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Aims and Scope

Neutrosophic theory and its applications have been expanding in all directions at an
astonishing rate especially after of the introduction the journal entitled “Neutrosophic Sets
and Systems”. New theories, techniques, algorithms have been rapidly developed. One of
the most striking trends in the neutrosophic theory is the hybridization of neutrosophic set
with other potential sets such as rough set, bipolar set, soft set, hesitant fuzzy set, etc. The
different hybrid structures such as rough neutrosophic set, single valued neutrosophic
rough set, bipolar neutrosophic set, single valued neutrosophic hesitant fuzzy set, etc. are
proposed in the literature in a short period of time. Neutrosophic set has been an important
tool in applications to various areas such as data mining, decision making, e-learning,
engineering, medicine, social science, and some more.
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Preface

Neutrosophic set has been derived from a new branch of philosophy, namely Neutrosophy.
Neutrosophic set is capable of dealing with uncertainty, indeterminacy and inconsistent
information. Neutrosophic set approaches are suitable to modeling problems with
uncertainty, indeterminacy and inconsistent information in which human knowledge is
necessary, and human evaluation is needed.

Neutrosophic set theory was firstly proposed in 1998 by Florentin Smarandache, who also
developed the concept of single valued neutrosophic set, oriented towards real world
scientific and engineering applications. Since then, the single valued neutrosophic set
theory has been extensively studied in books and monographs, the properties of
neutrosophic sets and their applications, by many authors around the world. Also, an
international journal - Neutrosophic Sets and Systems started its journey in 2013.

Neutrosophic triplet was first defined in 2016 by Florentin Smarandache and Mumtaz Ali
and they also introduced the neutrosophic triplet groups in the same year. For every element
“x” in a neutrosophic triplet set A, there exist a neutral of “x” and an opposite of “x”. Also,
neutral of “x” must be different from the classical neutral element. Therefore, the NT
set is different from the classical set. Furthermore, a NT of “x” is showed by

<x, neut(x), anti(x)>.

This first volume collects original research and applications from different perspectives
covering different areas of neutrosophic studies, such as decision making, Triplet,
topology, and some theoretical papers.

This volume contains three sections: NEUTROSOPHIC TRIPLET, DECISION
MAKING, AND OTHER PAPERS.



SECTION ONE

Neutrosophic Triplet Research
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Chapter One

Neutrosophic Triplet Partial Inner Product Space

Mehmet Sahin?, Abdullah Kargin2*
12 Department of Mathematics, Gaziantep University, Gaziantep 27310, Turkey.
Email: mesahin@gantep.edu.tr, abdullahkargin27@gmail.com

Abstract

In this chapter, we obtain neutrosophic triplet partial inner product space. We give some definitions
and examples for neutrosophic triplet partial inner product space. Then, we obtain some properties
and we prove these properties. Furthermore, we show that neutrosophic triplet partial inner product
space is different from neutrosophic triplet inner product space and classical inner product space.

Keywords: neutrosophic triplet partial inner product space, neutrosophic triplet vector
spaces, neutrosophic triplet partial normed spaces, neutrosophic triplet partial metric
spaces

1. Introduction

Smarandache introduced neutrosophy in 1980, which studies a lot of scientific fields. In
neutrosophy [1], there are neutrosophic logic, set and probability. Neutrosophic logic is a
generalization of a lot of logics such as fuzzy logic [2] and intuitionistic fuzzy logic [3].
Neutrosophic set is denoted by (t, 1, f) such that “t” is degree of membership, “i” is degree
of indeterminacy and “f” is degree of non-membership. Also, a lot of researchers have
studied neutrosophic sets [4-9,24-28]. Furthermore, Smarandache et al. obtained
neutrosophic triplet (NT) [10] and they introduced NT groups [11]. For every element “x”
in neutrosophic triplet set A, there exist a neutral of “a” and an opposite of “a”. Also,
neutral of “x” must different from the classical unitary element. Therefore, the NT set is
different from the classical set. Furthermore, a NT “x” is denoted by by <x, neut(x),
anti(x)>. Also, many researchers have introduced NT structures [12-20]

Inner product is a special operator (<. , .>) built on vector spaces and it has certain
properties. Also, if (<., .>) is an inner product on a vector space, the vector space is called
inner product space. The Hilbert space (every Cauchy sequence is convergent in it) is a
special inner product space and it also has certain properties. In functional analysis, inner
product space and Hilbert space are a broad topic with wide area of applications. Also,
recently many researchers have introduced inner product space [21-23].
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In this chapter, we obtain NT inner product space. In section 2; we give definitions of NT
set [11], NT field [12], NT partial metric space [17], NT vector space [13] and NT partial
normed space [20]. In section 3, we introduce NT partial inner product space and give
some properties and examples for NT partial inner product space. Also, we show that NT
partial inner product space is different from the NT inner product space and classical inner
product space. Furthermore, we show relationship between NT partial metric spaces, NT
partial normed space with NT partial inner product space. Also, we give definition of
convergence of sequence, Cauchy sequence and Hilbert space in NT inner product space.
In section 4, we give conclusions.

2.Basic and fundamental concepts
Definition 2.1: [11] Let * be a binary operation. (X, #) is a NT set (NTS) such that

1) There must be neutral of “x” such x#neut(x) = neut(x)#x = x, x € X.
11) There must be anti of “x” such x#anti(x) = anti(x)#x = neut(x), x € X.
Furthermore, a NT “x” is showed with (x, neut(x), anti(x)).

Also, neut(x) must different from classical unitary element.

Definition 2.2: [12] Let (X, &, $) be a NTS with two binary operations & and $. Then (X,
&, $) is called NT field (NTF) such that

1. (F, &) is a commutative NT group,
2. (F, $)is a NT group
3. x8 (y&z)= (x8y) & (x$2z) and (y&z)$x = (y$x) & (z$x) forv every x, y, z € X.

Definition 2.3: [17] Let (A, #) be a NTS and m#n € A, ¥ m, n € A. NT partial metric
(NTPM) is a map py: A x A — RYU{0} such that ¥ m, n, k € A

i) py(m, n) = py(n, n)=0

i1) If py(m, m) = py(m, n) = py(n, n) = 0, then there exits at least one m, n pair such that
m=n.

iif) py(m, n) = py(n, m)

iv) If there exists at least an element n€A for each m, k€ A pair such that

pn(m, K)< py(m, k#neut(n)), then py(m, k#neut(n))< py(m, n) + py(n, k) - py(n, n)
Also, ((A, #), py) is called NTPM space (NTPMS).

11
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Definition 2.4: [13] Let (F, &, $;) be a NTF and let (V,&,, $,) be a NTS with binary
operations “&," and “$,”. If (V,&,, $,) is satisfied the following conditions, then it is
called a NT vector space (NTVYS),

1) x&,y € Vand x $,y € V; forevery x,y €V

2) (x&,y) &,7= x&; (y&,7); foreveryx,y,z€V

3) x&,y = y&;,Xx; for every x,y € V

4) (x&,y) $,m= (x$,m) &,(y$,m); for every me F and every x,y € V
5) (m&;n) $,x= (m$,x) &;(n$,x); for every m, n € F and every u € V
6) (m$,n) $,x=m$, (n$,x); for every m, n € F and every x € V

7) For every x € V, there exists at least a neut(y) € F such that

x $, neut(y)= neut(y) $, x =x

Definition 2.5: [20] Let (V,*,, #,) be NTVS on (F,*,, #;) NTF. ||.||:V — R*U{0} is a
map that it is called NT partial norm (NTPN) such that

a) : F XV — R*tU{0} is a function such that f(a,x) = f(anti(a), anti(x)); for all a, b € V
andm € F;

b) lal >0;

¢) If lal=Ineut(a)l = 0, then a = neut(a)

d) Im#, al = f(m,a).lal

e) lanti(a)l= lal

f) If there exists at least k element for each a, b pair such that

lla*,al+Ineut(k)l < la*x,b*,neut(k)l; then lax,bl<lal+Ibl - Ineut(k)l, for any k € V.
Furthermore, (NTV, *,, #,), I.I) is called NTPN space (NTPNS).

Theorem 2.6: [20] Let (N, *,, #,), I.I) be a NTPNS on (F,*,, #,) NTF. Then, the function
is p: Vx V- R, p(x, y) = Ix*, anti(y)l is a NTPMS.

Definition 2.7: [14] Let (V,*,, #,) be a NTVS on (F, x;, #; ) NTF. Then,
<.,.>:VxV — R*U{0} is a NT inner product (NTIP) on (V,*,, #,) such that

12



Neutrosophic Triplet Structures
Volume |

a)  FXVXV — RtU{0} is a function such that f(a, a, b)= f(anti(a), anti(a), anti(a)),
foralla,b,c ENTVandm,n €F,

b) <a, a>>0;
¢) If a= neut(a), then <a, a> =0
d) <(m#, a)*, (n#, b), c>=f(m, a, ¢). <x, c>+ f(n,b,z). <b, c>
e) <anti(a), anti(a)> = <a, a>
f) <a, b>=<b, a>
Also, (NTV, *,, #,), <., .>) is called NTIP space (NTIPS).

Theorem 2.8: [14] Let (V,*,, #,) be a NTVS on (F, *;, #;) NTF and let
((V, *,,#,), <., >) be a NTIPS on (V,*,, #,)and : F X VXV — R*U{0} be a map
such that f(a, a, b)= f(anti(a), anti(a), anti(b)) for all a, b € V and m, n € F. Then,

<(m#, a)x, (n#, b), (m#, a)*, (n#, b)>=
f(m, (m#, a)*, (n#, b), a).f(m, a, a).<a, a> +
[f(m, (m#,a)*, (n#, b), a). f(n, a, b) + f(n, (m#, a)*, (n#, b), b).f(m, a, b)].<a, b>+
f(n, (m#, a)*, (n#, b), b). f(n, b, b).<b, b>.
3. Neutrosophic Triplet Partial Inner Product Space

Definition 3.1: Let (V, *, , #, ) be NTVS on (F, *; , #; ) NTF. Then,
<., .>:VxV — R*U{0} is a NT partial inner product (NTPIP) on (V,*,, #,) such that

DEFX VXV — RYU{0} is a function such that f(m, a, b)= f(anti(m), anti(a), anti(b))
foralla,b,c€ Vandm,n € F;

i1) <a, b>>0 and <a, a>>0;

1i1) If <a, a> = <neut(a), neut(a)> = 0, then a = neut(a)

iv) <(m#, a)*, (n#, b), c>=f(m, a, ¢). <a, c>+ f(n,b,c). <b, c>
v) <anti(a), anti(a)> = <a, a>

vi) <a, b>=<b, a>

Also, (NTV, *,, #,), <., .>) is called NTPIP space (NTPIPS).

13
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Corollary 3.2: By Definition of NTPIPS that NTPIPS is different from the classical inner
product spaces, since conditions 1) and i1) are different in classical inner product space.

Corollary 3.3: In Definition 2.7, if x = neut(x) then <x, x> = 0. In Definition 3.1, <x, x> =
<neut(x), neut(x)> = 0 then x = neut(x). Thus, NTPIPS is different from NTIPS.

Corollary 3.4:
1) For a NTPIPS, if a = neut(a) and <a, a> = 0, then NTPIPS is a NTIPS.

i1) For a NTIPS, if <a, a> = <neut(a), neut(a)> = 0 and a = neut(a), then NTIPS is a
NTPIPS.

Example 3.5: Let X = {@, {1}, {2}, {1, 2}}. From Definition 2.4, (X, U, N) is a NTVS on
the (X, U, N) NTE. Also,

The NTs with respect to U;

neut(K) = K and anti(K) = K,
The NTs with respect to N;

neut(M) = M and anti(M) = M,

Now, we take <., .>:X x X — R*U{0}such that <K, L> = s(K) + s(L) and s(K) is
number of elements in K € X and K’ is complement of K € X.

We show that <., .>isa NTPIP and ((X, U, N), <., .>) is a NTPIPS.

i) We can take f: X x Xx X — R*U{0} such that

s(C)+2.5(ANB) |
| 2(s(B)+s(0)) ’
s(C)—s(A)+2.s(ANB)

f(AB.C)={ 2ws©)

if ANBNC=0@B=C+0

if ANBNC+ @QB=C+ @
0; if B=C=¢0

[Z(STIH(C)); ifANBNC=@,B=C+ 0,s(C)+s(AnB)=0,s(C)—s(4) +2.s(AnB)

Also, f(A,B,C) = f(anti(A), anti(B), anti(C)) because anti(A) = A, for all A € X.
ii) <A, B>=15(4) + s(B)>0and <A, A>=s(4) + s(4)>0

iii) For A= 0, s(4) + s(A) = s(neut(4)) + s(neut(4)) = 0, Also, @ = neut(@)
iv) ForA=0,B={1},C={2},D={1,2},E=0;

<(@N{1Hu ({2} n{1,2}),0>=s((@ N {1}) U ({2} n {1,2})) + (@) = 1. Also,

14
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f(@, {1},0)=1/2,

<{1}, >=1,

f({2}, {1,2},8)=1/4,

<{1,2}, 0> = 2.

Thus, <(@N{1} U ({2} n {1,2}), 8> =

f(@, {1}, @).<{1}, 0>+ f({2}, {1,2}, ®).<{1,2}, §>.
ForA=@,B={1},C={2},D={1,2} ,E={l};

<(@N{1Hu ({2} n {1,2}), {1}> =s((@ n {1} U ({2} N {1, 2})) + s({1}) = 2. Also,

f(@, {1}, {1})=1/2

<{1}, {1}>=2

f({2}, {1,2}, {1))=1/3

<{1,2}, {1}>=3.

Thus, <(@N{1} )u ({2} n {1,2}),{1}> =

f(@, {1}, {1H).<{1}, {1}>+ ({2}, {1,2}, {1}).<{1,2}, {1}>.
ForA=@,B={1},C={2},D={1,2} ,E={2};

<(@N{1Hu ({2} n{1,2}), {2}> =s((@ n {1} U ({2} N {1, 2})) + s({2}) = 2. Also,

f(@, {1}, 2})=1/2

<{1}, {2}>=2

f({2}, {1.2}, {2})=1/3

<{1,2}, {2}>=3.

Thus, <(@N{1} U {2} n{1,2}),{2}>=

f(@, {1}, {2}).<{1}, {2}>+ ({2}, {1,2}, {2}).<{1,2}, {2}>.
ForA=@,B={1},C={2},D={1,2},E={1,2};

<(@N{1Hu ({2} n{1,2}),{1,2}>=s((@ n {1}) U ({2} n {1,2})) + s({1,2}) =3. Also,

f(@, {1}, {1,2})=2/3

15
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<{1},{1,2}>=3
({2}, {1,2}, {1,2})=2/8=1/4
<{1.2}, {1,2}>=4.
Thus, <(@N{1} )u ({2} N {1,2}),{1,2}> =1(@, {1}, {1.2}).<{1}, {1.2}>+
f(42}, (1,2}, {1,2}).<{1,2}, {1,2}>.
Furthermore, condition iv is satisfies by another A, B, C, D, E elements.

v) <anti(K), anti(K)> = s(anti(K))+ s(anti(K)) = s(K) + s(K) = <K, K> because
K = anti(K), for every K € X.

vi) <K, L>=s(K) + s(L) = s(L) + s(K) = <L, K>.

Theorem 3.6:Let (V,*,, #,) be a NTVS on (F,*;, #;) NTF and let ((V, *,, #,), <., .>) be
a NTIPS on (V,*,, #,)and : F X VXV — R*U{0}. For every a,b,c € Vand m,n € F,
ifa#b,a=corb=cand<c,c>> 1 and <c, c> < <a, a>, <b, b>, then

(< a,b >)?<<a, a>.<b, b> - <c, c>
Proof: We suppose a # b, a=c or b = c. From the Theorem 2.6; if we take

_ <ab>%+<c,c>1/?

f(ma (m#Z a)*Z (n#z b), a») -

<a,a>3/2
1/2
~(<ab>+=22)
f(m, a, b)= <a,a>1/2
f(n, b, b) = —
1, D, <b,b>1/2
(1_'_<c,c>1/2
_ Tabs )
f(n. a,b)= <a,a>1/2

f(n, (m#, a)*, (n#, b), a)= f(m, a, a) = f(n, (m#, a)x, (n#, b), b) =1, then

<(m#, a)x, (n#, b), (m#, a)*, (n#, b)>=

f(m, (m#, a)*, (n#, b), a).f(m, a, a).<a, a> +

[f(m, (m#,a)*, (n#, b), a). f(n, a, b) + f(n, (m#, a)*, (n#, b), b).f(m, a, b)].<a, b> +

f(n, (m#, a)*, (n#, b), b). f(n, b, b).<b, b>=

16
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<c,c>1/2 <c,c>1/2
<a,b>2+<c,c>1/2 (fab>+=275-) U+ s 1
— < S —_—— S — >+ — < > =
<a,a>3/2 4,2 <aa>1/2 a,b <a,a>1/2 ° a,b <b,b>1/2 b,b
a <c,c>1/2 b 1/2
<a,b>+<c,c>
) <aZiI;/>2 . <ab>t <bb>Y2 = <pb>?. — i Thus, we have
<a,b>+<c,c>1/2
<bb >1/2 227772007 > ) and
<a,a>1/2

<a,b>+<c c>1/2
<aa>Y% <bb>"?_<qq>12 802>
<a,a>1/2

<aa>Y2 <bb>"2-<ab>-<cc>Y2>0. Thus,
<ab><<aa>"% <bb>"%-<cc>2

Theorem 3.7: Let (V,*,, #,) be a NTVS on (F,*;, #;) NTF and let ((V, *,, #;), <., .>) be
a NTPIPS on (V,*,, #,).For every a,b,c € V and m,n € F, if f(m, a, a) = f(m, a) and ||a|| =
V< a,a>.Then, (V, *,, #5), ||.1]) is a NTPMS on (V,*,, #,).

Proof: We show that |[a|| = v/<aa> is a NTPMS. From Definition 3.1 and
Definition 2.5,

a) |lall=+v<a,a>2=0.

b) If|lall =+v<aa>=./< neut(a), neut(a) > = Ineut(a)l =0, then a = neut(a)

¢) llm#all = /<m#,am#,a> = ,/f(maa)/f(maa) . V<aa> =
f(m,a,a). V< a,a >=
f(m, a). [lal

d) [lanti(x)|l = /< anti(x), anti(x) > =y< a,a >== ||a||

e) In Theorem 2.6; if we take m= neut(a), n = neut(b), then
<(m#, a)*, (n#, b), (m#, a)*, (n#, b)> =<ax*,b,ax,a>=

f(neut(a), ax, b, a).f(neut(a), a, a).<a, a>+
[f(neut(a), a*, b, a).f(neut(b), a, b)+ f(neut(b), a*,b, b).f(neut(a), a, b)].<a, b>+

f(neut(b), ax,b, b).f(neut(b), b, b).<b, b>.

Also, if we take

f(neut(a), ax*, b, a) = f(neut(a), a, a) = f(neut(b), a, b) = f(neut(b), ax,b, b) =
f(neut(a), a, b) = f(neut(b), b, b) = 1, then

<a#*,b,ax, b>=<a, a>+2.<a, b> + <b, b>= ||a]|?+ 2.<a,b> + ||a||?. From the
Theorem 3.6, ifa # b, a=c or b=c, then

<ab><+<aa><bb>-+<cc>Thus,

17
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<ax*,b,ax*, b>=|al|? +2.<a, b>+ ||b]|? <
llall?+ 2llalllIbll+ IIbl|? - 2||bll=
(llall + IibID2-2[1b]] (1
If we take neut(c) = neut(b), then
<a=*, b *, neut(c) ,a*, b *, neut(c)>=<ax*,b,ax, b>
Therefore, if we take a = Db, it is clear that
<a#*, b, a*, b>-<neut(m), neut(m) >'2<
<a *, b *, neut(c) , a *, b *, neut(c)> 2)

Furthermore, from Definition 2.5, If there exists at least k = neut(m) element for a, b such
that llax,bl-Ineut(k)l < lax, b*,neut(k)l, then la*,bl<lal+Ibl - Ineut(k)l. Thus, we can take
from (1), (2)

lax,bl<lal+Ibl - Ineut(k)I.

Corollary 3.8: Every NTPMS is reduced by a NTPIPS. But the opposite is not always
true. Similarly; every NTPNS is reduced by a NTPIPS. But the opposite is not always true.

Definition 3.9: ((X,&,, $,), <., >) be a NTPIPS on (Y,&;, $;) NTF and
((X,&;, $,), <., .>)be a NTPIPS such that ||a|]| =+/<a,a>. Then, p: X x X— R is a
NTPM define by

p(a, b)= la *, anti(b)l = \/< a *, anti(b),a *, anti(b) >
and is called NTPM reduced by ((X,&;, $5), <., .>).

Definition 3.10: ((X,&,, $,), <., .>) be a NTPIPS on (Y,&,,$;) NTF, {x,} be a
sequence in NTPIPS and p be a NTPM reduced by ((X,&;,, $,), <., .>). For all €0,
x,keX

DX, (X })= < X anti({x,}), x %, anti({x,}) >"/2 <&+ p(k, k);

if there exists a M€ N such that for all n >M, then {x,} sequence converges to a. It is
denoted by

lim x,=a or x,,— a.

n—-oo
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Definition 3.11: ((X,&,, $,), <., >) be a NTPIPS on (Y,&,, $;) NTF, {x,} be a
sequence in NTPIPS and p be a NTPM reduced by ((X,&,, $,), <., .>). For all >0, x,
k € X such that for all n >M

p(({xm}, {xn}) =

. . . 1
lIx 2 anti(Gr, Il < (G} *2 anti({xa}), ((em} *2 anti(x,}) > 72 <&+ p(k, k);
if there exists a M€ N; {x,,} sequence is called Cauchy sequence.

Definition 3.12: Let ((X,&,, $,), <., >) be a NTPIPS on (Y,&;,$;) NTF, {x,} be a
sequence in this space and p be a NTPM reduced by ((X,&;, $,), <., >). If each {x,}
Cauchy sequence in NTPIPS is convergent by p NTPM reduced by ((X,&,, $,), <., .>),
then ((X,&;, $,), <., .>) is called Hilbert space in NTPIPS.

Conclusions

In this chapter, we obtained NTPIPS. We also showed that NTPIPS is different from the
NTIPS and classical inner product space. Then, we defined Hilbert space for NTPIPS.
Thus, we have added a new structure to NT structure and gave rise to a new field or
research called NTPIPS. Also, thanks to NTPIPS researcher we obtained new structures
and properties.

Abbreviations

NT: Neutrosophic triplet

NTS: Neutrosophic triplet set

NTF: Neutrosophic triplet field

NTVS: Neutrosophic triplet vector space
NTPM: Neutrosophic triplet partial metric
NTPMS: Neutrosophic triplet partial metric
NTPN: Neutrosophic triplet partial norm
NTPNS: neutrosophic triplet partial norm space
NTIPS: neutrosophic triplet inner product space
NTPIP: neutrosophic triplet partial inner product

NTPIPS: neutrosophic triplet partial inner product space
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Abstract

In this chapter, study the notion of neutrosophic triplet partial v-generalized metric space. Then, we
give some definitions and examples for neutrosophic triplet partial v-generalized metric space and
obtain some properties and prove these properties. Furthermore, we show that neutrosophic triplet
partial v-generalized metric space is different from neutrosophic triplet v-generalized metric space
and neutrosophic triplet partial metric space.

Keywords: neutrosophic triplet metric space, neutrosophic triplet partial metric space,
neutrosophic triplet v- generalized metric spaces, neutrosophic triplet partial v- generalized
metric spaces

1. Introduction

Smarandache introduced neutrosophy in 1980, which studies a lot of scientific fields. In
neutrosophy, there are neutrosophic logic, set and probability in [1]. Neutrosophic logic is
a generalization of a lot of logics such as fuzzy logic in [2] and intuitionistic fuzzy logic in
[3]. Neutrosophic set is denoted by (t, i, f) such that “t” is degree of membership, “i” is
degree of indeterminacy and “f” is degree of non-membership. Also, a lot of researchers
have studied neutrosophic sets in [4-9, 35-39]. Furthermore, Smarandache and Ali obtained
neutrosophic triplet (NT) in [10] and they introduced NT groups in [11]. For every
element “x” in neutrosophic triplet set A, there exist a neutral of “a” and an opposite of
“a”. Also, neutral of “x” must different from the classical unitary element. Therefore, the
NT set is different from the classical set. Furthermore, a NT “x” is denoted by <x, neut(x),
anti(x)>. Also, many researchers have introduced NT structures in [12-20].

Matthew obtained partial metric spaces in [21]. The partial metric is generalization of
classical metric space and it plays a significant role in fixed point theory and computer
science. Also, many researchers studied partial metric space in [22-28].

Branciari obtained v-generalized metric in [29]. The v- generalized metric is a specific
form of classical metric space for its triangular inequality. The most important use of
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v-generalized metric space is fixed point theory. Furthermore, researchers studied
v- generalized metric in [30- 34].

In this chapter, we obtain NT partial v-generalized metric space. In section 2; we give
definitions of NT set in [11], NT partial metric space in [17] and NT v-generalized metric
space in [18]. In section 3, we introduce NT partial v-generalized metric space and give
some properties and examples for NT partial v-generalized metric space. Also, we show
that NT partial v-generalized metric space is different from the NT partial metric space and
NT v-generalized metric space. Furthermore, we show the relationship between NT partial
metric spaces, NT v-generalized metric space with NT partial v-generalized metric space.
Finally, we give definition of convergent sequence, Cauchy sequence and complete space
for NT partial v-generalized metric space. In section 4, we give conclusions.

2. Basic and Fundamental Concepts

Definition 2.1: [29] Let N be a nonempty set and d:NxN— R be a function. If d is satisfied
the following properties, then it is called a v - generalized metric. For
n, m, ¢1, Cz, ... , ¢, €N,

1)d(n,m)=>0and d(n,m)=0 n=m;
i1) d(n, m)= d(m, n);

i11) d(n, m) < d(n, ¢;)+d(cq, c)+d(cy, c3)+ ... +d(c,_1, ¢,)+ d(c,, n). Where a, ¢4, Cy, ...,
¢y, b are all different.

Definition 2.2:[21]Let N be a nonempty set and d:NxN— R be a function. If d is satisfied
the following properties, then it is a partial metric. For p, r, s € N,

1) d(p, p) =d(s,s) =d(p,s) @ p=s;
ii) d(p, p) < d(p, s);

iii) d(p, s) = d(s, p);

iv) d(p, r) <d(p, s)+d(s, 1)-d(s, s);
Also, (N, d) is a partial metric space.

Definition 2.3: [11] Let # be a binary operation. (X, #) is a NT set (NTS) such

1) There must be neutral of “x” such x#neut(x) = neut(x)#x = x, x € X.
i1) There must be anti of “x” such x#anti(x) = anti(X)#x = neut(x), X € X.

Furthermore, a NT “x” is showed with (x, neut(x), anti(x)).
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Also, neut(x) must different from classical unitary element.

Definition 2.4: [17] Let (M, *) be a NTS and m*n € M for ¥ m, n € M. NT partial metric
(NTPM) is a function p: M x M — R*U{0} such for every s, p, r € M,

1) p(m, n) =p(n, n)=0

i1) If py(m, m) = py(m, n) = py(n, n) = 0, then there exits at least one m, n pair such that
m=n.

ii1) p(m, n) = p(n, m)

iv) If there exists at least an element n€A for each m, k € M pair such that
p(m, k)< p(m, k*neut(n)), then p(m, k*neut(n))< p(m, n) + p(n, k) - p(n, n)
Also, ((N, *), p) is called NTPM space (NTPMS).

Definition 2.5: [13] A NT metric on a NTS (N, *) is a function d:NxN— R such that for
every n,m,s € N,

)n*meN

i1) d(n, m) = 0

1i1) If n = m, then d(n, m) =0

v) d(n, m)= d(n, m)

v) If there exists at least an element s € N for each n, m € N pair such that
d(n, m) < d(n, m*neut(s)), then d(n, m*neut(s)) < d(n, s)+ d4(s, n).

Definiton 2.6: [18] Let (N, *) be a NTS. A NT v- generalized metric on N is a function
d,:NxN— R such that for every n, m, k¢, k5, ... , k, EN;

1)n*m €N

i1) 0< d,,(n, m)

iii) if n=m, then d,(n, m)=0

iv) d,(n, m) = d,,(m, n)

v) If there exists elements n, m, k4, ..., k,, € N such that

d,(n, m)< d,,(n, m#neut(k,)),
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d,(n, ky )< dy(n, ky#neut(k,)),
d,(kq, k3 )< dy(kq, ks#neut(k,)),
dy(ky—1, m)< d,(k,_q, m#neut(k,));
then dy(n, m*neut(ky))< dy(n, kq)+ dy(kq, ko) + ... + dy(kyoq, ky) + dy (e, m).
Where n, k4, ..., k,,, m are all different.
Furthermore, ((N, *), d,,) is called NTVGM space (NTVGMS).
3. Neutrosophic Triplet Partial v — Generalized Metric Space

Definition 3.1: Let (N, *) be a NTS. A NT partial v- generalized metric on N is a function
dpy:NXxN— R such every n, m, ky, ko, ..., k;, EN;

1) n*m €N

ii) dpyy(n, m)= dp,(n, n)=0

iii) If d,,(n, n) = dpyy(n, m) = dyp,(m, m) = 0, then n = m.
1v) dpy(n, m) = dp,(m, n)

v) If there exists elements n, m, k4, ..., k,, € N such that
dpy(n, m)< dp,,(n, m*neut(k,)),

dpy(n, ky )< dpyy(n, ky*neut(k,)),

dpy(kq, k3 )< dpyy(kyq, k3*neut(k,)),

dpy(Kky—1, )< dpy(kyp—_1, m*neut(k,));

then

dpy(n, m*neut(ky,))< dpy (0, k1)t dpy(ky, k2) + ..o+ dpy(Ky—1q, ky) + dpy (ky, m)-
[dpy(ky, k1) + dpyp(ka, ko) + ..+ dyy(ky, Ky

Where n, k4, ..., k,,, m are all different.
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Furthermore, (N, *), dy,,) is called NTPVGM space (NTPVGMS).

Furthermore, if v =k, (k€ N), then NTPVGMS is showed that NTPkGMS. For example, if
v =2, then NTPVGMS is showed that NTP2GMS.

Example 3.2: Let N = {@, {k}, {1}, {k, 1}} be a set and s(M) be number of elements in M
€ N. Also, we can take neut(M)= M, anti(M)=M for all M € N since MUM = M, for
M € N. Furthermore, (N, U) is a NTS. Then, we take that d;,,,; NxXN—N is a function such

that d,,,(S, K)= 2maxts():s(0},

Now we show that d,,,, is a NTPVGM.

1)SUK e N for S, K €N.

i) dpyy(S, K)= 2max{s($),s(K)} > pmax{s($),s($)} > (

iii) There are not any elements S, K such that d,,,,(S, K) = d,,(S, S) = dp,, (K, K) =0
iv) dp,,(S, K) = 2max{s(s),s(K)} = pmax{s(K),s(S)} = dyy(K, S)

V)

a) dp,({1}, {k, 1)< dpp ({1}, {k, JU {k} ) and dp,({l, k}, @) < dp,({L, k}, @ U {1}).
Also,

dpy({1}, {k, 1}) = 22 = 4, dpp, ({1}, {k}) = 20 = 2, dpy ({k}, @) = 27 = 2,

dpy (@, {1,K}) = 22 = 4. Thus,

dpy({1}, {k, TU{k})<

dpy({1}, {k})+dpy({k}, O)tdyy (@, {1, K})- dppy ({k}, {kD-dpy ({13, {1}).

b) dpy ({1}, {k})< dpp({1}, {k}U {k, 1}) and dp,, ({ k}, @) < dpy({k}, @ U {1}). Also,
dpo({1}, {k}) =21 =2, d,, ({13, {k, 1}) = 2% =4, dp, ({k, 1}, ) = 22 =4,

dpy (0, {k})= 2 = 2. Thus,

dpy({1}, kU {k,1})<

dpy ({1}, {k11)+dpy (1K1}, @)+dpy (D, {k})- dpy ({k, 13, {k,1})-d)p, ({13, {1}).

0) dpy ({1}, B)< dpp ({1}, ® U {k, 1}) and doy, (@, { k}) < dpy (@, { K}U {1}). Also,
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dpy ({1}, B U {k, 1}) = 2% = 4, d,, ({1}, 1k, 1}) = 2% = 4,d,, ({k, 1}, {k}) =22 =4,
dyy ({k}, {1})= 2" = 2. Thus,

dpy (11,0 U {k 1}) <

({1}, (k11 (1, @) +dyy (8, (K)- dpo ((, 13, (ko 11)-dpy ({13, (1}).

d) dyy (1}, B)< dpy({k}, 0 U {k, 1}) and dyp, (8, {1}) < dpy (8, { 13U {k}). Also,
dpu({k}, O U {k, 1}) =22 =4, dpp, ({k}, {k, 1}) = 22 =4, d, ({k, 1}, 8) =22 = 4,
d,y (@, {k})= 2" = 2. Thus,

dpy (K}, 0 U {k 1}) <

dpy({k}, {k, 1})Tdpy({k,1}, @) +dpy, (D, {k})- dpy ({k, 1}, {k1})-dypy ({K}, {k}).

©) dpy ({1, k}, D)< dpp({1,k}, @ U {k}) and doyy (@, {1, k}) < dpy (@, {1, k}U {1}). Also,
dpy({1, k}, O U {k}) = 22 =4, d,,, ({1, k}, {k}) = 2% =4, dp, ({k}, {1} = 2" =2,
dpy ({13, @) = 2! =2. Thus,

dpy({1,k},0 U {k}) <

dpy({1, K}, {k})+dpy({k}, {11 +dpy ({1}, @)- dpy ({3, {kD)-dpy ({1}, {1}).

f) dpu({k}, {1, k})< dpy(Lk}, {1, k} U {1}) and d},, ({1, k}, @) < dp,({l, k}, @ U {k}).
Also,

Ay}, (1K} U {1})= 22 =4, dyp({ k), {11) = 21 =2, dp ({1}, ) = 2" =2,
dyy ({@, {1,k}) = 22 = 4. Thus,

iy (), {1, K} U {1}) <

(K} A11) +lpyp ({1}, O+ ({0, {1KD) - dy ({13, (13-l ({3}, (D).
Hence, (X), U), d,, ) is a NT2GMS.

Corollary 3.3: NTPVGMS is different from the partial metric space and NTPMS, since
for triangle inequality and * binary operation.

Corollary 3.4: The NTPVGMS is different from NTVMS since for triangle inequality and
condition iii in Definition 3.1.
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Theorem 3.5: In Definition 3.1, if it is taken such that k; =k, = ... = k;,, and dp,(n, n) =
0, then each NTPVGMS is a NTVGMS.

Proof: Let ((X, #), dp,,,) be a NTPVGMS.

i) a#b € X since (X, #), dy,) is a NTPVGMS.

ii) 0< d,y(n, m) since (X, #), d,) is a NTPVGMS.

iii) If n=m, then d,,(n, m) = 0; because d,,(n, n) =0
iv) d,,(n, m) = d,,(m, n) since ((X, #), d,,,,) is a NTPVGMS.

v) From Definition 3.1,
If there exists elements n, m, k4, ... , k,, € N such that

dpy(n, m)< d,y,(n, m#neut(k,)),

dpy(n, ky )< dpy,(n, ky#neut(k,)),

Apy(ky, k3 )< dpy(ky, kstneut(ky)),

dpy(ky—1, M)< dpyy (kyy g, mineut(k,,));

Then,

dp(n, m*neut(k,)) <
Apy(n, by )+ dpy(ky, ko) + ..+ dpy(ky—1, ky) + dyy(kyp, m) -

[dpy(ky, k1) + dpy(ky, ko) + ..+ dpy(ky, ky)] (1)
Then we take kq =k, = ... = ky,, and dp,,,(n, n) =0 in (1). Thus, for a, b, u; € X,
dpy(n, m) < dp,(n, mineut(k,))
dpy(n, k1 )< dpy(n, kq#neut(k,)),

dpy(K1, k1 )= dpy(ky, ky#ineut(key)),
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dpy(kq, m)< dp, (kq, mineut(k,));
then

dpy(n, m*neut(k,)) = dp,(n, m*neut(k,)) <

dpy(0, ko)t dpy(fey, key) + oo+ dpy(ke, Ke) + dpy(Rqm) -

[dpy(kq, kq) +dpy(ke, k) + ...+ dpy(ke, k) 1= dpy(n, ky)+ 0+ dpy(ky,m) — 0=
dpy(n, ky) + dpy, (ky,n).

Therefore, (X, #),d,,) is a NTVGMS.

Corollary 3.6: In Theorem 3.5, we can define a NTP1GMS with each NTVGMS. Also,
from Theorem 3.5, each NTVGMS is a NTP1GMS.

Theorem 3.7: Let (X, #), d) be a NTVGMS and d,, be a function such that
dyy(n, m) =d(n, m)+k (k € R*). Then (X, #), d},,) is a NTPVGMS.
Proof:

We take d,,,(n, m) = d(n, m) + k. Where, d,,(n, n) = d(n, n) + k = k since ((X, #), d) is a
NTVGMS.

1) It clear that a#b € X since ((X, #), d) is a NTVGMS.

ii) dpyy(n, m) = d(n, m) + k= d,,(n, n) =k = 0 since ((X, #), d) is a NTVGMS.
1i1) There is not any pair of element n, m such that

dpy(n, m) =d(n, m) + k= dp,(n,n) =k = dy,(m, m) =k = 0. Because, k € R*.
iv) dpy(n, m) = d(n, m) + k = d(m, n) + k = d,,,(m, n)

v) In Definition 2.6, If there exists elements n, m, k4, ..., k,, € X such that

d(n, m)< d(n, m#neut(k,)),

d(n, k, )< d(n, k,#neut(k,)),

d(kq, k3 )< d(kq, kz#neut(k,)),

ee s

d(fey—1, m)< d(ky—1, m#neut(k,));
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then

d(n, m*neut(k,))<

d(n, ky)+d(kq, ky)+ ... +d(k,_q, ky,)td(k,, m)

As dp,(n, m) = d(n, m) + k, we can take in (2),

dpy(n, m) = d(n, m) + k < d,,,(n, m#neut(k,)) = d(n, m#neut(k,)) + k,

dpy(n, ky ) =d(n, ky ) + k< dyp,(n, ky#neut(ky)) = d(n, kp#neut(k,)) +k

dpy(ky, k3 ) =d(ky, k3) + k< dy,(ky, ks#neut(k,)) = d(kq, ks#neut(k,)) +k,
dpy(ky—1, m) = d(ky_q, m) + k < dy,, (ky,_1, m#neut(k,)) = d(k, —q, m#neut(k,)) + k;

then

dpy(n, m*neut(k,)) = d(n, m*neut(k,)) + k < d(n, ky)+ k + d(ky, up) +k + ...

d(k,_q, k;,) +k + d(k,,, m) +k. Thus,

dpy(n, m*neut(k,)) = d(n, m*neut(k,,)) +k <

d(n, ky)+d(kq, ky) + ... +d(k,_1, k) + d(k,,, m)-v.k. Therefore,

dpy(n, m*neut(ky, )< dpy (0, k1)t dpy(ky, k) + ..o+ dpy(ky—q, ky) + dpy (i, m)-
[dpy(ke, ky) + dpy(ka, ko) + ..+ dpy(ky, ky)] since dy(n, n) =k for alln € X.

