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Abstract:

The main goal of this paper is to study three different types of algebraic symbolic
2-plithogenic equations. The symbolic 2-plithogenic linear Diophantine equations,
symbolic 2-plithogenic quadratic equations, and linear system of symbolic 2-plithgenic
equations will be discussed and handled, where algorithms to solve the previous types
will be presented and proved by transforming them to classical algebraic systems of

equations.
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Introduction and preliminaries

The process of extending classical algebraic structures by using logical symbols and
elements can be considered as a novel approach to generalize algebraic structures, where
many algebraic structures were generalized by using neutrosophic elements, fuzzy

elements, and refined neutrosophic elements [1-15].

Ahmad Khaldi, Khadija Ben Othman, Oliver Von Shtawzen, Rozina Ali, Sarah Jalal Mosa, On Some Algorithms for Solving
Different Types of Symbolic 2-Plithogenic Algebraic Equations


mailto:khaldiahmad1221@gmail.com
mailto:khagijabenothman33@gmail.com
mailto:Vonshtawzen1970abc@gmail.com
mailto:rozyyy123n@gmail.com
mailto:s.mosa@uoalfarahidi.edu.iq

102

Smarandache has defined the concept of Symbolic 2-plithogenic sets and structures [16-20]
as new generalizations of classical structures. Also, he has presented many open research

problems [20].

In [21], Smarandache ideas was discussed in a special case of n=2, where the symbolic
2-plithogenic rings were defined and studied with many elementary interesting

substructures and properties.

Let R be a ring, the symbolic 2-plithogenic ring is defined as follows:

2 —SPg ={ap + a1 Py + ayPy; a; € R, Pi* = P, Py X P, = P12y = Po ).

Smarandache has defined algebraic operations on 2 — SPy as follows:

Addition:

[ag + a1 Py + ayPy] + [bg + by Py + by P,] = (ag + by) + (ay + by)Py + (a, + by)P;.
Multiplication:

[ag + a; Py + ayP,). [by + by Py + byP,] = aghy + aghy Py + agh,Py + a;boPi? + ab,P; P, +
azboP, + a3b PPy + azb, Py + aiby Py Py = agby + (aghy + ajbg + a;by)Py + (agh, + aib, +
a,by + a,b; + a;b,)P;,.

It is clear that (2 — SPr) is a ring.

If Ris a field, then 2 — SPj is called a symbolic 2-plithogenic field [22].

Also, the following open problems were asked in [22]:

Problem (3):

If F is a field then 2 — SPr is called a 2-plithogenic symbolic field. Now, can we find a
strong algorithm that explains how can we solve the previous equations by turning it into
the classical equations.

Problem (4):

If Z is the ring of integers ring then 2 — SP, is called a 2-plithogenic symbolic ring of
integers. Can we find a strong algorithm that explains how can we solve the previous
equations by turning it into the classical Diophantine equations.

In this paper, we solve the previous two open problems by suggesting effective algorithms

that help us to transform symbolic 2-plithogenic equations to classical algebraic equations.

Main Results
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Definition.

Let 2 —SP, = {a+ bP; + cP,; a,b,c € Z} be the symbolic 2-plithogenic ring of integers, the
Diophantine equation with two variables is defined as follows:

AX+BY =C,A=ag+ a;P; +a,P,,B=>by+ b P, +b,P,,C =cy+c Py + 3P,

X =xog+x1P1 +x,P,,Y =yo+y,P +y,P,,a;,b;,¢;,%;,y; € 2 — SPy.

The following theorem describes an algorithm to solve the symbolic 2-plithogenic linear
Diophantine equation with two variables.

Theorem.

Let AX + BY = C be the symbolic 2-plithogenic linear Diophantine equation with two
variables, it is solvable if and only if the following linear Diophantine equations are
solvable.

agxo + boyo = ¢
(ap +a))(xg +x1) + (b + b)) (Yo +¥1) =co + ¢4
(ap +a; +ay)(xg+x; +x3) +(bg+ by +b)o+y1+y2) =co+cp+cy

Proof.

