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Abstract: 

The main goal of this paper is to study three different types of algebraic symbolic 

2-plithogenic equations. The symbolic 2-plithogenic linear Diophantine equations, 

symbolic 2-plithogenic quadratic equations, and linear system of symbolic 2-plithgenic 

equations will be discussed and handled, where algorithms to solve the previous types 

will be presented and proved by transforming them to classical algebraic systems of 

equations.  

Keywords: symbolic 2-plithogenic Diophantine equation, symbolic 2-plithogenic 

quadratic equation, linear system, symbolic 2-plithogenic field 

Introduction and preliminaries 

The process of extending classical algebraic structures by using logical symbols and 

elements can be considered as a novel approach to generalize algebraic structures, where 

many algebraic structures were generalized by using neutrosophic elements, fuzzy 

elements, and refined neutrosophic elements [1-15].  
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Smarandache has defined the concept of Symbolic 2-plithogenic sets and structures [16-20] 

as new generalizations of classical structures. Also, he has presented many open research 

problems [20]. 

In [21], Smarandache ideas was discussed in a special case of n=2, where the symbolic 

2-plithogenic rings were defined and studied with many elementary interesting 

substructures and properties. 

Let 𝑅 be a ring, the symbolic 2-plithogenic ring is defined as follows: 

2 − 𝑆𝑃𝑅 = {𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2;  𝑎𝑖 ∈ 𝑅, 𝑃𝑗
2 = 𝑃𝑗, 𝑃1 × 𝑃2 = 𝑃𝑚𝑎𝑥(1,2) = 𝑃2}. 

Smarandache has defined algebraic operations on 2 − 𝑆𝑃𝑅 as follows: 

Addition: 

[𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2] + [𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2] = (𝑎0 + 𝑏0) + (𝑎1 + 𝑏1)𝑃1 + (𝑎2 + 𝑏2)𝑃2. 

Multiplication: 

[𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2]. [𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2] = 𝑎0𝑏0 + 𝑎0𝑏1𝑃1 + 𝑎0𝑏2𝑃2 + 𝑎1𝑏0𝑃1
2 + 𝑎1𝑏2𝑃1𝑃2 +

𝑎2𝑏0𝑃2 + 𝑎2𝑏1𝑃1𝑃2 + 𝑎2𝑏2𝑃2
2 + 𝑎1𝑏1𝑃1𝑃1 = 𝑎0𝑏0 + (𝑎0𝑏1 + 𝑎1𝑏0 + 𝑎1𝑏1)𝑃1 + (𝑎0𝑏2 + 𝑎1𝑏2 +

𝑎2𝑏0 + 𝑎2𝑏1 + 𝑎2𝑏2)𝑃2. 

It is clear that (2 − 𝑆𝑃𝑅) is a ring. 

If R is a field, then 2 − 𝑆𝑃𝑅 is called a symbolic 2-plithogenic field [22]. 

Also, the following open problems were asked in [22]: 

Problem (3): 

If F is a field then 2 − 𝑆𝑃𝐹 is called a 2-plithogenic symbolic field. Now, can we find a 

strong algorithm that explains how can we solve the previous equations by turning it into 

the classical equations. 

Problem (4): 

If Z is the ring of integers ring then 2 − 𝑆𝑃𝑍 is called a 2-plithogenic symbolic ring of 

integers. Can we find a strong algorithm that explains how can we solve the previous 

equations by turning it into the classical Diophantine equations. 

In this paper, we solve the previous two open problems by suggesting effective algorithms 

that help us to transform symbolic 2-plithogenic equations to classical algebraic equations. 

 Main Results 
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Definition.  

Let 2 − 𝑆𝑃𝑍 = {𝑎 + 𝑏𝑃1 + 𝑐𝑃2;  𝑎, 𝑏, 𝑐 ∈ 𝑍} be the symbolic 2-plithogenic ring of integers, the 

Diophantine equation with two variables is defined as follows: 

𝐴𝑋 + 𝐵𝑌 = 𝐶; 𝐴 = 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2, 𝐵 = 𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2, 𝐶 = 𝑐0 + 𝑐1𝑃1 + 𝑐2𝑃2, 

𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2, 𝑌 = 𝑦0 + 𝑦1𝑃1 + 𝑦2𝑃2, 𝑎𝑖 , 𝑏𝑖, 𝑐𝑖, 𝑥𝑖 , 𝑦𝑖 ∈ 2 − 𝑆𝑃𝑍. 

