup ring of the
semigroup G over Py.

Study questions (i) to (x) of problem 23 for this
PNG:M.

Let S = {PcG | PC = {b() + b11 + bQJ + b3k | bt S
([0, 24)), 0 <t < 3; +, x} be the pseudo interval finite
complex modulo integer ring of real quaternions.

G = {Zy,, x} be the semigroup S = PcG the pseudo
interval semigroup ring.

Study questions (i) to (x) of problem 23 for this
SzpcG.

Let S = {PneS(20) | Pnc = {by + bji + byj + bsk |
b, € C([0, 26) U I)), 0 <t < 3; +, x} be the pseudo
interval ring of finite complex modulo integer
neutrosophic real quaternion ring and S(20) the
symmetric of degree 20.

B =PncS(20) be the pseudo interval semigroup ring.

Study questions (i) to (x) of problem 23 for this
B =PxS(20).

Does this pseudo interval ring enjoy any other special
properties?



Chapter Three

PSEUDO INTERVAL POLYNOMIAL RINGS
AND PSEUDO INTERVAL FINITE REAL
QUATERNION POLYNOMIAL RINGS

In this chapter we authors introduce the notion of pseudo
interval polynomial rings with coefficients from [0, n), pseudo
interval polynomial neutrosophic ring with coefficients from
([0, n) U I), pseudo interval polynomial finite complex modulo
integer ring coefficient from C([0, n)) and pseudo interval
polynomials with the complex neutrosophic modulo integer ring
coefficients from C({[0, n) U I)).

Further all the four types of pseudo interval quaternion
polynomial rings can be constructed. These rings are special for
even the linear polynomial equations may have more than one
root and some do not have roots. Study of these properties
happen to be a great task and several open conjectures are
given.
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We now proceed onto define, develop and describe them.

DEFINITION 3.1: Let R/x] = {Zaixf a; € [0, n)}, (R[x], +) is
i=0

an abelian group. (R[x], x) is a commutative semigroup. Thus
(R[x], x, +) be defined as the pseudo polynomial interval ring
as the distributive law is not true. Further R[x] is an infinite
pseudo polynomial interval ring.

We will give examples of them and show how solving
of polynomials in them take place.

Example 3.1: Let

a € [07 12)7 +, X}

R[x] = {Zw:aixi

i=0

be the pseudo polynomial interval ring.

Let p(x) = 6x° + 3x* + 6x + 6
and q(x) = 4x* + 8 € R[x].

We see p(x) x q (x) =0.
Thus R[x] has zero divisors.

Some units are 11, 5 and 7 € R[x] are such that
11°=1,5=1and 7" = 1.

R[x] also has idempotents.

For 4 and 9 € R[x] are such that 4° = 4 (mod 12) and
9> =9 (mod 12).

However number of units and idempotents are only finite in
number, but the number of zero divisors is infinite.
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Example 3.2: Let

a4 € [05 7)a +5 X}

R[x] = {i alixi

be a pseudo polynomial interval ring. R[x] has zero divisors,
finite number of units and no idempotents.

Example 3.3: Let R[x] = {Zaixi a € [0, 10), +, x} be a
i=0

pseudo polynomial interval ring.

R[x] has infinite number of zero divisors. Only finite
number of idempotents and units.

Let p(x) =3.7x" + 4.1x + 2.5
q(x) = 0.5x” and r(x) = 0.8x* € R[x].

p(x) x (q(x) + 1(x))

=(3.7x> + 4.1x + 2.5) x (0.5x* + 0.8x%)

=3.7x> +4.1x + 2.5 x 1.3%*

=4.81x° +5.33x> + 3.25%° I
Consider p(x) x q(x) + p(x) x r(x)
=37 +4.1x +2.5x 0.5x> + 3.7x° + 4.1x + 2.5 x 0.8x>
=1.85x° +2.05x° + 1.25x% + 2.96x° + 3.28x> + 2.00x*
=4.81x +5.33x> + 3.25%° |

I and II are identical so for the triple the distributive law is
true.

We have some triples in R[x] where the distributive law is
true.

Now we give a few properties about these pseudo rings.



152 | Infinite Quaternion Pseudo Rings Using [0, n)
THEOREM 3.1: Let

a; € [0, p), p a prime, +, x}

i=0

R/x] = {i ax'

be the pseudo polynomial interval ring.
(i) R[x] has only finite number of units.
(ii) R[x] has no non trivial idempotents.

(iii) R/[x] has infinite number of zero divisors.

The proof is direct and hence left as an exercise to the
reader.

THEOREM 3.2: Let

a; € [0, n), n a composite number, +, x}

R/x] = {i ax'

i=0
be the pseudo interval polynomial ring.
(i) R/[x] has infinite number of zero divisors.
(ii) R[x] has only finite number of units.
(iii)  R[x] has finite number of idempotents if and only if
Z, < [0, n) has non trivial idempotents.
Proof is direct and hence left as an exercise to the reader.
Now we show a pseudo polynomial interval ring is a
Smarandache pseudo polynomial interval ring if and only if
R[x] has a proper subset S such that S is a subring of R and S is

not a pseudo ring.

Example 3.4: Let

a; € [0,25), +, x}

R[x] = {i:aixi
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be the pseudo interval polynomial ring. We see Z,s[x] < R[x] is
a subring of R[x].

Clearly in Zys[x] the distributive law is true. Hence R[x] is
a Smarandache pseudo interval polynomial ring.

Example 3.5: Let

a; € [0,23), +, x}

R[x]= {iaixi

i=0

be the pseudo polynomial interval ring. R[x] is a Smarandache
pseudo polynomial interval ring as Z,3[x] and Z,; are subrings
which satisfy the distributive law.

Example 3.6: Let

a; € [03 48)5 +a X}

R[x] = {iaixi

i=0

be the pseudo interval polynomial ring. R[x] is a S-pseudo
interval polynomial ring for it has several subrings which satisfy
the distributive laws.

THEOREM 3.3: Let

a; € [0, n), +, x}

R[x] = {i ax'

be the pseudo interval polynomial ring. R[x] is a S-pseudo
interval polynomial ring.

Proof is direct hence left as an exercise to the reader.
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Example 3.7. Let

a; € [03 15)5 +a X}

R[x] = {iaixi

i=0

be the pseudo interval polynomial ring.

Let p(x) = 3x’ + 5% + 7 € R[x].

The derivative of p(x) is

dp(x) _ d3x’ +5x° +7)
dx dx

=15x* + 155>+ 0
=0 (mod 15).

Thus contrary to usual polynomial rings we see in this case
we have the derivative of polynomials is also zero.

This is the marked difference between the usual polynomial
ring over reals and pseudo polynomial rings over the interval
[0, n).

Let p(x) =3.1107x" + 3x> + 7.2 € R[x];
dp(x)

dx
polynomial.

= 0; however p(x) € R[x] is not a constant

Now we see in several case integration of p(x) € R[x] is not
defined.

n+l
X

Weseejx“dx= +cifn+tleZyandn+1

n+l1

is not a unit in Z,, then we see the integral is not defined.



Pseudo Interval Polynomial Rings... | 155

Consider Ip(x) dx=x"+x*+2 e R[x]

jp(x)dx = I(x“ +x* +2)dx

15 5
X

-2 X ioxse.
15 5

We see 15 =0 (mod 15) and 5 € [0, 15) is a zero divisor so
the first two terms have no meaning.

Hence we cannot in general integrate all the polynomials in
R[x].

So finding differential or integral in case of polynomial in
R[x] happens to be a difficult task for in many cases it may not
be defined.

Here we can define only polynomials as an abstract concept.

However it is pertinent to record at this juncture we have
used these polynomials in Z,[x] in the construction of codes and
so much so in coding theory (p a prime or a power of a prime).

So when polynomials are used with coefficients from Z,, we
are not in a position to give it a geometrical interpretation.
However we have been using them as polynomial with real
coefficients.

We will say a polynomial p(x) is differentiable provided

dpx) # 0 if p(x) is not a constant polynomial.
X

Next we encounter with the problem of solving these
polynomials p(x) € R[x].
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We see if p(x) € R[x] is such that the highest degree of x’s
coefficient is a zero divisor or an idempotent then certainly
p(x) € R[x] will not satisfy all the fundamental properties of
polynomials.

We will describe these situations by some examples.

Example 3.8: Let

a; € [05 6)5 +5 X}

R[x] = {Z ax'
i=0
be the pseudo interval polynomial ring.
Let p(x) =3x + 4 € R[x]. We see this has no solution.

So for the first time we encounter with the problem of not
able to solve linear equations in R[x].

Let q(x) = 2x + 5 € R[x] we see q(x) has no root for 2 is a
zero divisor in [0, 6).

Further p(x) = 4x + 2 € R[x] has no solution.

However q(x) = 5x + 3 € R[x] is solvable as 5 has inverse
or 5 is a unit in [0, 6).

SosS5x+3=0gives S5x x5+ 15=0,x+3=0,x=3isa
root of q(x) for q (3) =5 x 3 +3 =0 (mod 6).

Example 3.9: Let

a; € [Oz 5)9 +a X}

R[x] = {i aixi

be the polynomial pseudo interval ring.
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We see if p(x) = 1.7x + 2 € R[x] then p(X) is not solvable
as 1.7 has no inverse or 1.7 is not a unit in [0, 5).

So ax + b =p(x) € R[x] is solvable if and only if a is a unit
in [0, n).

Example 3.10: Let

a; € [03 2’4): +a X}

R[x] = {iaixi

i=0

be the pseudo interval polynomial ring.
Let p(x) =4x + 3 € R[x] is not solvable in R[x].

q(x) = 23x + 1 € R[x] is solvable in R[x] as 23 is a unit in
[0, 24).

So 23x + 1 =0 gives 23.23x + 23 = 0 which gives x + 23 =
0, so x = 1. Thus q(1) =23.1 + 1 = 0 (mod 24). Hence is
solvable.

But p(x) = 8x + 3 € R[x] is not solvable.

Inview of all these examples and practical problems faced
by us we put forth the following theorem.