Corollary 3.8: In Theorem 3.7, we can define a NTPVGMS with each NTVGMS.

2

+

Definition 3.9: Let ((X, #), d,,) be a NTPVGMS and {x,,} be a sequence in NTPVGMS

and m € X. If there exist N € N for every €>0 such that
dy(m, {x,}) <&+ d,(m, m),
then {x,} converges to m. where n >M. Also, it is showed that

lim x,=m or x,,— m.
n—-oo

Definition 3.10: Let (X, #), d,) be a NTPVGMS and {x,,} be a sequence in NTPVGMS.

If there exist a N € N for every >0 such that
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dy({xm > {xn})< &+ dy(m, m),
then {x,} is a Cauchy sequence in NTPVGMS. Where, n Zm>M and m € X.

Definition 3.11: Let (X, #), d;,) be a NTPVGMS and {x,,} be a sequence in NTPVGMS.
If there exist N € N for every £€>0 such that

dy(1xn}, <{xn+1+jk})< e+d,(m,m), (j=0,1,2,..)
then { x,,} is a k - Cauchy sequence in NTPVGMS. Where, k € N and m € X.

Definition 3.12: Let ((X, #), d,,) be a NTPVGMS and {x,} be Cauchy sequence in
NTPVGMS. NTPVGMS is complete < every {x,} converges in NTPVGMS.

Definition 3.13: Let (X, #), d,,) be a NTPVGMS and {x,} be k - Cauchy sequence in
NTPVGMS. NTPVGMS is k - complete < every {x,} converges in NTPVGMS.

Conclusions

In this chapter, we obtained NTPVGMS. We also show that NTPVGMS is different from
the NTVGMS and NTPMS. Also, we defined complete space and k-complete space for
NTPIPS. Thus, we have added a new structure to NT structure and we gave rise to a new
field or research called NTPIPS. Also, thanks to NTPIPS researcher can obtain new
structure and properties. For example, NT partial v — generalized normed space, NT partial
v — generalized inner product space and fixed point theorems for NTVGMS.

Abbreviations

NT: Neutrosophic triplet

NTS: Neutrosophic triplet set

NTM: Neutrosophic triplet metric

NTMS: Neutrosophic triplet metric space

NTPM: Neutrosophic triplet partial metric

NTPMS: Neutrosophic triplet partial metric space
NTVGM: Neutrosophic triplet v-generalized metric
NTVGMS: Neutrosophic triplet v-generalized metric space
NTPVGM: Neutrosophic triplet partial v-generalized metric

NTPVGMS: Neutrosophic triplet partial v-generalized metric space
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Chapter Three
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Abstract

In this chapter, neutrosophic triplet(NT) R-module is presented and the properties of NT R-module
are studied. Additionaly, we conclude that the NT R-module is different from the classical R-
module. Then, we compared NT R-module with the NT vector space and NT G — module as well.

Keywords: NT vector space, NT G — module, NT R — module

1. Introduction

In 1980, Smarandache presented neutrosophy which is a part of philosophy. Neutrosophy
depends on neutrosophic logic, probability and set in [1]. Neutrosophic logic is a general
concept of some logics such as fuzzy logic that is presented by Zadeh in [2] and
intuitionistic fuzzy logic that is presented by Atanassov in [3]. Fuzzy set has the function
of membership but intuitionistic fuzzy set has the function of membership and function of
non-membership and they don’t describe the indeterminancy states. However;
neutrosophic set includes these all functions. A lot of researchers have studied the concept
of neutrosophic theory and its application to multi-criteria decision making problems in [4-
11]. Sahin M., and Kargin A., investigated NT metric space and NT normed space in [12].
Lately, Olgun at al. introduced the neutrosophic module in [13]; Sahin at al. presented
Neutrosophic soft lattices in [14]; soft normed rings in [15]; centroid single valued
neutrosophic triangular number and its applications in [16]; centroid single valued
neutrosophic number and its applications in [17]. Ji at al. searched multi — valued
neutrosophic environments and its applications in [18]. Also, Smarandache at al. searched
NT theory in [19] and NT groups in [20, 21]. A NT has a form <m, neut(m), anti(m)>
where; neut(m) is neutral of “m” and anti(m) is opposite of “m”. Moreover, neut(m) is
different from the classical unitary element and NT group is different from the classical
group as well. Lately, Smarandache at al. investigated the NT field [22] and the NT ring
[23]. Sahin at al. presented NT metric space, NT vector space and NT normed space in
[24] and NT inner product in [25]. Smarandache at al. searched NT G- Module in [26]. Bal
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at al. searched NT cosets and quotient groups in [27]. Sahin at al. presented fixed point
theorem for NT partial metric space and Neutrosophic triplet v — generalized metric space
in [28-29] and Celik at al. searched fundamental homomorphism theorems for NETGs in
[30].

The concept of an R — module over a ring is a stereotype of the notion of vector space,
where the corresponding scalars are allowed to lie in an arbitrary ring. As the basic
structure of the abelian ring can significantly be more complex and displeasing than the
structure of a field, the theory of modules are much more complex than the structure of a
vector space. Lately, Ai at al. defined the irreducible modules and fusion rules for
parafermion vertex operator algebras in [31] and Creutzig at al. introduced Braided tensor
categories of admissible modules for affine lie algebras in [32].

In this work, we study the concept of NT R-Modules. So we obtain a new algebraic
structures on NT groups and NT ring. In section 2, we give basic definitions of NT sets,
NT groups, NT ring, NT vector space and NT G-modules. In section 3, we define NT R-
module and we present some properties of a NT R-module. We point out that NT R-
module is different from the classical R-module. Also, we define NT R-module
homomorphism and NT coset for NT R — module. Additionally, we describe NT quotient
R — module. Finally, we give some results in section 4.

2. Preliminaries

Definition 2.1: [21] Let N be a set together with a binary operation V. Then, N is called a
NT set if for any k € N there exists a neutral of “k” called neut (k) that is different from
the classical algebraic unitary element and an opposite of “k” called anti(k) with neut(k)
and anti(k) belonging to N, such that

k Vneut(k) = neut(k)Vk = k,
and
k V anti(k) = anti(k) Vk = neut(k).

Definition 2.2: [21] Let (N, V) be a NT set. Then, N is called a NT group if the following
conditions hold.

(1) If (N, V) is well-defined, i.e., forany k,l € N,onehask V'l € N.

(2) If (N, V) is associative, i.e., (k V)Vm = kV (LVm) forall k,[,m € N.
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Definition 2.3: [24] Let (NTF,V;, m;) be a NT field, and let (NTV,V,, m,) be a NT set
together with binary operations “V,” and “m,”. Then (NTV,V,, m,) is called a NT vector
space if the following conditions hold. For all p,r € NTV, and forallt € NTF, such that
pV,r € NTV and pm,t € NTV [24];

(1) (pVor) Vas = pV, (rVs); p,r,s € NTV;

2) pVor = rV,p; p,vr € NTV;

3) (rVyp) myt = (rm,t) Vy(pmyt); t € NTF and p,r € NTV;
4) (tVic) myp = (tm,p) Vi(cmyp); t,c € NTFandp € NTV,
(5) (tmyc) myp = tm (cm,p); t,c € NTFandp € NTV,

(6) There existsanyt € NTF 3 pm,neut(t) = neut(t) m,p = p; p € NTV.

Definition 2.4: [26] Let (G,V) be a NT group, (NTV,V,, m;) be a NT vector space on a
NT field (NTF,V,,m;), and gV 1eNTV forge G,l e NTV. If the following conditions
are satisfied, then (NTV,V;, m;) is called NT G-module.

(a) Thereexists g € G 3 k*neut(g) = neut(g) xk =
k ,foreveryk € NTV,

(b)IV,(gV,h) = (IV, @) V,h, VI € NTV; g,h € G;

(c)(rymys Vir, Mys,)VEg =
xmy (hWWg)Vyym, (IVg),VY x,y € NTF; h,le NTV; ge@G.

Definition 2.5: [23] The NT ring is a set endowed with two binary laws (M,*, #) such that,
a) (M,*) is a abelian NT group; which means that:

o (M,x)is a commutative NT with respect to the law * (i.e. if x belongs to M, then
neut(x) and anti(x), defined with respect to the law *, also belong to M)

e The law * is well — defined, associative, and commutative on M (as in the classical
sense);

b) (M,*x) is a set such that the law # on M is well-defined and associative (as in the
classical sense);

¢) The law is distributive with respect to the law * (as in the classical sense)
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3. Neutrosophic Triplet R-Module
In this section, we define the NT R-module, NT R-submodule, NT cosets, NT quotient R-

module, and NT R-module homomorphism. Then, we point out that NT R-module has
more properties than the classical R — module.

Definition 3.1: Let (NTR,V, m) be a commutative NT ring and let (NTM, *) be a NT
abelian group and ° be a binary operation such that °: NTR x NTM— NTM. Then (NTM,
*, ) is called a NT R-Module on (NTR,V,m) if the following conditions are satisfied.
where,

1) p °(rxs) =(p °r)* (p °s), Vr,s € NTM and p € NTR.
2) (pVk)°r = (pVr)°(kVr), V p, k € NTR and Vr € NTM
3) (pmk)°r=pm(k°r), Vr,s € NTR and Vm € NTM

4) For all m € NTM; there exists at least a ¢ € NTR such that m°neut(c)= neut(c)°m = m.
Where, neut(c) is neutral element of ¢ for m.

Example 3.2: Let A={x, y} be a set and P(A)={ @, {x}, {y}, {X, y}} be power set of A.
Hence, from Definition 2.2, (P(A), U) is a NT commutative group such that for neut(B)=
B, anti(B)= B. Also, from Definition 2.5, (P(A), U, N) is a NT ring since for neut(B)= B,
anti(B)= B for “U, N”. Now, we show that (P(A), U, N) is a NT ring on (P(B), U, N).
Where, it is clear that U is a binary operation such that N: P(B) x P(B)— P(B)

1) It is clear that KN(LUM) = (KNL)U(KNM), for all ;K, L, M € P(A)

2) It is clear that (KUL)NM= (KNM)U(LNM), for all K, L, M € P(A).

3) (KNL)NM=Kn(LNM) for all K, L, M € P(A) .

4) For all BE P(A); such that B Nneut(B)=neut(B) NB=B, there exist neut(B)= B € P(A).
Therefore, (P(A), U, N) is a neutrosophic triplet R-module on (P(A), U, N).

Corollary 3.3: In condition 4) of Definition 3.1, neut(c) need not be unique. Thus, NT R-
Module is generally different from the classical R-Module.

Corollary 3.4: From Definition 3.1 and Definition 2.3, a NT vector space is a NT R-
module, But a NT R-module is not generally a NT vector space.

Note 3.5: Let (NTR,V, m) be a commutative NT ring. In this paper, we define neuty(a) is
neutral element of a for binary operation V,

antiy(a) is anti element of a for binary operation V. Also,
neutg(a) is neutral element of a for binary operation m,

antig(a) is anti element of a for binary operation m.
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Proposition 3.6: Let (NTM, #, °) be a NT R-Module on NT ring (NTR,V,m). Then, for all
m € NTM and ¢ € NTR, there exists at least a n € NTM such that

neuty(c)°m = neuty(n),
Proof: From properties of NT gorup, it is clear that
neuty(c)°m = (neuty(c)V neuty(c)) °‘m (1)
Also, from Definition 3.1,
neuty(c)°m = (neuty(c)V neuty(c)) °m = (neuty(c) °m) V (neuty(c) °m) 2)
Furthermore, from Definition 3.1, it is clear that
neuty(c)°’m € NTM 3)

From 3), we take neuty(c)°m = n. Thus, from (2), there exists at least a n€ NTM such that
n = nVn. Therefore, n = neuty(n). Then we obtain neuty(c)°’m = neuty(n).

Definition 3.7: Let (NTM, *, °) be a NT R-Module on NT ring (NTR,V,m) and NTSM c
NTM. Then (NTSM, *, °) is called NT R - submodule of (NTM, *, °), if (NTSM, *, °) is a
NT R —module on NT ring (NTR,V,m).

Example 3.8: In example 3.2, for P(A)={ @, {x}, {y}, {x, y}}, (P(A), U, N) is a NT R-
module on NT ring (P(A), U, N). Also, S = {@, {x}} € P(A) and it is clear that (S, U, N)
is a NT R-module on (P(A), U, N). Thus, (S, U, N) is a NT R-submodule of (P(A), U, N).

Theorem 3.9: Let (NTM, *, °) be a NT R-Module on NT ring (NTR,V,m) and NTSM be a
NT subgroup of NTM. Then, (NTSM, #, °) is a NT R-submodule of (NTM, *, °) if and
only if the following conditions hold.

1) NTSM # @
i1)For x,y € NTSM, m, n € NTR; (x°m) * (y°n) € NTSM

Proof: (=) If NTSM is a NT R-submodule of (NTM, *, °), from Definition 3.1 and
definition 3.6, 1) and ii) are hold.

(&)If condition i1) is hold, then we can take °: NTR x NTSM— NTSM. Also, NTS
is satisfied the condition of Definition 3.1 since NTSM is a NT subgroup of NTM and
from 1). Thus, (NTSM, *, °) is a NT R-submodule of (NTM, %, °).

Theorem 3.10: Let (NTM, *, °) be a NT R-Module on NT ring (NTR,V,m). Then, (NTM,
*, %) is a NT R-module on (NTM, *, °), if and only if the following conditions are satisfied.

1) m°s € NTM
2) ¢ °(mx*s) =( ¢ °x)* (¢ °s), for all m, s, cE NTM
3) (cxt)°’m = (c°m)*(t°m), for all ¢, t, m € NTM
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4) (c°t)°m = c°(t°m) for all for all c, t, m € NTM

5) ¥V m € NTM; there exists at least a s € NTR such that m°neut(s)= neut(s)°m = m.
Where, neut(s) is neutral element of s for °.

Proof: (=)We assume that (NTM, *, °) is a NT R-module on (NTM, *, °). Thus, (NTM, *,
) is NT ring and we can we take V =* m=°and = NTM = NTR. Also, from Definition
3.1, it is clear that (NTM, *, °) satisfies the conditions 1, 2, 3, 4 and 5.

(&) We assume that conditions 1, 2, 3, 4 and 5 are hold. As (NTM, *, °) is a NT R-
module, it is clear that (NTM, *) is a abelian NT group. As conditions 1 is hold, we can
take °: NTM— NTM. Also, (NTM, *, °) is a NT ring from definition 2. 5 since
conditions 1, 2, 3, 4 are hold. Then, if we take V = *, m =°, from Definition 3.1, (NTM,
*, °)is a NT R-module on (NTM, *, °).

Corollary 3.11: Let (NTM, *, °) be a NT R-Module on NT ring (NTR,V,m). Then, (NTM,
*, °)is a NT R-module on (NTM, *, ©), if and only if the following conditions are satisfied.

1) (NTM, *, °)is a NT ring.

2) For all m € NTM; there exists at least a ¢ € NTR such that m°neut(c) = neut(c)°m = m.
Where, neut(c) is neutral element of ¢ for °.

Proof: (NTM, #) is a abelian NT group since (NTM, #, °) be a NT R-Module. So, in
Theorem 3.8, conditions 1, 2, 3, 4 are conditions of NT ring. Also, condition 2) is equal
conditions 5) in Theorem 3.9. Thus, from Theorem 3.9 the proof is clear.

Definition 3.12: Let (NTM, *, °) be a NT R-module on NT ring (NTR,V,m) and Let
(NTSM, x, °) be a NT R-submodule of (NTM, *, °). The NT cosets of (NTSM, *, °) in
(NTM, *, °) are denoted by

m*NTSM, for all m € NTM.
Also, for m*NTSM and n*NTSM cosets of (NTSM, *, °) in (NTM, *, °),
(M*NTSM) * (n*NTSM) = (m*n)*NTSM

Definition 3.13: Let (NTM, %, °) be a NT R-module on NT ring (NTR,V,m) and Let
(NTSM, *, °) be a NT R-submodule of (NTM, *, °). The NT quotient R-module of (NTM,
*, °) is denoted by (NTM, *, °)/(NTSM, *, °) such that

(NTM, *, °)/(NTSM, *, °) = {m*NTSM: m € NTM}
Where, it is clear that NTM/NTSM is a set of NT cosets of (NTSM, *, °) in (NTM, *, °).

Example 3.14: In Example 3.2, for P(A) = { @, {x}, {v}, {X, y}}, (P(A), U, N)is a NT R-
module on NT ring (P(A), U, N). Also, S = {@, {x}} € P(A) and (S, U, N) is a NT R-
submodule of (P(A), U, N). Now, we give NT cosets of ( S,U, N) in (P(A), U, N).
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QUS = {19, ix}}
XjUS = {{x}}
{yyus =y}, X, v}}
X y3US = 1%, yi 5
Also, (P(A), U, /S, U, N) = {{{0, {x}}, {{x}}, {{y}, & yih Hx v

Definition 3.15: (NTMi, #1, °1) be a NT R-module on NT ring (NTR,V,m) and (NTMz, *2,
°) be a NT R-module on NT ring (NTR,V,m). A mapping f: NTM1 — NTM: is said to be
NT R-module homomorphism when

f((r°1m) *1 (s°1n)) = (r°2f(m)) *2 (s°2f(n)), for all r, s € NTR and m, n € NTM..
Conclusion

In this work; we presented NT R-module. We defined NT R-module by using the NT
group and NT ring. Moreover, we show that NT R — module is different from the classical
R — module. We show that NT R - module has new properties compared to the classical G
- module. Finally, by using NT R - module, theory of representation of NT rings can be
defined and the applications of NT structures will be expanded.

Abbreviations

NT: Neutrosophic triplet
NTS:Neutrosophic triplet set

NETG: Neutrosophic extended triplet group
NTM: Neutrosophic triplet R-module

NTSM: Neutrosophic triplet R-submodule
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Abstract

The neutrosophic triplet structures are new concept in neutrosophy. Furthermore, topology has
many different application areas in mathematic. In this chapter, we obtain neutrosophic triplet
topology. Then, we give some definitions and examples for neutrosophic triplet topology and we
obtain some properties and prove these properties. Finally, we show that neutrosophic triplet
topology is different from classical topology.

Keywords: Neutrosophic triplet set, neutrosophic triplet structures, neutrosophic triplet
topology

1. Introduction

Florentin Smarandache introduced neutrosophy in 1980, which studies a lot of scientific
fields. In neutrosophy, there are neutrosophic logic, set and probability in [1].
Neutrosophic logic is a generalization of a lot of logics such as fuzzy logic in [2] and
intuitionistic fuzzy logic in [3]. Neutrosophic set denoted by (t, 1, f) such that “t” is degree
of membership, “i” is degree of indeterminacy and “f” is degree of non-membership. Many
researchers have studied neutrosophic sets in [4-9,23-27]. Furthermore, Florentin
Smarandache and Mumtaz Ali obtained neutrosophic triplet (NT) in [10] and they
introduced NT groups in [11]. For every element “x” in neutrosophic triplet set A, there
exist a neutral of “a” and an opposite of “a”. Also, neutral of “x” must different from the
classical neutral element. Therefore, the NT set is different from the classical set.
Furthermore, a NT “x” is denoted by <x, neut(x), anti(x)>. Also, many researchers have
introduced NT structures in [11-19].

Topology is a branch of mathematic that deals with the specific definitions given for
spatial structure concepts, compares different definitions and explores the connections
between the structures described on the sets. In mathematics it is a large area of study with
many more specific subfields. Subfields of topology include algebraic topology, geometric
topology, differential topology, and manifold topology. Thus, topology has many different
application areas in mathematic. For example, a curve, a surface, a family of curves, a set
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of functions or a metric space can be a topology space. Also, the topology has been studied
on neutrosophic set, fuzzy set, intuitionistic fuzzy set and soft set. Many researchers have
introduced the topology in [20-22].

In this chapter, we introduce NT topology. In section 2, we give definition of NT set in
[11]. In section 3, we introduce NT topology and we give some properties and examples
for NT topology. Also, we define open set, close set, inner point, a set of inner point,
outside point, a set of outside, closure point and a set of closure in a NT topology. In
section 4, we give some conclusions.

2. Basic and Fundamental Concepts
Definition 2.1: [11]
Let # be a binary operation. (X, #) is a NT set (NTS) such
1) There must be neutral of “x” such x#neut(x) = neut(x)#x = x, x € X.
i1) There must be anti of “x” such x#anti(x) = anti(x)#x = neut(x), x € X.
Furthermore, a NT “x” is showed with (x, neut(x), anti(x)).

Also, neut(x) must different from classical unitary element.

3. Neutrosophic Triplet Topology

Definition 3.1: Let (X, *) be a NT set, P(X) be set family of each subset of X and 7 be a
subset family of P(X). If 7 is satisfied the following conditions, then 7 is called a NT
topology on X.

i)A*BeX, A,BeX

g, Xes

i) ForVie K, If 4; € X, then U;ex 4; € T

iv) For Vi € K (K is finite), [f A; € X, then N;cx4; € T
Also, (X, *), J) is called NT topology space.

Example 3.2: Let X = {k, 1} be set and P(X) = {0, {k}, {1}, {k, 1}}. We can take AUA= A
for A € X. Thus, we can take

neut(A)= A, anti(A)=A. Then, (P(X), U) is a NT set. Also,
i) AUB € P(X) for A, B € P(X),
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i)g,XeT

iii) ForVi€e K, If A; € X, then U;ex 4; € T

iv) For Vi € K (K is finite), If A; € X, then N;cg4; € T

Thus, 7= P(X) is a NT topology on X and ((X, U), &) is called NT topology space.

Furthermore, If X is an arbitrary set and P(X) is set family of each subset of X, then
(P(X), V) is a NT set and 7=P(X) is a NT topology and ((X, U), &) iscalled NT
topology space.

Example 3.3: Let X = {x, y} be a set and 7= P(X) = {0, {x}, {y}, {x, y}}. We can take
ANA= A, for A € X. Thus, we can take

neut(A)= A, anti(A)=A. Then, (P(X), N) is a NT set. Also,

i)AnNBe P(X),forA,BE 7,

i), XeT

iii) ForVi€e K, If A; € X, then U;cx 4; € -

iv) For V i € K (K is finite), If A; € X, then N; ¢k 4; € P(X).

Thus, 7= P(X) is a NT topology and ((X, N), 7) is called NT topology space.
Furthermore, If X is an arbitrary set and 7= P(X) is set family of each subset of X, then

(P(X), v) is a NT set and 7=P(X) is a NT topology. Thus, ((X, N), 7) is called NT
topology space.

Theorem 3.4: Let (7) (i € K) be a family of NT topologies on nonempty NT set (X, #).
N 7;is a NT topology.

Proof:

1) Since (7)) (i € K) is a family of NT topologies on nonempty NT set (X, #), it is clear that
forA,BEX , A#B € X.

i1) Since () (i € K) is a family of NT topologies on nonempty NT set (X, #)
X, ® €T, Thus, itis clear that X, d € N T,.

i) Let A; € NI, (1 €1). It is clear that A; € F;. Since () (1 € 1) is a family of NT
topologies, U;e; A; € 7;. Thus, it is clear that U;¢; 4; €N

iv) Let A1, A, € N J;. Itis clear that A; € 7. Since () (i € I) is a family of NT topologies,
Ay N A, € J. Thus, it is clear that A; N A, ENT;.
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Definition 3.5: Let ((X, #), 7) be a NT topology. For every AEJ, A is called an open set.

Definition 3.6: Let ((X, #), 7 ) be a NT topology space and AcX. If (X-A) € 7, then A is
called close set on X. Where, “X-A* is complement of A according to X.

Corollary 3.7: Let ((X, *), 7 ) be a NT topology space. If A is an open set in this space,

then X-A is a close set. Also, If B is a close set in this space, then X-B is an open set.

Example 3.8: Let X = {x, y, z} be a set, P(X) = {0, {x}, {v}, {z}, {x v} {v, 2}, {x z},
{x,y, z}} be power set of X and 7 = {0, {y}, {x, v}, {v, z}, {x, v, z}}. We can take ANA= A

for A € X. Thus, we can take neut(A)= A, anti(A)=A. Hence, (P(X), N) is a NT set. Also,
(X, n), 7)is a NT topology. a) From definition of open set @, {y}, {x, y}, {y, z}, {x, v, Z}
are open sets.

b) From definition of close set {x, y, z}, {x, z}, {z}, {x}, @ are close sets. Because,
xyz}-{xyz}=0€T
xyz-xz}={y}eT
Xy -z} ={xyleT
xyz-xp={yz2 €7
xyz}0={xyz}€T

Theorem 3.9: Let ((X, #), 7) be a NT topology space and £ be family of close sets on X.
Then,

)o, X ek,

ii) For Vi€ K, IfA; € X, then Njex4; € X

iii) For V i € K, (K is finite) If 4; € X, then U;cx 4; €L
Proof:

i) Since ((X, *), 7 ) is a NT topology space, @, X € 7 and @, X are open sets. From
Corollary 3.7,

X-X =0 is a close set and X - @ = X is a close set. Thus, we obtain @, X € £_ .

ii) Let B; € X (i€J). Since each B; is close set, A; = X - B; is open set and B; = X - 4;.
From definition NT topology, A = U;e;A; € 7. Thus, F = X- A = X — (Ui 4;) =
NiejX—4)=Nje; F €X.
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iii) Let B; € £ (i€J and j is finite). Since each B; is close set, A; = X - B; is open set and B;
= X - A;. From definition NT topology, A = NjejA; € 7. Thus, F=X- A =X~ (Nj¢;4)
=Uigg(X—4)) =Ui Fi € ..
Theorem 3.10: Let ((X, *), 7 ) be a NT topology space and A be an open set and K be a
close set in this space. Then,
1) A - K is an open set.
i1) K — A is a close set.

Proof:

1) It is clear that A-K = AN(X-K). From Corollary 3.7, X-K is an open set. Thus, from
definition of NT topology, AN(X-K) = A-K is an open set.

i) It is clear that K-A = KN(X-A). From Corollary 3.7, X-A is a close set. Thus, from
Theorem 3.8, KN(X-A) = A-K is a close set.

Definition 3.11: Let ((X, *), 7) and ((X, *), ) be two NT topology spaces and A be an
open set according to . For every set A, If A is an open set according to 7, then, itis
called that 7 is coarser than 7, or 7, is called that &, is thinner than 7, .

Example 3.12: Let X = {X, y, z} be a set, P(X) = {0, {x}, {y}, {z}, {x, ¥}, {y, z}, {x, z},
{X, y, z}} be power set of X, 7/ = {@, {y}, {x, y}, {x, y, z}} and 7 = {, {y}, {x, y}, {y, 2},
{x, y, z}}. From Example 3.2 and Example 3.3, we can take ((X,U), 7) and ((X, N), &)
are NT topologies. Thus,

?,{y}, {x, ¥}, {x, y, z} are open sets according to 7;,
?,{v}, {x, v} {v, 2}, {x, y, z} are open sets according to ..
Furthermore, from Definition 3.11, Jis coarser than 7, or &, is thinner than 7, .
Definition 3.13: Let ((X, #), &) and ((X, *), 7) be two NT topology spaces. If 7, is

coarser than J;or o is coarser than 7, it is called 7 and J, are able to comparison two
topologies.

Example 3.14: In Example 3.12, from Definition 3.13, 7, and 7, are able to comparison
two topologies.

Definition 3.15: Let ((X, #), J) be a NT topology space and x € X. Each open set A in X
is called that open neighborhood of x such that x € A.

Example 3.16: From Example 3.8, ((X, N), 7 )is a NT topology such that X = {x, y, z},

PX) = {9, {x}, {v} {z}, {x v} {y, 2z}, {x z}, {X, y, z}} is power set of X and
7=19, v}, %y}, {32}, {x, . 23}. Also,
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{x, v}, {x, y, z} are open neighborhoods of x.
{v}, {x, v}, {y, z}, {x, y, z} are open neighborhoods of y.
{y, z}, {x, y, z} are open neighborhoods of z.

Definition 3.17: Let ((X, #), J) be a NT topology space, x € X, A be an open
neighborhood of x and VcX. If AcCV, then V is called neighborhood of x.

Example 3.18: In Example 3.16, from Definition 3.17, it is clear that
{x, v}, {x, y, z} are neighborhoods of x.
{v}, {x, v} {y, z}, {x, y, z} are neighborhoods of y.
{y, z}, {x, y, z} are neighborhoods of z.

Definition 3.19: Let ((X, #), J) be a NT topology space and A, B c X. If there exists a
open set T € 7 such that ACTCB, then B is called B is neighborhood of A.

Example 3.20: From Example 3.3, ((X, N), 7 )is a NT topology such that X = {x, y},
P(X) ={0, {x}, {v}, {x, y }} is power setof Xand T = {@, {y}, {x, y}}. Also,

For pcX, @c{y}c{x, y}. Thus, {x, y} is neighborhood of @.

For {x}cX, {x}c{x, y}c{x, y}. Thus, {x, y} is neighborhood of {x}.

For {y}cX, {y}c{y}c{y}, {x, y}. Thus, {x, y} and {y} are neighborhoods of {y}.

For {x, y} X, {x, y}c{x, y}c{x, y}. Thus, {x, y} is neighborhood of {x, y}.

Theorem 3.21: Let ((X, #), J) be a NT topology space and A € X. A is an open set < for
every X € A, A is a neighborhood of x.

Proof:

(=) Let A be an open set. For every x €A, it is clear that x EA < A and A€J. Thus, from
Definition 3.17, A is a neighborhood of x.

(<)For every x €A, A is neighborhood of x. Thus, for each x €A, there exists an open set

T, €Tsuch that x € T,.c A. Thus, we obtained

x€UT,and AcUT, (D
Also, it is clear that

U T,C A because T, C A for every x EA (2)
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From (1) and (2), we obtained A = U T,. Where, T, is an open set because T, €7.

Thus, from Definition 3.1, A is an open set.

Definition 3.22: Let ((X, #), ) be a NT topology space, A ¢ X, x € X. If A is
neighborhood of x, x is called an inner point of A.

Example 3.23: From example 3.16, for X = {x, y, z} and 7= {0, {y}, {x, vy}, {v, z},
{x,y,2}}, (X, N), ) is a NT topology Also,

{x, ¥}, {x, y, z} are neighborhoods of x. Thus, x is an inner point of {x, v}, {x, y, z}.

{v}, {x, v}, {y, z}, {x, y, z} are neighborhoods of y. Thus, y is an inner point of
O xyh iy, 23 (xy, 7).

{y, z}, {x, y, z} are neighborhoods of z. Thus, z is an inner point of {y, z}, {x, y, z}.
Definition 3.24: Let ((X, #), 7) be a NT topology space, A € X. If B is a set of every inner
point x of A, then B is called inner of A. Also, it is shown with A°.

Example 3.25: In Example 3.20, for X = {x, y, z} and 7= {@, {v}, {x, ¥}, {y, z}, {x vy, Z}},
((X,n), ) is a NT topology Also, it is clear that

{3° =1y}
{x,y}°={xy}
,2}° = {y, z}

{x,y,2}° ={x,y,2}
Theorem 3.26: Let ((X, #), 7) be a NT topology space, A € X. Then,

1)A°=UB {Bc X:B€ Jand Bc A}
ii)A° c A
iii) A is an open set.

iv) A is an open set if and only if A = A°.

Proof:

)LetC=UB {BcX:B€Jand BCc A} 3)

We show that A° = C. We take x € A°. From Definition 3.22, there exists an open set such
that x € B € A. From (3), we obtained x€C. Thus,

A°cC (4)
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Then we take y € C. From (1), there exists a B € 7 such that y € B c A. Thus, from
Definition 3.22, we obtained y € A°. Thus,

Cc A° (5)
From (4) and (5), we obtained A° = C.

ii) From i), we can take A° =UB {B © X : B€ J and Bc A}. Also, it is clear that
UB c A. Thus, A° CA.

iii) From 1), we can take A° =UB{B c X : B€ J and Bc A}. Also, B is an open set.

Thus, from  Definition 3.1, A° is an open set.
1v)

(=) Let A be an open set. Thus, we obtained A € 7. From (1), it is clear that

AcC=A4° (6)
From ii),
A° CA (7)

Thus, from (6) and (7), we obtained A°=A.
(<) Let A°=A. From iii), it is clear that A is an open set.

Definition 3.27: Let ((X, #), J) be a NT topology space, A € X. If x is an inner point of

A', then x is called an outside point of A. Also, If B is a set such that every outside point x
of A is in B, then B is called outside of A. Also, it is shown with (X — A)°.

Example 3.28: In Example 3.23, for X = {x, y, z} and 7= {0, {y}, {x, vy}, {y, 2}, {x ¥, Z}},
((X,n), 7) is a NT topology Also, it is clear that

X is an outside point of {z} and @.

y is an outside point of {x, z}, {z}, {x} and @.

z is an outside point of {x} and @.

Definition 3.29: Let ((X, *), 7) be a NT topology space, A c X, x € X. If there exists at
least an element of A in every neighborhood of x, x is called closure point of A.

Example 3.30: In Example 3.18, for X = {x, y, z} and 7= {0, {y}, {x, y}, {y, z}, {x, v, Z}},
((X,n), ) is a NT topology Also,

{x,y}, {x, y, z} are neighborhoods of x.
{v} {x, vy}, {y, z}, {X, y, z} are neighborhoods of y.
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{y, z}, {X, y, z} are neighborhoods of z.
Thus,
x is closure point of {x}, {y}, {X, y} and {x, y, z}.
y is closure point of {y}, {x, y} and {X,y, z}.
z 1s closure point of {z}, {x, z} and {x, y, z}.

Definition 3.31: Let ((X, #), J) be a NT topology space, A < X. If B is a set of every

closure point x of A, then B is called closure of A. Also, it is shown with A™.

Example 3.32: In Example 3.30, from Definition 3.31,

x37={x}

=iy

{z}"={z}

&y}l =iy}

{xy,2} ={x,y, z}.
Conclusions

Topology has many different application areas in classical mathematic. Also, NT structures
are a new concept in neutrosophy. In this chapter, we introduced NT topology. We gave
some properties and definitions for NT topology. Thus, we have added a new structure to
NT structure. Furthermore, thanks to NT topology, researchers can obtain new structure
and properties. For example, researchers can define NT metric topology, NT group
topology, NT algebraic topology.
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Abstract

In this chapter, we introduce neutrosophic triplet cosets for neutrosophic triplet G-module and
neutrosophic triplet quotient G-module. Then, we give some definitions and examples for
neutrosophic triplet quotient G-module and neutrosophic triplet cosets. Also, we obtain
isomorphism theorems for neutrosophic triplet G-modules and we prove isomorphism theorems for
neutrosophic triplet G-modules.
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quotient G-module, neutrosophic triplet isomorphism theorems

1. Introduction

Smarandache introduced neutrosophy in 1980, which studies a lot of scientific fields. In
neutrosophy, there are neutrosophic logic, set and probability in [1]. Neutrosophic logic is
a generalization of a lot of logics such as fuzzy logic in [2] and intuitionistic fuzzy logic in
[3]. Neutrosophic set denoted by (t, i, f) such that “t” is degree of membership, “i” is
degree of indeterminacy and “f” is degree of non-membership. Also, a lot of researchers
have studied neutrosophic sets in [4-9]. Furthermore, Smarandache et al. obtained
neutrosophic triplet (NT) in [10] and they introduced NT groups in [11]. For every
element “x” in neutrosophic triplet set A, there exist a neutral of “a” and an opposite of
“a”. Also, neutral of “x” must different from the classical unitary element. Therefore, the
NT set is different from the classical set. Furthermore, a NT “x” denoted by <x, neut(x),
anti(x)>. Also, many researchers have introduced NT structures in [12-18].

Curties obtained G-module in [19]. G-module is an algebraic structure constructed on
classical group and classical vector space. Also, G-module has an important place in the
theory of group representation. Also, a lot of researchers studied G-modules. Recently,
Fernandez obtained fuzzy G-modules in [20]; Sinho et al. obtained isomorphism theory for
fuzzy submodules of G-modules in [21]; Sahin ef al. introduced soft G-modules in [22];
Sharma et al. obtained injectivity of intuitionistic fuzzy G-modules in [23]; Smarandache
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et al. obtained neutrosophic triplet G-module in [24] and Sahin et. al studied isomorphism
theorems for soft G-modules in [25].

In this chapter, we obtain NT cosets for NT G-module and NT quotient G-module. Also,
we give isomorphism theorems for NT G-module. In section 2; we give definitions of G-
module in [19], NT set in [11], NT G-module in [24], and NT G-module homomorphism in
[24]. In section 3, we introduce NT cosets for NT G-module and NT quotient G-module.
Then, we give some properties and examples for NT quotient G-module. In section 4, we
define kernel of a NT G-module homomorphism and we give some properties and
examples for kernel of a NT G-module homomorphism. Furthermore, we give the
isomorphism theorems for NT G-module and we prove these theorems. In section 5, we
give conclusions.

2. Basic and fundamental concepts

Definition 2.1: [19] Let G be a finite group. A vector space V on a field F is called a
G- module if for every m € G and v € V, there exists a product (called the action of G on V)
v.g € V satisfying the following axioms.

a) v.eg =V, YV meM (eg is unitary element in G)

b) v.im.n) =(v.m).n,VveV; m,neG

c) (fyvi+f, vo)m=f;(vy.m) + f5(v,.m), Vf,f, €eF; vy, veV, meG.
Definition 2.2: [11] Let # be a binary operation. (X, #) is a NT set (NTS) such that
1) There must be neutral of “x” such x#neut(x) = neut(x)#x = x, x € X.
i1) There must be anti of “x” such x#anti(x) = anti(x)#x = neut(x), x € X.
Furthermore, a NT “x” is showed with (x, neut(x), anti(x)).

Also, neut(x) must different from classical unitary element.

Definition 2.3: [11] Let (X, #) be a NT set. Then, X is called a NT group such that
a) forall x,y € X, x*y € X.
b) for all x, y, z € X, (x*y)*z = x*(y*z)
Definition 2.4: [12] Let (X, &, $) be a NT set with two binary operations & and $. Then
(X, &, $) is called NT field (NTF) such that
1. (F, &) is a commutative NT group,

2. (F, $)is a NT group
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3. x8$ (y&z) = (x8y) & (x$2) and (y&z)$x = (y$x) & (z$x) forv every x, y, z € X.