The equation AX + BY = C equivalents:

agxo + boyo + (agx1 + ayxo + arx1 + boys + byyo + b1y1)Py
+ (agx; + azxo + azxy + arx; + azxy + boys + bayo + baya + b1ys + boyi )P,
=c¢y+ 1Py + P,

aoxo + boyo = CO (1)
apx1 + a1xg + a1 xq + boyy + b1yy + b1ys = ¢4 ... (2)
AoXy + AyXg + AyXy + ay Xy + azxy + bgy, + byyo + by, + b1y, + by = ¢y ... (3)

We add (1) to (2), and (1) to (2) to (3), we get:

agxo + boyo = ¢
(ag+a;)(xg +x1) + (b + b)(Yo +y1) =co +¢1
(ap ta; +ay)(xg+x;+x3) +(bg+ by +b)yo+y1+y2) =cotctc,

And the proof is complete.

The description of the algorithm.

To solve AX +BY = C in 2 — SP; , we must follow these steps.

Stepl.

We compute gcd(ag, by), gcd(ag + a1, by + by), gcd(ag + a; + az, by + by + by).

If gcd(agy, by)/cy, gcd(ag+ aq, by + by)/co+ ¢y, ged(ag+ ay +az, bg+ by +by)/co+ ¢ +
¢y, then it is solvable.

Step2.
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We solve the equivalent system and get the values of x;,y;;0 <i < 2.

Example.

Consider the following symbolic 2-plithogenic linear Diophantine equation:
(2+ P, + P)X + (3+ 2P, — P,)Y =8 + 5P, + 7P,.

gcd(ag, by) = ged(2,3) = 1/8.

ged(ag + ay, by + by) = ged(3,5) = 1/cy + ¢y = 13.

ged(ag + a; +az, by + by + by) = ged(4,4) = 4/cy + ¢1 + ¢, = 20.

So that, the equation is solvable.

The equivalent system of linear Diophantine equations is:

2x9+ 3y, =8...(1)
3(x0 +x1) + 5o +¥1) = 13...(2)
4(xg + 2, +x2) + 4o +y1 +¥2) =20...(3)

The equation (1) has a solution (xo = 1,y, = 2).

The equation (2) has a solution (xy + x; = 1,yy + y; = 2), there for (x; = 0,y; = 0).

The equation (3) has a solution (xq+x; +x, =2,y9+y; +y, = 3), there for (x, =
Ly,=1).

This implies a solution X =1+ P,,Y =2+ P,.

Example.

Consider the following:

(3+ P, +5P)X + (6 — 2P, + 10P,)Y =5+ P, + P;.

gcd(ag, by) = gecd(3,6) = 3 £ 5, there for it is not solvable.

2-symbolic plithogenic Quadratic equation.

Let 2 — SPr be a symbolic 2-plithogenic field, the formula

AX?> +BY?+(C =0;A=ay+a;P, + a,P,,B = by + b, P, + b,P,,

C=co+c 1P+ 3P, X =xg+x:Py +x,P,,Y =yg+y,P1 +y,P;,a;,b;,¢;,x;,y; € 2 — SPp.

Is called the symbolic 2-plithogenic quadratic equation.

Theorem.

Let AX? 4+ BY? + C = 0 be a symbolic 2-plithogenic quadratic equation over 2 — SPz, then
it is solvable if and only if the following system is solvable:

aoxoz + boyoz + C() = 0 (1)
(ap + ay)(xg + x1)* + (by + b1) (Yo + y1)* + (co + ¢1) =0...(2)
(ag + a; +ax)(xg + x1 + %)% + (bg + by + b)) (Yo +y1 +¥2)* +(co + ¢ +¢2) =0...(3)

Proof.
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We have X2 = x¢% + P;[(xo + x1)? — x02] + Py[(x¢ + x4 + x2)% — (x¢ + x1)?], see [ .
So that:
AX? = agxg? + Pilag(xg + x1)? — agxg® + a1 (xg + x1)? — a1x0% + a1x0°]
+ Pylag(xo + x1 + X2)% — ag(xg + x1)% + aq (X + %1 + %)% — a1 (xp + x1)?
+ap(xg + x1 + x2)% — az(xo + x1)% + azx0% + az(x + 1) — az%0°]
AX? = agxo® + Py[(ag + a;)(xo + x1)% — agxo?]
+ Py[(ag + a; + ax) (xg + x4 + x2)% = (ag + ay) (xo + x1)?]
There for, the equation AX% + BY? 4+ C = 0 is equivalent to:

aoxoz + boyoz + Co = 0.. (1)

(ap + ay)(xo 4+ x1)% + (bo + b)) Vo + y1)* + (co +¢1) = 0...(2)
(ag + ay +az)(xg + x1 + 22)% + (bg + by + b)) (Yo + 1 +¥2)* + (co +¢1 +¢2) =0...(3)

The description of algorithm.