THEOREM 3.4: Let R/x] = {Za,.xi a; € [0, n), +, x} be the

i=0

polynomial pseudo interval ring.

A linear polynomial p(x) = ax + b (a, b € [0, n)) is solvable
ifa is a unit in [0, n).

Proof follows from the fact if p(x) =ax + b, a, b € [0, n) is
such that a is a unit then
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ax + b =0 implies
acx + bc = 0 where ¢ in [0, n) is such that ac = 1 so that
x + bc = 0 giving x = —bc; hence the claim.

Conversely if ax + b is solvable in R[x], we see we have
x = t such that at + b = 0 which implies t is a root.

But we may have many such t’s so the solution for a linear
equation is not unique.

Inview of this we first give some examples.

Example 3.11: Let

a; € [09 15)9 +7 X}

R[x] = {iaixi

i=0

be the pseudo polynomial interval ring.

Consider p(x) = 5x + 5 € R[x] we see x = 2 is a root for
p(2)=5x2+5=0mod 15, x =5 is a root for
p(5)=5x5+5=0(mod 15).

x = § is a root for

p(8)=5x8+5=0(mod 15).

x=11isaroot forp(l1)=5x%x11+5=0 (mod 15)
x =14 is aroot for p(14) =5 x 14 + 5 =0 (mod 15)
Hence the equation p(x) = 5x + 5 € R[x] has 5 roots.
This is not possible in case of usual polynomials.

R[x] behaves in a odd way.

Infact it flouts the basic theorem which states that a nth
degree polynomial in the variable x has n and only n roots.

A linear polynomial has more than one root.
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So we are at this stage not able to comprehend the
behaviour of pseudo polynomial interval rings.

Consider p(x) = 3x + 3 € R[x]. This linear equation
p(x) = 3x + 3 we will find the number of roots in [0, 15).

Consider x =4, p(4) =3.4 + 3 =0 (mod 15).
x =9 isaroot for p(9) =3 x 9 +3 =0 (mod 15).

x = 14 is also a root for p(14) =3 x 14 +3 =45=0
(mod 15) is a root. Thus 4, 9 and 14 are roots for a linear

equation 3x + 3.

Consider r(x) = 6x +6 € R[x], x =4 is a unit for
r(4)=6x4+6=0(mod 15).

x =9 is again aroot forr (9) =6 x 9+ 6 = 0 (mod 15).

Consider x = 14 is a root for
r(14)=6x14+6=84+6=0 (mod 15).

Thus 6x + 6 =1 (X) has 3 roots 4, 9 and 14.

Hence we see in general a linear equation can have more
than one root.

Consider s(x) = 7x + 7 € R[x].

7x+7 =0; 7xx13+7x13=x+1;

x + 1 =0; x =14 is the only root of this linear equation.
The fact follows from the information 7 x 13 =1 (mod 15) that

is 7 is unit in [0, 15).

x + a € R[x] has a unique root. 2x + 5 = p(x) € R[x] has
the following roots.

x=5isarootfor2 x5+5=0(mod 15).
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2 isaunitas 8 x 2 =1 (mod 15).
4x+7=p (x) € R[x].
This equation has a unique root as 4 is a unit in [0, 15].

4 x4 =1 (mod 15). x =2 is the unique root of q(x).
8x +3=r(x) € R[x].

This equation has a unique root as 8 x 2 =1 (mod 15) x =9
is the unique root as 8 x 9 + 3 =0 (mod 15).

9x +9=1t(x) € R[x].

x =4 is a root for t (4)
=9x4+9=45=0 (mod 15).

x =9 1s also a root
t(x)=9%x9+9=90=0 (mod 15)

x = 14 1s also a root as
t(14)=9 x 14 + 9 =0 (mod 15).

4,9 and 14 are the roots of t(x).

Consider 9x + 6 = a (x) € R[x], what are the roots of a(x)?
x =1 isaroot fora(l)=9+ 6 =0 (mod 15).

X =06 is aroot for a(6) =9 x 6 + 6 =60 =0 (mod 15).

x = 11 is also a root for
a(11)=9x%x11+6=99+5=105=0 (mod 15).

Hence a(x) has 1, 6 and 11 to be roots.
Let m(x) =9x + 2 € R[x]. This has no solution.

Inview of all these we have the following theorem.
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THEOREM 3.5: Let

a; €[0,n), +, x}

R/x] = {i ax'

be the pseudo interval polynomial ring.

(1) A linear polynomial p(x) = ax + b (a, b € [0, n)) can
have more than one root if a is not a unit in

[0, n).
(2) A linear polynomial p(x) = ax + b has a unique root if
ais a unitin [0, n).

The proof is direct hence left as an exercise to the reader.
It is left as an open conjecture to find the number of roots of
ax + b =p(x) € R[x] where [0, n) is such that n is a composite

number.

Example 3.12: Let

a; [0, 24), +, x}

R[x] = {iaixi

i=0

be the pseudo interval polynomial ring. To find roots of a
second degree polynomial in R[x].

Let 3x”> + 4x + 17 = p(x) € R[x].

To find the roots of p(x)
p(1)=3.12+4.1+17=0

So 1 is a root of p(x).

It is difficult to find the other root.
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Example 3.13: Let

a; € [Oa 8): +a X}

R[x] = {i aixi

be a pseudo polynomial interval ring.

Consider the polynomial p(x) = 4x* + 7x + 7 € R[x].

We see x = 3 is a root for

p(3)=4x9+7x3+7
=0 (mod 8).

Now factorize p(x), we get

p(x) =(x+5) (4x + 3) since 4 is a zero divisor in [0, 8) we
see 4x = 5 is the other root and x value cannot be got. For
(4x +3) (x+5)=4x>+3x+20x + 15

=4x”+x + 7 (mod 8).

The polynomial p(x) is reducible but we cannot get all the
roots of p(x).

So we cannot claim a second degree equation has two roots.
One root may exist another may not exist or may exist but not
uniquely.

Consider  p(x) = 6x* + 3x + 3 € R[x].

p(x)=02x+3)(3x+1).

Thus 2x = 5, 3x = 7 which shows
6x =7 and 6x = 6; and 6x = 6.

Now p(x) =7x*+4x +5 e R[x].

p(x) = (xt5) (7x + 1); the roots are
x=3andx=1
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p(1) =7+4+9=0(mod 8)
p(3) =7x9+4x3+5
=63+12+5
=0 (mod 8).

Since the coefficient of highest degree is 7 and it is a unit
hence p(x) has two distinct roots.

Let p(x) = x" + 4x + 3 eR[x].

Clearly p(1)=1+4+3 =0 (mod 8) and
p(3)=9+12+3 =0 (mod 8).

Consider the polynomial p(x) = 7x* + 2x € R[x].

The four roots of p(x) are 0, 2, 4 and 6.

Now p(0) =0
p2) =7x4+2x2 =128+4
=0 (mod 8)

p(4) =7x16+8
=0 (mod 8) and

p(6) =7x36+12
=28+ 12 =0 (mod 8).

Thus equations of degree two has four roots in this case.
Hence we cannot say a second degree equation has only two
roots.

Further we can say a nth degree polynomial in general can
have more than n-roots or even less than n roots.

Now we proceed onto study by examples pseudo
polynomials interval complex modulo integer rings.
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Let C([0, n)) = {a + bir | a, b € [0,n); i;= n-1} be the
complex interval modulo integers.

a; € C([0, n)), +, x} is defined as the

P[x] = {i ax'

i=0

pseudo interval complex finite modulo integer polynomial ring.
Here also we have several properties just like pseudo interval
polynomial ring R[x].

In the first place R[x] < P[x] as a proper subring, however it
is not an ideal.

We will first illustrate this situation by some examples.

Example 3:14: Let

a € C([Oa 5)), 1; = 4> +, X}

P[x] = {iaixi

be the pseudo interval complex modulo integer polynomial ring.

Let p(x) = 3igx’ + (2+ip) x + 1 and
q(x) = (4+2ip)x* + (1+ip) x + 3 € P[x].

p(x) +q (x) =3ipx> + (2 + i) x + 1 + (4 + 2ip) x* +
(1 +ipx +3

=3ipx’ + (4 + 2ip)x” + (3 + 2ip) x + 4.
It is easily verified p(x) + q(x)
=q (x) + p(x) for all p(x), q(x) € p(x).

p(x) x q(x) = (3ipx’ + (2 +ip) X +1) x ((4 + 2ip)x” +
(1+ip) x +3)



Pseudo Interval Polynomial Rings... | 165

= 3ip (4 + 2ip)X° + (2+Hip) (4 + 2ip)x° + (4 + 2ip)x>
+3ip(1+ip) x* + 2 +ip) (1 +ip) XX+ (1 +ip)x
+ 9’ + (2 +1p) 3x + 3

= (12ip + 6 x 4)X> + (8 + 4if + 4ip + 2 x 4)x°
+ (4 +2ip)x* + Bip+ 3 x x* + (2 + 2ip +ip
+4)x” + (1 +ip)x + 9ip X + (6 + 3ip)x + 3

= (2ip + 4)x° + Qip+ 1) x> + (4 + 2ip)x> + (3ip + 2)x*
+ (14 3ip)x> + (2 + 4ip)x + (4ip + 3)

= (4 + 2ip)x’ + (2 + 2ip)x* + (1 + 3ip)x’ + (0)x°
+ (2 + 4ip)x + 3.

This is the way x operation is performed on P[x].

Consider p(x) = 3igx + 2 € P[x].
3i2x +2ip=0
3x4x+2i=0
2x + 21]: =0
Xx+ip=0 X = 4ig is the root of p(x).

p(41F):31F X4i1:+2
=2x4+2=0 (mod5).

This equation has a unique solution.
Consider 1.231x + 0.7 = q(x).

We see 1.231 has no inverse that is 1.231 x t = 1 is not
possible in [0, 5).

Hence we cannot find a value for x.

However 1.231x + 0.7 = 0 implies 1.231x =4.3.
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Example 3.15: Let

ai € C([O: 6))5 112: = 5: +, X}

P[x] = {iaixi

i=0

be the pseudo interval complex modulo integer polynomial ring.
Let 3x + 2.1 =p(x) € P[x].
To solve p(x).
3x +2.1 =0 implies 3x = 3.9.