The following theorem describes an algorithm to solve the symbolic 2-plithogenic linear 

Diophantine equation with two variables. 

Theorem. 

Let 𝐴𝑋 + 𝐵𝑌 = 𝐶  be the symbolic 2-plithogenic linear Diophantine equation with two 

variables, it is solvable if and only if the following linear Diophantine equations are 

solvable. 

{

𝑎0𝑥0 + 𝑏0𝑦0 = 𝑐0
(𝑎0 + 𝑎1)(𝑥0 + 𝑥1) + (𝑏0 + 𝑏1)(𝑦0 + 𝑦1) = 𝑐0 + 𝑐1

(𝑎0 + 𝑎1 + 𝑎2)(𝑥0 + 𝑥1 + 𝑥2) + (𝑏0 + 𝑏1 + 𝑏2)(𝑦0 + 𝑦1 + 𝑦2) = 𝑐0 + 𝑐1 + 𝑐2

 

Proof. 

The equation 𝐴𝑋 + 𝐵𝑌 = 𝐶 equivalents: 

𝑎0𝑥0 + 𝑏0𝑦0 + (𝑎0𝑥1 + 𝑎1𝑥0 + 𝑎1𝑥1 + 𝑏0𝑦1 + 𝑏1𝑦0 + 𝑏1𝑦1)𝑃1

+ (𝑎0𝑥2 + 𝑎2𝑥0 + 𝑎2𝑥2 + 𝑎1𝑥2 + 𝑎2𝑥1 + 𝑏0𝑦2 + 𝑏2𝑦0 + 𝑏2𝑦2 + 𝑏1𝑦2 + 𝑏2𝑦1)𝑃2

= 𝑐0 + 𝑐1𝑃1 + 𝑐2𝑃2 

{

𝑎0𝑥0 + 𝑏0𝑦0 = 𝑐0… (1)

𝑎0𝑥1 + 𝑎1𝑥0 + 𝑎1𝑥1 + 𝑏0𝑦1 + 𝑏1𝑦0 + 𝑏1𝑦1 = 𝑐1… (2)

𝑎0𝑥2 + 𝑎2𝑥0 + 𝑎2𝑥2 + 𝑎1𝑥2 + 𝑎2𝑥1 + 𝑏0𝑦2 + 𝑏2𝑦0 + 𝑏2𝑦2 + 𝑏1𝑦2 + 𝑏2𝑦1 = 𝑐2… (3)
 

We add (1) to (2), and (1) to (2) to (3), we get: 

{

𝑎0𝑥0 + 𝑏0𝑦0 = 𝑐0
(𝑎0 + 𝑎1)(𝑥0 + 𝑥1) + (𝑏0 + 𝑏1)(𝑦0 + 𝑦1) = 𝑐0 + 𝑐1

(𝑎0 + 𝑎1 + 𝑎2)(𝑥0 + 𝑥1 + 𝑥2) + (𝑏0 + 𝑏1 + 𝑏2)(𝑦0 + 𝑦1 + 𝑦2) = 𝑐0 + 𝑐1 + 𝑐2

 

And the proof is complete. 

The description of the algorithm. 

To solve 𝐴𝑋 + 𝐵𝑌 = 𝐶 in 2 − 𝑆𝑃𝑍 , we must follow these steps. 

Step1. 

We compute 𝑔𝑐𝑑(𝑎0, 𝑏0), 𝑔𝑐𝑑(𝑎0 + 𝑎1, 𝑏0 + 𝑏1), 𝑔𝑐𝑑(𝑎0 + 𝑎1 + 𝑎2, 𝑏0 + 𝑏1 + 𝑏2). 

If 𝑔𝑐𝑑(𝑎0, 𝑏0)/𝑐0 , 𝑔𝑐𝑑(𝑎0 + 𝑎1, 𝑏0 + 𝑏1)/𝑐0 + 𝑐1 ,  𝑔𝑐𝑑(𝑎0 + 𝑎1 + 𝑎2, 𝑏0 + 𝑏1 + 𝑏2)/𝑐0 + 𝑐1 +

𝑐2, then it is solvable. 