Definition 2.5: [13] Let (F, &;, $;) be a NTF and let (V,&,, $,) be a NTS with binary
operations &, and $,. If (V,&,, $,) is satisfied the following conditions, then it is called a
NT vector space (NTVS),

1) x&,y € Vand x $,y € V; for every x,y €V

2) (x&,y) &,7= x&;, (y&,z); forevery x,y,z€V

3) x&,y = y&;,Xx; for every x,y €V

4) (x&,y) $,m= (x$,m) &,(y$,m); for every me F and every x,y € V
5) (m&;n) $,x= (m$,x) &, (n$,x); forevery m,n € F and every u€V
6) (m$,n) $,x=m$, (n$,x); for every m, n € F and every x € V

7) For every x € V, there exists at least a neut(y) € F such that

x $, neut(y)= neut(y) $, x =x

Definition 2.6: [24] Let (G, *) be a NT group and (V,*,, #;) be a NT vector space on a NT
field (F,*,, #5). (V,*1, #,) is a NT G-module such that

a)v¥m eV, foralme G;veVv

b) There exists at least an element m € G such that
for every v € V, v¥*neut(m) = neut(m)* v =v;

¢) v¥(m*n)=(v¥*m)*n, forallve V; m,n € G;

d) [((f1#1vy) =1 (f2#1v2))]*m =[f1#, (vy *m)]*; [[#,(vy*m)], V fy, f, € F,vy, vye V;
me G.

Definition 2.7: [24] Let (V,*,, #;) be a NT G-module. A NT subvector space (M,*4, #;)
of (V,*1, #;) is a NT G-submodule if (M,*,, #;) is also a NT G-module.

Definition 2.8: [24] Let (V,*;, #;) and (V*,*3, #3) be NT G-modules on NT field
(F,*,, #,) and (G, *) be a NT group. A mapping g: V— V* is a NTG-module
homomorphism if

i) g(neut(v))= neut(g(v))

i1) g(anti(v))= anti(g(v))
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i) g((f1#1vq) *q (2 #1v2)) =(f1#38(vy)) *3( f2H#38(v2))
iv) g(v*m)= g(v)*m; V f;, f,€F; m, vy, v,€V; m e G.

Also, if g is 1-1, then g is an isomorphism. The NT G-modules (V,*;, #;) and (V*,*53, #3)
are said to be isomorphic if there exists an isomorphism g : NTV— NTV*. Then it is
showed by V = V*.

3. Neutrosophic Triplet Quotient G-modules

In this chapter, we show that neutral element of x according to # binary operation with
neuty (x) and we show that anti element of x according to # binary operation with
antiy(x).

Definition 3.1: Let (V,x,, #;) be a NT G-module on NT field (F,*,, #,), (G,*) be a NT
group and let (S, *1, #1) be a NT G-submodule of (V,*;, #;) . The NT cosets of (S,
*q, #1)In (V, *1, #,) are denoted by

x*,S, forall x € V.
Furthermore,
(x*1S) *; (y*1S) = (x*1y) *, S, forall x, y € V.
o #,(x%,S) = (x #,x)*,S, forally € Vand x € F.
m*(x*,S) = (x¥1S)*m = (m*x) ¥, S, forallx € V,m € G.

Example 3.2: Let G = {@, {z}, {y}, {z, y}}. We can take that (G, N) is a NT group such
neut,(K) =K and anti,(K) =K. Also, (G, U, N) is NT field such that

neut,(K) =K and anti,(K) =K,

neut,(K) =K and anti,(K) =K.

Furthermore, (G, U, N) is NT vector space on NT field (G, U, N) such that
neut (N) =N and anti,(N) =N,

neut,(N) =N and anti,(N) =N.

Now, we show that (G, U, N) is NT G-module on NT field (G, U, N).

For A,B,C,D, E € G;

a) We can take AUB € G, for all A € G since G is power set of {z, y}.
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b) It is clear that there exist A€ G such that neut,(A) = AU neut,(A) = neut,(A)UA,
because (G, N) is NT group and neut,(A) = A.

¢) We can take AU(BUC) = (AUB)UC, for all A, B, C € G since G is power set of {z, y}.

d) We can take [(ANB)U( CND)] U E = [(ANB)U E] U [(CND)U E] since G is power set
of {z, y}.

Hence, (G, U, N) is NT G-module on NT field (G, U, n). Also, (S, U, N) is a NT
G-submodule of (G, U, N) such that S = {@, {z}}. Now, we show NT cosets of (S, U, N).

PuUS=1{0, {z}},
{z}US = {{z}},
{y}uS = {{y}, {y,z}},

{y, z}US = {{y,z}},

Definition 3.3: Let (V,*;, #;) be a NT G-module on NT field (F,*,, #,) and Let
(S, *4, #,) be a NT G-submodule of (V,*;, #;). The NT quotient G-module of (V,x,, #;)
is denoted by (V,*4, #,)/(S, *1, #;) such that

(V7*17 #1)/(85 *1, #1) = {X*IS: XEV}

Corollary 3.4: Let (V,*,, #;) be a NT G-module on NT field (F,*,, #,), (S, *;, #;) be a
NT G-submodule of (V,*;, #;) and (V,*1, #1)/(S, *1, #;) be NT quotient G-module of
(V,*q, #1). From Definition 3.1 and Definition 3.3, (V,*, #1)/(S, *1, #1) is set of NT
cosets of (S, *1, #1) in (V, xq, #;).

Example 3.5: From Example 3.2,

(G, U, N) is NT G-module on NT field (G, U, N). Also, (S, U, N) is a NT G-submodule of
(G, U, N). Also, NT cosets of (S, U, N) are

PUS=10, {z}},
{z}US = {{z}},
{y}usS= {{y}, {y, z}},

{y, z}US = {{y, z} }. Thus, from Corollary 3.4,

(G, U, N)/(S, U, N) = {0, {z}}.{{z}}, Ly} {y, 235, HHy, 24}
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Theorem 3.6: Let (V,*, #;) be a NT G-module on NT field (F,x,, #,), (G,*) be a NT
group, (S, *1, #;) be a NT G-submodule of (V,*{, #;) and (V,*,, #,)/(S, *1, #;) be NT
quotient G-module of (V,*;, #;). Then, (V,*1, #,)/(S, *1, #;) is a NT G-module on NT
field (F,*,, #5,).

Proof: From Definition 3.3, we can take

(V,xq, #)/(S, *4, #1) = {x*1S: X€V}.

Also, it is clear that (V,*1, #1)/(S, %1, #;) is a NT vector space on (F,*,, #,) with
(x*1S) *1 (y*1S) = (x*1y) %, S, forall X,y €'V,
o #,(x*,S) = (x #;x)*,S, forally € Vand « € F,
m*(x*;S) = (x*;S)*m = (m*x) *, S, forallx € V,m € G.

Now, we show that (V,*;, #;)/(S, *1, #1) is a NT G-module on NT field (F,*,, #,).

a) As (V,*1, #;) 1s a NT G-module, we can take g*m € V, for all g€ G; m € V. Thus, we
can take (g*m)*ls € (Va*la #1)/(89 *1, #1)

b) As (V,*1, #;) is a NT G-module, there exists at least an element m € G such for every
VEV,

v¥*neut(m) = neut(m)* v =v.
Thus, v*neut(m) = neut(m)*v = v €V and we can take
(v *1S )*neut(m) = neut(m)* (v ;S )= (v *,S).

c) As (V,*4, #;) is a NT G-module, we can take v*(n*m)=(v*n)*m, Vv € V; n,m€ G.
Thus, (v *;S )*(n*m)=[ (v *1S )*n]*m

d) As (V,*xq, #;) i1s a NT G-module, we can take

[(fi#1ve) *1 (Fo#1vo)*m =[f #1 (v *m)] *; [f2#,(vo*m)], V £y, £, € F; vy, v,€V; me G.
Thus,

[(f1#1(vy %1 S) ) *q (Fo#1(v2 #1 S) )]*m = [f1#,((vy *1S ) *m]*q [fo#,((vy %S ) *m]
since (v; *; S) and (v, *; S) are NT cosets.

Theorem 3.7: Let (V,*;, #;) be a NT G-module on NT field (F, *,, #;), (V;,*;, #;) and
(V,,*1, #1) be NT G-submodules of (V,*;, #;) and (G, *) be a NT group. Then,

(Vi,%1, #1) 0 (Vo %4, #1) = (V1 NV, x4, #;) 1s a NT G-submodule of (V,*,, #;).
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Proof:

a)IfveVlV, nV,, thenv €V; andv €V,. Thus, v¥m € V; and v¥*m € V, since (V;,*;, #;)
and (V,,*,, #,) are NT G-submodules of (V,*;, #,). Thus, we obtain v¥*m € V; N V,, for all
me G;veV.

Also, (V3 NV,,x,, #,) satisfies the conditions b, ¢ and d, since V; €V and V, € V and
(V,*1, #;) 1s a NT G-module.

Theorem 3.8: Let (V,*;, #;) be a NT G-module on NT field (F, *,, #,), (V;,*1, #;) and
(V,,*1, #;) be NT G-submodules of (V,*;, #;) and (G, *) be a NT group. If
(v1*m) *; (vo*m) = (v4 *; v2)*m for v; € V;, v, € V, and me G then,

(Vi,%1, #1) *1 (V5,%4, #;1) 1s a NT G-submodule of (V,*;, #;) such that
V=01 %1 V,€ (V1,%1, #1) xy V%1, #,), forallv; € V; and v, € V.
Proof:

a) If v € (V,xq, #1) x; (V,,%1, #1), then v =v; *; v, for v; €V, and v, € V,. Thus,
v1*m € V; and v,*m € V, for all me€ G since (V;,*,, #;) and (V,,*;, #;) be NT
G-submodules of (V,*,, #;). Also, (v;*m) *; (vy*m) € (V;,*4, #1) *1 (V,,*,, #;). Thus, we
obtain (vy *; v2)*m=v*m € (Vy,*y, #1) %1 (Vo,%1, #1)

since (v;*m) *; (v,*m) = (v; *4 vy)*m for v; € V;, v, € V,and me G.

Also, (V1,*1, #1) *1 (V,,%4, #,) satisfies the conditions b, c and d, since V; c Vand V, c V
and (V,*q, #,) is a NT G-module.

Theorem 3.9: Let (V,*;, #;) be a NT G-module on NT field (F, *,, #,), (V;,*1, #;) be NT
G-submodule of (V,*,, #,), (V,,*1, #;) be NT G-submodule of (V;,*,, #;) and (G, *) be a
NT group. Then,

(Vi,%1, #1) (Vy,xq, #;) is a NT G-submodule of (V,*, #,)/ (V,,*1, #1).

Proof: It is clear that V;/V, c V/V, since (V;,*, #;) is a NT G-submodule of (V,*;, #;).
Then, for x € (Vy,*q, #1)/ (Vo,%q, #1), X = vx;(V,,*1, #;).Where, v€ V,. Also, it is clear that
v¥*m € V since (V,*,, #;) is NT G — submodule for m € G. Also,

x*m = (v (Va,%q, #1))*m = (v¥m)*;(V3,%,, #;)) since (Vy,*q, #1)/ (Vo,%q1, #;) is a NT
quotient G-module. Thus, x*m € (V;,*1, #1)/ (Va,*1, #1).

Also, (V;,*1, #1)/(V,,*,, #,) satisfies conditions b, ¢, and d since V;/V, € V/V, and
(V,*q, #1)/ (V,,%4, #1) is a NT quotient G-module.
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4. Isomorphism Theorems for Neutrosophic Triplet G-modules

Definition 4.1: Let (V;,*;, #;) and Let (V,,*3, #3) be NT G-modules on NT field
(F, *,, #,), gbeaNT  G-module homomorphism such that g: V; — V,. Then, kernel of g
is a set such that {x€ V;: g(x) = neut,_(y), y € V,} and it is denoted by kerg.

Example 4.2: From Example 3.2, for G = {@, {z}, {y}, {z, y}}, (G, N) is a NT group
(G, U, Nn) 1s NT G-module on NT field (G, U, N). Where,

neut (N) =N and anti (N) =N,
neut,(N) =N and anti,(N) =N.
Then, we take g: G— G mapping such that g(A) = anti,(A). Forall A,B,C,D € G,

1) g(neuty,(A))= antiy(neut,(A)). From Theorem 2.4, g(neut (A))= anti,(neut,(A)) =
neut,(A). Also, g(neut,(A))= neut,(g(A)) since neut (A) = A= anti,(N).

i1) g(antiy(A)) = antiy(anti,(A)). From Theorem 2.4, g(anti,(A))= anti,(anti,(A))
A. Also, g(antiy(A))= antiy(g(A)) since neuty(A) = A= antiy(N)

iii) g( (ANB)U(CND)) =anti, ((ANB)U(CND)) = ((ANB)U(CND))
((A nantiy(B)) U (Cn anti,(D)))=((Ang(B)) U (Cng(D)))since A= antiy(A).

iv) g(ANn B) = anti (ANB) = AN B = anti (A) N B=g(A) N B since A= anti,(A).

Thus, g(A) = antiy(A) is a NT G-module homomorphism. Also, g(A) = anti,(A) is a 1-1
NT  G-module since neut,(A) = A= anti,(N). Therefore, g(A) = anti,(A) is a NT
G-module isomorphism.

Also, from Definition 4.1, kerg = {A€ G: g(A) =neut,(A) } = G, since neuty(A) = A=
antiy,(N).

Theorem 4.3: Let (V;,*;, #;) and Let (V,,*3, #3) be NT G-modules on NT field
(F, x5, #,), g be a NT G-module homomorphism such that g: V; = V, and (G, *) be a NT
group. Then,

1) kergc V;

ii) If neut,  (x)*m = neut, (x*m), then (kerg, *;, #;) is a NT G-submodule of (Vy,*y, #,),
x€ V;, me G.

Proof:

i) It is clear that kergc V; since kerg = {x€ V;: g(x) = neut, (y), y€ V,}.
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ii) Let m € G, x € kerg and neut,, (x)*m = neut, (x*m ). Now, we show that
(kerg, *,, #1) is a NT G-submodule of (V;,*,, #;).

a) From Definition 2.9, g(x*m) = g(x)*m since g is a NT G-module homomorphism. Also,
fory ye V,, g(x*m) = g(x)*m = neut,,(y)*m, if x € kerg. Furthermore,

g(x*m) = g(x)*m = neut, (y)*m = neut,,(y*m), since neut,,(y)*m = neut,, (y*m). Also,
y*m € V, since (V,,*3, #3) is a NT G-modules. Thus, x*m € kerg.

Also, (kerg, x4, #;) is satisfied the conditions b, c, d in Definition 2.7, since kergc V;.
Therefore, (kerg, *;, #;) is a NT G-submodule of (V;,*;, #,).

Theorem 4.4: Let (V;,*,, #;) and Let (V,,*3, #3) be NT G-modules on NT field
(F, x5, #,), g be a NT G-module homomorphism such that g: V; = V, and (G, *) be a NT
group. If neut, (x)*m = neut, (x*m) for all x€ V;, me G then, there exists a

f: (V1,%4, #1)/kerg— (V,,*3, #3) mapping such that f is a NT homomorphism.
Proof: Let f: V;/kerg— V, be a mapping such that f(x*, kerg) = g(x).

i) We can take f(neut, (x=*kerg)) = f(neut, (x)*kerg) since neut, (x)*m =
neut, (x*m). Also,

f( neut, (x *; kerg)) = f( neut, (x)=*; kerg) = g(neut, (x)) = neut,, g(x) =
neut, f(xx kerg) since g is a NT homomorphism.

ii) We can take f(anti, (x* kerg)) = f(anti, (x) * kerg) since ( kerg, =1, #;) is a NT
G-submodule of (V;,*;, #;). Also,

flanti, (x*,kerg)) = flanti, (x) x kerg) = g(anti, (x)) = anti, g(x) = anti, f(x* kerg)
since g is @ NT homomorphism.

iif) We can take g((kq#;(my) *; (ky #1(my)) = (ky#38(my)) *3(ky#38(m,)) since g is a
NT homomorphism. Also,

(ke (my) *; (kp #1(mz)) = f([(ky#1(my) *1 (kp #,(m2)] * kerg] =
f([(Kq#1(my *; Kerg) #; (K, #,(m, *; kerg)] =

(ki#38(my)) *3( kp#38(my)) =

(ky#3f(m; %, kerg)) *3( ko #3f(m, *, kerg))

since f(x*;kerg) = g(x) and m*;kerg is NT cosets of (V;,*1, #7).
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iv) We can take g(m*n) = g(m)*n since g is a NT homomorphism. Also,

g(m*n) = f((m*n)*,kerg)) = f((m*,kerg)*n) = g(m)*n = f(m=,kerg)*n since m*,kerg is
NT cosets of (V;,*;, #;) and g is a NT homomorphism. Thus, f is a NT G-module
homomorphism.

Corollary 4.5: Let (V;,*;, #;) and Let (V,,*;, #3) be NT G-modules on NT field
(F, x5, #5), gbe a NT G-module homomorphism such that g: V; = V, and (G, *) be a
NT group. If neut, (x)*m = neut, (x*m) for all x€ V;, me G, g is 1-1 and surjection, then

there exists a
f: (V1,%1, #1)/kerg— (V,,*3, #3) mapping such that V; /kerg =V,.

Proof: If we take that f: V;/kerg— V, is a mapping such that f(x*,kerg) = g(x), then from
Theorem 4.4;  fis a NT G-module homomorphism. Also, we assume that

f(x*; kerg) = f(y*,kerg). Thus, f(x*,kerg) = g(x) = g(y) = f(y*,kerg). Also, x =y since fis
1-1. Therefore, fis 1-1.

Also, it is clear that f is surjection since g is surjection.

Theorem 4.6: Let (V,*;, #;) be a NT G-module on NT field (F, *,, #,), (V;,*1, #;) be NT
G-submodule of (V,*4, #1), (V,,*1, #;) be NT G-submodule of (V;,*,, #;) and (G, *) be a
NT group. Then, there exists a

£ (Voxq, #1)/(Ve,xq, #9)= [(Voxg, #1)/ (Vaoxq, #)) [(Ve%1, #1)/ (Va,%q, #1)]
mapping such that f'is a NT homomorphism.

Proof: from Theorem 3.9, it is clear that (V;,*;, #1)/ (V,,*1, #;) is a NT G-submodule of
(Va*la #1)/ (VZa*la #1)

Also, let f: V/V;— (V/V;) / (V1 /V,) be a mapping such that
f(xxy V1) = (x%q V2) %1 (V1 /V2)).

i) We can take f(neut, (x) *q V1) = neut, (xx; V3) *1(V1/V;)) = neut, f(x*, V) since
(V, x1(V1/V,)) is a NT quotient G-module.

i) We can take f(anti, x*, V) = anti, (x*; V) *1(V1/V3)) = anti, f(x*,; V;) since
(V, x1(V1/V,)) is a NT quotient G-module.

1i1) We can take

f([(kq#q(my) *q (kg #1(my)] %4 Vi) =([ Ky#(my) *4 (Kp #1(mp)] %4 V5) %(V1/V5)) =
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([ke#g(my *q V5) %1 (V1 /V3)) ] %1 [Ka#y(my 9 V) %1(V1/V3)) ], since (V *1(V1/V5)) is a
NT quotient G-module. Thus,

f((ky#1(my) *; (ky #1(my) *4 Vi) =([ Ky #(my) *q (K #,(my)] *q Vo) *(V1/V3)) =
[Ki#q(my g V3) % (V1/V2)) ] %1 [Ko#i(my xq V) %1 (Ve/V2)) ] =
(kq#,f(my)) *; (ko #,f(my)).

iv) We can take f((x*g) *1 V1) = ((x*g)*1 Vo) *1(V1/V2)) = [x*1 Vo) x (V1 /Vo))]*g =
f(x)*g, since (V, *,(V;/V,)) is a NT quotient G-module. Thus, f is a NT G-module
homomorphism.

Corollary 4.7: From Theorem 4.6, Let (V,*;, #;) be a NT G-module on NT field
(F, x5, #5), (V1,%1, #,) be NT G-submodule of (V,*;, #;), (V,,*1, #;) be NT G-submodule
of (V1,*1, #1) and (G, *) be a NT group. If there exists a

£ (Vg #)/(Vi*q, #1) [(Voxq, #1)/ (Vo,xq, #)1 [(Vi*q, #1)/ (Vo *q, #1)]
mapping such that fis 1-1 and surjection, then
(Vg #)/(Vi*q, #1)= [(Voxq, #1)) Vo, #)) [(Vi*1, #1)/ (Vo,%q, #1)].

Theorem 4.8: Let (V,*;, #;) be a NT G-module on NT field (F, *,, #,), (V;,*;, #;) and
(V,,*1, #;) be NT G-submodules of (V,*;, #;) and (G, *) be a NT group. If
(vy*m) *; (v,*m) = (v; *; Vy)*m for v; € V;, v, € V,and me G then, there exists a

£ (Vo #)/[(Ve,xq, #0)0 (Vo xq, #9)]2 (Vxq, #1) [[(Ve,*q, #1) #1(Vo,%q, #1)]
mapping such that f'is a NT homomorphism.
Proof:

From Theorem 3.7, (Vi,*1, #1)N (V5,*, #1) is a NT G- submodule of (V,x;, #;). Also,
from Theorem 3.8, (Vy,*q, #1) *1 (Vo,%4, #;1) is a NT G- submodule of (V,x,, #;) since
(v1*m) *; (vo*m) = (v; *; vy)*m for v; € V;, v, € V,and me G.

Also, let f: V/(V; N V,)— V/(V; *; V,) be a mapping such that
f(xxy (V1 NV3)) = xxq (Vg %4 V), for x EV.
1) We can take

f( Tleut*l [X *q (Vl N Vz)] ) = neut*l X( *q (Vl *q Vz)) = Tleut*l f(X *q (Vl N Vz) ) since
V/(V; *; V,) is a NT quotient G-module.
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ii) We can take f(anti, [x*; (V1 NV3)]) = anti, (x*; (V3 %1 V3)) = anti, f(xx; (V; N V5))
since V/(V; *; V) is a NT quotient G-module.

1i1) We can take

f([(kq#y(my) *y (kg #1(my)] *q (V1 N VL)) =([ Ky#(my) %4 (Ky #1(my)] *4 Vo)=

([Ke#ty(my *y (V1 #q V2))] g [Ko#i(my #y (V1 %1 V2))], since V/(V*V3) is a NT
quotient G-module. Thus,

f([(kq#1(my) *q (Ky #1(m3)] % (Vi N V5)) =([ Ky#y(my) %4 (K #1(my)] *q (Vg %4 V)=
([Ry#(my %q (Vg %1 V2))] % [Ro#q (my % (Vg %0 V5))] =(ky #,f(my)) *y (Ko#1f(my)).

iv) We can take f((x*g) *; (V1 NV3)) = (x*g)*1 (V1 *1 V)= (x¥1 (V1 %1 V2))*g = f(x)*g,
since V/(V; *1 V) is a NT quotient G-module. Thus, fis a NT G-module homomorphism.

Corollary 4.9: From Theorem 4.8, Let (V,*;, #;) be a NT G-module on NT field
(F, x5, #5), (V1,%1, #1) and (V,,*,, #;) be NT G-submodules of (V,*;, #;) and (G, *) be a
NT group. If there exists a

£ (Voxq, #1)/[(Vi,xq, #)N (Voo %, #1)]2 (Vo xq, #1) /[(Vi,*1, #1) %1 (Vo %, #1)]
mapping such that fis1-1 and surjection, then

(Vv*lv #1)/[(V13*1a #l)n (VZa*la :I:"(:l)]E (Va*la #1) /[(Vla*la #1) *1(V29*19 #1)]

Conclusions

In this chapter, we obtained NT cosets for NT G-modules and NT quotient G-module.
Also, we gave isomorphism theorems for NT G-modules and we proved these theorems.
Thus, we have added a new structure to NT structure and we gave a rise to a new field or
research called NTPIPS. Also, thanks to NT cosets for NT G-modules and NT quotient
G-module researchers can obtain new structures and properties.
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Abstract

In this chapter, we firstly introduce neutrosophic triplet lie algebra. Furthermore, we give some
definitions and examples for neutrosophic triplet lie algebra. Then, we obtain that neutrosophic
triplet lie algebra is different from classical lie algebra.

Keywords: neutrosophic triplet set, lie algebra, neutrosophic triplet lie algebra

1. Introduction

Smarandache introduced neutrosophy in 1980, which studies a lot of scientific fields. In
neutrosophy, there are neutrosophic logic, set and probability in [1]. Neutrosophic logic is
a generalization of a lot of logics such as fuzzy logic in [2] and intuitionistic fuzzy logic in
[3]. Neutrosophic set denoted by (t, i, f) such that “t” is degree of membership, “i” is
degree of indeterminacy and “f” is degree of non-membership. Also, a lot of researchers
have studied neutrosophic sets in [4-9]. Furthermore, Smarandache et al. obtained
neutrosophic triplet (NT) in [10] and they introduced NT groups in [11]. For every
element “x” in neutrosophic triplet set A, there exist a neutral of “a” and an opposite of
“a”. Also, neutral of “x” must different from the classical unitary element. Therefore, the
NT set is different from the classical set. Furthermore, a NT “x” denoted by
<x, neut(x), anti(x)>. Also, many researchers have introduced NT structures in [12-19].

Sophus Lie introduced lie theory. Since the twentieth century, lie algebras have been used
in many fields, particularly in topology, algebra, differential geometry, representation
theory, harmonic analysis and mathematical physics. Also, many researches have done
many studies related to lie algebra. Recently, Erdmann et al. studied lie algebras in [20],
Cahn introduced semi-simple lie algebras and their representations in [21], Yehia obtained
fuzzy ideals and fuzzy subalgebras of lie algebras in [22], Akram studied fuzzy soft lie
algebras in [23].

In this chapter, we obtain NT lie algebras and we give some definitions and examples for
neutrosophic triplet lie algebra In section 2; we give definitions lie algebra in [20], NT set
in [11], NT group in [11], NT field in [12], and NT vector space in [13]. In section 3, we
introduce NT lie algebras and examples for NT lie algebra. We show that NT lie algebras
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different from classical lie algebras. Also, we show relationship between NT lie algebra
and classical lie algebra. Furthermore, we define NT lie algebra homomorphism, NT lie
subalgebra, NT lie coset and NT lie quotient algebras and we give examples for those
structures. In section 4, we give conclusions.

2. Basic and fundamental concepts

Definition 2.1: [19] Let F be a field and M be a vector space on F. Then the mapping
[.,.]:MxM—-M is called lie algebra on M such that

D) [xtay, z] = [x, z] + aly, z] and [x, y+fz] =[x, y] + B[x, z]; X, y, z€EM and a, § € F
(bilinear mapping)

i) [x,x] =0

iii) [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = O or [x, y], z]] + [y, z], x]] + [z, x], y]] = O
Definition 2.2: [11] Let # be a binary operation. (X, #) is a NTS such that

1) There must be neutral of “x” such x#neut(x) = neut(x)#x = x, x € X.

11) There must be anti of “x” such x#anti(x) = anti(x)#x = neut(x), x € X.
Furthermore, a NT “x” is showed with (x, neut(x), anti(x)).

Also, neut(x) must different from classical unitary element.

Definition 2.3: [11] Let (X, #) be a NTS. Then, X is called a NTG such that
a) Forall x, y € X, x*y € X.
b) For all x, y, z € X, (x*y)*z = x*(y*z)

Definition 2.4: [12] Let (X, &, $) be a NTS with two binary operations & and $. Then,
(X, &, $) is called NTF such that

1. (F, &) is a commutative NTG,
2. (F, $)is aNTG,
3. x8(y&z) = (x8y) & (x$2) and (y&2z)$x = (y$x) & (z$x) forv every x, y, z € X.

Definition 2.5: [13] Let (F, &;, $;) be a NTF and let (V,&,, $,) be a NTS with binary
operations “&," and “$,”. If (V,&,, $,) is satisfied the following conditions, then it is
called a NTVS,

1) x&,y € Vand x $,y € V; forevery x,y €V

2) (x&,y)&,7z = x&; (y&,2); forevery x,y,z€V
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3) x&,y = y&,X; forevery x,y €V
4) (x&,y) $,m= (x$,m) &,(y$,m); for every me F and every x,y € V
5) (m&;n) $,x= (m$,x) &, (n$,x); for every m,n € F and everyu €V
6) (m$;n) $,x= m$, (n$,x); for every m, n € F and every x € V
7) For every x € V, there exists at least a neut(y) € F such that
x $, neut(y)= neut(y) $, x =x

3. Neutrosophic Triplet Lie Algebra

In this paper, we show that neutral element of x according to # binary operation with
neuty (x) and we show that anti element of x according to # binary operation with
antiy(x).

Definition 3.1: Let (V,*,, #;) be a NTVS on NTF (F,*,, #,). Then the mapping
[.,.]:VxV—-V is called a NT lie algebra on (V,*;, #;) such that

1) [x*; (a#yy), z] = [X, z] *; (a#4[y, z] ) and
[X, y*1 (B#12)] = [X, y]*1 (B#1[X, 2]); VX, y,z € V and a, B € F (bilinear mapping)

ii) There exists at least an element t = neut, (t) € V such that [x, x] = neut, (t), for each
X E V.

iii) There exists at least an element t = mneut, () € V such that
[X9 [Y7 Z]] *1 [Y7 [Za X]] *1 [29 [Xa Y]] = neut*l(t)9 for each X,y 2 EV trlplet:

or
[X9 y]v Z]] *1 [Y7 Z]a X]] *1 [29 X]v Y]] = neut*l(t) for each XY,z EV trlplet:

Example 3.2: Let V = {@, {a}, {b}, {a, b}}. We can take that (V, U, N) is NTF such that

neut (X) =X,

antiy,(X)=Y, YcX (1)
and

neut,(X) =X,

antin(X)=Y, XcY 2)
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Also, (V, U, N)is NTVS on NTF (V, U, N) with (1) and (2).

We take the mapping [.,.]:VxV—-V such that [A, B] = AUB. Now show that [A, B] = AUB
is a NT lie algebra.

i) a)

It is clear that if A = C =D =B or B = @, then It is clear that

[AU (B N C), D] =[A, D] U (B N[C, DJ]). Also,

[@ U ({a,b} N {a}), {b}] = {a, b} = [@,{b}] U ({a,b} N[{a}, {b}]).

[@ U ({a} N {a}), {b}] = {a, b} = [@,{b}] U ({a} N[{a}, {b}]).

[@ U ({b} N {a}), {b}]={b} = [,{b}] U ({b} N[{a}, {b}]).

[{a} U ({a,b} N {a}), {b}]= {a, b} = [{a},{b}] U ({a,b} N[{a}, {b}]).
[{b} U ({a,b} N {a}), {b}] = {a, b} = [{b},{b}] U ({a, b} N[{a}, {b}]).
[{a, b} U ({a,b} N {a}), {b}] = {a, b} = [{a, b},{bj] U ({a,b} N[{a}, {b}]).
[0 U ({a,b} N {a}), @] = {a} = [@,0 U ({a, b} N[{a}, O]).

[{a} U ({a,b} N {a}), @] = {a} = [{a},0] U ({a, b} N[{a}, D).

b) It can be show similarly to a).

i) [A, A] = AUA = A = neuta(A). So, there exists an element A = neut,(A) € V such that
[A, A] =neut,(A), foreach A € V.

iii) [A, [B, C]] U [B, [C, A]] U [C, [A, B]] = AUBUC = neut ,(AUBUC). So, there exists
an element AUBUC = neut ,(AUBUC) € V such that

[A, [B, C]] U [B, [C, A]]U [C, [A, B]] = neuty (AUBUC), for each A, B, C €V triplet.
Similarly, there exists an element AUBUC = neut ,(AUBUC) € V such that

[A, B], C]] U [B, C], A]] U [C, A], B]] = neut,(AUBUC), for each A, B, C € V triplet.

Therefore, [A, B] = AUB is a NT lie algebra on (V, U, N).
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Corollary 3.3: From Definition 3.1 and Definition 2.1, it is clear that NT lie algebra is
different from classical lie algebra. Because, neut, (t) is different from classical unitary

element and neut, (t) can be more than one.

Corollary 3.4: Let (V,*;, #;) be a NTVS on NTF (F,*,, #,) and the mapping
[.,.]:VXV—->V be a NT lie algebra on (V,*;, #;). In Definition 3.1, if we take classical
vector space instead of (V,*;, #;) and we take classical field instead of (F,*,, #,), then the
mapping [.,.] NT lie algebra satisfies the classical lie algebra’s conditions.

Proof: In classical vector space, it is clear that classical unitary element must be one. So,
in Definition 3.1, neut, (t) must be one and neut, (t) must be equal to classical unitary
element 0. Therefore, [.,.] NT lie algebra satisfies conditions in Definition 2.1.

Theorem 3.5: Let (V,x, #;) be a NTVS on NTF (F,*,, #,), the mapping [.,.]:VxV->V
be a NT lie algebra on (V,*,, #;) and there be at least an element

[y, x] = neut, ([y, x]) € V such that [x, x] = neut, ([y, x]) for each x, y € V. Then
neut, ([y, x*1y]) = neut, ([y, x]) if and only if [x, y] = anti,, [y, X]

Proof:
= :We assume that there exists at least an element [y, x] = neut, ([y, x]) € V such that
[x, x] = neut, ([y, x]) for each x, y € V and neut, ([y, x*;y]) = neut,, ([y, x]). Thus,

neut, ([y, x*1y]) = [x*1y, x*1y]. Also,

neut, ([y, x*1y]) = [X, X] *1[X, y] *1[y, X] *¢[y, y], since [.,.] is a bilinear mapping.
Therefore,

neut,, ([y, xx1y]) = [X, y] #1[y, x], since [x, x] = neut, ([y, x]) and [y, y] = neut. ([x, y].
Also,

neut, ([y, x]) =[x, y] *[y, x], since neut, ([y, x*;y]) = neut,, ([y, x]).

Thus, from Definition 2.2, [x, y] = anti, [y, X].
< :We assume that there exists at least an element [y, x] = neut, ([y, x]) € V such that

[x, x] = neut, ([y, x]) for each x, y € V and [x, y] = anti, [y, x]. Then,

neut, ([y, x]) = [x, y] *1[y, x], since [x, y] = anti, [y, x]. Also,
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neut,, ([y, x]) = [X, X] *1[X, y] *1[y, x] *1[y, ],

since [x, x] = neut,, ([y, x]) and [y, y] = neut,, ([x, y]. Furthermore,

neut, (ly, X]) = [x, X] *1[x, y] *1[y, x] *1[y, y] = [x*1y, X*1y], since [.,.] is a bilinear
mapping. Thus,

neut, ([y, x]) = neut, ([y, x*,y]), since [x, x] = neut, ([y, x]).

Definition 3.6: Let (V;,*;, #;) be a NTVS on NTF (F;,*,, #,), the mapping
[.,.]1: VixV; = V; be a NT lie algebra on (V;,*4, #;) and (V,,*3, #3) be a NTVS on NTF
(Fy,*4, #4), the mapping].,.],: VoxV, = V, be a NT lie algebra on (V,,*3, #3). The
mapping o: V; — V, is called a NT lie algebra homomorphism such that

a([a,b]y) = [o(a),a(b)],

Example 3.7: In Example 3.2, for V = {@, {a}, {b}, {a,b}}. (V, U, N)isa NTF and NTVS
such that

neut (X) =X,

antiyz(X)=Y, YcX (1)
and

neut,(X) =X,

antin(X)=Y, XcY (2)
Also,

the mapping [.,.];:VxV-V, [A, B]; = AUB is a NT lie algebra on (V, U, N).
Now show that [.,.],:VxV->V, [A,B], = ANB is a NT lie algebra on (V, U, N).

i) a)

[AU (BN C),D]2=(AuU (B nC))ND=(AND)U(AN B N D)=[A, D]2U (B N[C, D]2).
b) It can be show similarly to a).

i1) [A, A]2 = ANA = A =neut,(A). So, there exists an element A = neut (A) € V such
that [A, A]2 = neut,(A), foreach A € V.

iii) [A, [B, Cl2]2 U [B, [C, A]2]2 U [C, [A, B]z2]» = AnNBNC = neut,(ANBNC). So, there
exists an element ANBNC = neut ,(ANBNC) € V such that
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[A, [B, C2]2VU [B, [C, A]2]2 U [C, [A, B]2]2 = neut,(ANBNC), for each A, B, CEV
triplet. Similarly, there exists an element ANBNC = neut ,(ANBNC) € V such that

[A, B], C]2 U [B, C]2, Al2 U [C, A2, B]2 = neut (ANBNC), for each A, B, C € V triplet.
Therefore, [A, B]l2= ANB is a NT lie algebra on (V, U, N).

Also, leta: V-V, p(4A) =A" (A" is complement of A) be a mapping. Now we show that
a([A B]y) = [0(A),0(B)];.

o0([A,B];) =ad(AUB)=(AUB) =A"'NnB'=[A,B], =[0(A),d(B)],. Thus, 0(A) =A'is a
NT lie algebra homomorphism.

Definition 3.8: Let (V,*;, #;) be a NTVS on NTF (F,*,, #,), the mapping [.,.]:VxV->V
be a NT lie algebra on (V,*4, #;) and (S,*,, #;) be a subvector space of (V,x,, #;). If for
V X,y €S, [x,y] €S, then (S,*;, #;) is called NT lie subalgebra of (V,*;, #;).

Example 3.9: In Example 3.2, for V = {@, {a}, {b}, {a,b}}. (V, U, N)isa NTF and NTVS
such that

neut (X) =X,

antiy,(X)=Y, YcX (1)
and

neut,(X) =X,

antin(X)=Y, XcY (2)
Also,

the mapping [.,.];:VxV-=V, [A, B]; = AUB is a NT lie algebra on (V, U, N).
We take S = {@, {a}}c V. It is clear that (S, U, N) is a subvector space of (V, U, N). Also,
forV A,B €S, [A, B]i = AUB € S. Thus, (S, U, N) is a NT lie subalgebra of (V, U, N).

Definition 3.10: Let (V,*;, #;) be a NTVS on NTF (F,*,, #,), the mapping [.,.]:VxV-V
be a NT lie algebra on (V,*;, #;) and (S,*;, #,;) be a subvector space of (V,*,, #;). If for
Vx€Vandy €S, [x,y] €S, then (S,*;, #;) is called NT lie ideal of (V,*,, #;).

Example 3.11: In Example 3.7, for V = {@, {a}, {b}, {a, b}}. (V, U, N) is a NTF and
NTVS such that
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neut (X) =X,
antiy,(X)=Y, YcX (1)
and
neut,(X) =X,
antin(X)=Y, XcY (2)
Also,

the mapping [.,.],:VxV-V, [A,B], = ANB is a NT lie algebra on (V, U, N).
We take S = {@, {a}}c V. Itis clear that (S, U, N) is a subvector space of (V, U, N). Also,
forVAeSandB€eV,[A,Bli=ANB € S. Thus, (S, U, N)is a NT lie ideal of (V, U, N).

Definition 3.12: Let (V,*;, #;) be a NTVS on NTF (F,*,, #,), the mapping [.,.]:VxXV->V
be a NT lie algebra on (V,*;, #;) and (S,*,, #;) be a NT lie ideal of (V,*;, #,). Then V/S
= {x*;S: x€V} is called NT lie quotient algebra of (V,*,, #;). Also, x*;S is called NT lie
coset

and
(x%1S) *1 (y*1S) = (X*1y)*1S, X,y € V;
a#i(xxS) = (a#1X)*S;
[x*1S, y*1S] = [X, y] *¢S.