We cannot further solve for x as 3 is an idempotent
2x +3 =q(x) € P[x].

2x = 3 and we cannot find any other root as 2 is a zero
divisor in [0, 6).

Now 2.5x + 4 =1(x) € P[Xx]
2.5x+4=0thatis5x+2=0
25x+10=0 x+2=0o0orx=4;
So 2.5x + 4 = r(x).

Nowr(4)=2.5x4+4=14+4=0 (mod 6).

So the above form of simplification gives the value of x to
be 4.

So x =4 is a root of r(x).
Let 1.5x +2 = s(x) € P[x] to solve for x.

We see 1.5 in [0, 6) is a zero divisor as
1.5 x4=6.0=0 (mod 6).

So we cannot solve for x.
Let (1 +ip)x + (2+3ir) = m(x) € P[x].
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Solving m(x) is a tricky task.

We see we may not have a root for m(x). Thus solving even
linear equations in P[x] happens to be challenging.

Example 3.16: Let

ai € C(Zyp); iy =17,+, x}

i=0

P[x] = {i aixi

be the pseudo interval complex modulo integer polynomial ring.
P[x] has zero divisors.

p(x) = 2x° + 4; q(x) = 9x’ + 9ir € P[x] is such that
p(x) q(x) = 0 (mod 18).

Finding ideals and subrings are a matter of routine.

We proceed onto give examples of pseudo interval
neutrosophic polynomial rings.

Example 3.17: Let

a; € {[0,9) LIy, P=1,, + x}

B[x] = {iaixi

i=0

be the pseudo interval polynomial neutrosophic ring.

Let p(x) = 0.9x" + 3.2x> + 6.01 and
q(x)=5.2x°+2.1 € B[x]

p(x) x q(x) = (0.9Ix" + 3.2x> + 6.01) x (5.2x° + 2.1)

= 4.68Ix" + 7.64x° + 4.252x° + 1.891x” + 6.72x° + 3.621 €
B[x]

p(x) + q(x) =0.9Ix" + 3.2x> + 6.01 + 5.2x° + 2.1



168 | Infinite Quaternion Pseudo Rings Using [0, n)

=0.9Ix" + 5.2x° + 3.2x* + 8.11 € B[x].
p(x) = 5Ix + 2.1 € B[x] to solve for the root of p(x)

5xI+2.1=0
10xI+4.2=0 this gives xI =4.8.

We see we cannot find the value of x as I is an idempotent.
q(x) =4x + 3.2 € B[x].

4x +3.2 =0 implies 28x +22.4
X +4.4=0so that x = 4.6.

Thus the solution is unique as the coefficient of x in this
linear equation is a unit in ([0, 9) U I).

Consider

px) = (GBxI+ 1) 2x + 1) x (6x + 2.11) ((2I+3) x + 4.2) €
B[x] a polynomial of degree four p(x) is linearly reducible still
p(x) does not contain unique four roots.

We see p(x) = 0 implies
BxI+1)(2x+ 1) (6x + 2.11) ((2I + 3) x + 4.2) = 0 which is turn
implies

3xI[+1=0
2x+1=0
6x+2.11=0 and
QI+3)x+4.2=0.

Now all these 4 linear equations are not solvable for some
have unique roots and some lack it.

Now consider 3xI+1=0
We see 3xI =9 is the solution as 3 is a zero divisor in [0, 9).

Consider 2x + I = 0 this implies
2x+Dhx5=0
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10x + 51 =0 that is
x + 51 =0 which implies x = 4I.
Hence 41 + 51 =0 (mod 9).

So this equation 2x + I has a unique solution, the main
reason being 2 to the coefficient of x is a unit in [0, 9)

Next consider 6x + 2.11 = 0; we see 6 is a zero divisor in
[0, 9) so

6x = 6.91 is the only value x can take.

Finally (21 +3)x + 4.2 = 0 gives
QI+3)yx+4.2 (2I+3)=0.

Thus (41 + 9 + 2I)x + 8.41 + 126 = 0
SIx + (8.41 + 3.6) = 0.

Since I* =1 is an idempotent we cannot uniquely solve even
this equation.

Further even a linearly reduced polynomial p(x) in B[x]
need not be solvable uniquely.

Example 3.18: Let

B[x] = {iaixi a e ([0, 12) Ul *=1+, x}

i=0

be the pseudo interval neutrosophic polynomial ring.

N= {Z;aixi a; € Zyy, +, x} is a subring of B[x] of infinite

i=0

order and is not an ideal B[x].
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a € (Zp V), +, %}

M = {Zaixi

is again only a subring and not an ideal.
All these rings are all of infinite order.
Let p(x) = (3 + 41)x” + (71 + 4)x* + 5I € B[x]

We can differentiate and integrate p(x) which is given in the

following.
) _ (34 41 + (71+4) + 51)
dx  dx

7B +4Dx*+2(71+4)x +0
= (9 +41) x* + (21 + 8)x € B[x].

Now | p(x) dx =] ((3 + 4D)x” + (71 + 4)x* + 51) dx

_ (B+4Dx* . (71+4)x°
8

+5Ix+C.

We see %, % has no meaning as in [0, 12) they lead to zero

divisors.
So this p(x) cannot be integrated.
We can integrate only a few of them.

Example 3.19: Let

a; € ([0, 13) UI); +, x}

B[x] = {iaixi

i=0
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be the pseudo interval neutrosophic polynomial ring.

We can integrate all polynomials of degree less than 12 and
all polynomials of degree (13 — 1)n; n any integer.

For if p(x) = 2Ix'* + Ce B[x]
then f p(x) dx = f?.Ix12 dx + C dx

_ 2Ix"

+cx +d;

. 1 . .
d a constant, the first term is undefined as E is not defined in

this case.
Consider p(x) = (41 + 7)x* + x + 3 € B[x]
[p(x) dx =] ((4x + 7)x* + x + 3) dx

26 2
= M+X_+3X+C;
26 2

The first term is not defined as i6 1s undefined.

Thus integration cannot be carried out for all p(x) € B[x].

Example 3.20: Let

a; € C(([0, 8) LD)); iy =7,

T[x] = {iaixi

=1 (i) =TI +, x}

be the pseudo interval neutrosophic finite complex modulo
integer polynomial ring. T[x] has subrings of infinite order
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which are not ideals. Further T[x] has linear equations which
cannot be solved.
Let p(x) =2Ix + 2ig + 31+ 1) € T[x].

p(x) does not contain unique root as 21 is a zero divisor in
([0, 8) UI).

Consider 5x + 3.2 = q(x) € T[x]; we see 5 is a unit in [0, 8).

So 25x + 16.0 = 0 gives x = 0; but 5.0 + 3.2 =q(0) isnot a
root.

Consider 5x + 3.7 = t(x) € T[x].
x+3.7x5=0; this gives x + 18.5=0so that x =5.5.
Now t(5.5)=5x5.5+3.7=2.75+3.7="7.2.

So 5.5 is not a root of t(x). Even if 5 is a unit in [0, 8) this
linear equation is not solvable.

Consider 5x + 3 =m(x) € T[x].

5x+3=0
25x+15=0.

This givesx +7=0sox=1.

Thus m(1)=5.1 +3 =0 (mod 8).
This root is unique.

Thus some linear equations may have a root and some of
them may not have a root so this study is both innovative ad
interesting.
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Example 3.21: Let

a; € C(([0, 12) LD)); iy = 11;

i=0

M[x] = {iaixi

P=1(d) =111, +, x}

be the complex modulo integer finite pseudo neutrosophic
polynomial ring.

M]x] has several subrings of infinite order.

Integration and differentiation can be performed on
polynomial in M[x] some may be well defined and some may
not be defined.

Study in this direction is also interesting. However all
linear polynomials cannot be solved. For solutions may or may

not exist.

Further even if a polynomial p(x) in M[x] is linearly
reducible still the solution may or may not exist.

Even if ax + b = 0 with a unit in [0, 12) still the solution
may or may not exist.

This study is open to researchers.

Now we can as in case of usual rings define polynomials
pseudo rings in more than one variable.

ajj € [0, n) with x; and x, two

Let S[xy, x] = { Z aijxixi
i<i, j=oo
indeterminate such that x;x, = x,x;} then we define S[x;, x;] to
be the pseudo interval polynomial ring in the variables x; and
X,
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We can have all properties. Just we describe how the
operations of + and x are carried out on S[x;, X;] by a few
examples.

Example 3.22: Let

ajj € [0, 5), X1X2 = XXy, +, X}

i<i, j=00

S[x1, X2] = { Z aijxixi

be the pseudo interval polynomial ring in the two variables x;
and x,.

Let p(x3, x2) =3 Xf x§+ 4.1x;+23x,+ 1.5
and q(x;, x;) =2 xl2 +3 xj +4x, X, + 1 € S[xy, Xo].

We find p(Xb XZ) + q(Xb XZ)
=(Bx) X0+ 4.1x + 23, + 1.5+ (2x; +3x; +4x; X2+ 1)

=3 x)x; +41x; +23% +2x;] +3x3 +4xx; +2.5 €
S[x1, X2].

Now we find p(xi, X2) x q(x1, X2) = 3%, x5 + 4.1x; + 2.3x,
+1.5)2x7 +3x5 +4xixp + 1)

= x) x5 +3.1x] +4.6x; x] +3x] +4x)x] +23x,x; +
1.9x) +4.5%5 +2xx3+ 14X Xy +4.2x, x5 + x1X2 + 3%] X5
+4.1X1+2.3X2+ 1.5

= X X; +2x/x) +4x x5 +3.1x + x/x, +3x] +

3.5x; X; +1.9 X; + XX, +3 X13 x§ +4.1x; +2.3x, + 1.5.

This is the way product operation is performed.
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Infact S[x;, X,] is a commutative pseudo polynomial ring
and has zero divisors.

Example 3.23: Let

a; € [0, 12), x; X2 = Xp X, +, X}

S[x1, Xz] = {iaixi

i=0

be the pseudo interval polynomial ring in the two variables x;
and x,.