Step2. 
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We solve the equivalent system and get the values of 𝑥𝑖 , 𝑦𝑖; 0 ≤ 𝑖 ≤ 2. 

Example. 

Consider the following symbolic 2-plithogenic linear Diophantine equation: 

 (2 + 𝑃1 + 𝑃2)𝑋 + (3 + 2𝑃1 − 𝑃2)𝑌 = 8 + 5𝑃1 + 7𝑃2. 

𝑔𝑐𝑑(𝑎0, 𝑏0) = 𝑔𝑐𝑑(2,3) = 1/8. 

𝑔𝑐𝑑(𝑎0 + 𝑎1, 𝑏0 + 𝑏1) = 𝑔𝑐𝑑(3,5) = 1/𝑐0 + 𝑐1 = 13. 

𝑔𝑐𝑑(𝑎0 + 𝑎1 + 𝑎2, 𝑏0 + 𝑏1 + 𝑏2) = 𝑔𝑐𝑑(4,4) = 4/𝑐0 + 𝑐1 + 𝑐2 = 20. 

So that, the equation is solvable. 

The equivalent system of linear Diophantine equations is: 

{

2𝑥0 + 3𝑦0 = 8…(1)

3(𝑥0 + 𝑥1) + 5(𝑦0 + 𝑦1) = 13… (2)

4(𝑥0 + 𝑥1 + 𝑥2) + 4(𝑦0 + 𝑦1 + 𝑦2) = 20… (3)
 

The equation (1) has a solution (𝑥0 = 1, 𝑦0 = 2). 

The equation (2) has a solution (𝑥0 + 𝑥1 = 1, 𝑦0 + 𝑦1 = 2), there for (𝑥1 = 0, 𝑦1 = 0). 

The equation (3)  has a solution (𝑥0 + 𝑥1 + 𝑥2 = 2, 𝑦0 + 𝑦1 + 𝑦2 = 3) , there for (𝑥2 =

1, 𝑦2 = 1). 

This implies a solution 𝑋 = 1 + 𝑃2, 𝑌 = 2 + 𝑃2. 

Example. 

Consider the following: 

(3 + 𝑃1 + 5𝑃2)𝑋 + (6 − 2𝑃1 + 10𝑃2)𝑌 = 5 + 𝑃1 + 𝑃2. 

𝑔𝑐𝑑(𝑎0, 𝑏0) = 𝑔𝑐𝑑(3,6) = 3 ‡ 5, there for it is not solvable. 

2-symbolic plithogenic Quadratic equation. 

Let 2 − 𝑆𝑃𝐹 be a symbolic 2-plithogenic field, the formula 

𝐴𝑋2 + 𝐵𝑌2 + 𝐶 = 0; 𝐴 = 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2, 𝐵 = 𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2, 

𝐶 = 𝑐0 + 𝑐1𝑃1 + 𝑐2𝑃2, 𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2, 𝑌 = 𝑦0 + 𝑦1𝑃1 + 𝑦2𝑃2, 𝑎𝑖 , 𝑏𝑖, 𝑐𝑖, 𝑥𝑖 , 𝑦𝑖 ∈ 2 − 𝑆𝑃𝐹. 

Is called the symbolic 2-plithogenic quadratic equation. 

Theorem. 

Let 𝐴𝑋2 + 𝐵𝑌2 + 𝐶 = 0 be a symbolic 2-plithogenic quadratic equation over 2 − 𝑆𝑃𝐹, then 

it is solvable if and only if the following system is solvable: 

{

𝑎0𝑥0
2 + 𝑏0𝑦0

2 + 𝑐0 = 0… (1)

(𝑎0 + 𝑎1)(𝑥0 + 𝑥1)
2 + (𝑏0 + 𝑏1)(𝑦0 + 𝑦1)

2 + (𝑐0 + 𝑐1) = 0… (2)

(𝑎0 + 𝑎1 + 𝑎2)(𝑥0 + 𝑥1 + 𝑥2)
2 + (𝑏0 + 𝑏1 + 𝑏2)(𝑦0 + 𝑦1 + 𝑦2)

2 + (𝑐0 + 𝑐1 + 𝑐2) = 0… (3)

 

Proof. 
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We have 𝑋2 = 𝑥0
2 + 𝑃1[(𝑥0 + 𝑥1)

2 − 𝑥0
2] + 𝑃2[(𝑥0 + 𝑥1 + 𝑥2)

2 − (𝑥0 + 𝑥1)
2], see [  ]. 