To solve AX? 4+ BY?+C =0 in 2 — SPy, follow these steps:

Stepl.

Solve the equivalent classical system of quadratic equations. If (1),(2), and (3) are
solvable in the field F,then the symbolic 2-plithogenic quadratic equation is solvable.
Step2.

Discuss all possible cases of xg, x1, x;.

Remark.

If AX?+ BY? + C = 0 is solvable in 2 — SPg, then it has at most 8 solutions.
Example.

Consider the following:

(1+P, +P)X2+(B—-P)X—4—12P, =0

We have:

aO = 1,a1 = 1,a2 =1
bO = 3,b1 = _1,b2 =0
Co = _4‘,C1 = O,Cz =—-12

The equivalent system is:

x02 + 3x0 - 4‘ = 0 (1)
2(xg +x1)% +2(xg +x,) —4=0..(2)
3(x0 + X1 + x2)2 + Z(XO + X1 + xz) - 16 = 0 (3)

The solutions of (1): x, = 1,x, = —4.
The solutions of (2): xg +x; = 1,x9 + x4 = —2.

The solutions of (3): xo +x1 +x, =2,x0 +x; + X, = —g.

Ahmad Khaldi, Khadija Ben Othman, Oliver Von Shtawzen, Rozina Ali, Sarah Jalal Mosa, On Some Algorithms for Solving
Different Types of Symbolic 2-Plithogenic Algebraic Equations



106

Casel.

If xo=1,x0+x; =1,x9+x;+x,=2,then x; =0,x, =1,and X =1+ P,.

Case2.

If xo=1,x0+x;=1,x0+x1+x, = —g, then x; =0,x, = —%, and X =1 —1?1132-

Case3.

If xo=1,x0+x,=—-2,x0+x, +x, =2, then x; = —3,x, =4,and X =1 —3P; + 4P,.
Cased.

If xo=1,x0+x1 =—-2,x0+x;+x, = —g, then x; = -3,x, = —%, and X =1-3P; —%PZ.
Case5.

If xo=—4,x0+x; =1,x9+x;+x, =2,then x; =5,x, =1,and X = —4 4+ 5P; + P,.
Case6.

If xo=—4x0+x1=1,x0+x1+2x, = —g, then x; =5,x, = —%, and X = —-445P; —
=Py

Case7.

If xo=—4,x0+x,=—2,%0+x1 +x, =2, then x; =2,x, =4,and X = —4 + 2P; + 4P,.
CaseS8.

If xg=—4,x0+x1=—-2,x0+x1+x, = _2' then x; = 2,x, = —%, and X = —4+2P; —
2P,.

So that, the solutions of the original symbolic 2-plithogenic quadratic equation are:

2 11 2
Xe {—4 + 2P =Py, —4+ 2Py + 4Py, —4 + 5Py — Py, —4 + 5P + Pp, 1 =3P, — 3Py 1

11
_3P1+4‘P2,1_?P2,1+P2}
Example.
Consider the following:
(2+3P, —P)X*+ (4+P,+P)X—6—4P, =0
We have:

bo :4,b1 = 1,b2 =1

{ao =2,a, =3,a, =-1
CO = _6,C1 = _4‘,C2 =0

The equivalent system is:
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ZxOZ + 4x0 - 6 = 0 (1)
S(xo + xl)z + S(xo + xl) - 10 = 0 (2)
4(xg + X1 +x2)2 +6(xg+x; +x,) —10=0...(3)

The solutions of (1): xy = 1,x, = —3.

The solutions of (2): xo +x; = 1,x¢ + x; = —2.

The solutions of (3): xo +x; +x, =1, x0 +x; +x, = —;.

Casel.

If xo=1,x0+x; =1,x9g+x;+x,=1,then x; =x, =0,and X = 1.

Case2.