S[x1, X] has infinite subrings and has zero divisors.
Take 4x° x5 + 8X; X, + 4 =p(x)

and q(x) = 6 x; x, +3X; x5 + 3 € S[xy, x2].

Clearly p(x) q(x) = 0, hence the claim.

Solving polynomial equations happens to be a difficult task
in case of S[xi, X;].

Example 3.24: Let

a; € C([0, 15)), x1%2 = XoXy, +, X}

S[x1, X2] = { Z aijxilxi

0<i, j<o0

be the pseudo interval complex modulo integer interval
polynomial ring in the variables x; and x,.

S[x1, x,] has zero divisors, infinite order subrings and a few
units and idempotents.

Solving equations happens to be a difficult problem.

We can differentiate with respect to x; and x, and also
integrate with respect to both the variables.
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Let p(x1, X2) =5 xf X; +3x;X,+5 X; € S[xy, Xa].

dp(x%5) _ 15x7 X2 +3x,
Xm 1 2
Eoxix) s

dx,dx,

9PXXa) 103 4 3%, + 10x,
dx,

= %) 30 +3-3,

dx,dx, :

This is the way differentiation is done.

Integration also can be done as the matter of routine for may
or may not be defined for all polynomial.

Example 3.25: Let

a;j € C(([0, 24) LI));

S[xi, X2] = { z aijxilxi

0<i, j<o0

XXy = XX, +, X}

be the pseudo interval neutrosophic polynomial ring. S has
subrings of infinite order.

Study of zero divisors, units and idempotents is an
interesting feature but it is considered as a matter of routine.
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Example 3.26: Let

a;; € C(([0, 12) LI)); iﬁ =11;

SMAﬂ:{ZaﬁW

0<i,j<oo

P=1, (if)* = 111, +, x}

be the pseudo interval complex modulo integer neutrosophic
polynomial ring of infinite order. S[x;, X;] has finite number of
units and idempotents but has infinite number of zero divisors.

4, 9, 1, 41, 91 are some of the idempotents of S[x;, X;].
Some of the units are 7, 5 and 11 are some of the units of
S[x1, Xa].

Example 3.27: Let

S[x1, X2, X3] = { Z ainiXQx;‘ aji € C(([0, 7) LD));

0<i, j.k<oo

XiXj=XjXi; 1 <1,) <3, +, x}

be a pseudo interval polynomial finite complex modulo integer
neutrosophic ring in three variables x;, X, and x.

a; € C(0,7) U )), +, x} < S[x1, X2, X3]

P[X]] = {i aixi

i=0

is only a subring and not an ideal.

ajj € [0, 7), +, x} < S [x1, X, X3]

0

- -

Plxi, 2] = { E a;X; X3
i=0

is only a subring and not an ideal of S[x;, X,, X3]

This ring has only finite number of units but has infinite
number of zero divisors.
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Example 3.28: Let

_ ijokol
S [x1, X2, X3, X4] = { z a; i1 X1 X3X3X,| 8ijk1 € [0, 20),

0<i,j.k,I<oo

XiXj = Xj Xi; 1 Si,jﬁ4, +, x}

be the pseudo interval polynomial ring in the variables x;, X, X3
and x4. S has zero divisors, units and idempotents.

Now we can have pseudo interval polynomial rings in n
variable (n > 2).

Let F[Xy, ..., Xa] = {X a1, ..y @ny X}, ooy X0 | @G, .00y 8y €
[0, m) (or C(([0, m) or ( [0, m) U I) or C([0, m) U L))),
X X;, =X, X5 1 <k, j<m, x, +} be defined as the pseudo

interval polynomial ring (or pseudo interval finite complex
modulo integer polynomial ring or pseudo interval neutrosophic
polynomial ring or pseudo interval neutrosophic complex
modulo integer polynomial ring respectively).

Study in this direction is new and lots of new methods can
be discovered from this study.

Even solving for roots in case of polynomial equations
needs new and innovative techniques.

Next we proceed onto describe finite real quaternion
interval polynomial ring by an example or two.

Example 3.29: Let

a; € {bo + byi + byj + bsk | b, € [0, 18),

P[x] = {i aixi

i=0
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0<t<3,i"=7=k=ijk=17,ij=17ji =k, jk=17kj =i, ki =
17ik =j, +, x} be the pseudo interval real quaternion polynomial
ring. o(P[x]) = oo.

P[x] is non commutative. P[x] has zero divisors, units and
idempotents. P[x] has subrings. Differentiation and integration
can be performed on polynomials in P[x].

Some of these properties will be described.

Let p(x) = (5i + 3j) x*+ 2kx + (8i + j+ 4)
and q(x) = 3kx’ + (2i +j + k) € P[x].

We find p(x) + q(x) and p(x) x q(x).

p(x) +q(x) =  (5i+3j)x’ + 2kx+ (8i +j +4) + 3kx’ +
Qi+j+k)

= (5i+3j)x* +3kx’ + 2kx + (10i + 2j + 4 + k)
€ P[x].

p(x) x q(x) = [(5i+3j)x’ + 2kx + (8i +j + 4)] x
[3kx’ + (2i +j + k)]

= (5i+3j)3kx + 6K x°+(8i+j+4)3kx’ +
Gi+3)QRi+j+kx*+2kQi+j+k) x+
@i+j+4)Qi+j+k)

= (15x17j+9) x"+6x 17x°+ (24 x 17 +
3i+ 12k)x° + (10 x 17 + 6ji + 5ij+ 3j*+ 5ik
+3jk) x> + (4ki + 2kj + 2 x 17)x + (16 x
17 + 2ji + 8i + 8ij +j* + (16 x 17 + 2ji + 8i
+ 8ij +j2 + 4 + 8ik + jk + 4k)

= (G+9)x’ +12x°+ (3i+ 12k + 12j)x° +
(8 +12k + 5k + 15 + 13j + 3i)x* +(4j + 16i
+16)x + (4k +1i+4j + 17+ 10j +8i +8k +
16k +2)
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= (9i+j)x’+12x° + 3i + 12k+ 12j) x’+
(17K + 5+ 13j + 3i) x> + (4] + 161 + 16)x +
(10k + 1+ 14§ + 9i) € P[x].

This is the way the sum and product are carried out in P[x].

Consider the derivative of p(x)

dp() _ d (51 + 3j)x> + 2kx + (8i +j + 4)
dx dx
=(10i + 6j) x + 2k € P[x].
This is the way derivations are carried out.
Only the property derivative of a constant polynomial is
zero is not true in case of P[x]. For in P[x] we can have

polynomials such that which are not constant yet their derivative
is zero.

For consider s(x) = 9kx* + (6i + 6k)x> + 12 € P[x]

ds(x)_ d

dx d_x

[9x* + (6i+6k)x’ + 12]

=36x + 3 (6i + 6k)x* + 0.
=0+ 0 (mod 18).

Hence the claim.
Finally we cannot integrate in general polynomials in P[x].

For consider p(x) = (3i + 2j + 4k)x® + (2i + 4j + 5k + Dx’ +
8i € P[x].

We find the integral of p(x) € P[x]

[p(x) dx = [ [(31 + 2j + 4k) x® + (2i + 4j + 5k + 1) x° + 8i] dx
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_ Gi+2j+4k)x’ +(2i+4j+5k+1)x"
9 6

+8ix+c¢

Since %, % are not defined in [0, 18) the integral of p(x) is
not defined.

Thus some of the polynomials can be integrated.

Example 3.30: Let

a, € P={b}+ blii+ b3j + blk| b‘ e [0,43),

P[x] = {iasxs

s=0

0<t<3, i’ =j =k =42 =ik, ij = 42ji = k, jk = 42kj = i,
ki =42ik = j}, +, x} be the pseudo interval finite real quaternion
polynomial ring we see all polynomials of degree less than 42
can be integrated.

Further if p(x) € P[x]. p(x) should not have non zero
coefficient for x*, x*°, x'%®, .., x™*® D n=1,2, ..., a finite

natural integer then p(x) can be integrated.

Here all polynomials in P[x] whose power of x is 43, 86,
129, ... 143 = 43n (n € N, a natural integer) are such that their
derivative is always zero.

Thus if p(x) = ix*® + (3j + 2i + k)x* + (8i + 4) € P[x] then

dp(o) _
dx

In view of this we have the following theorem.
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THEOREM 3.6: Let

ay, € P ={by+bji+ by + bsk | b, € [0p),

Plx] = {i ax’

s=0

0 <t <3 paprime i’ = =K =ijk =p-1, ij = (p-1)ji =k,
jk = (p—-Dkj =i, ki = (p—1)ik =j}, +, x} be the pseudo interval
finite real quaternion polynomial ring.

(i) All polynomials are integrable except those with
degree 2p—1, ..., (np—1).

(ii) The derivative of all powers of x with degree p;, pa,
..., NP are such that it is zero.

The proof is direct and hence left as an exercise to the
reader.

Next we provide examples of pseudo interval finite complex

modulo integer real quaternion polynomial rings and some of
the related properties of them.

Example 3.31: Let

aSePC={b0+b1i+sz+b3k|b[e

Pc[x] = {iasxs

C([0, 12)), 0 <t < 3, i* =j* = k> = ijk = 11, ij = 11ji = k,
jk=11kj=1i,ki=11ik =j, i} = (kip)®> =1} +, x} be the pseudo
interval finite complex modulo integer real quaternion
polynomial ring.

We see all linear equation in P¢[x] are not uniquely solvable
in general. Let p(x) = 5x + 2 e P[x] we see p(x) is uniquely
solvable for x =2 isarootas p(2) =5 x2 +2 =0 (mod 12).
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p(x) = 5x + 3.1 € P[x], has no solution. Thus even though
the coefficient of x is a unit in [0, 12) we see this polynomial
p(x) = 5x + 3.1 has no solution in [0, 12).

Thus we see the problem of even solving a linear equation
in Pc[x] happens to be an open conjecture.

However product and sum of the elements in Pc[x] can be
done without any difficulty.