So that: 

𝐴𝑋2 = 𝑎0𝑥0
2 + 𝑃1[𝑎0(𝑥0 + 𝑥1)

2 − 𝑎0𝑥0
2 + 𝑎1(𝑥0 + 𝑥1)

2 − 𝑎1𝑥0
2 + 𝑎1𝑥0

2]

+ 𝑃2[𝑎0(𝑥0 + 𝑥1 + 𝑥2)
2 − 𝑎0(𝑥0 + 𝑥1)

2 + 𝑎1(𝑥0 + 𝑥1 + 𝑥2)
2 − 𝑎1(𝑥0 + 𝑥1)

2

+ 𝑎2(𝑥0 + 𝑥1 + 𝑥2)
2 − 𝑎2(𝑥0 + 𝑥1)

2 + 𝑎2𝑥0
2 + 𝑎2(𝑥0 + 𝑥1)

2 − 𝑎2𝑥0
2] 

𝐴𝑋2 = 𝑎0𝑥0
2 + 𝑃1[(𝑎0 + 𝑎1)(𝑥0 + 𝑥1)

2 − 𝑎0𝑥0
2]

+ 𝑃2[(𝑎0 + 𝑎1 + 𝑎2)(𝑥0 + 𝑥1 + 𝑥2)
2 − (𝑎0 + 𝑎1)(𝑥0 + 𝑥1)

2] 

There for, the equation 𝐴𝑋2 +𝐵𝑌2 + 𝐶 = 0 is equivalent to: 

{

𝑎0𝑥0
2 + 𝑏0𝑦0

2 + 𝑐0 = 0…(1)

(𝑎0 + 𝑎1)(𝑥0 + 𝑥1)
2 + (𝑏0 + 𝑏1)(𝑦0 + 𝑦1)

2 + (𝑐0 + 𝑐1) = 0…(2)

(𝑎0 + 𝑎1 + 𝑎2)(𝑥0 + 𝑥1 + 𝑥2)
2 + (𝑏0 + 𝑏1 + 𝑏2)(𝑦0 + 𝑦1 + 𝑦2)

2 + (𝑐0 + 𝑐1 + 𝑐2) = 0…(3)

 

The description of algorithm. 

To solve 𝐴𝑋2 + 𝐵𝑌2 + 𝐶 = 0 in 2 − 𝑆𝑃𝐹, follow these steps: 

Step1. 

Solve the equivalent classical system of quadratic equations. If (1), (2) , and (3)  are 

solvable in the field 𝐹,then the symbolic 2-plithogenic quadratic equation is solvable. 

Step2. 

Discuss all possible cases of 𝑥0, 𝑥1, 𝑥2. 

Remark. 

If 𝐴𝑋2 + 𝐵𝑌2 + 𝐶 = 0 is solvable in 2 − 𝑆𝑃𝐹, then it has at most 8 solutions. 

Example. 

Consider the following: 

(1 + 𝑃1 + 𝑃2)𝑋
2 + (3 − 𝑃1)𝑋 − 4 − 12𝑃2 = 0 

We have: 

{

𝑎0 = 1, 𝑎1 = 1, 𝑎2 = 1
𝑏0 = 3, 𝑏1 = −1, 𝑏2 = 0
𝑐0 = −4, 𝑐1 = 0, 𝑐2 = −12

 

The equivalent system is: 

{

𝑥0
2 + 3𝑥0 − 4 = 0…(1)

2(𝑥0 + 𝑥1)
2 + 2(𝑥0 + 𝑥1) − 4 = 0… (2)

3(𝑥0 + 𝑥1 + 𝑥2)
2 + 2(𝑥0 + 𝑥1 + 𝑥2) − 16 = 0…(3)

 

The solutions of (1): 𝑥0 = 1, 𝑥0 = −4. 

The solutions of (2): 𝑥0 + 𝑥1 = 1, 𝑥0 + 𝑥1 = −2. 

The solutions of (3): 𝑥0 + 𝑥1 + 𝑥2 = 2, 𝑥0 + 𝑥1 + 𝑥2 = −
8

3
. 
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Case1. 