Example 3.13: In Example 3.11,

for V = {0, {a}, {b}, {a, b}} and S = {@, {a}}, (S, U, N) is a NT lie ideal of (V, U, N).
Also,

V/S = {AUS: A€V} = {@ US, {a}US, {b}US, {a, b}US}.

Theorem 3.14: Let (V,*, #;) be a NTVS on NTF (F,*,, #,), the mapping [.,.]:VxV->V
be a NT lie algebra on (V,*;, #;) and V/S = {x*,S: X€EV} be a NT lie quotient algebra of
(V,*4, #1). Then, [.,.] is a NT lie algebra on V/S = {x*;S: x€V} with

(x%1S) *1 (y*1S) = (X*1y)*1S, X,y € V;
a#(x*¥1S) = (a#,x)*1S,a EFand x € V;

[x*;S, y*;S] =[x, y] #;S, X,y € V.
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Proof: It is clear that (V/S,*;, #;) is a NTVS on NTF (F,*,, #,) with
(x*1S) *q (y*1S) = (x*1y)*1S, X,y € V; and a#(x*,S) = (a#,x)*,S, a €F; x € V. Also,
)
a) [(xx1 5) *; (a#1(y*1S)), 2%, S]=

[a#;(x *1y*q) *1S, 2% S]=

[a#;(x *1y*1), 2] ¥,S =

([x, z] *1 (a#qly, 2] ) #4S =

([x, z] 1 (a#qly, 2] ) +4S =

([x, 2] #18) *1 (a#yly, z]) *,S) =

([x*1S, z*1S]) *1 (a#1[y*1S, z%;S]).
b) It can be show similarly to a).

i) [x#S, x*;S] = [X, X] %, S = neut, (t) *,S since [.,.] is a NT lie algebra on (V,*;, #,).
Thus, there exists at least an element t+; S = neut, (t) *;S € V/S such that [x*;S, x*;S] =
[X, X] *,S = neut, (t) *;S, for each x+;S € V/S.

iii) [x#,S, [y*;S, 21 S]] #1 [y*1S, [2%1S, x*1S]] %1 [2#;S, [x*;S, y*,S]] =
[x%1S, [y, 2] %;S] *1 [y*1S, [z, ] ¥1S] %, [2#;S, [x, y] %,S] =
([x, [y, 2] 1 #18) *1 ([y, [, X]] *1S )*1 ([2, [x, y]] #18) =
(ly, 2]] *1 [y, [, X]] 1 [2, [x, YID) #1S = neut., (1) #,S.

Thus, there exists at least an element t*; S = neut, (t) *; S € V/S such that
[x*1S, [y*1S, z#;S]] %1 [y*1S, [2%1S, x%;S]] %1 [2%,S, [x*S, y*;S]] = neut, (t) *;S, for
each x*; S, y*;S, zx;S € V/S.

Similarly, there exists at least an element t*; S = neut, (t) *; S € V/S such that
[X*1S, y*1S], z%;S]] *q [y*1S, z*%1S], x*;S]] *1 [2%,S, x*S], y*;S]] = neut*l(t) * S for
each x,y, z € V. Therefore, [.,.] is a NT lie algebra on V/S = {x*;S: XEV}.

4. Conclusions
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In this paper, we obtained NT lie algebra. Also, we defined NT lie algebra homomorphism,
NT lie subalgebra, NT lie coset and NT lie ideal. Thus, we have added a new structure to
NT structure and we gave rise to a new field or research called NT lie algebra. Also, thanks
to NT lie algebras and their properties, researchers can obtain isomorphism theorems for
NT lie algebras, NT lie groups, representation of NT lie algebras, NT simple lie algebras,
NT free lie algebra.

Abbreviation

NT: Neutrosophic triplet

NTS: Neutrosophic triplet set
NTG: Neutrosophic triplet group
NTEF: Neutrosophic triplet field

NTVS: Neutrosophic triplet vector space
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Chapter Seven
Neutrosophic Triplet b - Metric Space
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Abstract

In this chapter, we firstly obtain neutrosophic triplet b- metric space. Also, we give some
definitions and examples for neutrosophic triplet b - metric space. Furthermore, we obtain some
properties and we prove these properties. Also, we show that neutrosophic triplet b - metric space is
different from classical b - metric space and neutrosophic triplet metric space.

Keywords: neutrosophic triplet sets, neutrosophic triplet metric spaces, b - metric space,
neutrosophic triplet b - metric spaces

1. Introduction

Smarandache introduced neutrosophy in 1980, which studies a lot of scientific fields. In
neutrosophy, there are neutrosophic logic, set and probability in [1]. Neutrosophic logic is
a generalization of a lot of logics such as fuzzy logic in [2] and intuitionistic fuzzy logic in
[3]. Neutrosophic set is showed by (t, i, f) such that “t” is degree of membership, “i” is
degree of indeterminacy and “f” is degree of non-membership. Also, a lot of researchers
have studied neutrosophic sets in [4-9]. Furthermore, Smarandache and Ali obtained
neutrosophic triplet (NT) in [10] and they introduced NT groups in [11]. For every
element “x” in neutrosophic triplet set A, there exist a neutral of “a” and an opposite of
“a”. Also, neutral of “x” must different from the classical unitary element. Therefore, the

NT set is different from the classical set. Furthermore, a NT “x” is showed by
<x, neut(x), anti(x)>. Also, many researchers have introduced NT structures in [12-20].

Bakhtin obtained b - metric spaces in [21]. The b - metric is generalized of classical metric
space. b - metric space is used mostly for fixed point theory. Also, researchers studied
partial metric space in [22-27]. Recently, Alqahtani ef al. studied Fisher — type fixed point
results in b — metric spaces in [28] and Oawaqneh ef al. obtained fixed point theorems for
(a, k, 8) — contractive multi — valued mapping in b — metric space and applications.

In this chapter, we obtain NT b - metric space. In section 2; we give definitions of
b - metric space in [21], NT set in [11], NT metric space in [13]. In section 3, we introduce
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NT b - metric space and we give some properties and examples for NT b - metric space.
Also, we show that NT b - metric space is different from the classical b - metric space and
NT metric space. Furthermore, we show relationship between NT metric spaces and NT
partial metric spaces with NT b - metric space. Also, we give definition of convergent
sequence, Cauchy sequence and complete space for NT partial v-generalized metric space.
In section 4, we give conclusions.

2. Basic and Fundamental Concepts

Definition 2.1: [21] Let N be a nonempty set and dj,:NxN— R be a function. If d is
satisfied the following properties, then (N, dj ) is called a b - metric space.
Forn,m, ¢4, ¢y, ..., c, EN,

1) dp(n,m) > 0and dp(n,m)=0 n=m;

i1) dp(n, m)= dp(m, n);

iii) dp(n, m) < k.[ dp(n,k)+ dp(k, m)], k € R* such thatk > 1

Definition 2.2: [11] Let # be a binary operation. (X, #) is a NT set (NTS) such

1) There must be neutral of “x” such x#neut(x) = neut(x)#x = x, x € X.
i1) There must be anti of “x” such x#anti(x) = anti(x)#x = neut(x), x € X.
Furthermore, a NT “x” is showed with (x, neut(x), anti(x)).

Also, neut(x) must different from classical unitary element.

Definition 2.3: [13] A NT metric on a NTS (N, *) is a function d:NxN— R such for every
n,m,s €N,

)n*meN

i1) d(n, m) = 0

iii) If n = m, then d(n, m) = 0

iv) d(n, m) = d(n, m)

v) If there exists at least an element s € N for n, m € N pair such that
d(n, m) < d(n, m*neut(s)), then d(n, m*neut(s)) < d(n, s)+ d(s, n).

Definition 2.4: [17] Let (A, #) be a NTS and m#n € A, ¥ m, n € A. NT partial metric
(NTPM) isamap py:Ax A — RTU{0} suchthat¥ m,n,k € A

1) py(m, n) = py(n, n)=0
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i) If py(m, m) = py(m, n) =py(n, n) = 0, then there exits any m, n € A pair such that
m=n.

iii) py(m, n) = py(n, m)

iv) If there exists at least an element n€A for each m, n €A pair such that

py(m, k) < py(m, k#neut(n)), then py(m, k#neut(n)) < py(m, n) + py(n, k) - py(n, n).
Also, ((A, #), py) is called NTPM space (NTPMS).

3. Neutrosophic Triplet b - Metric Space

Definition 3.1: Let (N, *) be a NTS. A NT b — metric (NTBM) on N is a function such that
dp:NxN— R such every n, m, t € N;

1) n*m € N,

i1) If n =m, then d,(m, n) = 0 and dj,(n, m) = 0.

iii) dp(n, m) = dp(m, n),

iv) If there exists at least an element s € N for each n, m € N pair such that
dp(n, m) < d,(n, m*neut(s)), then

dp(n, m*neut(s)) < k.[dp(n, s) + dp(s, n)]. Where, k = 1 and k € R.
Furthermore, ((N, *), dj) is called NTBM space (NTBMS).

Also, if we take k = 2, then NTBMS is showed that NT2MS.

Example 3.2: Let N= {0, 2, 3, 4} be aset. (N, .) is a NTS under multiplication module 12
in (Zg, .). Also, NT are (0, 0, 0), (2, 2, 2), (3, 3, 3), (4, 4,4) and (2, 4, 2).

Then we take that dj,: NxXN—N is a function such that d; (k, m)=| 2K — 2m|.

Now we show that d;, is a NTBM.

1) It is clear that k.m € N, for every k, m € N.

i) If k = m, then dj(k, m)=| 2K — 2m| = | 2k — 2K| =0. Also, d,(k, m)=| 2k — 2m| > 0,
iii) dp(k, m) =| 2% — 2m| = 2™ — 2K| = d},(m, k).

v)
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* It is clear that dj, (0, 0) < d,(0, 0.0) = d (0, 0). Also, d(0, 0) = 0. Thus,

dp(0, 0) < 2.[dy,(0, 0) + dy(0, 0)].

* It is clear that dj, (0, 3) < d,(0, 3.3) = d(0, 3). Also, dy(0, 3) =7 and d;,(3, 3) = 0. Thus,
dp(0, 3) < 2.[dy(0, 3) + dp(3, 3)].

* It is clear that dj,(0, 2) < dp(0, 2.4) =d,(0, 2). Also, d(0, 2) = 3, dp(0, 4) = 15 and
dp(2,4)=12. Thus,

dp(0,2) < 2.[dp(0,4) +dp(4, 2)].

* It is clear that dp(0, 4) < dp(0, 4.4) =d,(0, 4). Also, d,(0, 4) = 15 and d,,(4, 4) = 0.
Thus,

dp(0,4) < 2.[dy(0,4) +dyp(4, 4)].

* It 1s clear that dj,(3, 3) < dp(3, 3.2) =dp(3, 0). Also, d,(3, 0) = 7,d,(3, 2) = 4 and
dp(3,3) =0. Thus,

dp(3,3) = 2.[dp(3, 2) + dp(2, 3)].
* Tt is clear that dj (2, 2) < dp(2, 2.3) = dp(2, 0). Also, dy,(3, 2) =4 and d;,(2, 2) = 0. Thus,
dp(2,2) < 2.[dp(2,3) +dp(3, 2)].

* It is clear that dp(4, 4) < dp(4, 4.2) =d(4, 2). Also, d,(4, 2) = 12 and d;,(4, 4) = 0.
Thus,

dp(4,4) < 2.[dp(4,2) +dp(2,4)].

* It 1s clear that dj,(3, 2) < dp(3, 2.3) =dp(3, 0). Also, d,(3, 0) = 7,d,(3, 2) = 4 and
dp(3,3)=0. Thus,

dp(3,2) < 2.[dy(3, 3) +dp(3, 2)].

* It is clear that dj,(3, 4) < dp(3, 4.4) =d,(3, 0). Also, d,(3, 0) = 7,d,(3, 4) = 8 and
dp(4,4)=0. Thus,

dp(3,4) < 2.[dp(3,4) +dp(4,4)].

* It is clear that dy(4, 2) < dp(4, 2.3) = dpy(4, 0). Also, dp(4, 0) = 15, dy(3, 4) = 8,
dy(3,2) =4 and d, (4, 2) = 12. Thus,

dp(4,2) < 2.[dp(4,3) +dp(3,2)].
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Therefore, (N, .), d) is A NT2MS.

Corollary 3.3: NTBMS is different from the classical metric space since for triangle
inequality and * binary operation.

Corollary 3.4: NTBMS is different from NTMS since for triangle inequality.
Corollary 3.5: In Definition 3.1, if we take k = 1, then each NTBMS is a NTMS.
Corollary 3.6: From Corollary 3.5, we can define a NTBMS with each NTMS.
Corollary 3.7: From Corollary 3.6, each NTMS satisfies all properties of NTBMS.

Example 3.8: In Example 3.2, (N, .), dp,) is a NT2MS. Now we show that (N, .), d},) is a
NTMS.

It is clear that (N, .), dj) satisfies conditions i, ii, iii, iv in Definition 2.3.

V)

* It is clear that d}, (0, 0) < dp,(0, 0.0) = d;,(0, 0). Also, dj,(0, 0) = 0. Thus,

dp(0,0) < d,(0, 0) + dy(0, 0).

* Tt is clear that dj, (0, 3) < d,(0, 3.3) = d,(0, 3). Also, d,(0,3) =7 and d;,(3, 3) = 0. Thus,
dp(0,3) < d,(0,3)+dy(3, 3).

* It is clear that dj,(0, 2) < dp(0, 2.4) =d,(0, 2). Also, d(0, 2) = 3, dp(0, 4) = 15 and
dy(2,4)=12. Thus,

dp(0,2)<dy(0,4)+dy4, 2).

* It is clear that dj,(0, 4) < dp(0, 4.4) =d,(0, 4). Also, d,(0, 4) = 15 and d,,(4, 4) = 0.
Thus,

dp(0,4) < d,(0,4)+d,4,4).

* It is clear that dp,(3, 3) < dp(3, 3.2) =dp(3, 0). Also, d,(3, 0) = 7,d,(3, 2) = 4 and
dy(3,3)=0. Thus,

dp(3,3) = dp(3, 2) +dp(2, 3).
* It is clear that dj(2, 2) < dp(2, 2.3) = dp(2, 0). Also, dy,(3, 2) =4 and d},(2, 2) = 0. Thus,

dp(2,2)<dy(2,3)+du(3, 2).
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* It is clear that dp(4, 4) < dp(4, 4.2) =dp(4, 2). Also, dy(4, 2) = 12 and dp(4, 4) = 0.
Thus,

dp(4,4)<d,(4,2)+dy(2, 4).

* It 1s clear that dj,(3, 2) < dp(3, 2.3) =dp(3, 0). Also, d,(3, 0) = 7,d,(3, 2) = 4 and
dp(3,3)=0. Thus,

dy(3,2)<d,(3,3)+d,(3, 2).

* It is clear that d;,(3, 4) < dp(3, 4.4) =d,(3, 0). Also, d,(3, 0) = 7,d,(3, 4) = 8 and
dy(4,4)=0. Thus,

dp(3,4)<d,(3,4)+dy4, 4).

* It is clear that dy(4, 2) < dp(4, 2.3) = dpy(4, 0). Also, dp(4, 0) = 15, d(3, 4) = 8,
dy(3,2) =4 and d,(4, 2) = 12. Thus,

dp(4,2) < dp(4,3) +dp(3, 2).
Therefore, (N, .), dp) is A NTMS.

Theorem 3.9: Let (N, #), d;) be a NTBMS. If the following condition is satisfied, then
((N, #), dp) is a NTPMS.

If dj(m, n) = 0, then

there exits any m, n € A pair such that m = n. (1)
Proof: We show that ((N, #), d,) satisfies conditions of NTPMS. From Definition 2.4,

1) From Definition 3.1, it is clear that n#m € N, for every n, m € N.

i1) It is clear that d;,(m, n) = d;(n, n)=0. Because, from Definition 3.1, d}(n, n) = 0.

ii1) From Definition 3.1, d,(n, n) = d,(m, m) =0. Also, from (1), if d;,(m, n) = 0, then
m = n. Thus, Thus, if d;,(m, m) = dp(m, n) = d(n, n) = 0, then there exits any m, n € A
pair such that m = n.

iv) From Definition 3.1, dj,(m, n) = dp(n, m)

v) From Definition 3.1, if there exists at least an element s € N for each n, m € N pair such
that d,(n, m) <d,(n, m*neut(s)), then d;(n, m*neut(s)) < k.[d,(n, s) + d}(s, n)]. Where,
k > 1 and k € R. Thus, we can take dj,(n, m*neut(s)) < d,(n, s) + d(s, n). Because k > 1
and k € R. Also, we can take
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dp(n, m*neut(s)) < dp(n, s) + dy(s, n) - dp(n, n) since dp(n, n) = 0.
Therefore, (N, #), dj,) is a NTPMS.
Theorem 3.10: Let (N, #), d;,) be a NTBMS. Then, d(a, b) = Ul:é’;—tzl is a NTBMS.

Proof:
1) It is clear that a#b € N.

i1) If a=Db, then d;(a, b) = 0. Because ((N, #), d;,) be a NTBMS. Thus,

dp(a,b)
dp(a,b)+1 —

1ii) dp(a, b) = d; (b, a), since ((N, #), dp) be a NTBMS. Thus,

dp(a,b) _ dp(b,a)
dp(a,b)+1 dp(b,a)+1

d(a, b) = — d(b, a).

iv) If there exists at least an element ¢ € N for each a, b € N pair such that dj(a, b) < dj(a,
b*neut(c)), then

dp(a, b*neut(c)) <
k.[dp(a, ) + dp(c, b)], since ((N, #), d,) be a NTBMS. Where, k > 1 and k € R. (2)

Thus, if there exists at least an element ¢ € N for a, b € N pair such that dj,(a, b) < dj(a,
b*neut(c)), then

dp(a,b) k.[dp(a,c) + dp(cb)] _ k.dp(a,c) n k.dp(c,b)

d(a’ b) - dp(a,b)+1 k[dp(a,c) + dp(cb)]+1  k[dp(ac) +dp(cb)]+1  k[dp(ac) +dp(cb)]+1

IA

< k.dp(a,c) k.dp(c,b)
“ dp(ac)+1  dp(cb)+1

= k.[d(a, c)td(c, b)]. Because, k = 1, k € R and (2).

dp(a,b)

Thus, d(a, b) = o (aD) i1

is a NTBMS.

Definition 3.11: Let ((N, #), d,) be a NTBMS and {x,,} be a sequence in NTBMS and m
€ N. If there exist k € N for every £>0 such that

db(ma {xn}) <€
then {x,} converges to m. where n > k. Also, it is showed that

lim x,=m or x,— m.

n—oo
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Definition 3.12: Let (N, #), d;,)) be a NTBMS and {x,,} be a sequence in NTBMS. If there
exist ak € N for every £>0 such that

dp({xm}, {xn})<e
then {x,} is a Cauchy sequence in NTBMS. Where, n >m>k.
Definition 3.13: Let ((N, #), d,) be a NTBMS and {x,} be a Cauchy sequence in

NTBMS. NTBMS is called complete < every {x,} converges in NTBMS.

Conclusions

In this chapter, we obtained NTBMS. We also show that NTBMS is different from the
NTMS and classical b - metrics. Also, we gave some properties for NTBMS. Thus, we
have added a new structure to NT structure and we gave rise to a new field or research
called NTBMS. Also, thanks to NTBMS researcher can obtain new structure and
properties. For example, NT partial b — metric space, NT v — generalized b — metric, NT
partial v — generalized b — metric NT b - normed space, NT b inner product space and NT
fixed point theorems for NTBMS.

Abbreviations

NT: Neutrosophic triplet

NTS: Neutrosophic triplet set

NTM: Neutrosophic triplet metric

NTMS: Neutrosophic triplet metric space

NTPM: Neutrosophic triplet partial metric
NTPMS: Neutrosophic triplet partial metric space
NTBM: Neutrosophic triplet b — metric

NTBMS: Neutrosophic triplet b — metric space
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Chapter Eight

Multiple Criteria Decision Making in Architecture
Based on Q-Neutrosophic Soft Expert Multiset
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Abstract: We will extend this further by presenting a novel concept of Q-neutrosophic soft expert multiset,
and define the associated related concepts and basic operations of subset, intersection, union, complement,
OR and AND along with illustrative examples, and study some related properties with supporting proofs.
Then, we construct an algorithm based on this concept. We illustrate the feasibility of the new method by an
example in architecture. Finally, a comparison of the proposed method to existing methods is furnished to
verify the effectiveness of our novel concept.

Keywords: Decision making; Neutrosophic soft expert sets; Neutrosophic soft expert multiset, O-fuzzy set,
architecture.

1. Introduction

In general evaluation, architectural practice is an area where personal opinion is
intense, and the judgments reached as a result of the perceptions and reactions that occur
during design are shaped according to individual emotions and thoughts. In this respect, it
is very important that the model to help the decision making process be effective in
expressing the human dimension and uncertainties in the evaluation of the designs obtained
after the architectural design process. Intuitionistic fuzzy sets were introduced by
Atanassov [1], followed by Molodtsov [2] on soft set and neutrosophy logic [3] and
neutrosophic sets [4] by Smarandache. The term neutrosophy means knowledge of neutral
thought and this neutral represents the main distinction between fuzzy and intuitionistic
fuzzy logic and set. Presently, work on soft set theory is progressing rapidly. Various
operations and applications of soft sets were developed rapidly including multi-adjoint t-
concept lattices[5], signatures: definitions, operators and applications to fuzzy modelling
[6], fuzzy inference system optimized by genetic algorithm for robust face and pose
detection [7], fuzzy multi-objective modeling of effectiveness and user experience in
online advertising [8], possibility fuzzy soft set [9], soft multiset theory [10],
multiparameterized soft set [11], soft intuitionistic fuzzy sets [12], Q-fuzzy soft sets [13—
15], and multi Q-fuzzy sets [16—18], thereby opening avenues to many applications [19,
20]. Later, Maji [21] introduced a more generalized concept, which is a combination of
neutrosophic sets and soft sets and studied its properties. Alkhazaleh and Salleh [22]
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defined the concept of fuzzy soft expert set, which were later extended to vague soft expert
set theory [23], generalized vague soft expert set [24] and multi Q-fuzzy soft expert set
[25]. Sahin et al. [26] introduced neutrosophic soft expert sets, while Hassan et al. [27]
extended it further to Q-neutrosophic soft expert set, Broumi et al. [28] defined
neutrosophic parametrized soft set theory and its decision making, Deli [29] introduced
refined neutrosophic sets and refined neutrosophic soft sets.

Since membership values are inadequate for providing complete informationin some real
problems which has different membership values for each element, different generalization
of fuzzy sets, intuitionistic fuzzy sets and neutrosophic sets have been introduced is called
multi fuzzy set [30], intuitionistic fuzzy multiset [31] and neutrosophic multiset [32,33],
respectively. In the multisets an element of a universe can be constructed more than once
with possibly the same or different membership values. Some work on the multi fuzzy set
[34,35], on intuitionistic fuzzy multiset [36-39] and on neutrosophic multiset [40-43] have
been studied. The above set theories have been applied to many different areas including
real decision making problems [44-52]. The aim of this paper, besides the objective
evaluation, a decision making model that can be effective in expressing the subjective
evaluations within the structure of architecture (mass, spatial, semantic, form and
experience) has been developed.

Finally, we apply this new concept to solve a decision-making problem in architecture and

compare it with other existing methods.
2. Preliminaries

In this section we review the basic definitions of a neutrosophic set, neutrosophic soft
expert multiset, neutrosophic soft expert sets, Q-neutrosophic soft expert sets required as
preliminaries.

Definition 2.1 ([4]) A neutrosophic set A on the universe of discourse U is defined as A =
(< u (ua(w), va(u), wa(u)) >:u €U, puy(u), va(u), wya(u) € [0,1]}. There is no
restriction on the sum of py(u); v4(u) and wy(u), so 07 < pu (W +v(W+wy(uw) <
3*.

Definition 2.2 ([21]) Let U be an initial universe set and E be a set of parameters.
Consider ACE. Let NS(U) denotes the set of all neutrosophic sets of U. The collection

(F,A) is termed to be the neutrosophic soft set over U, where F is a mapping given
by F:A - NS(U).

Definition 2.3 ([22]) ‘U is an initial universe, E is a set of parameters X is a set of experts
(agents), and O = {agree = 1, disagree = 0} a set of opinions. Let Z=FE XX X O
and A € Z. A pair (F, A) is called a soft expert set over U, where F is mapping given by
F: A — P(U) where P(U) denote the power set of U.

Definition 2.4 ([26]) A pair (F, A) is called a neutrosophic soft expert set over U, where F
is mapping given by
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F:A- P(U) (D
where P(U) denotes the power neutrosophic set of U.

Definition 2.5 ([26]) The complement of a neutrosophic soft expert set (F, A) denoted by
(F,A)¢ and is defined as (F, A)°=(F¢, —A) where F¢ = —A — P(U) is mapping given by
F¢(x) = neutrosophic soft expert complement with —pUpei) = Wpy), Vper) =

Vrx), WFC(x) = HUF(x)-

Definition 2.6 ([26]) The agree-neutrosophic soft expert set (F,A); over U is a
neutrosophic soft expert subset of (F, A) is defined as

(F,A), = {F(m):m € ExXx{1}}. (2)

Definition 2.7 ([26]) The disagree-neutrosophic soft expert set (F,A), over U is a
neutrosophic soft expert subset of (F, A) is defined as
(F,A)o = {Fo(m):m € ExXx{0}}. (3)

Definition 2.8 ([26]) Let (H,A) and (G, B) be two NSESs over the common universe U.
Then the union of (H,A) and (G, B) is denoted by “(H,A)U (G,B)” and is defined
by(H,A)O (G,B) = (K,C), where C = AU B and the truth-membership, indeterminacy-
membership and falsity-membership of (K, C) are as follows:

Huey(m) ,  ife€A-B,
i (e)(m) = He(e)(m) ) ife€eB—A,
max (#H(e)(m)»ﬂc(e) (m)), if e€ ANB.
( vge(m) , ife€A-B,
veey(m) , ife€B-A,
Vg (e)(Mm) = ! ; ((;,(le)) o) @
l OO , ife€ ANB.
Wyey(m) ,  ife€A-B,
W (ey(m) = We(ey(m) ) ife€B—A,

min (WH(E)(m), WG(e)(m)), if e€e ANB.

Definition 2.9 ([26]) Let (H, A) and (G, B) be two NSESs over the common universe U.
Then the intersection of (H, A) and (G, B) is denoted by “(H,A) " (G,B)” and is defined
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by(H,A) " (G,B) = (K,C), where C = An B and the truth-membership, indeterminacy-
membership and falsity-membership of (K, C) are as follows:

Hk(ey(m) = min (.uH(e) (m), (e (m)),

Ve (m) = UH(e) (m) ;‘ UG (e) (m)’ (5)

Wk (e)(m) = max (WH(e)(m), We(e) (m)),
if e€e ANB.

Definition 2.10 ([29]) Let U be a universe. A neutrosophic multiset set (Nms) A on U can
be defined as follows :

A={
<u, (1, 13, ., 1 w)), (v, V3 @), .., vy W)), (Wi (), wi @), ..., w) (W)
>:u € U}
where,
i (), pi W, ..., ph (W): U - [0,1],
vi(w), vi(w), .., vy (W):U - [0,1],
and
wi (W), wz(w), ..., wt (w): U - [0,1],
such that

0 < supuy(u) + supvi(u) + supw}(u) < 3
(i=12,..,P)and

(1, 13 W), o i) ), (VA @), V3 ), .., vE () and. (wh(w), wE (), ..., wh ()
Is the truth-membership sequence, indeterminacy-membership sequence and falsity-
membership sequence of the element u, respectively. Also, P is called the dimension
(cardinality) of Nms A, denoted d(A). We arrange the truth- membership sequence in
decreasing order but the corresponding indeterminacy- membership and falsity-
membership sequence may not be in decreasing or increasing order.

The set of all Neutrosophic multisets on ‘U is denoted by NMS(U).
Definition 2.11 ([25]) Let I be unit interval and k be a positive integer. A multi Q -fuzzy
set Ay in V and a non-empty set O is a set of ordered sequences 4, = {(v. q), u;(v,q): v €
V,q € Q} where

pVxQ-I¥ i=12, ..,k
The function (,u1 ,q), u,(v,q), ..., (v, q)) is called the membership function of multi
O- fuzzy set /TQ: and u; (v, q) + u,(v,q) + -+ ur (v, q) < 1,k is called the dimension of
A,. The set of all multi O- fuzzy sets of dimension k in V and Q is denoted by M*QF (V).
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3. Q-Neutrosophic Soft Expert Multiset Sets

We will now propose the definition of Q-neutrosophic soft expert multiset (ONSEMS) and
propose some of its properties. Throughout this paper, U is an initial universe, E is a set of
parameters, O be a set of supply, X is a set of experts (agents), and O = {agree =
1, disagree = 0} a set of opinions. Let Z = E X X X 0 and G € Z.

Definition 3.1. (Fy, G) is called a Q-neutrosophic soft expert multiset over U, where F, is

the mapping

Fo: G > QNSEMS such that ONSEMS is the set of all ONSEMS over U.

Example 3.2. Assume that a construction company making new moving structures wishes

to receive feedback of a few experts. Let U = {u;} is a set of moving structure, Q =

{q1,q,} be the set of suppliers and E = {e; = tempature, e, = time} is a set of decision

parameters. Let X = {p, r} be set of experts. Suppose that

FQ(elﬁ p, 1)
_ (uy,q,) (uy, q2)

(0.4,0.3, ...,0.2), (0.5,0.7, ...,0.2), (0.6,0.1, ...,0.3) / '\ (0.7,0.2, ...,0.4), (0.4,0.6, ...,0.3), (0.2,0.3, ...,0.4)
FQ(el,r, 1)
_ (uy,q,) (uy, q2)

(0.3,0.2, ...,0.5),(0.8,0.1, ...,0.4), (0.5,0.6, ...,0.2) /) "\ (0.8,0.5, ...,0.3), (0.5,0.7, ...,0.2), (0.3,0.1, ...,0.2)
Fo(esp, 1)
_ (uy,q4) (uy, q2)

(0.7,0.3, ...,0.6), (0.3,0.2, ...,0.6), (0.8,0.2, ...,0.1) / "\ (0.5,0.4, ...,0.6), (0.6,0.5, ...,0.4), (0.5,0.2, ...,0.3)
FQ(eZ,r, 1)
_ (uy,q,) (uy, q2)

(0.8,0.3,...,0.4),(0.3,0.1, ...,0.5), (0.2,0.3, ...,0.4) / '\ (0.7,0.3, ...,0.5), (0.3,0.2, ...,0.1), (0.4,0.3, ...,0.1)
FQ(ell D, 0)
_ (uy, q1) (uy, qz)

(0.5,0.1, ...,0.2), (0.6,0.3, ...,0.4), (0.7,0.2, ...,0.6) ) "\ (0.6,0.5, ...,0.4), (0.5,0.1, ...,0.2), (0.6,0.1, ...,0.3)
Fy(ey,1,0)
_ (uy,q1) (uy, q2)

(0.4,0.2, ...,0.1),(0.6,0.1, ...,0.3),(0.7,0.2, ...,0.4) / "\ (0.4,0.3, ...,0.2), (0.1,0.2, ...,0.3), (0.5,0.4, ...,0.2)
Fo(ez2,p,0)
_ (uy,q1) (uy, qz)

(0.8,0.1, ...,0.5),(0.2,0.1, ...,0.4), (0.6,0.3, ...,0.1) / '\ (0.7,0.3, ...,0.4), (0.6,0.7, ...,0.4), (0.2,0.1, ...,0.3)
Fo(ez,1,0)
_ (uy,9,) (uy, q,)

(0.7,0.2, ...,0.3), (0.4,0.1, ...,0.6), (0.3,0.2, ...,0.1) / "\ (0.5,0.6, ...,0.2), (0.3,0.4, ...,0.2), (0.4,0.1, ...,0.2)
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The Q- neutrosophic soft expert multiset (FQ,Z) is a parameterized family {F(e;),i =
1,2, ...} of all ONSEMS of U describing a collection of objects.
Definition 3.3. For two QONSEMSs (FQ,G) and (HQ,B) over U, (FQ,G) is called a

neutrosophic soft expert subset of (HQ, B) if
i.B C G,
ii., Hyp (&) is Q-neutrosophic soft expert multisubset Fy, (¢) for all € € B.

Example 3.4 Consider Example 3.2 where

G = {(81, b, 1): (92, b, 1); (62' r, 0)}
B ={(ey,p, 1), (e, 1, 0)}
Since B is a Q-neutrosophic soft expert multisubset of G, clearly B € G. Let (HQ,B)

and (FQ, G) be defined as follows:

(g, q1) (uy, q2)

(F_Q'G) =
(e 1 (wy,q4) (uy,q3)
] vP L) (0.4,0.3,...,0.2), (0.5,0.7, ...,0.2), (0.6,0.1, ...,0.3) / '\ (0.7,0.2, ...,0.4), (0.4,0.6, ...,0.3), (0.2,0.3, ...,0.4)
-(e 1) (uy,q1) (wy, q2)
] 2P (0.7,0.3, ...,0.6), (0.3,0.2, ...,0.6), (0.8,0.2, ...,0.1) / "\ (0.5,0.4, ...,0.6), (0.6,0.5, ...,0.4), (0.5,0.2, ...,0.3)
-(e r,0) (wy, qq) (uy,q3)
] »En (0.7,0.2, ...,0.3), (0.4,0.1, ...,0.6), (0.3,0.2, ...,0.1) / "\ (0.5,0.6, ...,0.2), (0.3,0.4, ...,0.2), (0.4,0.1, ...,0.2)
(Ho,B) =
(e, p, 1) (1, 91) (uy,q;)
v (0.4,0.3, ...,0.2),(0.5,0.7, ...,0.2), (0.6,0.1, ...,0.3) / '\ (0.7,0.2, ...,0.4), (0.4,0.6, ...,0.3), (0.2,0.3, ...,0.4)

)
o)

Definition 3.5. Two QONSEMSs (FQ,G) and (HQ,B) over U are said to be equal if
(Fy, G) is a ONSEMS subset of (H,, B) and (Hy, B) is a ONSEMS subset of (Fy,G).

[(62' r.0), ((0.7,0.2, .0.3), (04,01, ...,0.6), (03,02,
Therefore (Hn' B) c (FQ, G).

Definition 3.6. Agree-Q-NSEMSs (Fo, G)_ over U is a ONSEMS subset of (Fy, G) defined

as

(F,G), = {F1(8):0€ E x X x {1}}. (6)

Example 3.7 Using our previous Example 3.2, the agree- ONSEMS (FQ, Z )1 over U is
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(Fo.2),

_ { (er,p, 1), (wy, qq) (uy,q5)

(04,03, ...,0.2),(0.5,0.7, ...,0.2), (0.6,0.1, ...,0.3) '\ (0.7,0.2, ...,0.4), (0.4,0.6, ...,0.3),(0.2,0.3, ...,0.4) ) |

( 5)
(uy, q4) . > ( (uy, q5)
( M

_(el’r’l)’ (0.3,0.2,...,0.5),(0.8,0.1, ...,0.4), (0.5,0.6, ...,0.2) )\ (0.8,0.5, ...,0.3), (0.5,0.7, ... ,0.2), (0.3,0.1, ... 0.2)

(uy, q1) (uy, q2) )1

1 )
_(ez’p’ ), (0.7,03,...,0.6),(0.3,0.2, ...,0.6), (0.8,0.2, ... ,0.1) '\ (0.5,0.4, ...,0.6), (0.6,0.5, ... 0.4), (0.5,0.2, ...,0.3) /|

_(e 1) (uy,q1) (uy,q3)
] »iah (0.8,0.3, ...,0.4),(0.3,0.1, ...,0.5), (0.2,0.3, ...,0.4) ) '\ (0.7,0.3, ...,0.5), (0.3,0.2, ...,0.1), (0.4,0.3, ...,0.1) ]

Definition 3.8. A disagree-ONSEMSSs (FQ, G)O over U is a OQNSEMS subset of (FQ, G) is
defined as
(Fo, G), = {Fo(4): A€ E x X x {0}}. (7)

Example 3.9 Using our previous Example 3.2, the disagree-QNSEMS (FQ, Z )0 over U is

(FQ’Z)O
[ ([ull' qZ)
(0.6,0.5, ...,0.4), (0.5,0.1, ...,0.2), (0.6,0.1, ...,0.3) /|

(eliryo);
(uy, q1) (uy,q2)
(0.8,0.1, ...,0.5),(0.2,0.1, ...,0.4), (0.6,0.3, ... ,0.1) '\ (0.7,0.3, ...,0.4), (0.6,0.7, ...,0.4), (0.2,0.1, ...,0.3) ) |

(uy,q1) (wy,q,)
(0.7,0.2, ...,0.3), (0.4,0.1, ...,0.6), (0.3,0.2, ...,0.1) / '\ (0.5,0.6, ...,0.2), (0.3,0.4, ...,0.2), (0.4,0.1, ...,0.2) ]

(11111, ql)
= (ell p; O)l )
_ (0.5,0.1,...,0.2), (0.6,0.3, ...,0.4), (0.7,0.2, ...,0.6)

(62; p; 0);

(g, q1) (uy, q2)
(0.4,0.2, ...,0.1), (0.6,0.1, ...,0.3), (0.7,0.2, ...,0.4) / '\ (0.4,0.3, ...,0.2), (0.1,0.2, ...,0.3), (0.5,0.4, ...,0.2) _'

(62' T, 0)' (
4. Basic operations on NSEMSs

Definition 4.1. The complement of a QNSEMS (FQ, G) 1S
C
(Fo.G)" = (F“,=6)
such that F*9: G — QNSEMS(U) a mapping
Fo@(8) = {Diy iy = Yirgy I ryay© = 1= I ey Vipgy© = Dirqy | (8)
for each A€ E.