Let p(x) = [(3iir + 4j + 2ip + k)X’ + (4ipk + 2igj + 3)]
and q(x) = [(3ir + 4k + (2 + ip)j) x + (2 + 3ip)k] € Pc[x].

p(x) + q(x) = [Biir + 4j + 2ip + k)x* + (digk + 2igj + 3)] +
[(3ig + 4k + (2 + ip)j) X + (2 + 3ip)k]

= iip + 4j + 2iF + KX + Gip + 4k + 2 T ip)j) x + 2 +
7ir) k (2ig+3)] € Pc[x].

Consider p(x) x q(x) = [(3iir + 4] + 2ir + k)X + (digk + 2igj +
3)] x [(Big + 4k + (2 +ip)j) x + (2 + 3ip)k]

= (2ip + k + 4 + 3iip) (3ip + 4k + (2 + ip)j) x* (4ipk + 2igj +
3) (ip + 4k + (2 +ip)j ) x + (24 + k + 4 + 3iip) (2 + 3ip) kx” +
(4irk + 2igj +3) (2 + 3ip)k

= (6 x 11 + 3igk + 12ig) + 9i x 11 + 8igk + 4 x 11 + 16i +
12ikip + 2(2 + ip)ip + 4 (2 + ip) x 11 + 3 (2 + ip)ieij) x* + (12 x
11k + 6 x 11j + 9ig + 16ip x 11 + 8igjk + 12k + 4ip (2 + ip)kj +
2ip (2 +1ip) x 11 + 3 (2 + ip)j)x + (dirk + 2k, + 8jk + 6iigk + 6 x
11k + 31igk? + 12jick + 91 x 11k) x° + (8ipgk® + 4 x 11jk + 6k +
4igk® + 6 x 11jk + 9igk)

=(6+ 3igk + 0+ 31 + 8igk + 8 + 4i + 0 + 4igj + 2 x 11j + 88
+44ip + 61igk + 3 x 11k] x* +
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(0 + 6j + 9ip + 8ip + Bipi + 0+ ip x 11i +4 x 11 x 11i + 8ig
+2x 11 x 11 + 6j + 3ig)) x + (4igk + 10 + 8 x I + 6iFj + 6k +
9ig+0 + 9§) X° + (4if + 8i + 6k + 8ip + 6i + 9irk)

=(6+8ip+ (9 + Sipk + 7i + (10 + 4ip)j) x* + 2 +ip) + (4 +
0) + 3ig) x + (10 + i + 8 + (9 + 6ip)j + 6 + 4ip) k) X°
+ (21 + (6 + 9ip)k) € Pc[x].

This is the way product is performed in P¢[x].
We see P[x] is of infinite order non commutative but has

infinite number of zero divisors only finite number of units and
idempotents.

Example 3.32: Let Pc[x] = {Z ax’|a; € Pc={by+bji+by+
s=0

bsk | b, € C([0, 11)), 0 <t <3, i’ =j =k* =ijk = 10, ij = 10ji =
k, jk = 10kj = i, ki = 10ik = j} +, x} be the pseudo interval
finite complex modulo integer real quaternion polynomial ring.

We see this ring also has zero divisors and finite number of
units.

Integration and differentiation can be performed with
appropriate modifications.

We see product and sum of any two polynomials can be
obtained.

Example 3.33: Let Py[x] = {Zaixi as € Py = {by+ byi + byj +

i=0

bsk | b, € C([0, 24)), 0 <t < 3, i’ = =k* = ijk = 23, ij = 23ji =
k, jk = 23kj =i, ki = 23ik = j} +, x} be a pseudo neutrosophic
real quaternion polynomial ring.

Let p(x) = (21 + 3) x* + (71 + 8) x* 491 and
q(x) = 81+ 7) + 3L + 2)x + (71 + 19) x* € P[x].
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p(x) + q(x) = [(2I + 3) x* + (71 + 8) x> +91] + [(81+ 7) + (31
+2)x + (71 + 19) x°]

=QI+3)x*+ (141=2) x>+ 3L + 2)x + (171 + 7) € Py[x].

p (x) x q(x) = [(21 + 3)x* + (71 + 8)x* +91] [(71 +19)x* + 9I]
[(71+ 19)x* + (31 + 2)x+ (81 + 7)]

= 21+ 3) (71 + 19) x° + (71 + 8) (71 + 19)x* + 91 (71 + 8)x*
+ 21+ 3) 31+ 2)x” + (714 8) BI + 2)x> + 91 (31 + 2)x + (21 + 3)
81+ 7)x* + (71 + 8) (81 + 7) x> + 91 (81 + 7)

= (141+ 211 +381 + 57) x° + (491 + 561 + 1331 + 152)x* +
(721 + 63D)x* + (61 + 91 + 41 + 6) + (211 + 241 + 141 + 16) x> +
(271 + 181) x + 161 + 241 + 141 + 21)x* + (561 + 56 + 491 + 641)
x>+ (721 + 631)

=1+ 19)x*+ (221 + 8) x* + 15Ix* + (6 + 191) x + (111 + 16)
x>+ 211 x + (61 + 2I) x* + (111 + 18)x* + 151

=T+19)x°+ (5+4Dx* + (111 + 16)x> + (6 + 16]) x + (21
+18)x* + 15L

This is the way product is performed in Py[X].

Example 3.34: Let Py[x] = {Zaixi as € Py={by+bji+by+
i=0

bsk | b e C([0, 11) U D), 0<t<3, i’ = =k*=ijk =10, ij =
10ji = k, jk = 10kj = i, ki = 10ik = j} +, x} be the pseudo
interval neutrosophic real quaternion polynomial ring.

Px[x] is non commutative and has zero divisors units and
idempotents. Py[x] has all other properties appropriately.

Now we proceed on to give examples of pseudo interval
pseudo interval finite complex modulo integer neutrosophic real
quaternion polynomial ring.
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Example 3.35: Let Pyc[x] = {Z:aixi a5 € Pnc = {bg + bji + byj

i=0

+bsk | b e C([0,7) UD),0<t<3, i*=i*=Kk*=ijk =6, ij = 6ji
=k, jk = 6kj =1, ki = 6ik =j} +, x} be the pseudo interval finite
complex modulo integer neutrosophic real quaternion
polynomial ring.

This polynomial ring has zero divisors, units and idempotents.

We just show how sum and product are performed on
PNc[X].

Let p(x) = (61 + 2.4i ip) + (4 + 2ip +I + ifl) k) x* +
0.4 + 0.21 + 5igl) x + 3iglk and

q(x) = (21 + 3i) x> + (4 + 2igl + 3i + 4k) € Pxc[x].

We find p(x) + q(x) = [(6] + 2.4i i) + (4 + 2ip +I + if]) k) x°
+(0.4 +0.21+ 5iD)x + 3iplk] + [(21 + 31) x> + (4 + 2ipl + 31 + 4k)]
(81 + 2.4ii + 3i + (4 + 2ip + I + lipk) x* (0.4 + 0.2I + 5iFI)x +
(4 + 2ipl + 3i + 4k + 3igIk) € Pyc [X].

We find p(x) x q(x) = [6] + 2.4iip + (4 + 2ip +I+ Tipk] x (21
+31) x* + (0.4 + 0.21 + 5igl) (4 + 2ipl + 31 + 4k) x + 3igk (4 +
2ipl + 3i + 4k)

= (51 + 4.8i¢] + (31 + 6lip)k + (5 + 6ip + 31 + 3Iip)j ] x* (0.81
+0.41 + 10ipl + 1.2i + 0.6il + 15i¢1) x* + (6iplk + 9 x jipi) x* +(61
x 4+ 9.6iip + (16 + 8ir + 41 + 4igD)k + 12ipI + 4.8i x 6(8irl + 4 x
61 + 2igl+ 21 x 6)k + + (181i + 7.2 x 6ip + 12 x j + 6 x igj + 3]} +
3iplj + 241k + 9.6 x 6] i + 16 x 6 + 8ip x 6 + 41 x 6 + 4igl x 6]
x>+ (1.6 + 0.8 + 20igI + 1.2i + 0.6Ii + 15ig1i + 1.6k + 0.81k +
20ir Ik)x + (12igk + 6 x 6Kl + 9 x 6jip + 12 x 6 x ig) (mod 7).

This is the way the product is defined.

Of course the reader is assigned the simple task of
simplifying the equations.
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We give some more examples.

Example 3.36: Let Pyc[x] = {Z:aixi a; € Pnc = {bg + byi + byj

i=0

+ bsk | by € C([0, 24) U 1)), 0 <t < 3, +, x} be the pseudo
interval real quaternion polynomial ring.

All subrings in Pyc[x] are of infinite order. Some of the
subrings of infinite order are not ideals of Pyc[x].

Infact Pyc[x] has infinite number of zero divisors, only
finite number of units and idempotents.

Further P[x] < Pn[x] < Pnc[X] as subrings and
P[x] < Pc[x] < Pnc[x].

We see these subrings are pseudo and behave differently.

Now we proceed onto define pseudo interval linear algebras
and vector spaces using pseudo interval polynomial rings.
Further we see only using strong Smarandache polynomial rings
which are pseudo we can build pseudo inner product and linear
functionals.

DEFINITION 3.2: Let V ={P[x] / P[x] is the group under + with

coefficients from the interval [0, n); n a prime}. V is a vector

space over Z, defined as the interval polynomials vector space.
Clearly V is of infinite dimension over Z,,.

V has both finite and infinite subspaces.

All these concepts will be illustrated by some examples.

Example 3.37: Let V = {Zaixi a; € [0, 23), +} be the

i=0

polynomial interval vector space over the field Z,;.
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M = {Z aixi a; € Z»} < V is a finite dimensional vector

i=0

subspace of V over Z,;.

However N = {Z:aixi a; € Zo3, ¥} < V is a subspace of

i=0

V over Z,; but is of infinite dimension.

Example 3.38: Let P= {Zaixi a; € [0, 43), +} be the interval
i=0

polynomial ring over the field Z4;. P is an infinite dimensional
polynomial interval vector space over Zg;.

Now if we build polynomial interval vector spaces over the
S-ring Z,; we call such polynomial vector spaces as S-

polynomial interval vector spaces.