If 𝑥0 = 1, 𝑥0 + 𝑥1 = 1, 𝑥0 + 𝑥1 + 𝑥2 = 2, then 𝑥1 = 0, 𝑥2 = 1, and 𝑋 = 1 + 𝑃2. 

Case2. 

If 𝑥0 = 1, 𝑥0 + 𝑥1 = 1, 𝑥0 + 𝑥1 + 𝑥2 = −
8

3
, then 𝑥1 = 0, 𝑥2 = −

11

3
, and 𝑋 = 1 −

11

3
𝑃2. 

Case3. 

If 𝑥0 = 1, 𝑥0 + 𝑥1 = −2, 𝑥0 + 𝑥1 + 𝑥2 = 2, then 𝑥1 = −3, 𝑥2 = 4, and 𝑋 = 1 − 3𝑃1 + 4𝑃2. 

Case4. 

If 𝑥0 = 1, 𝑥0 + 𝑥1 = −2, 𝑥0 + 𝑥1 + 𝑥2 = −
8

3
, then 𝑥1 = −3, 𝑥2 = −

2

3
, and 𝑋 = 1 − 3𝑃1 −

2

3
𝑃2. 

Case5. 

If 𝑥0 = −4, 𝑥0 + 𝑥1 = 1, 𝑥0 + 𝑥1 + 𝑥2 = 2, then 𝑥1 = 5, 𝑥2 = 1, and 𝑋 = −4 + 5𝑃1 + 𝑃2. 

Case6. 

If 𝑥0 = −4, 𝑥0 + 𝑥1 = 1, 𝑥0 + 𝑥1 + 𝑥2 = −
8

3
, then 𝑥1 = 5, 𝑥2 = −

11

3
, and 𝑋 = −4+ 5𝑃1 −

11

3
𝑃2. 

Case7. 

If 𝑥0 = −4, 𝑥0 + 𝑥1 = −2, 𝑥0 + 𝑥1 + 𝑥2 = 2, then 𝑥1 = 2, 𝑥2 = 4, and 𝑋 = −4 + 2𝑃1 + 4𝑃2. 

Case8. 

If 𝑥0 = −4, 𝑥0 + 𝑥1 = −2, 𝑥0 + 𝑥1 + 𝑥2 = −
8

3
, then 𝑥1 = 2, 𝑥2 = −

2

3
, and 𝑋 = −4+ 2𝑃1 −

2

3
𝑃2. 

So that, the solutions of the original symbolic 2-plithogenic quadratic equation are: 

𝑋 ∈ {−4 + 2𝑃1 −
2

3
𝑃2, −4 + 2𝑃1 + 4𝑃2, −4 + 5𝑃1 −

11

3
𝑃2, −4 + 5𝑃1 + 𝑃2, 1 − 3𝑃1 −

2

3
𝑃2, 1

− 3𝑃1 + 4𝑃2, 1 −
11

3
𝑃2, 1 + 𝑃2} 

Example. 

Consider the following: 

(2 + 3𝑃1 − 𝑃2)𝑋
2 + (4 + 𝑃1 + 𝑃2)𝑋 − 6 − 4𝑃1 = 0 

We have: 

{

𝑎0 = 2, 𝑎1 = 3, 𝑎2 = −1
𝑏0 = 4, 𝑏1 = 1, 𝑏2 = 1
𝑐0 = −6, 𝑐1 = −4, 𝑐2 = 0

 

The equivalent system is: 
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{

2𝑥0
2 + 4𝑥0 − 6 = 0…(1)

5(𝑥0 + 𝑥1)
2 + 5(𝑥0 + 𝑥1) − 10 = 0…(2)

4(𝑥0 + 𝑥1 + 𝑥2)
2 + 6(𝑥0 + 𝑥1 + 𝑥2) − 10 = 0…(3)

 

The solutions of (1): 𝑥0 = 1, 𝑥0 = −3. 

The solutions of (2): 𝑥0 + 𝑥1 = 1, 𝑥0 + 𝑥1 = −2. 

The solutions of (3): 𝑥0 + 𝑥1 + 𝑥2 = 1, 𝑥0 + 𝑥1 + 𝑥2 = −
5

2
. 

Case1. 

If 𝑥0 = 1, 𝑥0 + 𝑥1 = 1, 𝑥0 + 𝑥1 + 𝑥2 = 1, then 𝑥1 = 𝑥2 = 0, and 𝑋 = 1. 