Example 4.2. Using our previous Example 3.2 the complement of the QNSEMS F,
denoted by F, © s given as follows:
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(Fo.2)°
_ {-(ﬂel p 1)'< (uy, q1) ) ( (uy, q2)
] (0.2,0.7, ...,0.4),(0.2,0.3, ...,0.5), (0.3,0.9, ...,0.6) (0.7,0.8, ...,0.7),(0.3,0.4, ...,0.4),(0.4,0.7, ...,0.2)
-(—|€1.T 1)’< (uy, q1) ) < (uy, q2)
(0.5,0.8, ...,0.3),(0.4,0.9, ...,0.8), (0.2,0.4, ...,0.5) (0.3,0.5, ...,0.8),(0.2,0.3, ...,0.5), (0.2,0.9, ...,0.3)
(meyp, 1), ( (uy, q1) > < (uy, q2)
(0.6,0.7, ...,0.7),(0.6,0.8, ...,0.3),(0.1,0.8, ...,0.8) (0.6,0.6, ...,0.5), (0.4,0.5, ...,0.6), (0.3,0.8, ...,0.5)
(mey T 1)’( (uy,q4) ) < (uy, q2)
(0.4,0.7, ...,0.8), (0.5,0.9, ...,0.3), (0.4,0.7, ...,0.2) (0.5,0.7, ...,0.7),(0.1,0.8, ...,0.3),(0.1,0.7, ...,0.4)
(mey,p,0), ( (uy, q1) ) < (uy, q2)
(0.2,0.9, ...,0.5), (0.4,0.7, ...,0.6), (0.6,0.8, ...,0.7) (0.4,0.5, ...,0.6), (0.2,0.9, ...,0.5), (0.3,0.9, ...,0.6)
(mepr 0)’< (uy,q1) > ( (uy, q2)
(0.1,0.8, ...,0.4),(0.3,0.9, ...,0.6), (0.4,0.8, ...,0.7) (0.2,0.7, ...,0.4), (0.3,0.8, ...,0.2), (0.2,0.6, ...,0.5)
(me,p,0), ( (uy,q4) ) < (uy, q2)
(0.5,0.9, ...,0.8), (0.4,0.9, ...,0.2), (0.1,0.7, ...,0.6) (0.4,0.7,...,0.7),(0.4,0.3, ...,0.6), (0.3,0.9, ...,0.2)
(mep, 7, 0), < (uy,q1) >'< (uy, q2)
(0.3,0.8, ...,0.7),(0.6,0.9, ...,0.4),(0.1,0.8, ...,0.3) (0.2,0.4, ...,0.5), (0.2,0.6, ...,0.3), (0.2,0.9, ...,0.4)

Proposition 4.3. If (FQ, G) 1s a QNSEMS over U, then the properties below holds true.

1. ((FQ,G)C): = (Fo, )
2.((Fo.6),) = (Fq.6),
3.((Fo.6),) = (Fo.6),

Proof. The proofs of the propositions are straightforward by using Definition 4.1,
Definition 3.6 and Definition 3.8.

Definition 4.4. The union of two QONSEMSSs (FQ,G) and (KQ,B) over U, denoted by
(Fy,G) W (Ky, B) is the ONSEMSs (H,, C) suchthatC =GUBand Ve € C,

(max (DiFQ(e)(m),DiKQ(e)(m)) if e€eGNB
(Ho C) =4 min (I'eg(e)(m), I'xgey(m))  if e€GNB )
min (YiFQ(e)(m),YiKQ(e)(m)) if eeGNB.
Example 4.5. Suppose that (FQ, G ) and (KQ, B) are two OQNSEMSs over U, such that

(Fo,G) =

(uy,q1) (uy,q2)

- {[(61' p,0), ((0.7,0.3, ..,0.5),(0.6,0.2, ...,0.4), (0.4,0.5, ... ,0.1)) ’ ((0.4,0.3, ..,0.5),(0.6,0.1, ...,0.5), (0.4,0.3, ...,0.1)> ’

(uy,q1) (uy, q2)

) )O ) ) )
[(e1 r,0) <(0_5,o.1, ..,0.7),(0.3,0.1, ...,0.2), (0.4,0.3, ...,0.2)) ((0.3,0.1,...,0.2),(0.2,0.3,...,0.6),(0.5,0.4,...,0.2))]
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(e0p,0) (uy,q1) (uy, q2)
2P (0.8,0.4, ...,0.6),(0.1,0.4, ...,0.2), (0.5,0.2, ...,0.6) / '\ (0.7,0.3, ...,0.4), (0.3,0.4, ...,0.1), (0.2,0.3, ...,0.4)
(e,,7,0) (uy,q1) (uy,q3)
] 2o En (0.6,0.3, ...,0.4), (0.5,0.6, ...,0.7), (0.1,0.3, ...,0.4) ) '\ (0.5,0.6, ...,0.2), (0.2,0.4, ...,0.5), (0.3,0.1, ...,0.5)
(KQ'_B) =
=1|(e,p, 0) (1, 4) (uy, q3)
i v R (0.5,0.7, ...,0.3), (0.4,0.3, ...,0.7), (0.2,0.4, ...,0.6) / '\ (0.6,0.5, ...,0.4), (0.5,0.1, ...,0.2), (0.6,0.1, ...,0.3)
-(e 0) (uy,q4) (uy,q3)
] 2P %) (0.8,0.1, ...,0.5),(0.2,0.1, ...,0.4), (0.6,0.3, ...,0.4) / '\ (0.6,0.3, ...,0.4), (0.6,0.3, ...,0.4), (0.2,0.4, ...,0.3)
-(e r,0) (uy,q1) (wy, qz)
] 200 (0.6,0.2, ...,0.3), (0.4,0.1, ...,0.6), (0.3,0.2, ...,0.1) / "\ (0.5,0.6, ...,0.3), (0.3,0.4, ...,0.7), (0.4,0.2, ...,0.5)
Then (F,, G) U (K, B) = (Hy, C) where
(HQ'_C) .
=1 ce 0) (g, q1) (wy, q2)
] vP 0 (0.7,0.7,...,0.5),(0.4,0.2, ...,0.4), (0.2,0.4, ...,0.1) /' \ (0.6,0.5, ...,0.5), (0.5,0.1, ...,0.2), (0.6,0.1, ...,0.3) / |
-(e 0) (uy,q1) (wy,q,)
| 2P0 (0.8,0.4, ...,0.6), (0.1,0.1, ...,0.2), (0.5,0.2, ...,0.4) / '\ (0.7,0.3, ...,0.4), (0.3,0.3, ...,0.1), (0.2,0.3, ...,0.3) _'
-(e r,0) (uy,q4) (uy,q3) ]
] 2o En (0.6,0.2, ...,0.3), (0.4,0.1, ...,0.6), (0.1,0.2, ...,0.1) / "\ (0.5,0.6, ...,0.3), (0.2,0.4, ...,0.5), (0.3,0.1, ...,0.5) ] '

Proposition 4.6. If (Fy,G),(K,,B) and (H,, C) are three ONSEMSs over U, then

i. ((Fo G) U (Ko, B) ) U (Ho, C) = (Fo, 6) U ((Kq, B) U (Ho,C))
ii (Fy,G) Y (Fy, G) < (Fy, G).

Proof. (i) and (ii) can be easily proved.

Definition 4.7. Suppose (FQ, G) and (KQ,B) are two QNSEMSs over the common
universe U. The intersection of (FQ, G) and (KQ,B) 18 (FQ, G) N (KQ,B) = (PQ, C) such
that C=GNBandVe € C,

( min

(PQ'C):!

(D"FQ(e)(m),DiKQ(e)(m)) if e€GNB

max (IiFQ(e)(m),IiKQ(e)(m)) if e€eGNB (10)

max (YiFQ(e)(m),YiKQ(e)(m)) if e€GnB.
Example 4.8. Suppose that (FQ, G) and (KQ, B) are two ONSEMSs over U, such that

(Fo,G) =
(uy,q1) (uy,q2)

- {[(61' p,0), ((0.7,0.3, ..,0.5),(0.6,0.2, ...,0.4), (0.4,0.5, ... ,0.1)) ’ ((0.4,0.3, ..,0.5),(0.6,0.1, ...,0.5), (0.4,0.3, .
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(e r,0), (uy,q1) (wy,q,)
z (0.6,0.3, ...,0.4), (0.5,0.6, ...,0.7), (0.1,0.3, ...,0.4) / '\ (0.5,0.6, ...,0.2), (0.2,0.4, ...,0.5), (0.3,0.1, ...,0.5)
(KQ'
= (e 0), (uy, 1) (uy, q,)
vp (0.5,0.7,...,0.3),(0.4,0.3, ...,0.7), (0.2,0.4, ...,0.6) / '\ (0.6,0.5, ...,0.4), (0.5,0.1, ...,0.2), (0.6,0.1, ...,0.3)
(e 0), (g, q1) (wy, qz)
2P (0.8,0.1, ...,0.5),(0.2,0.1, ...,0.4), (0.6,0.3, ...,0.4) / '\ (0.6,0.3, ...,0.4), (0.6,0.3, ...,0.4), (0.2,0.4, ...,0.3)
(e r,0) (uy,q4) (uy,q3)
] 2o En (0.6,0.2, ...,0.3), (0.4,0.1, ...,0.6), (0.3,0.2, ...,0.1) / '\ (0.5,0.6, ...,0.3), (0.3,0.4, ...,0.7), (0.4,0.2, ...,0.5)
Then (Fy,G) N (K, B) = (Py,C) where
(P, C)
( (e 0) (uy,q1) (uy,q3)
vP R (0.5,0.7, ...,0.5), (0.4,0.3, ...,0.7), (0.2,0.5, ...,0.6) ) '\ (0.4,0.5, ...,0.5), (0.5,0.1, ...,0.5), (0.4,0.3, ...,0.
B (e,7,0) (uy,q4) (uy,q3)
k 2o En (0.6,0.3, ...,0.4), (0.4,0.6, ...,0.7), (0.1,0.3, ...,0.4) / '\ (0.5,0.6, ...,0.3), (0.2,0.4, ...,0.7), (0.3,0.2, ...,0.5)

Proposition 4.9. If (FQ, G ), (KQ, B) and (HQ, Cc ) are three ONSEMSs over U, then

i. ((Fo.G) M (Kq.B) ) M (Ho, C) = (Fg, 6) 1 (Ko, B) N (Ho, C)).

ii (Fy,G) N (Fy, G) < (Fy, G).
Proof. The proofs are straightforward.

Proposition 4.10. If (FQ, G ), (KQ, B) and (HQ, C ) are three ONSEMSs over U, then

i.((Fo, G) VU (Kq, B)) M (Ho, €) = ((Fo, 6) N (Ho, €)) L ((Kq, B) N (Ho, €))-
ii.((Fg, G) N (Ko, B)) W (Ho, €) = ((Fg, G) W (Hg, €)) 1 ((Kqy B) O (Ho, €)).

Proof. The proofs can be easily obtained from Definition 4.4 and Definition 4.7.

5. AND and OR operations

Definition 5.1. If (F,G) and (Ky B) are two ONSEMSs over U , then
(Fy,G)AND(K,, B)" is

(Fg,G) A (Ky,B) = (Hy, G X B) (11)

such that Hy (a, ) = Fo(a) N Ky(B) and of (HQ, G X B) are as follows:
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Ifmin (DiFQ(e)(m),DiKQ(e)(m)) if e€EGNB
Hy(a,B)(m) = 4 min (IiFQ(e)(m),IiKQ(e)(m)) if eEGNB
Lmax (YiFQ(e)(m),YiKQ(e)(m)) if e€eGNB.

where Va € G,V € B.
Example 5.2. Suppose that (FQ, G) and (KQ, B) are two ONSEMSs over U, such that

(Fo,G) =
=l¢e 0) (g, q1) (wy, q2)
v Y (0.2,0.3,...,0.6),(0.2,0.1, ...,0.8), (0.3,0.2, ...,0.6) / "\ (0.4,0.3, ...,0.5), (0.6,0.1, ...,0.5), (0.4,0.3, ...,0.1) /|’
(e,,7,0) (uy,q4) (uy, q2)
25 571(0.5,0.3, ...,0.4), (0.6,0.5, ...,0.4), (0.2,0.4, ...,0.3) ) '\ (0.5,0.6, ...,0.2), (0.2,0.4, ...,0.5),(0.3,0.1, ...,0.5) /||

(Ko, B)

|

Then (Fy, G) A (Kg, B) = (Hy, G x B) where

(uy,q4) (wy, q2)
(0.3,0.2,...,0.1),(0.5,0.2, ...,0.3), (0.8,0.3, ...,0.4) / '\ (0.3,0.2, ...,0.1), (0.5,0.2, ...,0.3), (0.8,0.3, ...,0.4)

(elr b, 1): <

(Hp,GxB) =

(wy, q1) (uy,q2)
=1|(e1,p,0),(e1,p, 1) , ,
(0.2,0.2, ...,0.6),(0.2,0.1, ...,0.8), (0.3,0.2, ...,0.6) / '\ (0.3,0.2, ...,0.5), (0.5,0.1, ...,0.5), (0.4,0.3, ...,0.4)

(e,7,0), (e 1) (g, q1) (uy, q2)

20w P D030, ..,0.4), (05,02, ...,0.8), (0.2,0.3, ...,0.4) ) '\ (03,0.2, ...,0.2), (0.2,0.2, .. ,0.5), (0.3,0.1, ..,0.5) ) | |
Definition 5.3. If (FQ,G) and (KQ,B) are two QONSEMSs over U , then
(Fy,G)OR (Ky, B)"is

(Fo. G) v (Ko, B) = (Ho, G X B) (12)
such that Hy(a, ) = Fy(a) N Ky (B) and of (HQ, G X B) are as follows:
(max (DiFQ(e)(m),DiKQ(e)(m)) if eEGNB

Ho(a, p)(m) = ! max (IiFQ(e)(m),IiKQ(e)(m)) if eEGNB (13)
min (YiFQ(e)(m),YiKQ(e)(m)) if e€GnB.

where Va € G,V € B.

Example 5.4. Suppose that (FQ, G ) and (KQ, B) are two OQNSEMSs over U, such that
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(Fo,G) =

=l 0) (uy,q4) (wy, q,)
v R (0.2,0.3, ...,0.6), (0.2,0.1, ...,0.8), (0.3,0.2, ...,0.6) / '\ (0.4,0.3, ...,0.5), (0.6,0.1, ...,0.5), (0.4,0.3

—om))

(e, 7, 0) (uy,q1) (wy, qz)
2o Eh (0.5,0.3,...,0.4), (0.6,0.5, ...,0.4), (0.2,0.4, ...,0.3) / '\ (0.5,0.6, ...,0.2), (0.2,0.4, ...,0.5), (0.3,0.1

(Ko, B)

, ...,0.5)>]}'

|

Then (F,, G) Vv (K, B) = (Hg, G X B) where

(Hp,GxB) =

(e 1 (uy,q4) (wy, q2)
vP L) (0.3,0.2,...,0.1),(0.5,0.2, ...,0.3), (0.8,0.3, ...,0.4) / "\ (0.3,0.2, ...,0.1), (0.5,0.2, ...,0.3), (0.8,0.3

)

_ (uy,q;) (uy, q2)
- {[(e“p’ 0. (e1. . 1) ((0.3,0.3, -.0.1),(0.50.2, ..,03),(0.8,03, .. ,0.4)> ’ <

(0.4,0.3,...,0.1),(0.6,0.2, ...,0.3),(0.8,0.3, ... ,0.1)>]'

(e, 0), (e 1) (wy, q,) (uy, q2)
21, U), en P, (0.5,0.3,...,0.1),(0.6,0.5, ...,0.3), (0.8,0.4, ...,0.3) /' \ (0.5,0.6, ...,0.1), (0.5,0.4, ...,0.3),(0.8,0.3, ...,0.4) /| |

Proposition 5.5. If (F,, G) and (K, B) are two ONSEMSs over U, then

i((Fo.G) A (Kq,B) ) = (Fou6)° v (Ko, B)*
ii((Fo,G) V (Kq B)) = (Fo,G)° A (Ko, B)'

Proof The proofs are straightforward from Definition 5.1 and Definition 5.3.
6. An Application of QNSEMSs

In this section, we will now present an application in architecture of ONSEMS theory to
illustrate that this concept can be successfully applied to decision-making problems with
uncertain information. The following algorithm is suggested to solve a ONSEMS based
decision making problem below.

In the preventing water permeability process, the cold and hot cycles are prevented from
damaging the structure. When choosing membrane types for insulation, it is important to
determine the sealing thickness on the surface to be used. Therefore, this method gives the
best type of membrane. Let us assume that the membrane application outputs used in for
insulation structures are taken by a few experts at certain time intervals. So, let us take the
samples at three different timings in a day (in 09:30, 14:30 and 19:30). Ezgi construction
will make the membrane purchase. Two types of membrane (alternatives) U = {u,, u,}
with two types of qualifications Q= {q;, q,} and there are two parameters E = {e;, e,}
where the parameters e; (i = 1,2) stand for “hot” and “cold” respectively. Let X = {p, q}
be a set of experts. After a good application process, the experts construct the Q-NSEMS
below.
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(Fo.2) =

(eup 1), (uy, 1) (uy, 43) (uy,q1) (uy, q2)

vP (0.3,0.1,0.4), (0.2,0.1,0.5), (0.5,0.2,0.6) ) " \ (0.4,0.2,0.3), (0.7,0.1,0.6), (0.3,0.2,0.6) /" \ (0.5,0.3,0.4), (0.2,0.1,0.8), (0.8,0.2,0.1) ) "\ (0.9,0.3,0.4), (0.2,0.1,0.8), (0.4,0.2,0.1) /|
(enq, 1), (uy, 1) (uy, q2) (uz, q1) (uz, q5)

R (0.4,0.2,0.5), (0.3,0.1,0.2), (0.6,0.3,0.4) /" \ (0.5,0.3,0.2), (0.8,0.2,0.4), (0.5,0.3,0.2) / "\ (0.6,0.3,0.8), (0.3,0.2,0.1), (0.5,0.4,0.3) / "\ (0.6,0.3,0.8), (0.3,0.2,0.1), (0.5,0.4,0.3) / |
(e 1, (uy, 1) (uy,45) (uy,q1) (uy,q2)

»P (0.6,0.4,0.2), (0.3,0.1,0.4), (0.8,0.2,0.5) /' \ (0.8,0.3,0.4), (0.2,0.1,0.5), (0.4,0.3,0.1) /" \ (0.8,0.3,0.2), (0.3,0.1,0.4), (0.2,0.1,0.4) ) '\ (0.4,0.3,0.7), (0.3,0.1,0.4), (0.5,0.3,0.2) / |
(e 1, (uy, 1) (uy, 45) (u,,q1) (uy,q;)

2 (0.5,0.2,0.4), (0.3,0.2,0.5), (0.6,0.1,0.3) /' \ (0.6,0.4,0.7), (0.5,0.3,0.2), (0.6,0.2,0.4) /" \ (0.6,0.5,0.4), (0.1,0.3,0.2), (0.6,0.2,0.3) ) ' \ (0.8,0.2,0.3), (0.2,0.1,0.4), (0.3,0.4,0.5) /|
(e 0), (uy,91) (uy,qz) (uz, q1) (uy, q2)

vP (0.5,0.1,0.7), (0.4,0.2,0.3), (0.5,0.4,0.1) /" \ (0.8,0.2,0.3), (0.2,0.1,0.4), (0.3,0.4,0.5) / "\ (0.5,0.2,0.6), (0.3,0.4,0.1), (0.2,0.3,0.1) / "\ (0.5,0.2,0.3), (0.4,0.1,0.2), (0.2,0.1,0.4) / |
(e 0), (uy, 1) (uy, q2) (uz, 1) (u, q2)

1.4 (0.7,0.1,0.4), (0.3,0.2,0.1), (0.4,0.2,0.5) /" \ (0.6,0.5,0.4), (0.4,0.2,0.1), (0.8,0.2,0.6) / "\ (0.9,0.4,0.5), (0.2,0.1,0.3), (0.6,0.2,0.3) / "\ (0.6,0.5,0.4), (0.1,0.3,0.2), (0.6,0.2,0.3) / |
(e, 0), (uy, 1) (uy, 45) [CP) (uy,q2)

oP (0.6,0.5,0.7), (0.3,0.5,0.4), (0.6,0.3,0.4) ) ' \ (0.5,0.2,0.3), (0.2,0.1,0.3), (0.4,0.3,0.5) / "\ (0.6,0.3,0.4), (0.1,0.2,0.4), (0.5,0.3,0.2) ) ' \ (0.3,0.1,0.4), (0.2,0.1,0.5), (0.5,0.2,0.6) / |
(€,9,0), (uy, 1) (uy,45) (uy,q1) (uy,q2)

>4 (0.3,0.1,0.2), (0.4,0.1,0.3), (0.5,0.2,0.6) ) '\ (0.7,0.2,0.4), (0.4,0.3,0.6), (0.5,0.1,0.6) /" \ (0.7,0.3,0.5), (0.2,0.4,0.3), (0.5,0.2,0.3) / "\ (0.5,0.3,0.2), (0.8,0.2,0.4), (0.5,0.3,0.2)

Tables 1 presents the agree-QNSEMS while Table 2 presents the disagree-Q-NSEMS by
using the mean of each QNSEMS.

The following algorithm may be used to choose the most qualified membrane to
preventing water permeability.

Input the ONSEMS (Fy, Z).
1. Compute the
agree-ONSES (u, q) = |max{D'} — min{I} — min{y‘} |
and
disagree-ONSES (u, q) = |min{D'} — max{I'} — max{vi}|
2. Find the agree-ONSEMS and disagree-ONSEMS.
3. Calculate ¢; = Y;(u, q);; for agree-ONSEMS.
4. Calculate k; = ¥.;(w, q);; for disagree-ONSEMS.
5. Determine s; = |cj — kj|.

6. Determine r, for which s, = maxs;. If there is has more than a one value of , then

the membrane can have alternative choices.
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Table 1: Agree- ONSEMS.

Volume |

(uy, 91) (uy, 95) (uy, q4) (uy, g5)
(e1,p, D 0.1 0.3 0.6 0.7
(e5,p, 1) 0.5 0.6 0.5 0.2
(e1,q, 1) 0.3 0.3 0.3 0.3
(e2,9,1) 0.2 0.1 0.2 0.4
= Z(ﬂﬂ' Dij | ;=111 ¢, =13 | c3=16 | ¢, =16
i
Table 2: Disagree- QNSEMS.
(u]lll Ch) (11]11, QZ) (11]12, ‘h) ([Lﬂz, QZ)
(e1,p,0) 0.7 0.7 0.9 0.4
(e2,p,0) 0.9 0.6 0.6 0.8
(e1,9,0) 0.6 0.7 0.6 0.6
(e2,9,0) 0.5 0.5 0.6 0.1
kj = Z(u, Dij | ky=27 | ky=25 | ky=27 | k, =19
i

Table 3: Sj = |cj — kj|
j V XQ C]' k] Sj

1| (u,q) |11]27] 16

2 [ (uy,q) | 13]25] 1.2

3| (u,q)|16]27] 11

4 (uyq) | 1619 03

From Tables 1 and 2 we are able to calculate the values of Sj =¢j — kj as in Table 3.

As can be seen, the maximum score is the score 1.6, shown in the above for the w;. Hence
the best decision for the experts is to select membrane wu, followed by.

7.Comparison Analysis

A QO-neutrosophic soft expert model gives more precision, flexibility and compatibility
compared to the classical, fuzzy and/or intuitionistic fuzzy models.
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Table4: Comparison of fuzzy soft set to other variants

. ) ) 0-
Fuzzy soft O-Fuzzy Multi O Q . Q . | Neutrosophic
fuzzy soft | Neutrosophic | Neutrosophic
expert soft soft expert
expert soft set Soft Expert .
multiset
Methods [:rlll:ihgzﬁl:}? Adam and Adam and Sahin et al. Hassan Proposed
(22] Hassan [33] | Hassan [28] [29] et.al[27] Method
Universe of | Universe of | Universe of | Universe of | Universe of | Universe of
Domain discourse discourse discourse discourse discourse discourse
Co-domain [0,1] [0,1] [0,1] [0,17° [0,17° [0,173
True Yes Yes Yes Yes Yes Yes
Falsity No No No Yes Yes Yes
Indeterminacy No No No Yes Yes Yes
Expert Yes No Yes No Yes Yes
(0] No Yes Yes No Yes Yes
Membershi ingl ingl ingl ingle-
cHbersip Single Single | lti-valued Single Single Multi-valued
valued valued valued valued valued

The feasibility and effectiveness of the proposed decision-making approach are verified by
a comparison analysis using neutrosophic soft expert multiset decision method, with those
methods used by Sahin et al. [29], Adam and Hassan [28,33] and Alkhazaleh and Salleh
[22], as given in Table 4, based on the same example as in Section 4. The ranking order
results obtained are consistent with those in [16,22,28,29,33].

8. Conclusion

We have introduced the concept of a QO -neutrosophic soft expert set along with its
operations of equality, union, intersection, subset, OR, and AND. It is shown that this
proposed concept is more inclusive by taking into account the membership of falsity and
indeterminacy, expert, neutrosophy and Q -fuzzy. Thus the proposed approach is shown to
be useful in handling realistic uncertain problems. Finally an application of the constructed
algorithm to solve a decision-making problem is provided. This new extension will provide
a significant addition to existing theories for handling indeterminacy, and spurs more
developments of further research and pertinent applications.
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Chapter Nine

An outperforming approach for multi-criteria decision-making
problems with interval-valued Bipolar neutrosophic sets
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E-mail:mesahin@gantep.edu.tr, vulucay27@gmail.com, cingibekir.mat@gmail.com,
oecemis@gantep.edu.tr

ABSTRACT

In this chapter, a different outperforming access for MCDM problems is recommended to
approach positions pointing with in each cluster of numbers in the absolute system interval
and unequitable a definitive number among a bipolar neutrosophic set. Mostly, the
procedures of inter-valued bipolar neutrosophic sets and their associated characters are
imported. Formerly certain outperforming similarities for inter-valued bipolar neutrosophic
numbers (IVBNNs) are described depend on ELECTRE, and the characters of the
outperforming similarities are farther considered definitely. Furthermore, depend on the
outperforming similarities of [IVBNSs, a ranking approach is advanced that one may clarify
MCDM problems.

Key Words: Neutrosophic sets, bipolar neutrosophic sets, Interval-valued bipolar
neutrosophic sets, Multicriteria decision-making, Outranking method.

1 Introduction

So as to overcome different kinds of confusions, the seminal theory of fuzzy sets [1] has
been proposed in 1965 by Zadeh; meanwhile, it has been tested strongly in different areas
[2]. Nonetheless, in a few cases it’s ambitious to define the rate of membership of a FS
along a certain value. Because of this reason, Turksen introdued the IVFSs [3]. Afterwards,
Atanassov [4, 5] investigated the notion of intuitionistic fuzzy sets (IFSs) to run-over the
illiteracy of nonmembership degrees. Until now, IFS outmoded worldwide tested to figure
out MCDM problems [6—8] in areas like medical images [9], pattern recognition [10], edge
detection and game theory [11-12] and image fusion [13]. IFSs were afterwards
approached to IVIFSs [14], along with to IVIFSs with triangular IFNs [15]. So to carry out
these problems where one is doubtful in showing their choice respecting phenomenon in a
DMP, hesitant fuzzy sets were developed [16-17] between 2009-2010. Moreover, defined
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more expansions have been suggested [18-20], and mechanisms along IFNs from a few
unsual groups’ decision-making surveys have been advanced [21-22]. In spite of the fact
that the concept of FSs has hold advanced and concluded, it couldn’t cope along all kinds
of confusions, like imprecise and incompatible information, in accurate DMPs. For
instance [23], during an authority provide the idea around a particular description, the one
may estimate a certain probability that the description is accurate is 0.5, the rate of
inaccurate description is 0.6, and the probability that the one isn’t sure is 0.2. The concept
of neutrosophic logic and neutrosophic sets [24-25] has been developed in 1995 by
Smarandache. Since then, it is applied to various areas, such as decision making
problems[38-43]. The NS is a set wither all member of the universe has a rate of accuracy,
uncertainity and falsity and that deceit in ]0-, 1[, the abnormal system interval [26].
Obviously, this’s the extension to the normal interval [0, 1] as in the IFS. Additionally, the
confusion present here, such that, indefinity cause, is separate of accuracy and falsity
values, when the integrated confusion is reliant of the rates of belongingness and non-
belongingness in IFSs [27]. Furthermore, regarding the mentioned example around expert
description, it can be shown as x(0: 5; 0:2; 0:6) by NSs.

2. Preliminary

In the subsection, we present defined notions containing neutrosophic sets, bipolar
neutrosophic

sets and interval valued bipolar neutrosophic sets.

2.1 Neutrosophic Sets [28]
Let E be a universe. A neutrosophic sets A over E is defined by

A= {(x,TA(x),IA(x),FA(x)>:x EE}

where T y (x),[ y (X) ve F y (X) are called truth-membership function, indeterminacy-

membership
function and falsity-membership function, respectively. They are respectively defined by

T(x):E— |01 1,(x):E— 01", F,(x):E— ]07,1]
such that
0" <T,(x)+1,(x)+F,(x)<3".

2.2. Single Valued Neutrosophic Set [29]
Let E be a universe. A(SVN-set) overE is a neutrosophic set over E, but the truth-

membership function, indeterminacy-membership function and falsity-membership
function are respectively defined by
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T,(x):E—[0,1],1,(x):E>[0,1], F,(x): E—[0,1]
such that0< T (x)+1,(x)+F,(x)<3 .

2.3. Bipolar Neutrosophic Set [30]

A BNS A in X is defined as an object of the form

A= {<x T (), 1" (%), F* (), T (), I (x), F(x).) 1 x e X}

where

T*(x),1"(x), F(x): X > [0,1],T(x), I (x), F (x): X >[-1,0]

The positive membership degree T* (x),1 v (x),F ’ (x) denotes the truth membership,
indeterminate membership and false membership of an element x € X corresponding to a

bipolarneutrosophic set A and the negative membership degree I (x),1 (x),F" (x) denotes
the truthmembership, indeterminate membership and false membership of an element
x € X to someimplicit counter-property corresponding to a bipolar neutrosophic set A.

2.4. Interval Valued Bipolar Neutrosophic Set [31]

An IVBNS A in X is defined as an object of the form
A=([T; .1 0) L[ 4G, 1) L[ Fy o i () L[ 1 00, T () ][ 1,00, Lo () ][ By (0, Fe () )
where T}, T, I} 15, F/ ,Fy : X >[0,1]and T, , T, ,I;, 1. F; ,Fy : X —>[-10].

2.5. The Operations for IVBNNs [31]

Let a, =([ 77, 755 |- [ 2o I [ Fiis Bk | [ B T o[ 2o T [ Fri» i ) 2

A =([ 10 T L[ L 1 L B Faie ] [T Toe ] [£os Do [ B i ]) B two interval
valued bipolar neutrosophic number. Then the operations for IVBNNs are defined as
below;

o e (e Ty ) Ty ()
ALY ) =y Fa-memma-(-c))
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1.
[(T;)ﬂ ,(T,;)*],[l_(l_zg)* ,1_(1_1,;)4},[1_(1_1:;)‘ ,1_(1_F,;)l},
Al =
—a=(=ET) == (=T [ (1) =) [ -(F ) (R )
1il.
[T+ T =T T T+ T =T T o[ 1 L Lo |
A+ 4, ={ [ FyFy FF | -1 T =T T |
[~(-I, =Ly, = I, .1,)).~(~L g = Ly = I L) | ~(-F = Fy, = Fy ). ~(=Frp = Frp = i Fp) |
1v.
[712'712297};'7;;}9[112 +I;L —[Q-ULJTR +I;R _II+R']2+R}’
A+ Ay ={ [ Fi + F = Fy By Fy+ By = Fp By || =<1 =Ty, =T ) ~(-T = T = T 1) |
|1 Loy ALy L Fry By o P Foy |
where 4 >0 .

3 Outranking relations of IVBNNs

A pseudo-criterion is a criterion including preference and indifference thresholds. The
definition of the pseudo-criterion[32-33] was provided by Roy. The pseudo-criterion is a

function g [ such that it is linked to two criterion functions, ¢ [ () and p; () . In other words,
a function g; and threshold functions together constitute the pseudo-criterion. It should
satisfy conditions as follow: V(b,p')eBxB , & j(b) 2g j(b'),g j(b)+ pj(g j(b')) and
g (b)+q ; (g ; (b')) are  unreducing monotone functions of g, (b’) , and
D; (g ; (b')) 2q i (g ; (b')) for all b e B, where( i (g i (b')) and p, (g . (")) are the greatest and

smallest performance difference, for which the situation of indifference holds on to
criterion g; between two actions b and b'. According to the definition, for the pseudo-

criterion between two IVBNs we can give Definition 3.1 as follows.
3.1. Relation Between Two IVBNs
Given two IVBNs a and b, where

a= <|:/J;rL s Mo :I > I:V;L Var :I > [a);u Oy :I > I:/J;L > Hap :I > I:V;L Var ] > [a);L > Dy :|> and
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b={[ sty 5 (Vi Vie [ @i @ o[ 1t [ Vi Vi o[ @ >0 ]) - Let

(@) ={ (12, + )+ (1t + 1) |~ | (Vi + i)+ (Vi +vie) || (@ + @0 )+ (@0, + @) |
g®) = (a4, + 1850 )+ (0 + ) |~ (Vi + Vi )+ (vir i) | =] (@3 + i )+ (@, + 03 |,
e (1) = (1 + a3 )+ (1t + 1) | =] (18 + a0 )+ (1 + 1) | »

g() =| (Vi +vie )+ (Vi +vie ) |=| (v +vie )+ (v +v ) | and

g(F,) = (@, + o)+ (@5, + @) |- [ (@) + @ )+ (@, + @y ) | - Assume that

gla,b)=g(a)-g(b)=g(T,)+g(l,)+g(F,).

Let’s assume that p and q are respectively are the option criterion and the indifference
criterion. Relations exist between the two [VBNs are defined as follows:

(1) In case that p<g(a,b), suddenly a is fully approved to b, symbolized as P(a,b) ora > s".
(2) In case that g < g(a,b) < p, suddenly a is defectively approved to b, symbolized as Q

(a,b) ora > w".
(3) In case that —¢g < g(a,b) < g, suddenly a is indifferent to b, symbolized as I(a,b) or

b
a>1 .
Obviously, the common three circumstances with regard to similarities among two IVNNs
a and b are a active, weak and indifference influence similarity. Here, a actively influences
b in case that it’s fully preferred to b. Unless, a defectively influences b.

Numerical Example. Let’s assume that p and q are respectively the preference criterion
and the indifference criterion, and let p=0.4, q =0.2.

(1) If a=([0.5,0.8],[0.3,0.4],[0.1,0.2],[-0.2,-0.1],[-0.5,-0.2],[-0.8,-0.7]) and
b=([0.5,0.6],[0.4,0.5],[0.2,0.4],[-0.4,-0.2],[-0.9,-0.5],[-0.7,-0.6])

are two IVBNSs, then g(a,b)=0.5>p. Accordingly, a and b fascinate first condition, namely,
a 1s defectively chosen to b.

() If a=([0.3,0.8],[0.3,0.9],[0.1,0.3],[-0.7,-0.6],[-0.6,-0.2],[-0.4,-0.1]) and

b=([0.4,0.7],[0.6,0.8],[0.3,0.4],[-0.9,-0.5],[-0.4,-0.3],[-0.8,-0.1])
are two I[IVBNs, then g < g(a,b) = 0.3 < p .Accordingly, a and b fascinate second condition,

namely, a is defectively chosen, to b.
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(3) If a=([0.3,0.9],[0.1,0.8],[0.2,0.5],[-0.8,0.7],[-0.5,-0.1],[-0.4,-0.3]) and

b=([0.3,0.8],[0.3,0.9],[0.1,0.3],[-0.7,-0.6],[-0.6,-0.2],[-0.4,-0.1])

are two IVBNSs, then —q<g(a,b)=-0.1<q. Accordingly, a and b satisfy I(a, b), namely,a is
indifferent to b.

Property 1 Assume that a, b and ¢ are IVBNS, if a >s"and b > s, then a > s°:

Proof In accordance with Definition 3.1, if a > s”then g(a,b)>p, that is, g(a)-g(b)>p.
Similarly, if b > s“then g(b)-g(c)>p.Therefore, g(a)-g(b)+g(b)-g(c)>2p. Thus, g(a)-
g(c)>p.Based on Definition 3.1, a > s“1is obtained and, thus, we have easily proven that the
property 1 is true.

Property 2 Assume that a, b and ¢ are IVBNSs, formerly the conclusions can be obtained as
follows.

(1) The active influence similarities are classified into:

(1a) There is no reflexivity, that is, Va € [VBNs,a % s ;
(1b) There is no symmetry, namely, Va,b e IVBNs,a > s"=b ¥s',

(1c)There is transitivity, namely, Va,b,c € IVBNs,a > Sb,b >s =>a>s".

(2) The defective influence similarities are classified into:

(2a) There is no reflexivity, namely, Va € IVBNs,a * w';
(2b) There is no symmetry, that is, Va,b € [VBNs,a > W =b# w',

(2c)There is no transitivity, namely, Ja,b,c € IVBNs,a > Wb,b >w' Fa>w

(3) The indifference similarities are classified into:

(3a) There is reflexivity, that is, Va € [VBNs,a ~ 1
(3b) There is symmetry, namely, Va,beIVBNs,a~1"=b~1";
(3¢)There is no transitivity, namely, Ja,b,c € IVBNs,a ~ lb,b ~1"PHa~1.

g(a)-g(a)=0<q<p,a ¥ s*,a » w" ,a ~ 1“holds in accordance with 3.1.
Hereby, (1a), (2a) and (3a) are accurate.
Likewise, in case that a > s”, formerly g(a)—g(b) > p = g(b)—g(a) < —p . Accordingly,

b#s" and (1b) is correct, in the fact (2b) and (3b). In accordance with Property 1 and
Property 2, (1c) is correct. In addition to this, (2¢) and (3¢) have to be proven.
3.3. Binary Comparison of Two Sets

Let options A and B be clusters of IVBNs, 4= {al,az, Aysnny am} , and
B= {bl,bz,b3,...,bm},al.,bj € IVBNs(i, j =1,2,...,m) . Sets A and B can be binary compared

using the following notations.:
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The number of the criteria P (Cli,bj) is represented by 7, (4,B),
The number of the criteria Q(a,-,bj) is represented by 7, (4,B),

The number of the approach [ (a,»,bj) A (g (Cli,bj) > 0) is represented by 7, (4,B) ,

When two options A and B are considered, the succeeding expressions give an idea about
the outperforming similarity [34]:

(1) A outperforms B, symbolized as AOB, i.e, the investigator may present adequate
reasons to decision-makers in relation to the proposition “A is somewhat approximate B”.
(2) A doesn’t outperform B, i.e, there is no reason enough to validate proposition ‘A is
somewhat approximate B’’, but it doesn’t mean that ‘‘B is somewhat approximate A’’,
where the symbols “I” and “R” represent indifference and incomparability, respectively.
Moreover, There are two cases for the preference relation. They’re active option and
defective option, symbolized as 4 > s” and 4 >w” jointly.

Depend on [35], the rules of influence were build up thusly.

3.4. Number of Criteria

Let’s conclude that there are m criteria in total. Then:

(1) 4> s”: (a) for no threshold B is closely approved to A;

(b) If the number of approach for that B is defectively approved in similar to A is lesser or
fit the number of approach for that A is closely approved to B; and (c) and in case that the
number of approach, for that the achievement of B is greater than that of A, is closely
lesser to the number of approach for that the achievement of A is greater than such of
option B.

A>s" <:>{nP(B,A)=0 ve ny(B,A)<ny(4,B) ve n,(B, A)+n,(B,A) <n,(4,B)+n,(4,B)+n,(4,B).