Ifxg=1Lx0+x,=Lxg+x+x, = —g, then x; =0,x, = —%, and X =1 —gPZ.

Case3.

If xo=1,x0+x,=—-2,x0+x, +x, =1, then x; = -3,x, =3,and X =1 —3P; + 3P,.
Cased.

If xo=1,x0+x1 =—-2,x0+x; +x, = —;, then x; = =3,x, = —%, and X =1-3P; —%Pz.
Caseb.

If xo=—3,x0+x1=1,x9g+x;+x,=1,then x; =4,x, =0,and X = -3 + 4P;.

Case6.

If xo=—-3,x0+x1=1Lx0+x,+x, = —;, then x; = 4,x, = —%, and X = -3 +4P; —%Pz-
Case?.

If xo =—3,x0+x1 =—-2,x9g+x; +x, =1,then x; =1,x, =3,and X = -3+ P, + 3P,.
CaseS8.

If xo=—-3,x0+x1=—2,x0+ %1, +x, = —;, then x; = 1,x, = —%, and X = -3+ P, —%PZ.

So that, the solutions of the original symbolic 2-plithogenic quadratic equation are:

5 1 7
X€{1’1_5P2’1_3P1+3P2’1_3P1_EP2’_3+4P1’_3+4‘P1_EPZ’_3+P1+3P2’_3

1
+ P 1~ E P 2}
2-plithogenic Linear equations.
We begin the simplest case, a symbolic 2-plithogenic linear equation with one variable

A.X =B.

This equation is solvable uniquely if and only if A is invertible and X = A™!B.
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According  to [31], A l'=ay"'+P[(ag+a) t—ay+P[(ag+a;+ay) -
(ap +a;)7'].

Example.

Consider the equation (2 + P; + P,)X =3 — P; over 2 — SPg.

ap=2,a,"1 = %,ao +a,=3,(ap+a) 1= %,ao +a;+ay,=4,(ay+a; +ay)t= %, thus:

At=2_1p —Lp therefor:
2 6 12

X—(l 1P 113)(3 P) = 3 1P 1P+1P 1P+1P—3 5P 1P
“\2 6! 1272 1 B R e R T R S e

The general case is about a linear system of n symbolic 2-plithogenic equations A;.X; =
B;1<i<n.

To solve a system like that, we must transform it to an equivalent classical system. We
present the following algorithm.

To solve the symbolic 2-plithogenic linear system:

All'Xl +A12.X2 + -+ Aln-Xn = Bln
A21.X1 +A22.X2 + -+ A2n.Xn = BZTL

Ay Xy + Ay Xy + -+ Ay Xy, = By
Where: Ay =al) +a’P +aP P x; = X0 + XOP + X PP, By = b + PPy
b?P, €2 — SPy.
Follow these steps:

Stepl.

Find the classical equivalent system as follows:

p
Z a®x© = Z p©®

i,j=1 i,j=1
n n
) z ( © 4 a“)) (Xi(O) N Xiu) Z b(o) N b(l)
ij=1 ij=1
n n

Z (¢ +aP +a) (x© + x +xP) = z (b9 + b3 +b)

step2.

Solve each system and remark that:

The first system gives the values of X i(o) ;1<is<n

The second one gives the values of X l_(o) +X l-(l); 1<i<n.

The third one gives values of Xl-(o) + Xi(l) + Xl-(z) 1<i<n.
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Step3.

If each system is solvable, then the original 2-plithogenic system is solvable, and if the
number of solutions of every classical system is k, then the number of solutions for the
2-plithogenic system is k3.

Example.

Consider the following symbolic 2-plithogenic system of three linear equations with three

variables:

(1+P2)X1+(3_P1)X2+(1+P1_P2)X3:5
P2X1+P1X2+(P1_P2)X3:2P1+2P2
(1+P,—P)X;+(4+3P, —Py)X, + (5+2P,)X; =11+ 4P,

the equivalent classical systems are:

x® 4+3x0 4 x0 =5

) OXI(O) + OXZ(O) T 0X§0) =0 ...system(1)