Case2. 

If 𝑥0 = 1, 𝑥0 + 𝑥1 = 1, 𝑥0 + 𝑥1 + 𝑥2 = −
5

2
, then 𝑥1 = 0, 𝑥2 = −

7

2
, and 𝑋 = 1 −

5

2
𝑃2. 

Case3. 

If 𝑥0 = 1, 𝑥0 + 𝑥1 = −2, 𝑥0 + 𝑥1 + 𝑥2 = 1, then 𝑥1 = −3, 𝑥2 = 3, and 𝑋 = 1 − 3𝑃1 + 3𝑃2. 

Case4. 

If 𝑥0 = 1, 𝑥0 + 𝑥1 = −2, 𝑥0 + 𝑥1 + 𝑥2 = −
5

2
, then 𝑥1 = −3, 𝑥2 = −

1

2
, and 𝑋 = 1 − 3𝑃1 −

1

2
𝑃2. 

Case5. 

If 𝑥0 = −3, 𝑥0 + 𝑥1 = 1, 𝑥0 + 𝑥1 + 𝑥2 = 1, then 𝑥1 = 4, 𝑥2 = 0, and 𝑋 = −3 + 4𝑃1. 

Case6. 

If 𝑥0 = −3, 𝑥0 + 𝑥1 = 1, 𝑥0 + 𝑥1 + 𝑥2 = −
5

2
, then 𝑥1 = 4, 𝑥2 = −

7

2
, and 𝑋 = −3 + 4𝑃1 −

7

2
𝑃2. 

Case7. 

If 𝑥0 = −3, 𝑥0 + 𝑥1 = −2, 𝑥0 + 𝑥1 + 𝑥2 = 1, then 𝑥1 = 1, 𝑥2 = 3, and 𝑋 = −3 + 𝑃1 + 3𝑃2. 

Case8. 

If 𝑥0 = −3, 𝑥0 + 𝑥1 = −2, 𝑥0 + 𝑥1 + 𝑥2 = −
5

2
, then 𝑥1 = 1, 𝑥2 = −

1

2
, and 𝑋 = −3+ 𝑃1 −

1

2
𝑃2. 

So that, the solutions of the original symbolic 2-plithogenic quadratic equation are: 

𝑋 ∈ {1,1 −
5

2
𝑃2, 1 − 3𝑃1 + 3𝑃2, 1 − 3𝑃1 −

1

2
𝑃2, −3 + 4𝑃1, −3 + 4𝑃1 −

7

2
𝑃2, −3 + 𝑃1 + 3𝑃2, −3

+ 𝑃1 −
1

2
𝑃2} 

2-plithogenic Linear equations. 

We begin the simplest case, a symbolic 2-plithogenic linear equation with one variable 

𝐴. 𝑋 = 𝐵. 

This equation is solvable uniquely if and only if 𝐴 is invertible and 𝑋 = 𝐴−1𝐵. 
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According to [31], 𝐴−1 = 𝑎0
−1 + 𝑃1[(𝑎0 + 𝑎1)

−1 − 𝑎0
−1] + 𝑃2[(𝑎0 + 𝑎1 + 𝑎2)

−1 −

(𝑎0 + 𝑎1)
−1]. 

Example. 

Consider the equation (2 + 𝑃1 + 𝑃2)𝑋 = 3 − 𝑃1 over 2 − 𝑆𝑃𝑅. 

𝑎0 = 2, 𝑎0
−1 =

1

2
, 𝑎0 + 𝑎1 = 3, (𝑎0 + 𝑎1)

−1 =
1

3
, 𝑎0 + 𝑎1 + 𝑎2 = 4, (𝑎0 + 𝑎1 + 𝑎2)

−1 =
1

4
, thus: 

𝐴−1 =
1

2
−
1

6
𝑃1 −

1

12
𝑃2, there for: 

𝑋 = (
1

2
−
1

6
𝑃1 −

1

12
𝑃2) (3 − 𝑃1) =

3

2
−
1

2
𝑃1 −

1

2
𝑃1 +

1

6
𝑃1 −

1

4
𝑃2 +

1

12
𝑃2 =

3

2
−
5

6
𝑃1 −

1

6
𝑃2 

The general case is about a linear system of n symbolic 2-plithogenic equations 𝐴𝑖. 𝑋𝑖 =

𝐵𝑖; 1 ≤ 𝑖 ≤ 𝑛. 