(2) 4>w": (a) in case that concealed by no approach B is closely approved to A; (b) in
case that the number of approach, for that the achievement of B is preferable to such of A,
is closely lesser to the number of criteria for which the achievement of A is preferable to
that of option B; (c) in case that the further position needed for the similar A S B carry on
isn’t documented; and (d) in case that there’s a particular threshold for that B is closely

approved to A, formerly A is closely approved to B in somewhat limited of the approach.
A>w’ < {nP(B, A)=0 ve n,(B,A)+n,(B,A) <n,(4,B)+n,(4,B)+n,(4,B) ve not 4 > s®veya np(B, A)=1ven,(4,B)>m/2.

Numerical Example. consider that the option criterion is p = 0.4 and the nonchalance
criterion is q = 0.2. For alternatives B1and Bz, the decision maker must decide according to
three criteria. The achievement of all threshold in similar to all option is as shown in the
following:
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(a,]0.3,0.9],[0.1,0.8],[0.2,0.5],[-0.8,-0.7],[-0.5,-0.1],[-0.4,0.3]),

B, =[B, B,, B,;]=1(b.[0.3,0.8],[0.3,0.9],[0.1,0.3],[-0.7,-0.6],[-0.6,-0.2],[-0.4,-0.1]),
(c,[0.4,0.5],[0.5,0.6],[0.3,0.5],[-0.4,-0.2],[-0.9,-0.5],[-0.7,-0.6])
(a,[0.2,0.8],[0.3,0.6],[0.3,0.6],[-0.3,-0.2],[-0.6,-0.2],[-0.5,-0.4]),

B, =[B, By, B,;]=4(b,[0.4,0.7],[0.5,0.7],[0.2,0.3],[-0.2,-0.1],[-0.8,-0.3][-0.9,~0.8]),
(c.[0.4,0.7],[0.6,0.8],[0.3,0.4],[-0.9,-0.5],[0.4,-0.3],[-0.8,0.1])

In accordance with 3.1,

(B, By)=-1, g(B,,B,)=1>p, g(B,),B,,)=2.4> pve g(B,;, B),) =1.9> p. Hence,
P ( 1o ) (322,312)% P ( 139 ) That is, the relationship between alternatives
B, and B, is that with regard to the former two criteria, B, is strictly preferred to B, , while
B, is closely
approved to B, with respect to the third threshold. For the pair (B,B,) ;
ny(B,,B,)=1, nQ(Bl’BZ) =0,n,(B,,B,)=0,n,(B,, ) =2, nQ(BZ’Bl) =0ven,(B,,B)=0.
As reported by definition 3.4, B, > w’ : consequently B, is defectively afflicted by B,.
For ease of presentation, let 7 (Al») show the number that has active influence relation
among the optione A,- , for which A, - 5% between the pair (A,-, Ak) (k:1,2,3,---,n) .
Similarly, nW(Ai) represents the number for which Al. - wh Jork=1,2,3,....,n
Definition 3.6.The rule of the outperforming similarity among (4,4,) are build up as :
() If n,(A4)>n, (Aj) , then it implies 4; outranking 4 ;, denoted 4 > Aj.
) If n(4)=n/4;),and n,(4)>n,(4,), then 4> 4;.
3)1f n,(4)=n,(4) ,n,(4)=n,(4)and 4 >5"  then 4> 4;.

Afterwards, the sequence among a partly or full order of choices is settled.

4 An outperforming method for MCDM with IVBNSs

In this section, an outperforming approach for MCDM problems where the outperforming
tests of IVBNSs are utilizing is suggested.
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Suppose such the MCDM rating/choosing problem among IVBNSs amount to n
options A={A1,A2,A3,...,A} and all option is calculated by m criteria

n

C= {61,02,03,...,(3,”} . The calculation of all option according to their threshold is turn into

. . . _ A P e A
in the IN decision matrix R—(A,j)nxm, where A,-j _<,uA]_j)VAﬁ7a)A].j91uAﬁ5VA]_jaa)Aﬁ> is a
threshold value , symbolized as IVBNN, where the positive membership degree

ﬂji,,-"//:,,’wjt, shows the accuracy, uncertainity and falsity-membership function such the

option 4, fascinates the criterion ¢ ; » and the negative membership degree ﬂ;,,’v;g,aw/;,,
shows the truth-membership, indeterminacy-membership and falsity-membership function

that the option A,- fascinates the criterion C;. Let the option threshold for each criterion

P={p,,P,s Ps>---» P} and the indifference threshold O={4,,¢,,4;,-.q,,} .

Let’s see the given procedure used to rate and choose the best option(s) is
summarized.

Procedure 1 Let G be performance matrix and c¢; each criterion of every alternative 4,.

Compute G. Then, the performance value of 4, on ¢, is symbolized as g(Al-)_,- . By

utilizing 3.1, G can be evaluated:

glA1), glA1)s 8(A1),,
G — -.E{"J':::I[ gl:a‘ij]: ?':"4'1 m
g{f"njl -?':*Jln]: ?':"q'n}m

Procedure 2 Let D be difference matrix. Compute D. Then,

The difference value g(4,4,) ; describes the performance difference between two
A and 4, on ¢ ;- Conforming to the score function the rate of all option as to every ¢,

criterion, g(Ai,Ak)j :g(Ai)j —g(Ak)j(i,k =1,2,..,I’l;j :1,2,...,m) . Consequently, D can

be formulated as:

glAnL A, gl ), - glALAY 1
D= glAL, Az, gl Az), - glAL AL {
gAn Al gl An)y o glAL A, |

Procedure 3 Achieve the binary relationship between two the IVBNNs as to ¢, for 4,.
Definitely, the difference value g(4,4,) ; should be analyzed along the option

criterion P; and nonchalance criterion ¢;to regulate the similarities. By 3.1, in case that
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g(zi,Ak)j >P; , then 4; >s™  Moreover, if g, <g(A,.,Ak)j <p; , then 4; >w" and if
—q,<g(4,4,);<q; , then 4, >

Procedure 4 By utilizing definition 3.3, count the number of outperforming relations
nP(A,-,Ak),nQ(Aj,Ak) ven,(4,4,) for the pair-wise (4,4, respecting every criteria.
Definitely, any

pair-wise (4,4,) n,(4,4,) represents the number when 4, > s* for j=1,2,...,m. Likewise,
nQ(Ai,Ak) represents the number when 4, ~1™ and n,(A4,4,) represents the number
when 4; ~ 1 and g(A,,Ak)j >0 forj=1,2,...m.

Procedure 5 As reported by definition 3.4, complete the outperforming relations between
(4,4,).

Procedure 6 Count 77, (A,-) and ”W(Ai) for alternative 4. .

Procedure 7 As reported by definition 3.6 choose the alternative(s) with the best

outperforming relations and the largest ”S(Ai)- If two or more have the maximum of

nS(Ai) , then compare nW(A,-) . consequently, the alternatives with the best outperforming

relations are extracted.

Procedure 8 Rerun procedure 4-7 for the halting alternatives as far as the remainder is
empty.

Procedure 9 Choose the alternative(s). The whole or limited order for 4, 1is finally

settled.

5. MCDMP

In this section, to denote the utilization of the requested decision-making approach and its
capability, a numerical examples of MCDMPs along options are furnished.

5.1. Numerical Example

A MCDMP familiarized from Refs. [36-37] will be utilized. There is a group along four
desirable options to lend capital: B),B,,B, and B, The lending company must take a

decision according to the succeeding three criteria: C;,C, and ¢, . The option criterion

P={O.2,0.2,0.2} and the nonchalance criterion QZ{O.I,O.I,O.I}. The four desirable

options are to be calculated concealed by the upon three approach, and the calculated rates
are to be turn into IVBNNS, as indicated in the succeeding IN decision matrix D:
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Cy
B, {0.403).[0.004][0.106][-0.3,-0.2] [-0.7,-0.3][-0.5,~04])
B,  {03,07][0.3.05][03,05].[-0.4-03].[-0.8-0.6 [-0.6-03])
B;  (05.08].[02,07].[04,05],[-09,-0.6] [-0.6,~0.2] [-03,-02])
B, {0.10.2).[0.2,0.7],[0.10.3] [-0.6,~0.3][ 0.5, ~0.4],[-0.7,~0.2]]}
C;
B, {02080107.[0.104[-05,-05].[-06,-02].[-05-0.2]}
B, {0.10.7],[0.1,03],[0.2,03],[-0.6-0.],[-04,~0.2],[-05,~05])
B;  {0.105].[0.208].[02.0.4).[0.9.~0.8) [-0.5.-0.4].[-0.8, 0.T]}
B, (0102)[07.05[0106[-06-05].[-07.-04 [-06-04])
Cs
B, (0105[0.104[0103][-06-03.[-08-04 [-05-03])
B, {02.03.[01,05],[04,0.6),[-0.6,-02].,[-05,~0.8),[-0.6,-0.3]}
B;  {0.2.08[0.L07].[0.00.2),[-0.6,0.],[-07.-0.6][-0.8~0.7]}

B, {0.10.6.[04,07),[0.7,0.8).[0.9,-0.8].[-02,~0.6.[-0.6,—03]}
Procedure 1 Compute G:
1.1 -0.5 0.8
1.2 L1 0.7
-0.7 -03 16
03 -09 -1.2

Procedure 2 Compute D.

The difference value g(B,.,Bk) ; between the two alternatives B, and B, on ¢ ; fascinates
g(B,B,),=g(B),-g(B,);(i,k=12,.,n,j=1,2,..,m). Finally, D can be constructed as

indicated in Table 1.
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Table 1 The performance

difference of projects on each €1 €2 €3

criteron (B.B) o ) ,
(B.By) -01 -16 01
(B.By) 1.8 -02  -0.8
(B.B,) 08 04 2
(B.B) 01 16 -01
(Ehgz} ] ] ]
(B,.B)) 19 14 -0.9
(By.By) 0.9 2 1.9
(B;.B) -13 02 0.8
(B;.B,) -19 -14 0.9
(B;.B;) 0 i ]
(B;.By) -1 0.6 2.8
(By.B) -0.8 -04 -2
(B,.B,) -09 -2 1.9
(B,.B;) 1 -0.6  -2.8
(B,.B,) 0 0 0

Volume |

Procedure 3 Achieve the binary similarity among the two IVBNNs on ¢, for 4,. Analyze

g (Ban ) i along P f and ¢ s and formely, the conclusions can be indicated in Table 2.
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Table 2 The relationship

between each pair-wise on the . - -

criteria (Bl= Bl} ~ ~ |
(B.By) =~ <5 ~
(Bl.B:)  >5 <w s
(Bi.B)) s > s
(By.B)) >S5 ~“l
(B,.B) ~ M o~
(B,.B;) > > <5
(B,.B,) >s >5 >g
(B;.B)) <5 >w >
(B;.By)) <5 <5 >
(B,.B) ~I ™~
(B;.B,) <5 >s =5
(H 4: B 1} <5 <5 <5
(B;.By) <s <5 <5
(B,.B;) > < <

(B,.By ™1 ™~

Procedure 4 Evaluate the number of all outperforming similarity of every 4; along the

other options for every ¢, , as seen in Table 3.
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Table 3 The relation numbers between pair-wise for all the criteria

np(B,.B.) ng(B..B,) ny(B..B,)
(B,.B)) 0 0 0
(B,.B;) 0 0 1
(B,.B5) 1 0 0
(8..8,) 3 0 0
(B,.B)) 1 0 1
(B,.B)) 0 0 0
(B,.B;) 2 0 O
(B,.B.) 3 0 0
(B;.B)) 1 1 0
(B;.B,) 1 0 0
(B;.B.) 0 0 0
(B;.B,) 2 0 0
(B,.B)) 0 0 0
(B,.B)) 0 0 0
(B:.B:) 1 0 0
(Bs.B,) 0 0 0

Procedure 5

Table 4 The outranking rela- 2 B 2 B As reported by
tion matrix of the projects on ! - 4 3.4, determine
the criteria B, | ~g the .
B, g | S >S 0utp§rf0rm1ng
B | - relations as
: W seen in Table
34 I 4.

Procedure 6 Count 77 (B,-) for all alternative Bi as seen in Table 5.
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Table 5 The relation numbers n.(B,) n(8)
between each project and the o i &
others B, 1 0

B, 2 1

B, 0 1

B, 0 0

Procedure 7 As reported by 3.6 choose the best outperforming alternative(s).

It is obvious to see that B, is the best alternative.

Procedure 8 Rerun procedure 4 to 7 for the halting alternatives as far as the remainder is
empty.

The method is repeatedly rerunned, and finally B,, B, and B, are settled.

Procedure 9 According to the above procedures, select the best alternatives and the final

order is as certained as B, = B, > B, > B, .

6. Conclusion

Interval valuable bipolar neutrosophic sets are a new branch of neutrosophic sets.
There are some problems in real scientific and engineering utilizations such that these
problems contain undetermined, incomplete and inconsistent information. Interval-valued
bipolar neutrosophic sets can be applied to overcome such problems. In this chapter, an
approach was presented to figure out MCDM problems using IVBNSs. As a result, an
outperforming way to solve MCDM problems using [IVBNSs was developed depend on
the ELEKTRE IV. Hence, a few outperforming relations for IVBNSs were introduced, and
also the properties related to the outperforming relations were reviewed categorically. On
the other hand, two examples were utilized to denote the application of the method.
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Abstract

A bipolar neutrosophic set (BNS) is an instance of a single- valued neutrosophic set. To do this, we firstly
propose distance measure between two BNSs is defined by the full consideration of positive membership
function and negative membership function for the forward and backward differences. Then the similarity
measure, the entropy measure and the index of distance are also presented. Then, two examples are shown to
verify the feasibility of the proposed method. Finally, the decision results of different similarity measures
demonstrate the practicality and effectiveness of the developed method in this paper.

Keywords: Single-valued neutrosophic sets, Single-valued bipolar neutrosophic sets,
decision making.

1. Introduction

The MCDM is an important part of modern decision science and relate to many complex
factors, such as economics, psychological behavior, ideology, military and so on. In many
real-life decisions making problems can be modelling with fuzzy set theory (Zadeh 1965)
and intuitionistic fuzzy set theory (Atanassov 1986). Because of membership functions,
these theories have some disadvantages and cannot modelling MCDM problems. Based on
the theories, Smarandache (1998) developed the neutrosophic set theory which overcomes
the disadvantage of fuzzy set theory and intuitionistic fuzzy set theory which
independently has a truth-membership degree, an indeterminacy-membership degree and a
falsity-membership degree. Also Lee (2000, 2009) bipolar fuzzy set developed to
modelling some real problems to some implicit counter-property which has positive
membership degree and negative membership degree. Many research treating imprecision
and uncertainty have been developed and studied. Since then, it is applied to various areas,
such as decision making problems (Athar 2014, Aydogdu 2015, Broumi & Smarandache
2013, Balasubramanian, Prasad & Arjunan 2015, Broumi, Deli & Smarandache 2014,
Chen, Li, Ma &Wang 2014, Chen 2014, Deli & Broumi 2015, Broumi, Bakali, Talea and
Smarandache 2017, Broumi, Bakali, Talea and Smarandache 2016, Broumi, Smarandache,
Talea and Bakali 2016, Broumi, Bakali, Talea and Smarandache 2018, Karaaslan 2016,
Majumder 2012, Majumdar & Samanta 2014, Smarandache 2005, Santhi & Shyamala
2015, Saeid 2009, Shen, Xu & Xu 2016, Sahin, Deli & Ulucay 2016, Wang, Wang, Zhang
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& Chen 2015, Zhang, Wang, & Chen 2016, Wu, Zhang, Yuan, Geng & Zhang 2016, Ye
2014, Ulucay, Deli & Sahin 2016, Yang, Wang & Wang 2012, Ye 2014, Jun, Kang & Kim
2009, Peng, Wang Zhang &Chen 2014, Devi &Yadav 2013, Figueira, Greco, Roy &
Slowinski 2010, bakbak 2019, Ulucay et al.2018, Ulucay et al.2018a, Ulucay et al.2018b,
Sahin et al. 2017, Sahin et al. 2018).

Recently, Deli et al. (2015) proposed bipolar neutrosophic set theory and their operations
based on bipolar fuzzy set theory and neutrosophic set theory. A bipolar neutrosophic set
theory have the positive membership degrees T+ (x),I*(x), F*(x) and the negative
membership degrees T~ (x),I”(x), F~(x) denotes the truth membership, indeterminate
membership and false membership of an element x € X. Then Deli et al. (2016), Sahin et
al. (2016) and Ulugay et al. (2016) presented some different similarity measure and applied
to multi-attribute decision making problems.

Clustering plays an important part in analyzing the real world, such as pattern recognition,
data mining, machine learning and so on. Over the past few decades, researchers has been
used clustering method in many fields studies (Gua, Xia, Sengiir & Polat 2016, Gua &
Sengiir 2015, Koundal, Gupta & Singh 2016, Roy 1991, Wu & Chen 2011).

The rest of paper is organized as follows. In Sect. 2, we review basic concepts about
neutrosophic sets and bipolar neutrosophic sets. In Sect. 3, the notions of the distance
measure, the similarity measure, the entropy measure and the index of distance are
introduced. In Sect. 4, two illustrate examples are given to show the effectiveness of the
new distance measure applied in clustering and decision making. In Sect. 5, a comparison
analysis and discussion is conducted between the proposed approach and other existing
methods, in order to verify its feasibility and effectiveness. Finally, the conclusions are
drawn.

2. Preliminaries

Definition 2.1.(Smarandache 1998) Let X be a universe of discourse. Then a neutrosophic
set is defined as:

A = (6, Ta(0), LX), F4(0): x € X},

which is characterized by a truth-membership function T,: X —]0~17[, an indeterminacy-
membership function I;: X —]0~1%[ and a falsity-membership function F;: X —]0~1*[.

There is no restriction on the sum of T ,(x), I4(x) and F4(x), so 07< sup T4(x) < sup
Ly(x) <sup F;(x)<3*

Definition 2.2. (Wang, Smarandache, Zhang & Sunderraman 2010) Let X be a universe of
discourse. Then a single valued neutrosophic set (SVNS) is defined as:

Ayns = {{x, F4(x), To(x), [ (x)): x € X},
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which is characterized by a truth-membership function T,: X — [0,1], an indeterminacy-
membership function I,: X — [0,1] and a falsity-membership function F,: X — [0,1].

There is no restriction on the sum of T4(x), I,(x) and F4(x), so 0 < supTy(x) <
sup I,(x) < supF4(x) < 3.

Definition 2.3. (Deli et al. 2015) Let X be a universe of discourse. A bipolar neutrosophic
set Agns in X is defined as an object of the form

Ao :{<x,T*(x),I+(x),F+(x),T’ (x),]’ (x),F’(x)>:x EX},
where T",1",F" :X—)[I,O] and T°,1 ,F :X—)[—I,O].
The positive membership degree T (x),I"(x),F (x) denotes the truth membership,
indeterminate membership and false membership of an element x € X corresponding to a

bipolar neutrosophic set Agys and the negative membership degree T (x),I (x),F (x)

denotes the truth membership, indeterminate membership and false membership of an
element x € X to some implicit counter-property corresponding to a bipolar neutrosophic
set Agns-

Set- theoretic operations, for two bipolar neutrosophic set

Ags ={ (517,17 (0, (0, T ()4, (x), B ():x € X |
and
Bys = {613 (0, 1" (0, B (0,15 (%), 1,7 (x), Fy () s € X |
are given as;
1. The subset; Agnys & Bpns if and only if
T"(x)<T(x) I' () <1, (), F (x) 2 ' (x),

and
T2 (), 1,02 1500, B (0)<F ()
forall xe X .

2. ABNS = BBNS if and Only lf,

I"\(x)=1"(x), I'(x)=1"(x), F",(x)=F"(x),
and

T\(x)=T, (x), I(x)=1",(x), Fy (x)=F (x)
forall xe X .
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3. The complement of Agys is denoted by Ajyg and is defined by
T )={I"}-T,/(x), I, (x0)={"} -1, (x), F. () ={I"}=F(x)

and
T, ()={}-T (0, I, (0)={"}-1, (%), F, (0)={"}-F, (x),
forall xe X.

4. The intersection

L)+ 157 (x)

(x, min(7;" (x), 7," (x)), ;max((F" (x), £, (x)), max(T;" (x), T," (x)),

A B =
(Agys N Bpys )(X) [ () +1, (%)

S min((F (0).Fy () )ixe X

5. The union

(x, max(7}" (x),7," (x)),

W,min((ﬁ(x)f;(x)),

Apgye UB X)=
(Agys Y By )N(x) )+ 1 ()
2
Definition 2.9. (Deli et al. 2015) Leta, = Ty, I, Ff, Ty, IT, F{ Yand @, =
( TS, I3, F;,T;,I;,F; ) be two bipolar neutrosophic number. Then the operations for
BNNs are defined as below;

min(T;"(x), 7," (x)), Jmax((F (0),F, (x) )ixeX

i Ady =(1—-(1-THALUDHY FEDY =(TDA = (=ID{ -1 = 1 = (=F7)M)
i a=(THL-1-HA1-A-FHY-(1-(1-
(=TI, = (1)) A = (=F)*)

i d+a, =
(TE+TS =TETH I, RS, =Tr Ty, —(= 17 —~Iy =I7 7)), —(—Fy —Fy =F F) )
v, @y.a, =TT LN +IF — YL Ff +Ff — FF, —(=T] — Ty —
T;Ty),—Ii I3, —F F; )
where 4>0.

3. Distance Measure of Bipolar Neutrosophic Sets

In this section, we defined distance measure two between bipolar neutrosophic sets that
are based on Clustering method by extending the studies in (Huang 2016).

128



Neutrosophic Triplet Structures
Volume |

Definition3.1. For two bipolar neutrosophic A; and A, in a universe of discourse X =
{x1%5, ..., Xp } which are denoted by A=
(e Ty Q) 1 G, F (), T (), 17 (), Fr () ) and Ay = (x, Ty (x),
13 (x;), F3 (x), T; (x;),15 (x;),F5 (x;) ) .The bipolar neutrosophic weighted distance
measure are defined by

1d/1 (All AZ)

Ala
n

= ij iﬂifpi(xf) 1)

=1 i=1
where 1> 0, 8; € [0,1]and ¥, B; = 1, w; € [0,1] and X}, w; = 1

oo = (D= 1)) I e) )
7 (y) ~To ()| |, () ~ ()] | [Fr (%) = Fo ()]
6 6 6

max {2+T1+(xj)—lf;(xj)—F1+(xj) ' 2+T;(xj)—12’;(xj)—F;(xj)}

elg)=\ (2 s ) 7 )0 )
ax {2+Tf () =11 () =Fi (%)) 2+T5 ()= I (x)-F5 (x,-)}

6 ’ 6

—min {2+T1‘(xj)—11;(xj)—F1‘(xj) ’ 2+T2‘(xj)—12‘6(xj)—F2‘(xj)}

() = 72 Cer) = T () + 15 C) = ()| 1T () = T2 () + 13 () — 15 ()|
@3 4 4
0a(x;) = 71 (35) — T (%) Z Fi (%) — Ff ()|

T () = T3 () + Fr () — Fi (%)
4

Proposition3.2. The distance measure d;(A;,A,) for A > 0 satisfies the following
properties:

(H1) 0 < d;(4,,42) < 1;
(H2) d;(A{,A,) = 0ifand only if A; = A,;

(H3) d3 (A4, 42) = da (A3, Aq);
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(H4) If A; € A, € As, A5 is a bipolar neutrosophic in X, then d;(4;,43) = d;(44,4,)
and

dy(A;,A3) = dy(Az, A3).

Proof: It is easy to see that d; (A4, A,) satisfies the properties (H1) — (H3). Therefore, we
only prove (H4).

Let A; € A, € Aj, then
T (x) < T () < T3 (), Ty (%) = Ty () = Ts ()
F) <I3(x) <13(x), I7(x) = 1;(x) =2 15(x;) , and

Ff(x;) = Ff(x;) = F§(x;),F1(x;) < F;(x;) < F3(x;), for every x; € X. Then, we obtain
the following relations:

IT1 () = T3 el < 1T () — T3 e 1T () — T3 el < 1T () — T3 (),
T Ce) = Tz ()| < ITE () = T Ge | T3 () — T3 ()| < 1T () = T3 (),
1 () — I Ce) | < 1O — 15 Ce 1 13 () — 15 Ge) | < 1 (o) — 15 (G
17 Ce) — I3 Ce) | < 17 G — 15 Ce 1 17 O — 15 Ged | < 1 () — 15 ()
|Fi () — F3 Ce)l < IFF () = F3 el 1FS () — F3f (el < TFT () — F5F (),
|FT () — F Ce)l < IFT () = F3 (e 1F5 () — F3 (el < 1F () — Fy (),
hence,

T () = T3 el + 1T () — I3 el + FL () — F5 (el +

|T1_(xi) - Tz_(xj)l + |17 () — I3 ()| + |Fr () — Fy (x)] <

T Ge) = T5" el + 1T () — I3 el + TFL () — F5 ()| +

1Ty (o) — Tg Cep) | + 117 Cep) — I3 (x| + |FT () — F3 (%),

T3 Ce) = T3 e + 113 () — I3 el + FS () — F5 ()| +

1Tz () = T3 ()| + 113 () = I3 Cep) | + |F5 () — F5 ()| <

1T Cep) — T3 Qe | + 11 () — I3 (e | + |FF () — F3 ()| +
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Ty (x;) — T3 (x| + |17 () — I3 (e | + | Ff (%) — F5 (xp)l,

2+ T (%) =1 () = ' (%) _ 24T () —15(x) = F (%)
6 = 6
22+ T () — () - Fi (%)
- 6

2+ T () = IT (%) — Fi (%)) L2t T; (%) = 13 (%) = F3 (%)
6 - 6

B 2+ T (x) — 15 (x;) — F5 (%)

6
0 <2 09) ~ T () + 1(g) - (%) T3 () ~ T (%) + I () = 1 ()
0 <2 () =T (%) : () ~ 15 () _ T3 () T () : I () - 15 (x)

G N C) ' Fi () — F(x) T3 (5) ~ T (%) ' A () = Ff (%)

0 <2 ()~ T () u Fr(x) = Fr (%) _Ts () ~ T (%) ' Fi () = F5 (%)

02 (x) < 0 (x), 02 (%) < 0 (), i =1,234 j=1.2,...,n,

l L
dy(Ay, A3) = dy(Ay, Ay) and dy(Ay, A3) = d;(A,, As) for A > 0.

Definition3.3. For two bipolar neutrosophic A; and A, in a universe of discourse X =
{x1,%5, ..., X} which are denoted by A =
(xi'T1+ (xi)' Ii'_(xi)' Ff (xi)J Tl_ (xi)' Il_(xi)' Fl_ (xi) ) and AZ =
(i, T (), 15 (%), F5 (), Ty (x;), 15 (), F5 (x;) } . The bipolar neutrosophic weighted
similarity measure are defined by
Up(A,4;) =1 -
dj (41, 42). 2)

Proposition3.4. The similarity measure 9;( A;, 4,) for A > 0 satisfies the following
properties;

(HD1) 0 < 9;( 4y, 4,) < 1;
(HD2) 9,( Ay, A,) = 1ifand only if 4, = Ay;

(HD3) ‘9/‘1( A1,A2) = ﬁA(AZ:Al);
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(HD4) If A; € A, € A; , A5 is a bipolar neutrosophic in X, then 9;( A;,4,) = 9,(A,,A3)
and

19/1( AZ'AS) = 19/1( A1'A3)'

Definition3.5. Let E be a set-to-the point mapping: E: bipolar neutrosophic —[0,1], then E
is an entropy measure if it satisfies the following conditions:

(E1) E(A;) = 0 (minimum) if and only if A or A, is a crisp set;

(E2) E(A,) = 1(maximum) if and only if A; = A;° T;' (x;) = Ff (x;), T (x;) = F{ (x),
IF(x;) =17 (x;) = 0.5 forall x; € X

(E3) E(A1) < E(A,) if A, is less fuzzy than A4,,
T (%) < T (x), F3(xp) < Ff(xp), for TS (x;) < F3 (x;) and I (x;) = I3 (x;) = 0.5
Ty (x;) = T; (x;), F3(x;) = Fy(xy), for Ty (x;) = F5 (x;) and 17 (x;) = I5(x;) = 0.5
or
T (x;) = TF (x;), FF(x;) = F{(x;), for TS (x;) = F5 (x;) and I (x;) = 13 (x;) = 0.5
Ty (x) < Ty (x), F3(x) < Fi(x;), for T, (x;) < F3 (x;) and I7 (x;) = 15 (x;) = 0.5
(E4) E(A)) = E(A,°).

Remark: In some cases, we do not only think about the distance between A; and A,, but
also we need to consider the distance between A; and 4,°. So we can define the index of
distance for two bipolar neutrosophic A; and A, as follows.

Definition3.6. For two bipolar neutrosophic A; and A,, the index of distance is defined by

dy (41, 42)

) =G, Ay

Proposition3.7. The index of distance I;(4,, 4,) for two bipolar neutrosophic A; and 4,
satisfies the following properties:

(I11) I (A1, A,) = 0if and only if A; = A,;
(12) IA(A]_FAZ) = 0 lfand Only lfd/l(Al, Az) = dA(Al’ AZC);
(I3) I;(A1,A,) » +00,A; = A,€, these means A; and A, are completely different;

(I4) When A, = A, = A,°, the entropy measure of A; and A, reaches its maximum value;
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(I5) I;(A;, A;) < 1 means compare with A,°A; is more similar to A,;
(I5) I;(A;, A;) > 1 means compare with A,°A; is less similar to 4,.
4. Practical Examples

In this section, two examples are given to demonstrate the application of the proposed
distance measure.

4.1. Clustering Method Based on the Distance (Similarity) Measure of BNSs and an
Example

In this subsection, we introduced a method for a MADM problem with bipolar
neutrosophic information. Some of it is quoted from (Ye 2014).

Stepl. By use of Equations 1 and 2, we can calculate the similarity measure degree of
bipolar neutrosophic set. Then we have a similarity matrix C = (S;j)mxm, Where
Sij = Sji = V(A 4j) fori,j = 1,2,...,m.
Step2. The process of building the composition matrices is repeated until it holds that
C—>C2—C*o- (¥ =2
¢ isan equivalent matrix, where
C2=CoC= (S{j)mxm = maxk{min(sikrskj)}mxm'
fori,j =12,..,m.
Step3. For the equivalent matrix C s = (5ij)mxm, We can construct a @-cutting matrix
Co = (51)mxm of C, where

—a 0 ) §U <a;

S5 o= _

) {1 , Sij = a,

fori,j = 1,2,..,mand «a is the confidence level with « € [0,1].

Step4. Classify A; by choosing different level a. Line i and k of C, are called a -
congruence if 5; = §i; for all j = 1,2, ..., m. Then 4; should fall into the same category

as Ay.

Exampled.1.1 A car seller is going to classify four different cars of A,,(m = 1,2,3,4).
Every car has four evaluation factors (attributes): (1) x;, fuel consumption; (2) x,,
coefficient of friction; (3) x5, price; (4) x4, comfortable degree. The characteristics of each
car under the four attributes are represented by the form of bipolar neutrosophic data are as
follows:

Step1. Construct the decision matrix provided by the customer as;
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Table 1: Decision matrix given by customer

X1

X2

X3

X4

(0.5,0.7,0.2, —0.7,—0.3, —0.6)
(0.8,0.7,0.5,—0.7,—0.7, —0.1)
(0.3,0.4,0.2, —0.6,—0.3, —0.7)
(0.9,0.7,0.2,—0.8, 0.6, —0.1)

(0.6,0.4,0.5,—0.7,—0.8, —0.4)
(0.7,0.6,0.8,—0.7,—0.5, —0.1)
(0.2,0.2,0.2,—0.4,—0.7, —0.4)
(0.3,0.5,0.3,—0.5,—0.5,—0.2)

(0.7,0.7,0.5,—0.8,—0.7, —0.6)
(0.9,0.4,0.6,—0.1,—0.7, —0.5)
(0.9,0.5,0.5, 0.6, —0.5, —0.2)
(0.5,0.4,0.5,—0.1, 0.7, —0.2)

(0.1,0.5,0.7,—0.5,—0.2, —0.8)
(0.5,0.2,0.7, —0.5,—0.1, —0.9)
(0.7,0.5,0.3, —0.4,—0.2, —0.2)
(0.6,0.2,0.8,—0.5,—0.5, —0.6)

Let A =2 choosing the weight vectors w; = 1/4 (=1234) and B; = 1/4 (i =

1,2,3,4,), then we use similarity measure to classify the four different cars of A, (m =
1,2,3,4) by the bipolar neutrosophic clustering algorithms.

First, we utilize the distance measure to calculate the distance measures between each
pair of bipolar neutrosophic A,,(m = 1,2,3,4). The results are as follows;

d(4,,4;) = 0,062743, d(A;,43) = 0,072924, d(4,,4,) = 0,069644,

d(A4,,43) =0,061299, d(A,,A,) = 0,034264, d(A43,4,) = 0,04648,

Step2. So we construct the following similarity matrix:

1 0,937257415 0,927075893 0,930356189
C= 0,937257415 1 0,938700771 0,965735658
~10,927075893 0,938700771 1 0,953520184
0,930356189 0,965735658 0,953520184 1
Then by Step 2
1 0,937257415 0,937257415 0,937257415
c? = 0,937257415 1 0,953520184 0,965735658
~10,937257415 0,953520184 1 0,953520184
0,937257415 0,965735658 0,953520184 1

Due to C? & C, C is not an equivalent matrix, we keep/continue calculating.

1 0,937257415 0,937257415 0,937257415

ct = 0,937257415 1 0,953520184 0,965735658

0,937257415 0,953520184 1 0,953520184
0,937257415 0,965735658 0,953520184 1

C? = C*. That is C? is an equivalent matrix, denoted by C.

Step3. Finally, choosing different confidence level a, we can construct a a-cutting matrix
Co

Co = (51)mxm of C, where
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o (0, 5 <a
Sij _{1’§U =a;
111 1
- 111 _
() Let 0<a<0937257415 . G =7 1 1 1| Am(m=1234) can be
111 1
divided into one category {4, A, Az, A4}
100 0
(2) Let 0,937257415 < a < 0,953520184,C,, = 8 i 1 1 Then the cars
01 1 1

An(m = 1,2,3,4) can be divided into two categories {A;}, {A,, A3, A4}

1 00 0
(3) Let 0,953520184 < a < 0,965735658 , C,, = 8 é (1’ (1) Then the cars
01 0 1

An(m = 1,2,3,4) can be divided into three categories {A;}, {45, A4}, {43}

1 0 0 O
(4) Let 0965735658 <a<1,C, =0 1 0 0
0O 0 1 0
0 0 0 1
Step4. Then the cars A,,(m = 1,2,3,4) can be divided into four categories
{Al}' {Az}, {A3}) {A4}

4.2. Multi-criteria Decision Making

Example 4.2.1 A manufacturing company which wants to select the global supplier
according to the core competencies of suppliers. Now suppose that there are a set of four
A ={A,,A,, A3, A,} whose core competence are evaluated by means of the following four
criteria {xq, X5, X3, X4}.

xq: the level of technology innovation, x,: the control ability of flow, x3: the ability of
management, x,: the level of service. Then, the weight vector for the four criteria is w =
(0.4,0.1,0.3,0.2). When the four possible alternatives with respect to the above four criteria
are evaluated by the similar method from the expert, we can obtain the following bipolar
neutsophic decision matrix A:
A
(0.3,0.4,0.2,—0.6,—0.3,-0.7) (0.8,0.6,0.3,—0.2,—0.6,—0.5) (0.4,05,0.2,—0.5,-0.1,-0.7) (0.8,0.4,0.2,—0.6,~0.3,—0.7)
(0.3,0.6,0.9,—-0.5,—0.3,-0.5)  (03,03,0.1,—0.5,-0.1,-0.1)  (0.6,0.6,0.3,—0.6,—0.1,—0.7) (0.3,0.4,0.2, —0.4,—0.2, —0.7)

=1(0.2,0.8,0.2,—0.6,—0.8,—0.7)  (0.9,0.2,0.2,—0.6,—0.6,—0.3)  (0.8,0.8,0.4,—0.9,—0.3,—0.8) (0.6,0.4,0.2,—0.5,—0.3, —0.7)
(0.6,0.4,0.5,-0.2,-03,-0.1)  (0.7,0.5,0.1,—0.9,—0.3,—0.7) (0.3,0.9,0.5,—0.1,-0.3,-0.5) (0.3,0.4,0.9, 0.6, —0.3, —0.1)
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by applying Definition 3.1 the distance between an alternative A4; (i = 1,2,3,4) and the
alternative

A* = (max {Tf]f},min {I[}},min {Ff]f}, min {TL-;}, max {Il-}}, max {FJ})(}' =1,2..n).

A* =(0.6,0.4,0.2,—0.6,—0.3,—0.1) (0.9,0.2,0.1,—0.9, —0.1, —0.1) (0.8,0.5,0.2,—0.9,—0.1, —0.5)
(0.8,0.4,0.2,—0.6,—0.2, —0.1)

are as follows:
d(A,,A*) = 0,03308, d(A,,A*) =0,0901,
d(A;,A*) = 0,03383, d(A,, A*) =0,0688

withA =2 and ; = 1/4 (i=1234). A; < A; < A, < A,.This implies that the ranking
order of the four suppliers is A4, A3, A4 and A,. Therefore, the best supplier is 4.

5. Comparison Analysis and Discussion

In order to verify the feasibility and effectiveness of the proposed decision-making
approach, a comparison analysis with single-valued neutrosophic decision method, used by
(Huang 2016), is given, based on the same illustrative example.

Clearly, the ranking order results are consistent with the result obtained in (Huang 2016);
however, the best alternative is the same as A;, because the ranking principle is different,
these two methods produced the same best alternative whiles/whereas the bad ones differ
from each other.

As mentioned above, the bipolar single-valued neutrosophic information is a generalization
of single-valued neutrosophic information, intuitionistic fuzzy information which is a
further generalization of fuzzy information. On the one hand, a SVNS is an instance of a
neutrosophic set, which gives us an additional possibility to represent uncertain, imprecise,
incomplete, and inconsistent information that exist in the real world. On the other hand, the
clustering analysis under a bipolar single-valued neutrosophic environment is suitable for
capturing imprecise, uncertain, and inconsistent information in clustering the data. Thus,
the clustering algorithm based on the similarity measures of BSVNSs can not only cluster
the bipolar single-valued neutrosophic information but also can cluster the single-valued
neutrosophic information, intuitionistic fuzzy information and the fuzzy information.
Obviously, the proposed bipolar single-valued neutrosophic clustering algorithm is the
extension of fuzzy clustering algorithm, single-valued neutrosophic clustering algorithm
and intuitionistic fuzzy clustering algorithm. Therefore, compared with the intuitionistic
fuzzy clustering algorithm, single-valued neutrosophic clustering algorithm and the fuzzy
clustering algorithm, the bipolar single-valued neutrosophic clustering algorithm is more
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general. Furthermore, when we encounter some situations that are represented by
indeterminate information and inconsistent information, the bipolar single-valued
neutrosophic clustering algorithm can demonstrate its great superiority in clustering those
bipolar single-valued neutrosophic data.