20 4 4x{” 455 =11

( (P +xP)+2(x0 + %)+ 2(x0 +xV) =5

$oo(x?+x)+ (X0 +xP)+ (xV +xP) =2 . system(2)
© , @ ©) , 5@ 0) 4y _

3 ({7 + x) + 7 (%0 + x7) +5 (x5 + x{V) = 15

0 1 2 0 1 2 0 1 2
fz(ﬁ)+ﬁ)++ﬁ))H4@)+Xp+X§»+(@)+A)+Xy)=5
) (X1(0) + X1(1) + +X1(2)) + (Xéo) + Xz(l) + Xz(z)) + 2 (Xéo) + Xél) + X§2)) =4 ...system(3)

2(X + X+ +x7) + 6 (X + X+ xP) + 7 (X + X0 + xP) =15

The system(1) has infinite solutions, thus the 2-plithogenic system has infinite solutions.
We will find some solutions to clarify the algorithm.

For example system(1) has a solution Xl(o) = XZ(O) = Xéo) =1.

The system (2) has a solution Xl(o) + Xl(l) = Xz(o) + Xz(l) = X?EO) + X?El) =1, thus Xl(l) =
x® = xM =,

The system (3) has a solution Xl(o) + Xl(l) + Xl(z) = XZ(O) + Xz(l) + Xz(z) = Xéo) + X3(1) + Xéz) =
1, there for X# = x# = x# =0,and X; = X + xPP, + xPP, =1, X, = 1,X; = 1 isa
solution for the 2-plithogenic system.

Also, the system (1) has a solution Xl(o) = ?,XZ(O) = - %,X?EO) = 0.

The system (2) has a solution Xl(o) + Xl(l) = XZ(O) + Xz(l) = X?Eo) + X?fl) =1.
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The system (3) has a solution Xl(o) + Xl(l) + Xl(z) = XZ(O) + Xz(l) + XZ(Z) = X§0) + X3(1) + X3(2) =
1.
There for X\ =1 — 12—3 = —171,)(51) =1 +§ = %,X_,E” =1, xP =xP=xP =

This implies that:

13 11 1,3 . . . .
X, = 5~ 7P1,X 2=—5+ 5P1»X 3 = P; is a solution of the 2-plithogenic system.
Conclusion

In this paper, we have presented novel algorithms to solve many different types of

2-plithogenic algebraic equations (quadratic, linear, and linear Diophantine equations) by

transforming them to classical systems of algebraic equations. Also, many examples were

illustrated tp explain the validity of our work.

References

[1]1 Abobala, M., Hatip, A., BalM." A Study Of Some Neutrosophic Clean Rings",
International journal of neutrosophic science, 2022.

[2] Abobala, M., Bal, M., Aswad, M., "A Short Note On Some Novel Applications of Semi
Module Homomorphisms", International journal of neutrosophic science, 2022.

[3] Celik, M., and Hatip, A., " On The Refined AH-Isometry And Its Applications In Refined

Neutrosophic Surfaces", Galoitica Journal Of Mathematical Structures And Applications,

2022.

[4] Adeleke, E.O., Agboola, A.A.A.,and Smarandache, F., "Refined Neutrosophic Rings I",

International Journal of Neutrosophic Science, Vol. 2(2), pp. 77-81. 2020.

[5] Ahmad, K., Thjeel, N., AbdulZahra, M., and Jaleel, R, " On The Classifiction of
n-Refined Neutrosophic Rings And Its Applications In Matrix Computing Algorithms And
Linear Systems", International Journal Of Neutrosophic Science, 2022.
[6] Hatip, A., "An Introduction To Weak Fuzzy Complex Numbers ", Galoitica Journal Of
Mathematical Structures and Applications, Vol.3, 2023.

[7]1 Merkepci, H., and Ahmad, K., " On The Conditions Of Imperfect Neutrosophic Duplets
and Imperfect Neutrosophic Triplets", Galoitica Journal Of Mathematical Structures
And Applications, Vol.2, 2022.

[8] Von Shtawzen, O., " Conjectures For Invertible Diophantine Equations Of 3-Cyclic and

4-Cyclic Refined Integers", Journal Of Neutrosophic And Fuzzy Systems, Vol.3, 2022.

Ahmad Khaldi, Khadija Ben Othman, Oliver Von Shtawzen, Rozina Ali, Sarah Jalal Mosa, On Some Algorithms for Solving
Different Types of Symbolic 2-Plithogenic Algebraic Equations



111

[9]1 Abobala, M., and Zeina, M.B., " A Study Of Neutrosophic Real Analysis By Using One
Dimensional Geometric AH-Isometry", Galoitica Journal Of Mathematical Structures
And Applications, Vol.3, 2023.