We will illustrate this situation by some examples.

Example 3.39: Let V = {Zaixi a, € [0, 23), +} be the
i=0

S-interval polynomial vector space over the S-ring Z,.

Example 3.40: Let V = {Zaixi a; € [0, 45), +} be the
i=0
S-interval polynomial vector space over the S-ring Zss.

Now we define an interval polynomial vector space over Z,
to be a pseudo interval polynomial linear algebra over the field
Z,. Since P[x] under product and + is only a pseudo interval
ring as the distributive law of product over + is not true.

If we define using S-vector spaces of interval polynomial
we define them as S-interval polynomial linear algebra.
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This will be illustrated by the following examples.
Example 3.41: Let

V= {P[x] | P [x] = {iaixi a; € [0, 11), +, x}

be the pseudo interval polynomial linear algebra over the field
Zq1.

We have sublinear algebras of finite dimension over Z,;.

S = {Zaixi a; € Zy1, +, x} < V is a sublinear algebra of

i=0

finite dimension and the subalgebra is not pseudo.

For {1, x} is a basis of S.

Example 3.42: Let V = {Z:aixi a; € [0, 5), +, x} be the

i=0

pseudo interval polynomial linear algebra over the field Zs.
The dimension of V over Zs is infinite.

However V has sublinear algebras of finite dimension also.

Example 3.43: Let V = {Z“aixi a € [0, 15), +, x} be the S-
i=0

pseudo interval polynomial linear algebra over the S-ring Zs.
V is infinite dimensional over Z;s.

Example 3.44: Let M = {Zaixi a e [0, 46), +, x} be a S-
i=0

pseudo interval polynomial polynomial linear algebra over the
S-ring Zae.

We have the following theorem the proof of which is direct.
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THEOREM 3.7: Let V = {Zaixi a; € [0, n), +, x} (nis such
i=0

that either n is a prime or n is such that Z, is a S-ring) be the
pseudo interval polynomial linear algebra (or S-linear algebra)
over Z,. V is a interval polynomial vector space or a interval
polynomial S-vector space over Z,.

However a interval polynomial vector space over Z, (or
[0, n) interval polynomial interval vector space over S-ring Z,)
in general need not be a pseudo interval polynomial linear
algebra or a S-pseudo polynomial interval linear algebra over Z,
(or the S-ring Z,).

Proof: One way is direct. To prove the other part we give an
example.

20
Consider V = {Zaixi a; € [0,7),0<i<20,+}; Visonly

i=0

a interval vector space of polynomial and is not a pseudo
interval polynomial linear algebra over the field Z,.

For if p(x) = 5.2x"’ + 3x +0.8 and
q(x)=2x+3x+0.6 € V;

p(x) x q(x) = (5.2x" + 3x + 0.8) x (2x° + 0.3x + 0.6)

= 10.4x* +6x° + 1.6x° + 1.56x*° + 0.9x> + 0.24x +
3.12x° +1.8x +0.24 ¢ V.

Hence the claim.

Now we will illustrate some more properties of these
spaces.

In the first place as in case of usual spaces linear
transformation can be defined only when the pseudo interval
spaces are defined over the same field or the same S-ring.
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Further for this we need to built other types of algebraic
structures using the interval polynomial pseudo linear algebra as
we would only land in linear operators in that case.

20
Example 3.45: Let V = {Z:aixi a; € [0,19), 0 <i<20, +} and
i=0

a; € [0, 19), 0 <1i <10, +} be any two interval

10 .
W = {Zaix‘

i=0

polynomial vector spaces defined over the field Zo.

Define T: V—> W by
20 _ 10 .

T(Zaix‘j = Z:aix1 (and agx''=0=apx?=..= azoxzo).
i=0 i=0

It is easily verified T is a linear transformation from V to
W.

Now we give examples of matrices built using interval
polynomial groups and interval pseudo polynomial rings in the
following.

Example 3.46: Let W = {(aj, ay, a3) | a; € P[x] = {Z:bixi b; e
i=0

[0, 29), +}; 1<1 < 3, +} be a interval matrix polynomial vector
space over the field Zy.

a, 2
Example 3.47: Let V = a; € P[x] = Zbix b; € [0,
i=0

33), +}; 1< 1 < 4, +} be the polynomial interval column matrix
vector space over the S-ring Zs.
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0.4x*+3x+7.1
Let A= , 0 ; and
5.1x"+2x” +1.7

3.9x? +4.271

10.5x" +3.6x* +6.001
7.51x" +20.7x"° +3.1106
7.81x* +11.3x° +8.13x
14.37x"° +10.3x*> +9.9

We find A + B as follows:

0.4x" +3x+7.1+10.5x" +3.6x> +6.001
0+7.51x" +20.7x"° +3.1106
510" +2x° +1.7+7.81x* +11.3x° +8.13x
3.9x" +4.271+14.37x"° +10.3x* +9.9

A+B=

4x* +10.5x" +3x +13.101

7.51x" +20.7x" +3.1106
- 20 7 3 eV.
7.81x* +5.1x" +1.7+13.3x° +8.13x

14.37x" +3.9x" +10.3x* +14.171

This is the way the operation + is performed on V.

Example 3.48: Let

a, ||a € P[x]
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={Zbixi bj € [0,17),+}; 1<i< 9}

i=0

be the polynomial interval matrix vector space over the field
Zl7.

W has atleast ¢C; + ¢C, + ... + ¢Cg number of subspaces of
infinite dimension over Z;.

Example 3.49: Let

i a, a, a, ]
a, a, ag
a a a o .

S=: 7 " 7 llaePx] ={Zbix‘ bi € [0, 48), +};

a'IO a1I a'12 i=0
al3 al4 a15

_alﬁ a'17 a18_

1 <£j <18, +} be the interval polynomial matrix S-vector space
over the S-ring Zs.

S has atleast ;3C; + 13C, + ... + 3C;7 number of S-subspaces
of infinite dimension over Zs.

Example 3.50: Let
a, a, .. a,
W=<la, a; .. ag]|laeP[x]
al‘) a20 o a27

b; € [0, 12), +}; 1<1 < 27, +} be the S-polynomial

={i“bixi
i=0

interval matrix vector space over the S-ring Z,.




194 | Infinite Quaternion Pseudo Rings Using [0, n)

Several interesting properties can be derived as a matter of
routine and hence left as an exercise to the reader.

Example 3.51: LetV = {(a;, a, ..., ag) | 8 € P[x] ={ijxi b;
=0
€ [0,5),1<i<8,+} and
a, a, a, a,
a, a, a, a i .
s=41° ¢ 7 Fllae P[x]z{ijxJ b; € [0, 5), +};
ay a4 4 Ay i=0

1<1 <16, +} be interval polynomial matrix vector spaces over
the field Zs.

We can define linear operators from V to S.

Define T: V — S by

0 0 O

T{(ala az,.. 'aaS) =
5 af} a7 a8
0O 0 0 O

T is a linear transformation from V to S.

We can build several such linear transformation from V
to S.
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Example 3.52: Let

o]

az
_J| 3 _INh i <
M= aieP[x]—{ijx bj € [0, 21), +}; 1<i< 6, +}
a, =0
a

and

S=<la; a, a, ag aieP[x]={ijxj b;j € [0, 21), +};

i0

10 a'11 alZ
1<1 <12, +} be the interval matrix polynomial vector spaces
over the S-ring Z,,.

Define a linear transformation

T:M — Sby

T(3):Oa3 0 a,|;

it is easily verified T is a linear transformation from M to S.
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Interested reader can study the algebraic structure of
Hom, (M, S) and this work is considered as a matter of

routine.

Now consider two pseudo interval matrix polynomial linear
algebras over a field.

We show by examples how to define linear transformation
using them.

Example 3.53: Let

a, a, a,
a, a, a © .

W= T8 e e Plx] = ijxJ b; € [0, 13), +};
alO all a12 j=0
3 Ay s

1<i< 18, +, %o}

b; € [0, 13),

a, a a
P PO :

- [ ]
a, 4, .. A

be any two pseudo interval polynomial linear algebras of
matrices under natural product over the field Z;;.

a; € P[x] Z{ijxj
=0

+, x} IST< 18, 4, X,

Define a linear transformation T from V to W in the
following way T : V > W;
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Clearly T is a pseudo linear transformation from V to W as
the basic structures V and W are only pseudo polynomial
interval linear algebras over Z,3.

This study is also considered as a matter of routine so
interested reader can study.

Now the basic problem we encounter with these spaces and
linear algebras is that we are not in a position to define inner
products or linear functionals if they are defined on Z,, so we
make a modification in our definition.

We define the notion of Smarandache strong interval
polynomial vector spaces (linear algebras) define over the
pseudo interval Smarandache ring [0, n).

a; € [0, n), +} be defined as the

Let V = {iaixi

i=0

Smarandache strong interval polynomial vector space over the
Smarandache pseudo interval ring [0, n).

Only now we can define pseudo inner product from

V x V> [0, n) as follows.

Ifp(x)=po+ ... + pux"and

qx)=qo+ ... +qx" € Vwith p;q; € [0, n).



198 | Infinite Quaternion Pseudo Rings Using [0, n)

Define (p(x), q(x)) = Y p,q’ € [0, n) then ( , ) is defined
i=0
i=0

as the pseudo inner product.

We call it pseudo for {(p(x), p(x)) = 0 is possible even if
p(x) = 0.

That is why in the first place we call them as pseudo inner
product space.

We may have other properties to be true or false depending
on the structure. The definition of pseudo linear functionals is a

matter of routine.

We can build this only when the space is defined over
[0, n).

We illustrate these situations by some examples.

Example 3.54: Let

a € [07 15): +7 X}

v Z{iaixi

i=0

be the pseudo interval polynomial Smarandache strong linear
algebra over the S-pseudo interval ring [0, 15) define inner
product{ , )V xV — [0, 15) as follows:

Ifp(x) = 0.7’ +2x + 7
and q(x) =5x>+0.5x + 1.2 € V.