6. Conclusion

BNSs can be applied in addressing problems with uncertain, imprecise, incomplete and
inconsistent information existing in real scientific and engineering applications. Based on
related research achievements in BNSs, we defined a new distance measure. It is a
generalization of the existing distance measures defined in (Huang 2016). Then, we also
defined a new similarity measure, an entropy measure, and an index of distance under the
single-valued neutrosophic environment. Two illustrative examples demonstrated the
application of the proposed clustering analysis method and decision-making method.
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Abstract

This paper presents a study on the development of a intuitionistic fuzzy multi-criteria
decision-making model for the evaluation of end products of the architectural of material,
design and application. The main aim of this study is to present a novel method based on
multi-criteria decision making Intuitionistic trapezoidal fuzzy multi-number. Therefore,
Dice vector similarity measure is defined to develop the Intuitionistic Trapezoidal Fuzzy
Multi-Numbers, the application of architecture are presented.

Keywords: Intuitionistic Trapezoidal Fuzzy Multi-Numbers, Dice vector similarity
measure, multi-criteria decision making, architecture.

1.Introduction

In parallel with changing and developing technology, architecture and interior architecture
areas have a rapidly rising graphic within the context of material, design and application.
Within this context, for the purpose of producing design alternatives in a shorter time and
introducing more preferences to the user, new expression procedures, in other words digital
environments have been initiated to be used. Prior to designing the space, the interaction
and communication between the space and its user should be solved, the person is
continuously in communication with the space where he is. Therefore, the method
proposed in this study will help decision-making in the most appropriate to space. In 1965,
Zadeh [35] proposed fuzzy sets to handle imperfect, vague, uncertain and imprecise
information as a fuzzy subset of the classical universe set A. Soon after the definition of
fuzzy set, the set has been successfully applied in engineering, game theory, multi-agent
systems, control systems, decision-making and so on. In the fuzzy sets, an element in a
universe has a membership value in [0, 1]; however, the membership value is inadequate
for providing complete information in some problems as there are situations where each
element has different membership values. For this reason, a different generalization of
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fuzzy sets, namely multi-fuzzy sets, has been introduced. Yager [38] first proposed multi-
fuzzy sets as a generalization of multisets and fuzzy sets. An element of a multi-fuzzy set
may possess more-than-one membership value in [0, 1] (or there may be repeated
occurrences of an element). Some Works on the multi-sets have been undertaken by
Sebastian and Ramakrishnan [19], Syropoulos [20, 21], Maturo [8], Miyamoto [6, 7] and
so on. Recently, research on fuzzy numbers, with the universe of discourse as the real line,
has studied. For example, Thowhida and Ahmad [25] introduced some arithmetic
operations on fuzzy numbers with linear membership functions. Chakrabort and Guha [4]
developed some arithmetic operations on generalized fuzzy numbers by using extension
principle. Alim et al. [1] developed a formula for the elementary operations on L-R fuzzy
number. Roseline and Amirtharaj [15] proposed a method of ranking of generalized
trapezoidal fuzzy numbers and developed generalized fuzzy Hungarian method to find the
initial solution of generalized trapezoidal fuzzy transportation problems. Also, same
authors in [16] introduced a method of ranking of generalized trapezoidal fuzzy numbers
based on rank, perimeter, mode, divergence and spread. Meng et al. [9] solved a multiple
attribute decision-making problem with attribute values within triangular fuzzy numbers
based on the mean area measurement method. Surapati and Biswas [18] examined a multi-
objective assignment problem with imprecise costs, time and ineffectiveness instead of its
precise information in fuzzy numbers. Wang [29] studied preference relation with
membership function representing preference degree to compare two fuzzy numbers, and
relative preference relation is constructed on the fuzzy preference relation to rank a set of
fuzzy numbers. Sinova et al. [23] proposed a characterization of the distribution of some
random elements by extending the moment-generating function in fuzzy numbers. Riera
and Torrens [14] developed a method on discrete fuzzy numbers to model complete and
incomplete qualitative information. Different studies for fuzzy numbers in the recent
literature have been researched. For example; on in disaster responses, emergency decision
makers [17], on existence, uniqueness, calculus and properties of triangular
approximations of fuzzy numbers [2], on two-dimensional discrete fuzzy numbers [30], on
ranking generalized exponential trapezoidal fuzzy numbers [12], on probabilistic approach
to the arithmetics of fuzzy numbers [24], on matrix games with pay-offs of triangular fuzzy
numbers [3], on defuzzification of generalized fuzzy numbers [11], on fuzzy linguistic
model based on discrete fuzzy numbers [13], on possibilistic characterization function of
fuzzy number [22] and so on.

2. Preliminary

Let us start with some basic concepts related to fuzzy set, multi-fuzzy set, intuitionistic
fuzzy set[37], intuitionistic fuzzy multiset and intuitionistic fuzzy numbers.

Definition 2.1[35] Let X be a non-empty set. A fuzzy set F on X is defined as:
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Fz{(x,,uF(x)>:xeX} where t : X =[0,1]forx€ X .
Definition 2.2[34] t-norms are associative, monotonic and commutative two valued

functions t that map from [0,1] X [0,1] into [0,1]. These properties are formulated with the
following conditions:

1. £0,0) =0 and #(4, ,(x),1) =1(L, 1, (X)) = g1, (X)

2.1fp, (X) < gt (X)and g, (%) < g1, (%), then (4, (X), 44, (X)) St(pe, (%), 1, (X)),

3. 1, (%), 1 (X)) =14t (X), 14, (%)),

4.1(p, (x), (s, (X), 1, (%)) = 1t (1, (%), 11, )(X), 1, (X))

Definition 2.3[34] § -norm are associative, monotonic and commutative two placed

functions§ which map from [0,1] X [0,1] into [0,1]. These properties are formulated with
the following conditions:

L s(L1) = 1and s(x, (x),0) =5(0, 4, () = 1, (%),
2.1 p, (X) < g1, (X)and g, (x) < g, (%), thens(g, (%), 41, (%)) < s(u, (%), 1, (X)),
3.5, (%), 1, (X)) = (e, (%), 41, (%)),

4. s(u, (x),s(u, (%), a1, (X)) = 5(s(pt, (%), 42, )(X), 41, (X))

{-norm and?-conorm is related in a sense of logical duality. Typical dual pairs of non-
parametrized f -norm and f -conorm are compiled below:

min {1, (%), 1, (%), max {2, (%), 1, (%) =1

1. Drastic product: £, (4, (X), £, (X)) =
otherwise

max {11, (x). 1, (x) | min {1, (%), 1, (%)} =0

2. Drastic sum: s, (£, (), 1, (X)) =
1 otherwise

3. Bounded product:

644, (0, g4, (3)) = max {0, 2, () + g1, () 1
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4. Bounded sum:
5,01, (), 1, (%)) = min {1, g1, (%) + 1, (%)}
5. Einstein product:

(%)t (X)
2—[p, )+ p, (xX)—p, (X).40, (X)]

lis (/le (%), M, (x)) =

6. Einstein sum:

M (X)+ p, (%)
I+ g, (%), (%)

S5 (/uxl (%), M, (x)) =

7. Algebraic product:

t, (e, (%), 1 (X)) = g, (%), (%)

8. Algebraic sum:

8, (p, (%), 41, (X)) = g1, (X) + 1, (%) — i, (%), (X)
9. Hamacher product:

i, (%), (X)
H (X) + 1, (X) = g, (%), (X)

ts(u, (x), H,, (x)) =

10. Hamacher Sum:

i (X)+ g, (X) =21, (X). 4, (X)
1= p, ()4, (%)

8,54t (%), 11, (X)) =

11. Minimum:
(4, (%), p1,, () = min{ g2, (%), 11, (%)
12. Maximum:

52ty (%), 22, (x)) = max {1, (%), 4, (%)}
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Definition 2.4 [19] Let X be a non-empty set. A multi-fuzzy set G on X is defined as

G = {<X,,Ué;(X),/Jé(X),---,,Ug(X),---> ‘x e X} where ,Ué; X —)[0,1] for all i € {1,2,,p} and
xeX

Definition 2.5[32] Let U;,vile[(),l] (ie{l,Z,...,p}) and a,b,c,d € R such that
a<b<c<d. Then, an intuitionistic trapezoidal fuzzy multi-number (ITFM number)
G :<[a,b,c,d];(n;,nj,,,,,ng),(v;,vi,._,,vg; )> is a special intuitionistic fuzzy multi-set on

the real number set R, whose membership functions and non-membership functions are
defined as follows, respectively:

(x—a)y,/(b—a) a<x<b

i 7, b<x<c
:UA(X): ;
(d-x)7,/(d-c) c<x<d
0, otherwise
(b—x)+v’A(x—a), J<x<h
(b—a)
; v, b<x<c
Vi(x) = ;
(x—=c)+Vv,(d—x) <v<d
(d-c)
1, otherwise.

Note that the set of all ITFM-number on R will be denoted by Q..

Definition 2.6 [32] Let A=([a,.b,.¢,,d, [:(17}2123 775 ) (Vi Vi V5 ))

B=<[azabz=Czad2];(77;,77j,---,775),(VL,Vj,---,Vﬁ )> € Qand y # 0 be any real number. Then,

l’ A+B:<[al +a2’bl +b29C1 +c27d1 +d2];(S(?]L,?];),S(?]j,77123),...,5’(775,7];)),(l‘(VL,V}B,),l‘(Vi,V;),...,t(Vj,Vg))>.
2. A=B=([a,—~ab, by, =y dy —d; |3(5G2 1) SOT 113 SO0 71D )5 (10 Vi EO VD), 25 VD) ) ).
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<[a1a2 by, cc,,d,d, ;
<[a1d2 > blcz H clbz ’ d1a2 ] 5

<[d1d2: €Cy,bb,,a,a, ] ;

([, /dy.b / cyc, 1byd, ] ay);
(ld/dyeifenby 1 byay/ ay);

<[d1 /a2’cl /bzabl /Cz’al /dZ]’

UORANIC ARG I0) N TR R R W (G RY) )
(407 T3 oot 1) )5 (SO V1), SO V) ) s s 0))

UORARIC ARG I0) N RIS RN (G RYS)
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(d,>0,d,>0)

RIEA))
,s(vf,vg))> (d, <0,d, >0)
,s(vj,v;;))> (d, <0,d, <0)

(d >0,d,>0)

(d, <0,d, > 0)

(d, <0,d,<0)

ya=([ra.yb, e, yd, ;(1=A=7) 1=A=122) s 1= (A=75) ), (01, 02) s (V) )} (7 2 0)

6.

4 =<[af,bf,c{,df];((ni)y,(ni)y,---,(nf)y),((1—(1—vL)y,l—(l—vj)y,...,l—(1—v5)7))>(yZo)

Definition 2.7

A

{

4q

[32]

Let 4= <[al,b1,cl,dl];(77;,nfl,...,nj),(vz,vi,...,vj )> ,Then,
normalized ITFM-number of A is given by

b, ¢

dl
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Example 2.8 Assume that 4=([3,5,6,7];(0.03,0.02,...,0.08),(0,001,0,003,...,0,004)) € Q.

Then normalized ITFM-number of A can be written as

A=(|2.2. 2% 7 1:(0.03,0.02.....0.08).(0,001,0,003,...,0,004) ) € Q.
2172172121

Definition 2.9[36] Let X = (Xl,Xz,---,X,,) andY = (yl,y2,...,yn) be the two vectors of length

1 where all the coordinates are positive. Then the Dice similarity measure between two
vectors (Dice 1945) is defined as follows:

2XY 2;” "

D(XaY) = [[X]]2 N [[Y]]Z o n
DI DR
252

I=1

where X.Y=Zx,.yi is the inner product of the vectors X and Y and[X], = ’ixz and
I

Yy, = /z y* are the Euclidean norms of X and Y (also called the L, norms).However, it
=

is undefined if X, = ); = 0 fori = 1,2,...,n . In this case, let the measure value be zero when

X, =y = 0fori=1,2,...,n.

The Dice similarity measures at isfies the following properties

(P1) 0<D(X,Y)<1;

(P2) D(X,Y)=D(Y,X)

(P3) D(X,Y)=1lifand only if X =Y .ie. X, =), fori=1,2,...n.

The Dice similarity measure in vector space can be extended to the following expected
Dice similarity measure for intuitionistic trapezoidal fuzzy numbers.

3. Dice Vector Similarity Measure Based on Multi-Criteria Decision Making with
ITFMN

Definition 3.1 Let 4 :<[al,b1,c],d]];(7711,773,_,,,775),(vL,vj,,_,,vj)>,

B= <[a2,b2,cz,dz];(n;,nj,...,775,’),(v;,vj,...,vj )> be two ITFMNs in the set of real
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numbers R . Then; Dice similarity measure between ITFMN A and B denoted D(A, 1_3) is

defined as;

1

| —. |1+d(AB)
DAY= 2l 2.0 )b )+ 12 G ) e D () b 5, .+ V6 ()
(@) )+t (10 () + (75 (x) (V) () 4 () (x )+ (V) () )

d(A,B)=|P(A)-P(B)|

a, +2a,+2a,+a, P(B)_b1+2bz+2b3+b4

PA)= 6 6

Example3.2 Let 4=([1,3,5,7];(0.3,0.2,0.4,0.6),(0.2,0.1,0.4,0.5)),
B=([2,6,7,8];(0.1,0.5,0.7,0.8),(0.3,0.6,0.7,0.5)) be two ITFMNs in the set of real

numbers R . Then; Dice similarity measure between ITFMN A and B
d(A,B)=|P(A)-P(B)|=|3-6|=3

p(,@:%:%:3

p(@;%:%:6

D(A,B) =
Lyw [ 1 2(0301+020,5+040,7+0,60.8)(0.20.3+0.10,6+0,40,7+0,50.5)
41437 (0,3) +(0,2)" +(0,4)" +(0,6) +...+(0,3)* +(0,6)* +(0,7)” +(0,5)’

1 1 2(0,5785) 1,157 1,157
41+3° 3,69 443,69 59,04

=0.0195

Proposition3.3 Let D(A, B) be a Dice similarity measure between normalized ITFMN's A

and B. Then we have,
i. 0<D(A,B)<1

ii. D(A,B)=D(B,A)
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iii. D(A,B)=1 for 4=B

Definition 3.4 Let 4= <[al,bl,cl,dl];(nz,nj,...,nj),(vi,vj,...,vﬁj )> ,

B= <[a2,b2,cz,dz];(n;,nj,,_,,775),(vz,vj,,_,,vj )> two ITFMNs in the set of real numbers
R and W, €[0,1] be the weight of each element X; for j=(1,2,...,n) such thatij =1.
i=1

Then; Dice similarity measure between normalized ITFMN A and B denoted D, (K, E) is

defined as;
_
—_ 1o, |1+dAB)
Dw (A9 B) = i=1 1 1 P V4 1 1 P p
n = 2w (g (x) (X)) + o+ 2 (x,) 5 (x) (v (X)) vp (X)) ++vE (X)) v (x)

() 4ot ) () + @) (2 ) () () + o+ (VD) (x )+ (V) (%))
d(A,B) = |P(A)-P(B)|

a, +2a,+2a,+a, b +2b,+2b, +b,

, P(B) = R

P(A) =

Example3.5 Let 4 =([0.2,0.3,0.5,0.6]:(0.1,0.4,0.6,0.7),(0.2,0.5,0.6,0.8))

b

B =([0.1,0.2,0.4,0.5]:(0.2,0.3,0.4,0.7),(0.1,0.2,0.3,0.4)) be two normalized ITFMNs in

the set of real numbers R and W, be the weight of each element X, fori = (1,2)
w; =0.3,w, =0.7 such that Zn: w, =1. Then; Dice similarity measure between normalized
=1
ITFMN 4 and B is;
d(A,B) = ‘P(X) —P(E)‘ =[0.4-0.3]=0.1

02+0.6+0.10+0.6 024
6 6

0.4

P(A) =

0.1+0.4+0.8+0.5 0.18
6 6

0.3

P(B) =
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1 2(0,3).(0,1.0,2+0,4.0,3+0,6.0,4+0,7.0,7).(0,2.0,1+0,5.0,2+0,6.0,3+0,8.0,4)

D.(AB)= (1+0.1)° (0,1)> +(0,4)> +(0,6)* +(0,7)* +...+(0,1)> +(0,2)* +(0,3)> + (0,4)’

1 2(0,7).0,1.0,2+0,4.0,3+0,6.0,4+0,7.0,7).(0,2.0,1+0,5.0,2+0,6.0,3+0,8.0,4)
(14+0.1) (0,1)* +(0,4)* +(0,6)* +(0,7)* +...+(0,1)* +(0,2)* +(0,3)* +(0,4)*

1 2(031L19) 1 2(0,7)(0,53%4)

L1 3,39 L1 3,39

=0,3938

Proposition3.6 Let DW(A, ]_3) be a weighted Dice similarity measure between normalized
ITFMN's A and B, w; €[0,1]be the weight of each element X; such that>" w, =1Then
-

weighted Dice vector similarity measure between ITFMN’s A and B;
i.0<D (A,B)<1
ii. D ,(A,B)=D, (B,A)

ii. D,(A,B)=1 for A=Bie.(n,=0,.7.=1M,....0" =11)

Proof 3.7

i. It is clear from Definition 3.3

1

__ 1+d(A,B)
D,(A.B)= n Zi:l 2.wj.(77% (x].).n% (x;)+..+ 05 (x;) g (xj)).(vlZ (xj).v%(xj) +o.+vE(x;)vs (%))

(@) Cep) ot (75 (e )+ (2 () )- (V)P () + e+ (V)P () + (V) ()

151



Editors:
Prof. Dr. Florentin Smarandache
Associate Prof. Dr. Memet Sahin

1
L. |1+d(B,4)
p i 2.wj.(77%(xj).77%(xj)+...+775(xj).nf(xj)).(vlg(xj).vlz(xj)+...+vg(xj).v§(xj))
(@) )+ (Y () + et (0 () + (75 ) (x)) ()P () + 4 (10 (x)) + (V) ()

=D (B,A)
111.
D,(4,B)=
_
1 1+d(A,B)
;ZFI 2.wj.(771A(xj).77%(xj)+...+775(xj).ng(xj)).(vlz(xj).v%(xj) +o+vE(x)vi(x))
(@) )+ () () ot ) (e )+ 0750 () (V)7 () + e+ () () + (V) ()

1
a,+2b +2¢c +d, a+2b+2¢ +d,|
6 6

2w, (7 (x) g (x,) +72(x )5 (x,) + oot 12 (X )02 (X))
()2 () + () (x) + (73 (x )+ ()2 (%)) +.+(75)7 (x,) + (175 (x;)

1+

B

-
]

J=1

w (1 2w () () + ) (x) + o+ (72 (x)
1407 2((7) (x) + (1) (X)) +.o+ (12 (x,) )

=1.

4. ITFM-number Multi-criteria Decision Making Method

In this section, we define ITFMN-multi-criteria decision making method based on Dice
vector similarity measure for intuitionistic trapezoidal fuzzy multi-numbers.

Definition 4.1 Let U = (uy,u,, ..., U,;,) be a set of alternatives, A = (a4, a,, ..., a,,) be the
set of criteria, w = (W, Wy, ..., w;)T be the weight vector of the aj(]' = 1,2 ...,n) such that
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wj = 0 and ijle =1 and [bz‘j]mxn :<[awbij>Cz‘f’da‘]5(77;"77y2'>""77§)’(V;"V;""’Vg» be

the decision matrix in which the rating values of the alternatives. Then

a, a, e oa,
w (b, b, - b,
uy| by by - by,

[, L - : :
u,|b, b, - b,

is called a ITFM-number multi-criteria decision making matrix of the decision maker.

Also; r"is positive ideal ITFM-numbers solution of decision matrix [by] as form:

mxn

r*=([L1,1,1],(11...,1),(0,0,...,0))

and 7~ is negative ideal ITFM-numbers solution of decision matrix [b,,] as form:

mxn

r~=([1,1,1,1],(0,0....,0),(11,...,1))
Algorithm:

Step1. Give the decision-making matrix [bi].] for decision;

Step2.Calculate the weighted Dice vector similarity S; between positive ideal (or negative
ideal) ITFMN solution 7" and 4, :<[a_ b, cij.,dy.];(n;.,n;,...,n;?),(v? V2,V )> and

/7 g2yttt vy

(1' :1,2,...,m) as;
1

__ 1+d(A,B)
D,(A.B)= n Zi:l 2.wj.(77% (xj).n% (x;)+..+ 72 (x;) g (xj)).(vlZ (xj).v%(xj) +o.+vE(x;)vi (%))
(@) Cep) ot (75 (e )+ () () -V () + o+ (V)P () + (V) ()

Step3. Determine the non-increasing order of S, =D, (u,,7") (i=12,..,m),

(j=12,...n)

Step4. Select the best alternative.

Now, we give a numerical example as follows;
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Example 4.2 Architecture means the design of structures. It means designing and shaping
structures in a way. It requires great imagination. Then it should be transferred to paper. At

this stage, there may be some difficulties, and in terms of time and design, it will be
difficult to put the design literally on paper. So it would be best to use computer-aided
programs. Let's consider the entrance door of Gaziantep Zoo (Figure-1) drawn by Dr.

Derya BAKBAK [39].

kT r .Y

b, ¥

o

Figure-1: Entrance Door of Gaziantep Zoo

Ezgi Architecture Company wants to choose computer-aided programs that will draw
similar shapes to the entrance gate of Gaziantep zoo. Therefore, Ezgi Architecture
Company wants to buy the best of four computer-aided programs. Four types of programs

(alternatives) u;(i = 1,2,3,4) are available. The Ezgi architecture company takes into

account two attributes to evaluate the alternatives; ¢,
to evaluate the four possible alternatives u;(i =
1,2)is w = (0.2,0.5,0.1,0.2)T. Then,

Also, the weight vector of the attributes ¢;(j =

Algorithm

=2D; ¢, =3D use the ITFMN values

1,2, 3,4) under the above two attributes.

Step1.Constructed the decision matrix provided by the Ezgi Architecture Company as;

Table 2: Decision matrix given by Ezgi Architecture Company

C [
U1 | ([0.3,0.5,0.7,0. 9],(0.4,1).5,0 6),(0.2,0.5,0.8)) | ([0.6,0.7,0.8,0. 9],(0.1,20.4,0.7),(03 0.4,0.5))
Uz | ([0.2,0.3,0.5,0.6];(0.2,0.3,0.8),(0.1,0.4,0.6)) | ([0.1,0.3,0.4,0.5]:(0.2,0.4,0.7),(0.2,0.5,0.8))
Us | ([0.1,0.4,0.5,0.6];(0.3,0.4,0.5),(0.2,0.3,0.7)) | ([0.3,0.4,0.5,0.6];(0.1,0.4,0.7),(0.2,0.5,0.8))
Us | ([0.2,0.5,0.6,0.7];(0.3,0.4,0.6),(0.2,0.1,0.3)) | ([0.2,0.3,0.5,0.6];(0.1,0.2,0.5),(0.2,0.3,0.4))

>

5
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Step2.Computed the positive ideal ITFM-numbers solution as;

" =([L1,11],(11,..,1),(0,0,...,0))

Step3.Calculated the weighted Dice vector similarity measures, S, = D, (u,,7") as;

The Proposed

Measure value Ranking order
method

D, (u,,r*)=0,1302
D, (u,,r")=0,3341

S,=D, (u,r") D, (u,r")=0,0685 S,>8>8,>8,
D, (u,,r")=0,1197

Step4. So the Ezgi architecture company will select the computer-aided programU, . In any

case if they do not want to choose U, due to some reasons they second choice will be U, .

5. Conclusions

In this paper, we developed a multi-criteria decision making for intuitionistic trapezoidal
fuzzy multi-number based on weighted Dice vector similarity measures and applied to a
numerical example in order to confirm the practicality and accuracy of the proposed
method. In the future, the method can be extend with different similarity and distance
measures in neutrosophic set.
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Chapter Twelve

Improved Hybrid Vector Similarity Measures And Their
Applications on Trapezoidal Fuzzy Multi Numbers
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Abstract

In this chapter, we put forward some similarity measures for Trapezoidal Fuzzy Multi Numbers (TFMN)
such as; Jaccard similarity measure, weighted Jacard similarity measure, Cosine similarity measure, weighted
cosine similarity measure, Hybrid vector similarity measure and weighted Hybrid vector similarity measure.
Also we investigate the propositions of the similarity measures. Moreover, a multi-criteria decision-making
method for TFMN is improved based on these given similarity measures. Then, a practical example is shown
to approve the feasibility of the new method. As a result, we compare the proposed method with the existing
methods in order to show the effectiveness and efficiency of the developed method in this study.

Keywords: Trapezoidal Fuzzy Multi Numbers, Jacard similarity measure, Cosine
similarity measure, Hybrid vector similarity measure, Decision making.

1.Introduction

Multi attribute decision making has got much interest to the investigators because it has
obtained excellent admission in the fields of operations research, engineering, and
management, signal processing etc. We see multi attribute decision making problems
under a lot of conditions, in which the number of possible options and actions need to be
selected based on a set of predefined attributes. Many of research works have been done on
multi attribute decision making problems, in which the ratings of alternatives and/or
attribute values are explained in terms of crisp numbers such as interval numbers, fuzzy
numbers, interval-valued fuzzy numbers, intuitionistic fuzzy numbers, interval-valued
intuitionistic fuzzy numbers, etc. But, in realistic conditions, because of time pressure,
complexity of the problem, lack of information processing capabilities, poor knowledge of
the public domain and information, decision makers cannot provide exact evaluation of
decision-parameters involved in multi attribute decision making problems. In such
situation, preference information of alternatives with respect to the attributes provided by
the decision makers may be imprecise or incomplete in nature. In the study, we suggest
Jaccard vector similarity measures for trapezoidal fuzzy multi numbers and cosine vector
similarity measure for trapezoidal fuzzy multi numbers by extending the concept of studied
in [10] and [11] to trapezoidal fuzzy multi numbers and establish some of their basic
properties. Notions of similarity, decision making, measure and algebraic etc. of
neutrosophic sets have been introduces and their applications in several areas [12-33]. And
we also proposed Hybrid vector similarity measure for trapezoidal fuzzy multi numbers
and establish some of their basic properties. Additionally we also show the application of
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these suggested similarity measures. In order to do so, the rest of the chapter is organized
as follows: Section 2 presents the preliminaries of fuzzy set, fuzzy number, multi-fuzzy set
and similarity measures including Jaccard, Cosine and Hybrid. Section 3 represents some
similarity measures for TFMNs including Jaccard similarity measure and Cosine similarity
measure. Section 4 is devoted to develop the hybrid vector similarity measures for TFMNSs.
Medical diagnosis using the Jaccard, Cosine and Hybrid similarity measures is described in
Section 5 and compared the results with other existing methods to demonstrate the

effectiveness of the proposed similarity measures. Finally in Section 6, we proposed
conclusions for the effectiveness and efficiency with similarity.

2.PRELIMINARY

In this section, we proposed some basic concepts related to fuzzy set, fuzzy number, multi-
fuzzy set and similarity measures for TFMN's including Jaccard similarity measure, Cosine
similarity measure which will be used in the next sections.

Definition 2.1[1]Let X be a non-empty set. A fuzzy set £ on X is defined as:
F = {(x,,uF(X)> :x € X} where t4p : X = [0,1]forx € X .
Definition 2.2[2] t-norms are associative, monotonic and commutative two valued

functions t that map from [0,1] X [0,1] into [0,1]. These properties are formulated with the
following conditions:

1. £(0,0) =0 and (4, (x),1)=1(1, 1, (x)) =, (X)
2.1f 4, (X) S g, (x)and p, (X) < g, (%) then 14, (%), 41, (X)) S t(p, (%), 41, (%)),
3. 1(p, (%), 1, (%)) =1t (%), 1, (X)),

4.1, (), e, (%), g1, (X)) = 1t (%), p1,, (X)), g1, (X))

Definition 2.3[2] § -norms are associative, monotonic and commutative two placed

functions§ which map from [0,1] X [0,1] into [0,1]. These properties are formulated with
the following conditions:

L sl =1 and s(x, (x),0) = (0, 1, (%)) = gz, ().
2.1F p, (X) < g, (%) and g, (X) < 1, (), then s(g, (%), 1, (X)) < s, (%), 1, (%)),

3.5(p4, (%), 4, (%)) = 52, (%), 44, (X)),
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4. 5(pt, (%), (a4, (%), 1, (%)) = (s, (%), 1, (X)), 1, (%)).

{-norm and ?-conorm is related in a sense of logical duality. Typical dual pairs of non-
parametrized {-norm and f-conorm are compiled below:

min {4, (x), 4, (%)}, max {1, (), 1, (0)}=1

1. Drastic product: 7, (£, (x), 4, (X)) =
otherwise

max {1, (x), 4, ()}, min {1, (x), 41, (x)}=0

2. Drastic sum: SW(,UX] (X)nux2 (x)) =
otherwise

3. Bounded product:

(1, (), 1, () = max {0, g2, (X)+ g2, ()~ 1}
4. Bounded sum:

51t (%), a1, () = min {1, 21, (%) + 2, (X)}

5. Einstein product:

i (X).p, (%)
2—[p, )+ p, (x)—p, (x).p1, (X)]

ts(u, (x), 1, (X)) =

6. Einstein sum:

M, () + p, (%)
T p, (%), (%)

sy 5, (X), 1, (X)) =

7. Algebraic product:

1, (4, (%), 1, (X)) = 1, (X). 42, (X)

8. Algebraic sum:

8, (p, (%), a1, (X)) = g1, (%) + g (%) — 1, (%), (%)

9. Hamacher product:
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o (%), (%)
p (X) + 1, (X) = g, (%), (X)

b5 (e, (X), 11, (X)) =

10. Hamacher Sum:

i (X)+ g (X) =21, (X). 4, (X)
1= p, (%), (%)

s, 5(4L,, (x), M, (x)) =

11. Minimum:
£y (1, (), . (%)) = min {2, (), 41, ()}
12. Maximum:
53(4t,, (%), 11, (%)) = max { g, (%), 41, (¥)}

Definition 2.4[3] Let X be a non-empty set. A multi-fuzzy set G on X is defined as
G={<x,,ué(x),yé(x),...,yg(x),...>:xeX} where ,ué; : X —>[0,1] for all i€ {1:23---3p} and
xeX

Definition 2.5[9] Let 77;'1 €[0,1] (ie{l,Z,...,p}) and a,b,c,d € R such thata<b<c<d.
Then, a trapezoidal fuzzy multi-number (TFM number) a =<(a,b,c,d );ryi,,nj,...,ryﬂ is a

special fuzzy multi-set on the real number set R , whose membership functions are defined
as

(X_al)n;/(bl_al) a,<x<b,
n, b<x<c
(d, =X,/ (d,~¢) ¢ <x<d,

0 otherwise

Hy(x) =

Note that the set of all TEM-number on R will be denoted by A .

Definition 2.6[9] Let A:<(a1,bl,cl,d1);77;,77/21,...,775>, B:<(a2,b2,c2,d2);77;,77129,...,77;’>

€ Aandy =0 be any real number. Then,

Lo A+ B=((a+ay.b, +by,c, +Cpod, +d, )01, SGT 173,51 115))
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2. A-B :<(a1 —d,,b —c,,¢,—b,,d, —az);S(ﬂipﬂé),S(ﬂjaﬂﬁ),---,S(ﬂf,77§)>

<(a1a2,b1b2,clcz,d1d2);

O , by (d,>0,d,>0)

1005 EOT 303 )5 L0015
<(a1d2,blcz,clb2,dla2);

3. AB= O , o (d, <0,d,>0)

1050 EOT 303 )5 40050

dd,,c,c,,bb,aa,);
<(12121212) (d1<0,d2<0)

(7T 173 s 81215

a ld,,b/c,,clb,d /la,);
<(11 12 12221 2 1 2) (d1>0,d2>0)
(U ARIGA SNSRI IR

((d,/dy,c, /¢y by 1by,a, ] ay);
4.4/ B= L , (d, <0,d,>0)
L7 L1 )sn 05115 )

((d,/ay,c,1b,.b, 1 cy 0,/ d,);
(d <0,d,<0)

EO7 LT T13)sn 05115
5. yA=((ya,.yb.yc,yd,):1= (1=, 1=(1=1) .. l=(1=1}) }(7 2 0)
6. 4" =((af b e .d] ); (1Y (72 »errs (Y ) (7 2 0)

Definition 2.7[9] Let 4 = <(a1,b1,cl,d1) : n;,ni,...,nﬂ € A ,Then, normalized TFM-number
of A is given by

Z_ a b1 ¢ dl vl 252 P
- 9 9 9 aﬂAanAa“'anA
a,+b+c+d a +b+c+d a +b+c+d a +b+c +d,

Definition 2.8: Let X =(X,,%,,...x,) and Y =(¥,,),,...,) be the two vectors of length n

where all the coordinates are positive. The Jaccard index of these two vectors (measuring
the “similarity” of these vectors) (Jaccard 1901) is defined as

Xy ,Z:l:x"y "

= = [11]
2 2 n n n
e D YED MRS ¥
i=1 i=1 I=1
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where X.Y = le. ¥, is the inner product of the vectors X and ¥ and where
i

[X1, = /ixz and [Y], = fi y* are the Euclidean norms of X and ¥ (also called the L2
I=1 I=1

norms).

A cosine formula (Salton and McGill 1987) is then defined as the inner product of these
two vectors divided by the product of their lengths. This is nothing but the cosine of the
angle between the vectors. The cosine measure is defined as

Yy ;xl-y,-

0S = = -
IIX]]2|IY]]2 < 2 c 2
\/in +\/ZJ’,~

i=1

[10]

These two formulas are similar in the sense that they take values in the interval [0,1].

Jaccard formula are undefined if X; = ¥, =0 holds for all the i, (i = 1,2,...,n),, and then we let
the this measure value be zero when X, =), = 0 holds for all the i, (i=1,2,...,n). However,
the cosine formula is undefined if X, =0and/or ¥, =0holds for all the i, (i = 1,2,...,n), and
then we let the cosine measure value be zero when , =0 and/or y; =0holds for all the i,

(i=1,2,..n).

3. JACCARD SIMILARITY MEASURE AND COSINE SIMILARITY MEASURE FOR
TRAPEZOIDAL FUZZY MULTI NUMBERS

In this section, we introduced some similarity measures for TFMNs including Jaccard
similarity measure and Cosine similarity measure.

Definition 3.1:Let ¢, <a,<a,<a,, 4,,a,,d,,a, €R A=<(al,az,a3,a4);77;,77j,...,775>,
B=<(bl,bz,b3,b4);77;,77§,...,77§> be two TFMNSs in the set of real numbers R . Then;

Jaccard similarity measure between TFMN A and B denoted J (4, B)is defined as;

JAB) =~ 1- 2l -t _ PRUARUAR
P ! PIRCARESINUARED NUARCAN

Note:  Let A=<(a1,a2,a3,a4);77;,775,...,775 >, be a trapezoidal fuzzy multi number.

a,<a,<a,<a, and 4,,a,,4,,a, €R if @, =a, then this trapezoidal fuzzy multi number
turns to triangular fuzzy multiple number.
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Proposition 3.2 Let.J (4, B) be a Jaccard similarity measure between TFMN's 4 and B .

Then we have,

i.0o<J(A,B)<1

ii. J(A,B)=J(B,A)

ii. J(A,B)=1 for A=B i 1y=1, (i=12...p)

Proof 3.3

i.it 1s clear from Definition 3.1

P

i, JAB) =~ |1-

k=1

>l b D (7)),
4 PIRUARED NN CARED N GANUS

13| 2l -} PIRUARUAN

= 4 PIRGAREDNNCAREDRRCARGAN
([, Zbil] PIRUARUA)

pis 4 PIRUAREDRRUAREDWNCSNCGAN
— J(B, A)

PIRCARCGAN
PIRUAREDINCARED NN CANC/S

k k k k k k
+lad =i +lal - B |+ |k =B (), (), + (1)) * o (D)D),

4 I NRUAEDINCA R I CAXC A
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o T R e et B U Y DR U U A NSRS U A R AN
4 ()5 et QI+ ()5 + et ) = (1) + (7))

i([l o D)+ L)L)+ et ()01, D
() + oot (1) + (1) + o+ (1), = (15 + (1))

_ i((n;)i+<nj)i+---+<nf)ij
M); +(1); + .+ (1702

Example 3.4 Let J(4,B) be a Jaccard similarity measure between TFMN's
4=((1,2,3,5);0.2,0.4,0.5,0.7) and B =((2,3,4,5);0.3,0.1,0.6,0.4).

JAB) =Y |1- 2l -t - PIRUARUAN
P 4 PIRCARED WNCARED SN AMCA

1_|1—2|+|2—3|+|3—4|+|5—5|
Z :

(0,2.0,3+0,4.0,1+0,5.0,6 +0,7.0,4)
(0,22 +0,4% 0,5 +0,72)+(0,32 +0,1240,62 +o,42)—(0,2.0,3+0,4.0,1+0,5.0,6+0,7.0,4)

1-—.

(0,06 + 0,04 + 0,30 +0,28)
(0,04+0,16+0,25+0,49)+(0,09+0,01+0,36+0,16) - (0,06 +0,04 + 0,30 +0,28)

_(L 0.68 _0.68 0,193
4094+0.62—0.68) 3,52

Definition 3.5 Lot A=((a,.a,,a;,a,)i173st) B ={(B1.55.55,5,) 117,105,775 ) be

two TFMNs in the set of real numbers R and W, €[0,1]be the weight of each element for
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r=(1,2,...,n) such thatZWr =1. Then; Jaccard similarity measure between TFMN A4 and

r=1

B denotedJ, (A,B) is defined as;

J(AB) =~ 1- > a5 w77
o 4 S G+ =S () ),

r=1 k=1

Proposition 3.6 Let/,, (A,B)be a weighted Jaccard similarity measure between TFMN's A

and B, W, €[0,1] be the weight of each element for » =(1,2,...,n) such that Zle w, =1

Then weighted Jaccard vector similarity measure between TFMN’s A and B;

i 0<J (A,B)<1
ii. J,(A,B)=J (B,A)
iii. J,(AB) =1 for A=Bie. (=M., =151y =115)

Proof 3.7

i. it 1s clear from Definition 3.5

$¢{ [\ Zal - IDINUAR

1
ii. J,(4,B)=—
p

r=l k=1 4 . Z; (1, )k2 + z; (U;)kz - Z; (1)1,
_rgl[y Zle -t w3 ), ),
P 4 Z; (') + le:l (1), _Z; UARUAR

li N 1— Zj=1‘bf _af" WV'Z,: (77;)1(-(77,{1);{
b 4 PIRUAREDBRCAREDRRCARGAN
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J (A,B)= ZZ 24 =5 W, (1)),
iii. = — el L |
! Ziﬂ(ng)k +Zi=1(773)k _Zi=1(77A)k'(773)k

tlkl

B e el | WO (UYL U EORRE AR /8
i 4 U VAR ARSI (CARUARUARTUAN)

Bl e o e T (A UV RS U N U RO U A U
p 4 (77A)k+ (1) )k+(77A)k+ (1) )k ((UA)k"’ (1} )k)

135 (1-0). w,.[(7)7 + - +(ZA>k] _ ]
) gy (77A)k+ +(77A)k+(77A)k+ +(77A)k ()i +--(m))

1 GG w [+ + (1)1
pr:lkzzl: (77A)k+ Ay )k J

=

Example 3.8 Let 4=((1.2.3.4);0.1,03,04,0.5) B =((1,2,3,5);0.2,0.3,0.5,0.6) be two

2

TFMNSs in the set of real numbers R and W, be the weight of each element for » = (1,2)
w; =0.3,w, =0.7 such thatZW,, =1. Then; Jaccard similarity measure between TFMN A4

r=1

and B is;
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_|1—1|+|2—2|+|3—3|+|4—5|
7 .