[10] Khaldi, A.,, " A Study On Split-Complex Vector Spaces", Neoma Journal Of

Mathematics and Computer Science, 2023.

[11] Ahmad, K., " On Some Split-Complex Diophantine Equations”, Neoma Journal Of

Mathematics and Computer Science, 2023.

[12]. Ali, R., " On The Weak Fuzzy Complex Inner Products On Weak Fuzzy Complex

Vector Spaces", Neoma Journal Of Mathematics and Computer Science, 2023.

[13] Sarkis, M., " On The Solutions Of Fermat's Diophantine Equation In 3-refined
Neutrosophic Ring of Integers", Neoma Journal of Mathematics and Computer
Science, 2023.

[14] Abobala, M., On Refined Neutrosophic Matrices and Their Applications In Refined

Neutrosophic Algebraic Equations, Journal Of Mathematics, Hindawi, 2021

[15] Abobala, M., Ziena, B,M., Doewes, R., and Hussein, Z., "The Representation Of Refined

Neutrosophic Matrices By Refined Neutrosophic Linear Functions", International Journal

Of Neutrosophic Science, 2022.

[16] F. Smarandache, Plithogeny, Plithogenic Set, Logic, Probability, and Statistics, 141

pages, Pons Editions,Brussels, Belgium, 2017. arXiv.org (Cornell University), Computer

Science - Artificial Intelligence, 03Bxx:

[17] Florentin Smarandache, Physical Plithogenic Set, 71st Annual Gaseous Electronics

Conference, Session LW1, Oregon Convention Center Room, Portland, Oregon, USA,

November 5-9, 2018.

[18] Florentin Smarandache: Plithogenic Set, an Extension of Crisp, Fuzzy, Intuitionistic

Fuzzy, and Neutrosophic Sets — Revisited, Neutrosophic Sets and Systems, vol. 21, 2018, pp.

153-166.

[19] Florentin Smarandache, Plithogenic Algebraic Structures. Chapter in “Nidus idearum

Scilogs, V:joining the dots” (third version), Pons Publishing Brussels, pp. 123-125, 2019.

Ahmad Khaldi, Khadija Ben Othman, Oliver Von Shtawzen, Rozina Ali, Sarah Jalal Mosa, On Some Algorithms for Solving
Different Types of Symbolic 2-Plithogenic Algebraic Equations



112

[20] Smarandache, F., " Introduction to the Symbolic Plithogenic Algebraic Structures

(revisited)", Neutrosophic Sets and Systems, vol. 53, 2023.
[21] Merkepci, H., and Abobala, M., " On The Symbolic 2-Plithogenic Rings", International

Journal of Neutrosophic Science, 2023.

[22] Abobala, M., and Hatip, A., "An Algebraic Approach To Neutrosophic Euclidean

Geometry", Neutrosophic Sets and Systems, Vol. 43, 2021.

[23] Abobala, M., "On Some Algebraic Properties of n-Refined Neutrosophic Elements and
n-Refined Neutrosophic Linear Equations", Mathematical Problems in Engineering,
Hindawi, 2021

[24] Agboola, A.A.A., Akinola, A.D., and Oyebola, O.Y., " Neutrosophic Rings I" ,
International J.Mathcombin, Vol 4,pp 1-14. 2011

[25] Smarandache, F., and Ali, M., "Neutrosophic Triplet Group", Neural. Compute. Appl.
2019.

[26] Chellamani, P., and Ajay, D., "Pythagorean neutrosophic Fuzzy Graphs", International
Journal of Neutrosophic Science, Vol. 11, 2021.

[27] Giorgio, N, Mehmood, A., and Broumi, S." Single Valued neutrosophic Filter",

International Journal of Neutrosophic Science, Vol. 6, 2020.

Received: December 31, 2022. Accepted: March 30, 2023

Ahmad Khaldi, Khadija Ben Othman, Oliver Von Shtawzen, Rozina Ali, Sarah Jalal Mosa, On Some Algorithms for Solving
Different Types of Symbolic 2-Plithogenic Algebraic Equations