To solve a system like that, we must transform it to an equivalent classical system. We 

present the following algorithm. 

To solve the symbolic 2-plithogenic linear system: 

{

𝐴11. 𝑋1 + 𝐴12. 𝑋2 +⋯+ 𝐴1𝑛. 𝑋𝑛 = 𝐵1𝑛
𝐴21. 𝑋1 + 𝐴22. 𝑋2 +⋯+ 𝐴2𝑛. 𝑋𝑛 = 𝐵2𝑛

⋮
𝐴𝑛1. 𝑋1 + 𝐴𝑛2. 𝑋2 +⋯+ 𝐴𝑛𝑛. 𝑋𝑛 = 𝐵𝑛𝑛

 

Where: 𝐴𝑖𝑗 = 𝑎𝑖𝑗
(0)
+ 𝑎𝑖𝑗

(1)
𝑃1 + 𝑎𝑖𝑗

(2)
𝑃2, 𝑋𝑖 = 𝑋𝑖

(0)
+ 𝑋𝑖

(1)
𝑃1 + 𝑋𝑖

(2)
𝑃2, 𝐵𝑖𝑗 = 𝑏𝑖𝑗

(0)
+ 𝑏𝑖𝑗

(1)
𝑃1 +

𝑏𝑖𝑗
(2)𝑃2 ∈ 2 − 𝑆𝑃𝐹. 

Follow these steps: 

Step1. 

Find the classical equivalent system as follows: 

{
 
 
 
 

 
 
 
 ∑ 𝑎𝑖𝑗

(0)𝑋𝑖
(0)

𝑛

𝑖,𝑗=1

= ∑ 𝑏𝑖𝑗
(0)

𝑛

𝑖,𝑗=1

∑ (𝑎𝑖𝑗
(0) + 𝑎𝑖𝑗

(1)) (𝑋𝑖
(0) + 𝑋𝑖

(1))

𝑛

𝑖,𝑗=1

= ∑ (𝑏𝑖𝑗
(0) + 𝑏𝑖𝑗

(1))

𝑛

𝑖,𝑗=1

∑ (𝑎𝑖𝑗
(0) + 𝑎𝑖𝑗

(1) + 𝑎𝑖𝑗
(2)) (𝑋𝑖

(0) + 𝑋𝑖
(1) + 𝑋𝑖

(2))

𝑛

𝑖,𝑗=1

= ∑ (𝑏𝑖𝑗
(0) + 𝑏𝑖𝑗

(1) + 𝑏𝑖𝑗
(2))

𝑛

𝑖,𝑗=1

 

step2. 

Solve each system and remark that: 

The first system gives the values of 𝑋𝑖
(0); 1 ≤ 𝑖 ≤ 𝑛. 

The second one gives the values of 𝑋𝑖
(0) + 𝑋𝑖

(1); 1 ≤ 𝑖 ≤ 𝑛. 

The third one gives values of 𝑋𝑖
(0) + 𝑋𝑖

(1) + 𝑋𝑖
(2); 1 ≤ 𝑖 ≤ 𝑛. 
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Step3. 

If each system is solvable, then the original 2-plithogenic system is solvable, and if the 

number of solutions of every classical system is 𝑘, then the number of solutions for the 

2-plithogenic system is 𝑘3. 

Example. 

Consider the following symbolic 2-plithogenic system of three linear equations with three 

variables: 

{

(1 + 𝑃2)𝑋1 + (3 − 𝑃1)𝑋2 + (1 + 𝑃1 − 𝑃2)𝑋3 = 5

𝑃2𝑋1 + 𝑃1𝑋2 + (𝑃1 − 𝑃2)𝑋3 = 2𝑃1 + 2𝑃2
(1 + 𝑃1 − 𝑃2)𝑋1 + (4 + 3𝑃1 − 𝑃2)𝑋2 + (5 + 2𝑃2)𝑋3 = 11 + 4𝑃2

 

the equivalent classical systems are: 

{

𝑋1
(0)
+ 3𝑋2

(0)
+ 𝑋3

(0)
= 5

0𝑋1
(0) + 0𝑋2

(0) + 0𝑋3
(0) = 0

2𝑋1
(0)
+ 4𝑋2

(0)
+ 5𝑋3

(0)
= 11

 … system(1) 