Px),qx)y = 0.7x5+2x5+7x5+0.7x05+2x05+2
x05+7x05+07x12+2x12+7x1.2
(mod 15)

= 35+10+35+035+1+3.5+0.84=
2.4+ 8.4 (mod 15)
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= 4.99.
This is the way inner product is defined.

We can define inner product in other ways also say by

finding sum of product even powers of x (or odd powers of x)
and so on.

We will illustrate them by an example or two.

Example 3.55: Let

a4 € [0’ 12)> +3 X}

V= {i ax'
i=0

be the S-strong interval pseudo linear algebra over the S-ring
[0, 12).

Define{ ): VxV —[0,12) as follows:

If p(x), q(x) € V then (p(x), q(x)) = sum of the product of
the even powers of x only.

For if p(x) = 0.8x° + 9.37x” + 2x* + 3
and q(x) = 3.89x” + 4.2x° + 9.37x> + 4.578x + 2 € 8.

Px), qx)=08x42+2x42+08x2+2x2+3x%x4.2
+3 x2 (mod 12)

=336+84+1.6+4+12.6+6
=11.36 (mod 12) € [0, 12).

This is yet another way of defining the pseudo inner product
on V.

We see (p(x), q(x)) = 0 is also possible even without
p(x) =0 or q(x) = 0 also {p(x), q(x)) = 0 is also possible.
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For take p(x) = 4x* + 3.7x’ + 8x* and
q(x)=3x*+6x° +7.1x’ +9.32x € V.

We see (p(x), q(x)) = 0 (mod 12).

However p(x) # 0. This study can be carried out with
appropriate modification.

Next we can define linear functionals from V to [0, n) and
this will pave way for the concept of dual spaces.

If p(x) = po + p1x + ... + px" one simple way of defining
linear functional, f:V — [0, n) for p(x) € V.

() = Y, (mod n).

It is pertinent to keep on record that we can define in
other ways also as f(p(x)) = sum of odd powers or = sum of
even power and so on.

It is flexible and is in the hands of the researcher to define
in any way to suit the purpose of the study.

The reader can study the pseudo dual space and it is a
matter of routine with simple and appropriate modifications.

Now having seen that the concept of linear functional and
pseudo inner product can be defined in a natural way only when
the space is a Smarandache proceed on to define these concepts
in case of finite real quaternions.

CliEP:{b0+b1i+b2j

i=0

DEFINITION 3.3: Let P[x] = {Zaix"

+ bsk | b, € [0, n), +, n a prime} be defined as the interval
polynomial finite real quaternion vector space over Z, n a
prime.
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We will illustrate this by some examples.

Example 3.56: Let P[x] = {Zaixi aie P={by+bji+by+

i=0

bsk | by € [0, 19), 0 <1< 3, +} be the interval polynomial finite
real quaternion vector space over Zig.

We see if p(x) =0.7x> + 2x*> + 8.31 € P[x].
Ifa=9.5 e [0, 19), 9.5 x p(x) = 9.5 (0.7x" + 2x* + 8.31)
=6.65x> + 0+ 4.115 e P[x].

Let p(x) = 0.3x* + 7x* + 2 and
q(x) = 6.4x>+ 15.2 € P[x];

p(x) x q(x) = (0.3x* + 7x* + 2) x (6.4x* + 15.2)
=1.92x% + 4.56x* + 44.8x* + 106.4x> + 12.8x> + 30.4
=0.2x°+4.56x°+ 6.8x* +5.2x> + 11.4.

We cannot define inner product or linear functional for this
space.

Example 3.57: Let P[x] = {Zaixi aie P={by+bji+by+

i=0

bsk | bj € [0, 12), 0 <j <3, +} be the interval vector space of
real quaternions over the S-pseudo interval quaternion ring.

Example 3.58: Let P[x] = {Zaixi a; € P={by+byi+by+
i=0

bsk | b; € [0, 143), 0 <j <3, +} be the interval vector space of
real quaternions over the S-pseudo interval quaternion ring P.
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Example 3.59: Let Pc[x] = {Zaixi a; € Pc={by+byi+byj+

i=0

bsk | by € [0, 43), 0 <t <3, +}, +} be the interval vector space
of real quaternions over the field Z,;. Pc[x] is infinite
dimensional over Zg;.

Example 3.60: Let Pc[x] = {Zaixi a; € Pc={by+byi+by+

i=0

bsk | b; € [0, 28), 0 <t <3, +}, +} be the interval S-vector space
of complex real quaternions over the S-ring Z,s. This has S-
subspaces of finite and infinite order.

Example 3.61: Let Pc[x] = {Zaixi a € Pc={by+bji+by+

i=0

bsk | b, € [0, 19), 0 <t < 3, +}, +} be a Smarandache strong
interval vector space of real quaternions over the interval
pseudo Smarandache ring of real quaternions of complex finite
modulo integers Pc.

On P¢[x] we can define pseudo inner product and linear
functionals.

Example 3.62: Let Py[x] = {Zaixi a € Py={by+bji+by+
i=0

bsk | by € (Z;; U I); 0 <t <3, +}, +} be the interval finite real
quaternion neutrosophic vector space over the field Z,.

This space is also of infinite dimensional over Z;.

However Py[x] has finite and finite dimensional subspaces.

a € Z1;, 0 <1<3} < Py[x] is a finite

For P = {iaixi

i=0

dimensional subspace.
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a,e(ZLul);0<i1<5,+} < Py[x]; Tis

Take T = {iaixi

i=0

again finite dimensional neutrosophic vector subspace over Z;.

aiePN={b0+b1i+sz+

i=0

Example 3.63: Let P\[x] = {Z ax'

bsk | by € ([0, 19) U T); 0 <t < 3, +}, +} be the S-interval real
quaternion vector space over the neutrosophic S-ring (Z;9 U I).
This has finite dimensional S-vector subspace.

Example 3.64: Let P\[x] = {Zaixi a; € Py={by+bji+by+

i=0

bsk | b, € ([0, 17) U I); 0 <t <3, +}, +} be the interval vector
space real quaternions of polynomials over the S-pseudo
neutrosophic real quaternions ring Py.

In this case we can build inner product on Py[x]. We can
also define on Py[X] a linear functional.

Let f: Py[x] — P

f(p(x)) = ipi (mod 17) for any p(x) € P[x].

i=0

Example 3.65: Let Pyc[x] = {Zaixi a; € Py = {bg + byi + byj

i=0

+ bsk | by € ([0, 23) U I); 0 <t < 3} be the interval finite
complex modulo integer neutrosophic real quaternion vector
space over the field Z,;.

Pnc has finite subspaces as well as infinite subspaces.

a; € Pne = {bo + byi + byj

i=0

Example 3.66: Let Pyc[x] = {Z ax'

+ bsk | by € ([0, 43) U I); 0 <t <3, +} be the S-interval
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neutrosophic finite complex modulo integer neutrosophic real
quaternion vector space over (Zs; U I) (or C(Zy4) or
C([Zsz W I)).

On all these spaces we cannot built linear functionals or
inner product.

Only when the spaces are built over Pc or P or Py or Pyc
we can define provided they are pseudo interval real quaternion
linear algebra.

We will illustrate this by an example or two.

Example 3.67: Let P[x] = {Z“aixi a, € P=1{by+bii+by+

i=0

bsk | b, € [0, 48); 0 <t <3}, +, x} be the Smarandache pseudo
interval linear algebra of real quaternion polynomials over the
S-pseudo ring P.

On P[x] we can define inner product as well as linear
functionals.

Example 3.68: Let Pc[x] = {Zaixi ai € Pc={by+bji+by+
i=0

bsk | b, € [0, 23); 0 <t < 3, +}, +, x} be the pseudo interval
Smarandache strong linear algebra of finite complex modulo
integer real quaternions over the S-pseudo interval complex
finite modulo integer ring.

We see Pc[x] has several subspaces.

Example 3.69: Let P\[x] = {Zaixi a; € Py={by+bji+by+
i=0

bsk | by € ([0, 29) U I); 0 <t < 3}, +, x} be the Smarandache

strong pseudo interval neutrosophic real quaternion polynomial

vector space over the S-neutrosophic pseudo interval ring Py.
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Example 3.70: Let Pyc[x] = {Zaixi a; € Py = {bg + byi + byj

i=0

+ bsk | by € C([0, 28) U I)); 0 <t < 3}, +, x} be the
Smarandache strong pseudo interval special finite complex
modulo integer real quaternion neutrosophic polynomial linear
algebra over the S-pseudo finite neutrosophic complex modulo
integer real quaternion ring.

Pnc[x] has several S-sublinear algebras.

We see Pnc[x] is made into pseudo inner product linear
algebra.

Further we can define linear functionals from Pyc[x] = Pnc.

Thus we see one can built matrix Smarandache strong
pseudo linear algebras using Pnc[x] or Pc[x] or Py[x] or P[x].

This is considered as a matter of routine and hence left as an
exercise to the reader. However we give examples of them.

Example 3.71: Let V= {(aj, ay, ..., a10) | a; € P={bg+byi +
byj + bk | b € [0, 7); 0 <t <3}, +}, +, x} be the Smarandache
strong pseudo interval polynomial ring with coefficients from
the pseudo interval real quaternion ring P.

V can be made into an inner product space.
We can define linear functionals from V to P.

We see V has atleast (C; + 10C, + ... + 10Co number of S-
subalgebras.
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Example 3.72: Let

T=1|"7 ||ai € Pc = {by+ byi + byj + bk | by € C([0, 29));

0<t<3},+}, +, Xu}

be the Smarandache strong pseudo interval column matrix finite
real quaternion linear algebra over the finite real quaternion
pseudo S-ring Pc.

T has also ¢C; + ¢C, + ... + ¢Cg number of S-sublinear
algebras. T has zero divisors which are infinite in number.

Example 3.73: Let

ijPC:{bo+b1i+sz+b3k|

j=0

a2
o0
S=4la,||aePc= {ijxJ

b, € C([0, 17)); 0 <t <3, +}, +, X,}
be the Smarandache strong special interval polynomial pseudo
linear algebra with complex finite modulo integer of real
quaternions coefficients over Pc.

We can find substructures in them.

Infact S is infinite dimension over Pc. S has infinite number
of zero divisors and a few idempotents.
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Example 3.74: Let S = a € Pn[x] =

a21 a22 aZ} a24

{Z:bixi b; € Pxn = {co + cii + ¢ + ¢k | ¢ € ([0, 21) U D));
i=0

0<t<3,+}, + x,} be the Smarandache strong pseudo interval
neutrosophic finite real quaternions polynomials column matrix

linear algebra over the S-pseudo interval ring.

a
Example 3.75: Let S = ! a € Pyc[x] =

m; € Py = {bo + bii + byj + bsk | b, € C([0, 42) U T));

i=0

0<t<3,+}, 1+, x,, 1 <1< 3} be the Smarandache strong pseudo
linear algebra of matrix with coefficients from S-interval
polynomial ring of real neutrosophic complex modulo integer
quaternions.

S has units, zero divisors and idempotents.

Study of these is considered as a matter of routine.

We suggest the problems some of which are at research
level.

Problems

1. Obtain some special features enjoyed by pseudo interval
polynomial rings with coefficients from [0, n).
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2. Let R[x] = {Z:aixi a; € [0, 7), +, x} be the pseudo

i=0

interval polynomial ring.

(1) Find subrings which are not ideals.

(i1) Find ideals in R[x].

(ii1) Can R[x] have idempotents?

(iv) Can R[x] have S-units?

(v) Can R[x] have ideals?

(vi) Does R[x] contain S-subrings which are not
S-ideals?

(vii) Does R[x] contain ideals which are not S-ideals?

(viii) Can we have the concept of S-idempotents in

R[x]?
(ix) Can R[x] have S-zero divisors?

3. Let R[x] = {Xa; x; | a; € [0, 48), +, x} be the pseudo
interval polynomial ring.

Study questions (1) to (ix) of problem 2 for this R[x].

4. Let B[x] = {Zaixi a; € ([0, 11) U I), +, x} be the

i=0

special interval neutrosophic polynomial ring.

(1) Study questions (i) to (ix) of problem two for this
B[x].
(i1) Distinguish between R[x] ad B[x].

a; € ([0, 24) U I), +, x} be the

i=0

5. Let B[x] = {iaixi

special interval neutrosophic polynomial ring.

(1) Study questions (i) to (ix) of problem two for
this B[x].

(i) Distinguish between the usual interval polynomial
ring and interval neutrosophic polynomial ring.
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a; € C([0, 23)), +, x} be the

i=0

Let T[x] = {iaixi

interval complex modulo integer polynomial ring.

(1) Study questions (i) to (ix) of problem 2 for this T[x].
(i) Compare T[x] with other two types of rings.

a; e C([0, 56)), +, x} be the

Let T[x] = {iaixi

i=0

interval complex modulo integer polynomial ring.

(1) Study questions (i) to (ix) of problem 2 for this T[x].

Let M[x] = {Zaixi a; € ([0, 29) U I), +, x} be the

i=0

interval polynomial finite complex modulo integer
neutrosophic ring.

(1) Study questions (i) to (ix) of problem 2 for this
M[x].

Let M[x] = {Zaixi a; € ([0, 15) U I), +, x} be the
i=0

interval finite complex modulo neutrosophic integer
polynomial ring.

(1) Study questions (i) to (ix) of problem 2 for this
M([x].

a; € P={b, +bji+bjj+blk; bje

Let P[x] = {iasxs

s=0

[0, 23); 0 <t < 3, +, x} be the pseudo interval
polynomial ring of finite real quaternions.
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11.

12.

13.

14.

Study questions (i) to (ix) of problem 2 for this P[x].

a; € P={b, +bji+bjj+blk; bje

Let P[x] = {iasxs

s=0

[0, 48); 0 <t < 3, +, x} be the pseudo interval real
quaternion polynomial ring.

Study questions (i) to (ix) of problem 2 for this P[x].
Let P [x] = {Zasxs a; € P, = {b, +bji+b)j+bik;
s=0

b e C([0, 19); 0 <t < 3, +, x} be the pseudo interval

polynomial ring with coefficients from the complex
modulo integer of finite real quaternions.

Study questions (i) to (ix) of problem 2 for this P.[x].

Let P[x] = {Zasxs a; € P. = {by +bji+b)j+b3k;
s=0

bje C([0, 14); 0 < t < 3, +, x} be the pseudo

polynomial real finite complex modulo integer

quaternion ring.

Study questions (i) to (ix) of problem 2 for this P.[x].

a, € Py = {b)+Dbli+b3j+blk;

Let Py[x] = {Zasxs
s=0

ble ([0,59) UI);0<t<3, i*=j =k =58 =ijk, ij =
58ji = k, jk = 58kj =i, ki = 58ik = j}, +, x} be the
pseudo interval polynomial ring with neutrosophic
modulo integer coefficients.

Study questions (i) to (ix) of problem 2 for this Py[x].



15.

16.

17.

18.
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Let Py[x] = {Zasxs a, € Py = {b} +bli+b}j+blk;

s=0

b} € ([0,32) UT); 0 <t <3,+, x} be the pseudo interval

polynomial ring with coefficient from the neutrosophic
finite modulo integer of real quaternions.

Study questions (i) to (ix) of problem 2 for this Py[X].

a, € Pnem {b;+bil+b;]+b;k,

s=0

Let PNc[X] = {Z aSXS

b e C([0, 18) U I)); 0 <t < 3, +, x} be the pseudo

interval neutrosophic complex modulo integer real
quaternion polynomial ring.

Study questions (i) to (ix) of problem 2 for this Pnc[X].

Let Pnc[x] ={Zasxs a, € Pne={b +bli+bj+bik;

s=0

b} e C([0, 83) U I)); 0 <t < 3, +, x} be the pseudo
interval neutrosophic complex modulo integer real
quaternion polynomial ring.

Study questions (i) to (ix) of problem 2 for this Pyc[x].

a; € P={by + bji + byj + bsk | b; €

Let P[x] ={i aixi

i=0

[0, 31), 0 <t <3, +, x} be the interval vector space of
polynomial with real quaternion coefficients over Zs;.

(i) What is the dimension of P[x] over Z3,?

(i1) Find subspaces of P[x].

(ii1) Find Hom (P[x], P[x]) = S.

(iv) What is the algebraic structure enjoyed by S?
(v) Can P[x] have subspaces of finite dimension?
(vi) Is it possible to define inner product of on P[x]?
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19.

20.

21.

22.

(vii) Is it possible to define linear functional in a natural
way?

Let Pc[x] ={Zaixi a; € Pc={by+bji+by+bsk|b e
i=0

C([0, 42)), 0 £t < 3, +, x} be the Smarandache strong

pseudo interval real quaternion polynomial linear

algebra over the S-pseudo interval real ring of complex

modulo integer quaternions.

Study questions (i) to (vii) of problem 18 for this Pc[x].

Find some special features enjoyed by Smarandache
strong pseudo interval linear algebras over the S-pseudo
ring P (or Pc or Py or Pyc).

aiGPN:{b0+b1i+ij+b3k|bt

Let Py[x] = {iaixi

i=0

e ([0, 97) U I), 0 <t <3, +, x} be the Smarandache
strong pseudo interval real quaternion polynomial linear
algebra over the S-pseudo interval real ring of complex
modulo integer quaternions.

Study questions (i) to (vii) of problem 18 for this Py[x].

a; € Pne = {bo + bii+byj + bsk | by

i=0

Let PNC[X] = {Z aixi

e C([0, 42) U 1)), 0 £t <3, +, x} be the Smarandache
strong pseudo interval complex finite modulo integer
neutrosophic real quaternion polynomial linear algebra
over the S-interval pseudo complex modulo integer real
quaternion ring.

Study questions (i) to (vii) of problem 18 for this
Pnc[x]-
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a; € PNC

23. Let S = {(al, Ayenny a7) | j € PNc[X] ={Zaixi

i=0

= {bp + byi + byj + bsk | b, € C({[0, 128) U I)), 0 <t <3,
+, x}, 1 <j <7, +, x} be the Smarandache strong
pseudo interval complex finite modulo integer
neutrosophic real quaternion polynomial linear algebra
over the S-interval pseudo complex modulo integer real
quaternion ring.

Study questions (i) to (vii) of problem 18 for this S.
4

a, e ;
24. Let M= §| .’ | |a € Pc[x] =4 > mx'|m; € Pc = {by +

i=0

ay

bii + byj + bsk | b € C([0,23)),0<t<3,+, x}, 1 <i<
9, +, x4} be the Smarandache strong pseudo interval
column matrix real quaternion complex modulo integers
over the S-pseudo interval ring Pc.

Study questions (i) to (vii) of problem 18 for this M.

a, a, a
g 4, a9
25. LetM=<la,, a, .. a;]||aeP\x]=
alé a17 aZO
_a21 a22 a25_

miEPN:{b0+b1i+bgj+b3k|th

i=0

(0,27)uD),0<t<3,+, x},1<j<5,+, x,} be the



214 | Infinite Quaternion Pseudo Rings Using [0, n)

26.

27.

28.

29.

30.

31.

Smarandache strong real quaternion neutrosophic
polynomial interval pseudo linear algebra over the S-
neutrosophic interval real quaternion ring.

Study questions (i) to (vii) of problem 18 for this M.

a, |a, |a; a, as|a, a,
a o | e e | @
8 14

Let N = a €
a; o e e | e Ay,
a22 a28

Pyc[x] = {Zmixi m; € Pxe = {by + byi + byj + bsk | by
i=0

e C{[0,3)uT),0<t<3,+ x},1<j<28,+, x,} be
the Smarandache strong interval neutrosophic finite
complex modulo integer real quaternion polynomial
super row matrix pseudo linear algebra defined over the
S-neutrosophic complex modulo integer real quaternion
pseudo ring.

Study questions (i) to (vii) of problem 18 for this N.

Obtain some special features enjoyed by these pseudo
inner product spaces.

In case of N in problem 26 find Hom (N, Pyc) = V.

What is the algebraic structure enjoyed by V in problem
287

Find W = Hom (N, N), N given in problem 26.

What is the algebraic structure enjoyed by W in
problem 30?
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