{
 
 

 
 (𝑋1

(0)
+ 𝑋1

(1)
) + 2 (𝑋2

(0)
+ 𝑋2

(1)
) + 2 (𝑋3

(0)
+ 𝑋3

(1)
) = 5

0 (𝑋1
(0)
+ 𝑋1

(1)
) + (𝑋2

(0)
+ 𝑋2

(1)
) + (𝑋3

(0)
+ 𝑋3

(1)
) = 2

3 (𝑋1
(0) + 𝑋1

(1)) + 7 (𝑋2
(0) + 𝑋2

(1)) + 5 (𝑋3
(0) + 𝑋3

(1)) = 15

 … system(2) 

{
 
 

 
 2(𝑋1

(0)
+ 𝑋1

(1)
++𝑋1

(2)
) + 2 (𝑋2

(0)
+ 𝑋2

(1)
+ 𝑋2

(2)
) + (𝑋3

(0)
+ 𝑋3

(1)
+ 𝑋3

(2)
) = 5

(𝑋1
(0) + 𝑋1

(1) ++𝑋1
(2)) + (𝑋2

(0) + 𝑋2
(1) + 𝑋2

(2)) + 2 (𝑋3
(0) + 𝑋3

(1) + 𝑋3
(2)) = 4

2 (𝑋1
(0)
+ 𝑋1

(1)
++𝑋1

(2)
) + 6 (𝑋2

(0)
+ 𝑋2

(1)
+ 𝑋2

(2)
) + 7 (𝑋3

(0)
+ 𝑋3

(1)
+ 𝑋3

(2)
) = 15

 … system(3) 

The system(1) has infinite solutions, thus the 2-plithogenic system has infinite solutions. 

We will find some solutions to clarify the algorithm. 

For example system(1) has a solution 𝑋1
(0) = 𝑋2

(0) = 𝑋3
(0) = 1. 

The system (2) has a solution 𝑋1
(0) + 𝑋1

(1) = 𝑋2
(0) + 𝑋2

(1) = 𝑋3
(0) + 𝑋3

(1) = 1 , thus 𝑋1
(1) =

𝑋2
(1) = 𝑋3

(1) = 0. 

The system (3) has a solution 𝑋1
(0) + 𝑋1

(1) + 𝑋1
(2) = 𝑋2

(0) + 𝑋2
(1) + 𝑋2

(2) = 𝑋3
(0) + 𝑋3

(1) + 𝑋3
(2) =

1, there for 𝑋1
(2) = 𝑋2

(2) = 𝑋3
(2) = 0, and 𝑋1 = 𝑋1

(0) + 𝑋1
(1)𝑃1 + 𝑋1

(2)𝑃2 = 1, 𝑋2 = 1,𝑋3 = 1 is a 

solution for the 2-plithogenic system. 

Also, the system (1) has a solution 𝑋1
(0) =

13

2
, 𝑋2

(0) = −
1

2
, 𝑋3

(0) = 0. 

The system (2) has a solution 𝑋1
(0) + 𝑋1

(1) = 𝑋2
(0) + 𝑋2

(1) = 𝑋3
(0) + 𝑋3

(1) = 1. 
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The system (3) has a solution 𝑋1
(0)
+ 𝑋1

(1)
+ 𝑋1

(2)
= 𝑋2

(0)
+ 𝑋2

(1)
+ 𝑋2

(2)
= 𝑋3

(0)
+ 𝑋3

(1)
+ 𝑋3

(2)
=

1. 

There for 𝑋1
(1) = 1 −

13

2
= −

11

2
,𝑋2
(1) = 1 +

1

2
=

3

2
,𝑋3
(1) = 1, 𝑋1

(2) = 𝑋2
(2) = 𝑋3

(2) = 0. 

This implies that: 

𝑋1 =
13

2
−
11

2
𝑃1, 𝑋2 = −

1

2
+
3

2
𝑃1, 𝑋3 = 𝑃1 is a solution of the 2-plithogenic system. 

Conclusion 

In this paper, we have presented novel algorithms to solve many different types of 

2-plithogenic algebraic equations (quadratic, linear, and linear Diophantine equations) by 

transforming them to classical systems of algebraic equations. Also, many examples were 

illustrated tp explain the validity of our work. 
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