0,3.[(0,1.0,2 +0,3.0,3+0,4.0,5+0,5.0,6]
(0,1 +0,3> +0,4” +0,5) + (0,22 +0,32 +0,5” +0,6) —(0,1.0,2 +0,3.0,3+0,4.0,5+0,5.0,6)

J,(A,B)=

1_|1—1|+|2—2|+|3—3.|+|4—5|
7 :

0,7.[(0,1.0,2+0,3.0,3+0,4.0,5+0,5.0,6]
(0,1 +0,3* +0,4° +0,5°) +(0,2> +0,3* + 0,5* +0,6°) —(0,1.0,2 + 0,3.0,3+0,4.0,5+0,5.0,6)

303061 3 0,7.0,61
40,51+0,74-0,61 4 0,51+0,74-0,61

0,549 1,281
=22 ag

256 2,56
Definition 3.9 Let A:<(a1,a2,a3,a4);77;,77/21,...,775> B:<(b1,b2,b3,b4);77]1;,772,...,77§> be

two TFMNSs in the set of real numbers R . Then; Cosine similarity measure between
TFMN A and B denoted C(A4, B) is defined as;

714

1 p le lkbk mm((ry1 )k,(n;)k)+min((7yj)k,(ng)k)+min((77A) (UB)k)+...

C(A,B) =

b W@y X oty max (), (m), )+ max (7). (1), ) + max (), (73), ) -

Proposition 3.10 Let C( 4, B) be a Jaccard similarity measure between TFMN's 4 and B .
Then we have,

.0<SC(A,B)<1

ii. C(A,B)=C(B,A)

iii. C(A,B)=1 for A=B _ je. 7722772, 1=1,2,...,p

Proof 3.11:

1. it is clear from Definition 3.9
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ii. C(4,B) =

P k=

| L Sias min<<n:>k,<nz>k)+mm(<nz)k,<nz>k>+mm(<nz>k,<nz>k>+---J
@y ety max (), (), )+ max (), (), )+ max (), (23), ) + -

li[ ijlbl_k.a[k | min((n;)k,(nil)k)anin((r]B)k,(ni)k)+min((77§)k,(nj)k)Jr...
P @y 3 @y max((m), () ),

£
S—
+
=
o
>
—_
—_
S
S~—"
=
—~
=
S~—"
=
~—
+
=
o
<
—_
—~
S
S
£
—
=
S
e
~—
+

= C(B, ).

ii.

P k=

coa B):izp: Zj:]a,k.b’_" min((ry;)k,(n;)k)+min((77j E ; .
| @ o max((),(m),) - (7

A Bt a b+ at b at b

|| @)+ (@) + (@) + (@) (B + (0l + () +(B)
" min((n.), (), )+ min((}),-(m2),) + min((n3), - (m3), ) + -~
max (7)), (), )+ max((2), . (n2), ) + max ((7,), .(m ), ) + -

dd tddvda tad
| o @ (@) (@) + @) @) + (@) + (@) + ()
o min((7,),. (), ) + min((n}), . (n2),) + min((7,), (7)), ) + -
max (1), (), )+ max (), .(n2), )+ max ((72), - (72), )+

(@) + (@) +(@)’+(@)
v J(@) +(@l) +(@) +(@))

P min((ni1 )k ,(7711 )k ) + min((nj )k ,(ni )k ) + min((nf4 )k ,(77/34 )k ) +...
max((n;)k (] )k)+max((77j)k ,(nj)k)+max((nj)k ,(nj)k)+...
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(@) + (@)’ +(a)’ +(a)’

(@) + (@) +(@) +(a)

min (), (), )+ min (1), (), ) min(22), (1), ) -
max () (), )+ max (1), (), )+ max (1), (1), ) .-

SR

T

N
—
—_
S
=
—
+
—_
=
N
—
+
—
=
—

SEIES
bl
—~
=S
—
-
+
—
=
o= [
-
+
=S
el
+ |+
N——

=1.

Example 3.12 Let 4= <(0.3,0.2,0.4,0.5);O.1,0.2,0.3,0.4> and
B= <(O.1,0.3,0.5,0.6);0.2,0.4,0.6,0.8> between TFMN's . Then C( 4, B) be a cosine similarity

measurc,

-
—_
S
—
—
+
2
=

C(A,B) =

[ Er sl el )
PE 3@ )JZ ity max((n) (), )+ (o) (), )+ o), (), )+

(0,3.0,1+0,2.0,3+0,4.0,5+0,5.0,6) (0,1+0,2+0,3+0,4)
J(0,3)2 +(0,2)* +(0,4)* +(0,5)". \/(0,1)2 +(0,3)*> +(0,5)* +(0,6)> (0,2+0,4+0,6+0,8)

~0,47642
Definition 3.13 Let 4= <(a1,a2,a3,a4);77;,77f1 ..... 775> B= <(b1,b2,b3,b4);77;,77,_29,...,771’;>
be two TFMNSs in the set of real numbers R and W, € [0,1] be the weight of each element

fori =(1,2,...,n) such that zwi =1. Then; Cosine similarity measure between TFMN A4
i=1

and B denoted CW(A, B) 1s defined as;

C.(A,B) =

> a b L min((2,),-(m,),) + min((22), - (92),) + min (), . (), ) + -]
\/Z @y 3wy max((n), (), max (), (), ) + max (1), (), )+
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Proposition 3.14 Let C,(A,B)be a weighted Cosine similarity measure between TFMN's A

and B, W, €[0,1] be the weight of each element for i = (1,2,...,n) such that Z; w =1

Then weighted Cosine vector similarity measure between TFMN’s A and B;
i, 0<C (AB)<1

ii. C (A,B)=C, (B,A)

iii. C,(AB) =1 for A=Bie. (1, =117, =Nl =115)

Proof 3.15:

i. it is clear from Definition 3.13

ii.

C (4,B)=— ZZ

k=1

L 2.0 b w:[min((7,) .(n,),) + min((7),.(n,),
@y ey () () ) emex((n) (),

= |/~
=
N—
—~
=
~
S~
+
g
=}
—~
—~
=l
n e
> )\_/
—
=
~~—
~—
+
e
N—

[ S foin(() (o) s min() (1)) emin(0), ) )+ J
P e () ) )+ (), ), oo {(7), ) )+

12": [ > bal .Lmin((%)k’(ﬂ;) )+min((772)k,(77i) )+rnin((77§)k,(17j)k)+...JJ
S mes{(n) (o), e man{(), ), (o), ), ) -

=C (B, A).

iil.

Coip)- Yoan wfmin((r) (n)), )+ min(() .(n),
o ZkzL\/Z @y 2wy mx((n) (), )+ mex((2), . (n),

S
=
~
—
=,
v
—
+
=
=
—_
—_
e | 3
|~
S
=
N—
~
+
e
N——
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a b +a b +a b +a b
e J@) +@) +@) +@y J(b) SO+ (B + (B
_;;; w,..[mln((m)k,(773)]()+m1n((77/1)k,(UB)k)+m1n<(77A)k,(ng)k)+...:|
max (1), (), )+ max((72) -(m2), )+ max((m}), .(n}), )+

d'd'+dd +d'd +dd
|| A@ (@) (@) (@) (@) (@) + (@) +(ah)
) pizzllg‘ wi.[min((n;)k,(n;)k)+min((77j)k,(ni)k)+min((7yj)k,(nj)k)+...}
max (1), (n2), )+ max (), (n2), )+ max (), (n2), )+ -

(@)’ +(@)’ +(@)’ +(a)’
Lo | (@) (@) + (@) + @)y
:;,-:1"22; wi_[min((ql‘)k,(n;) )+m1n< )k)+m1n( k)+..}
max((nz)k,(ni‘) )+max( )+m ( k)+ .

(@) +(a3)’ +(a))" +(a))’ '
| & (@) + ()" + ()" +(a})
_;;; Wi,[min((ﬂi)k,(n;) )+m1n((77 ) (m) )+min((nj)k,(nj)k)+..}
maX((?];)]\,(ﬂ;) )+maX((7] ) (77/1) )+maX(<7]j)]\,(7]Z)k)+

Example 3.16 Let 4=((0.1,0.2,0.3,0.4);0.2,0.3,0.5,0.6) and

B= <(0.1,0.2,0.4,0.5);0.1,0.4,0.5,0.7> be two TFMN:ss in the set of real numbers R and W,

be the weight of each element fori = (1,2) W, = 0.2,w, =0.8 such that Zwi =1. Then;

i=1

Cosine similarity measure between TFMN 4 and B is;
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S s o)) )emin(52),.2) ) min() () )+ ]
R Y AR (A R 03 N T (W U3 N e WA N

B 0,2.(0,1.0,1+0,2.0,2+0,3.0,4 +0,4.0,5) (0,1+0,3+0,5+0,6)
\/(0,1)2 +(0,2)> +(0,3)* + (0,4)2.\/(0,1)2 +(0,2)* +(0,4)* +(0,5) (0,2+0,4+0,5+0,7)

0,8.(0,1.0,1+0,2.0,2 +0,3.0,4 +0,4.0,5) (0,1+0,3+0,5+0,6)
JO,1)% +(0,2)* +(0,3)* +(0,4)>.4/(0,1)> +(0,2)> +(0,4)* +(0,5)> (0,2+0,4+0,5+0,7)

—+

= 0,830
4. HYBRID SIMILARITY MEASURE FOR TRAPEZOIDAL FUZZY MULTI NUMBERS

In this section, we introduced some similarity measures for TFMNs including Hybrid
similarity measure.
Definition 4.1:Let A:<(a1,a2,a3,a4);77;,77/24,...,775> B:<(b1,b2,b3,b4);77;,772,...,77§> be

two TFMN:Ss in the set of real numbers R . Then, hybrid vector similarity measure between

TFMN 4 and B, denoted Hbe(A, B) , is defined as;

: okt )
Hb (4 B)=2| 1§ il B YAUANCA S
D k= 4 Zi:](n;)k +Z,-:1(771l?)k _2[21(77;1)1{-(77;)1{

=~
e

(1-2). lp[ ot minf(m), (), )+ min{(r) (), )+ min((22), (), )+
= \/Z (a; )\/Z (') max(( )A’(n;)k)eraX((”i)k’(U;)k) (( ) ( )k)

Example 4.2 Let Hbe(A, B) be a hybrid vector similarity measure between TFMN's
4=((2,4,5,7);0.2,0.4,0.6,0.8) and B =((1,4,5,9);0.5,0.6,0.7,0.8) . Then HybV (4, B)

be a hybrid vector similarity measure;
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) Y olak =t P i
HybV (4, B)=4 lz Z ' ‘a f‘ —_— Z;:l (Ug)k-(ﬂg)kp | | N
P 4 PINCAREDMRUARED WA AN

V@2 ey max((na), (), )+ max (), (), )+ max (), () )+

1

[ L Zp:[ S aka min((7}),,(mh ), )+ min((7), . (73), )+ min((73), (73, ) + - }J

_|2—1|+|4—4|+|5—5|+|7—9|
" .

=0,4.
(0,2.0,5+0,4.0,6 +0,6.0,7 +0,8.0,8)

[(0,2)" +(0,4)° +(0,6)* +(0,8)°]+[(0,5)" +(0,6)* +(0,7)* +(0,8)’]—[(0,2.0,5+0,4.0,6 + 0,6.0,7 + 0,8.0,8)]

21+44+55+7.9 0,2+0,4+0,6+0,8
J@+# 453+ (P +4 +5+9%) 0,5+0,6+0,7+0,8

+(1—0,4).[

1 (1,4) 106 2
~ 0,4 0,6).| ———. —
(4 154) ( )(\/94\/123 2,6)
~ 0,3639

Proposition 4.3 Let Hbe(A, B )be a Hybrid similarity measure between TFMN's A4 and

B . Then we have,

i. 0<HybV (4, B)<1

ii. HybV (4,B)=HybV (B, A)

iii. HybV (A, B)=1 for A=B_ ie. 1,=1,, (=12...p)
Proof 4.4:

i. it is clear from Definition 4.1

ii.
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il Zbial] S ]
P 4 PR UAREDINGAREDIRCARGAN

—_—
=
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=
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S—
—+

= HybV (B, 4).
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i 4 PRGN R IR CARES JRUAR AN

M

=~
Il

HybV (A4, B) = /1.[1
p

1= AN 24 a b mm((r]')k,(n;)k)+min((77j)k,(;
( )LP;L\/Z (a )\/Z ') max )/,( ;)k)+max((nj)k,(q3)k

:ﬂ.[lz”:[(l_bf = b/ +|al = 8!| +]a! — bl] +]a! —be]. ), ), + ), (1), + e+ (7,10, J}
P 4 (,); + et (1)) + () 4t (1) = (1), (), + (), (),
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(@) +(@) +(a)" +(@)"
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max((n; )..(,), )+ max((n: )..(), ) + max((n; ) (), ) .

k=1

4[}%

=2 (1)+(1-2).(1)

=1.
Definition 4.5 Let A=<(a1,a2,a3,a4);77;,77j B=<(b1,b2,b3,b4);77;,77§ ..... nk
two TFMNs in the set of real numbers R and w, €[0,1] be the weight number for
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qg=(1,2,...,n)such thatqu =1. Then; hybrid vector similarity measure between TFMN A
=1

and B denoted HybV, (A4, B)is defined as;

k bk
Hbew(A, B)=ﬂ,. l z Z/ 1‘ ‘ p : W, Z (UA)k (773)k
Pt 4 S DY =S 1)),

(1-1). [l ; i{ 24 a'b' [mm((m) (UB) )+m1n((77) (773) )+min((nj)k,(n;)k)+..}JJ
Pon \/Z (@ )\/Z (B ~max (), (my), )+ max((n2), . (n2), )+ max((m)), . (m), )+ -

1

Example 4.6 Let 4= <(0.2,0.3,0.5,0.6);0.1,0.4,0.5,0.6>

B= <(O.1,0.3,0.4,0.6);0.2,0.4,0.6,0.8> be two TFMN:ss in the set of real numbers R and

W, be the weight number for ¢ = (1,2) W = 0.4,w, = 0.6 such that qu =1. Then; hybrid
i=1
vector similarity measure between TFMN 4 and B is;

*lat -t
Hbe ZZ Z.i=1‘a1 -7‘ ] . i W Z (77A)k (773)1{
P gt ket 4 Zizl (UA)k +z,»:1 (773)k Z (77A)k (773)k

(1-1). [l \ i{ 24 at b ‘wq.[nﬂn((ﬂl)ka(n;) )+m1n((77 ) (773) )+min((;f)k,(n;)A)Jr._.]JJ
P X @y T @ max ((7,) . (m,), )+ max ((72), .(n2), )+ max (), .(n3), )+

k=1

| 0,2 -0,1)+]0,3-0,3[+]0,5- 0,4/ +]0,6 - 0,6
p .
=0,3.
0,4.(0,1.0,2 +0,4.0,4 + 0,5.0,6 + 0,6.0,8)

[(0,1)" +(0,4)" +(0,5)" +(0,6)’1+[(0,2)" +(0,4)" +(0,6)" +(0,8)"]1—[(0,1.0,2 + 0,4.0,4 + 0,5.0,6 + 0, 6.0, 8)]
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0,2 -0,1]+]0,3-0,3|+]0,5- 0,4/ +]0,6 - 0,6
p :

+0, 3.
0,6.(0,1.0,2 + 0,4.0,4 + 0,5.0,6 + 0,6.0,8)

[(0,1)" +(0,4)" +(0,5)" +(0,6)’1+[(0,2)" +(0,4)" +(0,6)" +(0,8) ]1-[(0,1.0,2 +0,4.0,4 + 0,5.0,6 + 0, 6.0,8)]

+(07) 0,2.0,14+0,3.0,3+0,5.0,4+0,6.0,6 0.4 01+0.4+0,5+0,6
V0,20 +(0,3) (0,5 +(0,6)° +4/(0,1)2 +(0,3)> +(0,4)> +(0,6)>  0,2+0,4+0,6+0,8

(07). 0,2.0,1+0,3.0,3+0,5.0,4+0,6.0,6 0.6 0110,4+0,5+0,6
J(0,2)7 (0,3 +(0,57 +(0,6)> ++/(0,1> +(0,3)> +(0,4)> +(0,6)>  0,2+0,4+0,6+0,8
= 0,26823 +0,55392 = 0,82215

Proposition 4.7 Let HybV (A, B ) be a hybrid vector similarity measure between TFMN's

A and B. w, €[0,1] be the weight number, such that ZZZI w, =1. Then we have,
i. 0< HybV, (4, B)<1

ii. HybV, (4,B)=HybV, (B,A)

iii. HybV,, (4, B)=1 for A=B ie. 1=, (i=12....p)

Proof 4.8:

1. it 1s clear from Definition 4.5

ii.

HybV, (4, B)=A.

L[ Xl -4l W S ),
o L DIHCARES FRUARES FNCANTAN
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=1.
5.Medical diagnosis using the Hybrid similarity measure

Fever, pain, weight change, fatigue, dizziness, cough, itching ... All these symptoms
can have one or more meanings. Being aware of these symptoms plays a very important
role in the early diagnosis and treatment of diseases. That is, that the individual is aware of
the symptoms of the body has a great importance in the early diagnosis and treatment of
illnesses

So, here we are to present an example of a medical diagnosis. Let P =
{Ali, Hasan, Ezgi} be a our set of patients. And let there be a set of diseases D =
{Measles, Cough, Flu} and let S={Backache, Stomachache, Earache} be a set of
symptoms. Our solution is to examine the patient at different time intervals (four times a
day). Let w; = 0.6, w, = 0.4.
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Table 1: Q (the relation Between Patient and Symptoms)
Q Backache Stomachache Earache
Ali ((0.1,0.3,0.3,0.4); 0.1,0.3,0.6,0,7) ((0.2,0.4,0.4,0.5); 0.2,0.4,0.7,0.8) {(0.1,0.2,0.2,0.3); 0.2,0.4,0.6,0.8)
Hasan ((0.2,0.4,04,0.5); 0.2,0.4,0.7,0.8) ((0.1,0.2,0.2,0.3); 0.1,0.3,0.5,0,7) ((0.2,0.4,0.4,0.7); 0.2,0.4,0.6,0.7)
Ezgi ((0.1,0.2,0.3,0.4); 0.2,0.4,0.6,0.8) ((0.4,0.6,0.6,0.7); 0.4,0.6,0.7,0.7) ((0.3,0.4,0.7,0.8); 0.1,0.3,0.6,0.9)

Let us take the samples at four different timings in a day (in 08:30, 13:30, 18:30 and 23.30)

Table 2: R (the relation among Symptoms and Diseases)

R Measles Cough Flu
Backache {(0.1,0.2,0.4,0.4); 0.2,0.3,0.7,0.8) ((0.1,0.2,0.5,0.6); 0.3,0.4,0.4,0.7) ((0.1,0.2,0.3,0.5); 0.2,0.3,0.5,0.7)
Stomachache ((0.2,0.4,0.5,0.6); 0.1,0.4,0.5,0.7) ((0.2,0.2,0.5,0.7); 0.2,0.3,03,0.4) ((0.3,0.4,0.5,0.6); 0.3,0.7,0.8,0.9)
Earache ((0.5,0.6,0.7,0.8); 0.1,0.4,0.5,0.9) ((0.1,0.2,0.5,0.6); 0.3,0.5,0.7,0.9) ((0.3,0.5,0.6,0.8); 0.2,0.3,0.5,0.6)

Table 3: The Jaccard similarity measure Q and R

Jaccard Measles Cough Flu
Ali 0,78719 0,737372 0,800518
Hasan 0,798176 0,752882 0,76456
Ezgi 0,683783 0,773332 0,728903
Optimal—Ali(Cough);Hasan(Cough); Ezgi(Measles)
Table 4: The weighted Jaccard similarity measure Q and R
Weighted Jaccard Measles Cough Flu
Ali 0,7871 0,7373 0,8005
Hasan 0,7981 0,75287 0,76455
Ezgi 0,68378 0,77332 0,72888
Optimal—Ali(Cough);Hasan(Cough); Ezgi(Measles)
Table 5: The Cosine similarity measure Q and R.
Cosine Measles Cough Flu
Ali 0,82508 0,68566 0,81249
Hasan 0,88142 0,70496 0,73462
Ezgi 0,68887 0,81786 0,71412

Optimal—Ali(Cough);Hasan(Cough); Ezgi(Measles)
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Table 6: The Weighted Cosine similarity measure Q and R

Weighted cosine Measles Cough Flu
Ali 0,82507 0,68566 0,81248
Hasan 0,88141 0,70495 0,73641
Ezgi 0,68886 0,81786 0,71412
Optimal—Ali(Cough);Hasan(Cough); Ezgi(Measles)

Table 7: The Hybrid Similarty measure Q and R with 4 =0,9and 1-1 =0,1

Hybrid Measles Cough Flu
Ali 0,790979 0,732201 0,801715
Hasan 0,8065 0,74809 0,761566
Ezgi 0,684292 0,777785 0,727425
Optimal—Ali(Cough);Hasan(Cough); Ezgi(Measles)

Table 8: The Weighted Hybrid Similarty measure Q and R with 4 =0,9and 1- 4 =0,1

Weighted Hybrid Measles Cough Flu
Ali 0,790897 0,732136 0,801698
Hasan 0,806431 0,748078 0,761736
Ezgi 0,684288 0,777774 0,727404
Optimal—Ali(Cough);Hasan(Cough); Ezgi(Measles)

Table 9: Hybrid Similarity measure and Weighted Hybrid Similarity measure with optimal values

Similarity measure Values Measure value
HybV (Ali,Cough) =0,732201
S, = HybV (P,D) 2=0,9 HybV (Hasan, Cough) = 0,74809

HybV (Ezgi , Measles) =0,684292
HybV, (Ali,Cough) =0,732136

S, =HybV, (P,D) | 2=09 HybV, (Hasan, Cough) =0,748078
HybV, (Ezgi, Measles) =0,684288

6.Conclusions

In this chapter, a new hybrid similarity measure and a weighted hybrid similarity
measure for trapezoidal fuzzy multi numbers are offered and some of its basic features are
discussed. The suggested hybrid similarity measure strenghtenes the theories and
techniques for measuring the degree of hybrid similarity. This measure widely desreases
the influence of uncertain measures and ensures an highly intuitive quantification. The
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effectiveness and efficiency of the proposed hybrid similarity measure is verified in a

numerical example with the help of measure of error and measure of performance.

Furthermore, medical diagnosis problems have been displayed through a hypothetical case

study by using this proposed hybrid similarity measure. The authors hope that the
suggested idea can be performed in solving realistic multi-criteria decision making
problems.
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Chapter Thirteen

Dice Vector Similarity Measure of Trapezoidal Fuzzy
Multi-Numbers Based On Multi-Criteria Decision
Making
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ABSTRACT

The fundamental purpose of this chapter is to introduce a novel approach based on multi-criteria decision
making(MCDM) trapezoidal fuzzy multi-number. Therefore, Dice vector similarity and weighted Dice vector
similarity measure is defined to develop the Trapezoidal Fuzzy Multi-Numbers. In addition, the method is
applied to a numerical example one may supposing to confirm the practicality and certainity of the submitted
approach.

Keywords: Neutrosophic set, Trapezoidal Fuzzy Multi-Numbers, Dice vector similarity
measure, MCDM.

1.Introduction

In 1965, Zadeh [1] came up with the concept of fuzzy sets which includes claasical
universe set A to process defective, obscure, suspicious and indefinite information of fuzzy
sets. Then, the description of fuzzy set has been conveniently carried out in science and
technology, artificial intellegence, multifactor systems, computational modelling ,etc. A
membership value of fuzzy sets are [0,1] in a universe; but, it is insufficient for supplying
exact result of some problems because it may have status with distinct membership values
for each member. Therefore, a distinct combination of fuzzy sets, that is, it was suggested
the concept of multi-fuzzy sets. Yager [2] initially offered multi-fuzzy sets as a
combination of fuzzy sets with multisets. There may be more than one membership value
in [0, 1] which is a member of a multi-fuzzy set (that is, there may be recurring cases of an
element). Miyamoto [3, 4], Maturo [5], Sebastian and Ramakrishnan [6], Syropoulos [7, 8]
and others run several works on the multi-sets. Lately, intensive research has been made on
fuzzy numbers. For instance, several arithmetic processes with linear membership
functions on fuzzy numbers are improved by Thowhida and Ahmad [9]. Chakrabort and
Guha [10] and Alim et al [11] improved several arithmetic operations and a method for the
basic operations on generalized fuzzy numbers and L-R fuzzy number by utilizing
extension basis. Roseline and Amirtharaj [12] advanced generalized fuzzy Hungarian
method and approved a formula of estimating of generalized trapezoidal fuzzy numbers. In
addition, similar researchers in [13] proposed a technique of estimating of generalized
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trapezoidal fuzzy numbers depend on rank, perimeter, etc. Meng et al [14] analysed a
multi-attribute decision-making problem along attribute values in triangular fuzzy
numbers. Surapati and Biswas [15] viewed a multiple objective assignment problem along
uncertain costs, time and ineffectiveness in place of its exact data in fuzzy numbers. Sinova
et al. [16] put forward a classification of the handling of several haphazard factors by
expanding the occasion-developing function in fuzzy numbers. Riera and Torrens [17]
improved a way on discrete fuzzy numbers to pattern real and unreal qualitative data.
There has been several studies researched with fuzzy numbers recently. For instance; on
existence, singleness, calculus and features of triangular approachings of fuzzy numbers
[18], t-norms and s-norms with two valued functions t and s which transform from [0, 1] *
[0, 1] into [0, 1], [19], data system and operations for fuzzy multi-sets [20], optimization
by interval and fuzzy numbers [26], selecting them based on variance [27], defuzzification
of fuzzy numbers and its application in many areas can be revealed in [28], [29], and [30].
Finally, the application of NET to algebraic structures and the similarity among two
different algebraic systems can be seen in [31] and [32].

2. Preliminary
This section reviews some basic facts on the fuzzy set, fuzzy number and multi-fuzzy set.

2.1 Fuzzy Sets [1]

Let X be a non-empty set. A fuzzy set ' on X is defined as:
F= {(x,,uF(X)> :x € X} where fr : X =>[0,1] forx € X .

2.2 Multi-fuzzy SetS [6]

Let X be a non-empty set. A multi-fuzzy set G on X is defined as
G = {2, (). L2 (X).n ().} 1 x € X | Where tg: X >[0,1] for all i € {1,2,...,p} and
xeX

2.3 Trapezoidal Fuzzy Multi-number [21]

Let 77, €[0,1] (ie {1,2,...,]9}) and a,b,c,d € R such thata<b<c<d. Then, a (TFM-
number) d = <(a,b,c,d );ni,,nj,...,nﬂ is a special fuzzy multi-set on the real number set R

, whose membership functions are defined as
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(x—a)n, /(b -a) a <x<bh
7, b<x<c
(d —xm,/(d ~c) ¢<x<d,

0 otherwise

Hy(x) =

Note : The set of all TFM-number on R is denoted by A .

2.4 Some Operation on TFM-number [21]

LetA:<(a1,b1,cl,d1);n;,nj,...,nﬂ, B:<(a2,b2,c2,d2);77;,772,...,77{;> €Aandy =0 be any

real number. Then,
1. A+B :<(a1 +a,,b+b,,c,+¢,.d, +d2);5(7711’77;;)’3(77;577/}23)’---’5(775’775)>
2. A-B :<(al —d,,b —c,,c,—b,,d, —az);S(UL,ﬂé)as(ﬂj,ﬂé),---,S(ﬂf,ﬂ§)>

aa,,bb,,cc,,dd,);
1<(112 122212 12) (d]>0,d2>0)
10510 ) EOT 303 )50 L0050
ad,,bc,,cb,,da,);
3. AB = 1<(112 ;2212 “) (d, <0,d, > 0)
(7 ) O 173 s 81215

<(dld2’cl c29b1b29a1a2);
(d, <0,d, <0)

7 )T 173 ) t15715))

((a,/dy,b, / cyue, 1 by,d, ] ay);
o o d>0d,>0)
10751055 EOT 3503 )55 105725
d/ld,c/lc,b /b,ala,);
4. A/B= <(11 R 2 (d, <0,d, > 0)
107510 EOT 3503 )55 100525

d/la,cl/b,b/c,ald,);
<(1 20017 005 01 1658y 2) (d, <0,d, <0)

(UARIG I RGN TS)
5. yA=((ra,yb.re,yd );1=(1=n,Y ==Y .. l=(1=15) )( 2 0)
6. 4" =((a] bl ,d] ); (1Y 07 »er (015) )7 2 0)

2.5 Normalized TFM-number [21]
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LetA=<(al,b1,cl,dl):ni,,ﬂj,...,nﬂ e A . Then,

- a b c d 5
= 1 | | 1 e’ ) isa
a,+b +c +d a +b +c +d a +b+c +d, a+b+c+d ) T

normalized TFM-number of A

Numerical example: Assume that 4 = <(1,3, 5,6);0.3,0.2,...,0.8> e A . Here:

A= i,i,i,i :0.3,0.2,...,0.8 ) is a normalized TEFM-number of A .
15715715715

2.6 Dice similarity measure [22]

LetXZ(Xl,Xz,---,X,,)andY=(y1,y2,---,yn) be the two vectors of length 72 where all the

coordinates are positive. Then the DSM between two vectors are given as follows:

2X.Y 2;” "

DX,Y) = -
[XE+IYE ~ 2, < .2
X+

(14)

where X.Y=le. Y; 1s the inner product of the vectors X and Y and [X], = /Zn:xz and
I=1

i=1
Yy, = /z y* are the Euclidean norms of X and Y (L, norms). However, it is undefined if
I=1

X, =y.=0fori=1,2,...,n. In this case, let the measure value be zero whenX; =}, =0 for

i=L2,...n.
The DSM satisfies the following properties (22; 24,25:)
(P1) o<DX,Y)<1;

(P2) D(X,Y) =D(Y,X)

(P3) D(X,Y)=1lifand only if X =Y jie. X, =Y, fori=1,2,...n.
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The DSM in vector space can be extended to the following expected DSM for trapezoidal
fuzzy numbers.

3. Dice Vector Similarity Measure Depend on MCDM with TFM -Numbers)
3.1 DSM between TFM-number R and S

Let R:<(r1,r2,r3,r4);7711?,77;,...,77§’> S:<(Sl,sz,s3,s4);77;,775,...,77;’> be two TFMNs in
the set of real numbers R . Then; DSM between TFMN R and S denoted D(R,S) is

defined as;

) 1 217 ()75 (x,) #1727 () oo 175 ()75 (X))
N 1+d(R,S) (1) (x,)+ () (x) + () (x) + (7)) .o+ (1) (%) + (175 (x,)

D(R,S) :%Z

d(R,S)=|P(R)-P(S)|

n+2n 42+, s, +2s, +25;, +5,

6

P(R) = , P(S) =

Proposition 3.1 Let D(R, S)be a DSM between TFMN's R and S. Then we have,
i. 0<D(R,S)<1

ii. D(R,S)=D(S,R)

iii. D(R,S)=1 for R=§

Numerical Example

Let R=((1,2,3,4);0.3,02,04,06)  §=((3,5,7,9);0.2,0.3,0.4,0.5) be two TFMNs in

b

the set of real numbers R . Then; DSM between TFMN R and S

d(R,S)=|P(R)~P(S)| =

2,5-6=3,5

Py = L4654 155 s s

3+10+14 36
p(@;%w:?:6

189



Editors:
Prof. Dr. Florentin Smarandache
Associate Prof. Dr. Memet Sahin

D(R,S) =

lzn 1 2(0,3.0,2+0,2.0,3+0,4.0,4 +0,6.0,5)
47 143,5 (0,32 +(0,2)" +(0,2)" +(0,3)" +(0,4)* +(0,4)* +(0,6)" +(0,5)’

1 1 205 L6  L16 _
41435 1,19 44,5119 21,42

0.054

3.3 DSM within TFM-numbers

Let R=<(r,,rz,zg,r4);77,13,77,2?,...,77,{,’> S=<(Sl,S2,S3,S4);77;,77§,...,77§)> be two TFMNSs in

the set of real numbers R and W, €[0,1] be the weight of each element X; fori = (1,2,...,n)

so as to ZWI- =1. Subsequently; DSM within TFMN R and S denoted D (R,S)is defined

i=1

as;

| 2w, (17 ()75 () + 1 (X )5 (X)) oot 1 ()2 (X))

D,(R,S)= n N 2 1 2 2 2 2 2 P 2 P 2
RS) = | TR S) e (5 )+ G5 )+ 2G5 o 75+ )

d(R,S)=|P(R)-P(S)|

2r, +2 2 2
P(R):rl+ rz-g r3+r4, P(S):S1+ Szg Sy +58,

Proposition 3.2 Let D, (R, S) be a weighted DSM between normalized TFMN's R and S,
w; €[0,1]be the weight of each element X ; such that »™ w, =1 Then weighted Dice
. . ="

vector similarity measure between TFMN’s R and S;

i.0<D (R,S)<1
ii. D,(R,S)=D,(S,R)

ii. D,(R,S)=1 for R=Sie. (y=1s.0s=1s,...10 =11%)
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1.
DR §):Zn: 1 2w, (17 ()75 (3,) + 1. (x) )75 () + oo+ 175 ()17 ()
Y T2 2 25420, | (1) (x) + (1) () + 00) (1) + (75)” () et (1) () + (1) ()
6 6
_D.(R §):Z": 1 2w, (175 () () + 175 (0 ) 7 (X)) oo 4175 (X)) (X))
US| a2 w25+ 20 | () () + (1) () (75)° () + (1) (x) et (7)) () + (1) ()
6 6
=D (S,R)
11i.
D, (S,R)
3 1 2w, (75(x)75 (x,) + 15 (%, ) e () + o475 (X, )2 ()
J=1 1+ rl +2Sl +2t1 +ul _ rz +2S2 +2t2 +Ll2 .(7711;)2(?@)+(773§)2(xj)+(77123)2(xj)"‘(77;)2()6;)+---+(77§)2(xj)+(’7§)2(x_,-)
6 6
K 1 2w, (7 (2 ) (x,) + 172 (e ) 72 (%)) 75 (D175 ()
J=1 1+ 7'1 +2Sl +2tl +ul _ rl +2S1 +Ztl +ul . (n;?)z(xj)+(7711?)2(x_;)+(7712§)2(xj)+(7712§)2(x,')+"'+(771§)2(xj)+(771§)2(x_,‘)
6 6

12w () o)+ (72 () +. 4+ (70) (%))

=,.1[1+o' 2((75) (6) + (722 () oot (72 ()

=1.

Numerical Example

LetR=((2,3,5,6);0.2,0.5,0.6,0.9)

b

§=((1,2,4,5);0.3,0.4,0.5,0.7) be two TFMNs in

the set of real numbers R and W; be the weight of each element X; for i =(1,2)

w, =0.6,w, = 0.4 such thatzwl. =1. Then; Dice similarity measure between TFMN R and

S is;

i=1
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d(R,S)=|P(R)-P(S)|=]4-3|=1

2+6+10+6 _ﬁ_
6 6

P(R) = 4

prs)_ r48e5 18
6 6
1 2.(0,6).(0,2.0,3+0,5.0,4+0,6.0,5+0,9.0,7)

:aﬂymgf+m3f+m;f+mAf+mﬁf+m§f+mﬁf+wjf

D, (R,S)

| 2.(0,4).(0,2.0,3+0,5.0,4+0,6.0,5+0,9.0,7)
(1+1) (0,2)* +(0,3)* +(0,5)° +(0,4)* +(0,6)* +(0,5)* +(0,9)* +(0,7)’

2&®ﬂj%+lzmAﬂu%
20 2,45 20 2,45

=0,48
4. TFM-number MCDM Method

In this section, we define TFMN and MCDM method depend on Dice vector similarity
measure for TFM-numbers.

4.1 TFM-number MCDM Matrix

Assume that U = (uq, Uy, ..., U,,) be a set of alternatives, R = (ry, 1y, ..., 7;,) be the set of
criteria, w = (Wy, wy, ..., w,,)T be the weight vector of the 17(j = 1,2...,n) such that w; >

0 and 2?21 w; = 1 and [bu]mxn = ((arl-j,bij,Cl-j‘dij);nl-lj,mzj, ,T]Z) be the decision

matrix whither the ranking values of the options. Then

a, a, o a,
w (b, b, - b,
u,| by by, - b,

5, ]m - : :
u,|b, b, - b,

is called a TFM-number MCDM matrix of the decision maker.

Also; r* is positive ideal TFM-numbers solution of decision matrix [bi f]mxn as form:
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rt=(1,1,1,1);1,1,..,1)

and r~ is negative ideal TFM-numbers solution of decision matrix [bi f]mxn as form:
r~ =(0,0,0,0);0,0,...,0).

Algorithm:

Step1. Give the decision-making matrix[bi j]mxn; for decision;

Step2.Calculate the weightedDice vector similarity S; between positive ideal (or negative
ideal) TFMN solution r*and w; = ((a;, by, ¢;, d;); 14,03, - nipyand (i = 1,2 ..., m) as;

] 1 2w, (1 (x )75 (x )+ 175 (x ) a5 (x,) + o175 (3 ) ()
F1+d(R,S) (1,(x,))* +(75(x,)* +(72(x)) +(15.(x,)) .o+ (7 (x))) + (75 (x,))

D,(R,S)=),

Step3. Determine the non-increasing order of S, =D, (u,r") (l' = 1,2,...,m) ,
(j=12,...n)

Step4. Select the best option.

Let’s see the following numerical example;
Numerical Example

Let’s consider decision making problem adapted from Xu and Cia [23]. We consider Nizip
Medical who intends to stretcher. Four types of stretchers (alternatives) u; (i = 1,2,3,4) are
able to be used.. The customer takes into account four attributes to evaluate the
alternatives; a, =collapsible stretcher; a, =rollerstretcher; a; =hammock stretcherand use
the TFMN values to calculate the four possible options u;(i = 1,2, 3,4) according to the
above four attributes. Also, the weight vector of the attributes aj(j =1,2,3,4)is w =

(0.2,0.5,0.1,0.2). Then,
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Algorithm

Step1.Constructed the decision matrix supplied by the Nizip Medical as:

&1 2 T3
u, ((0.3,0.5,0.7,0.9); 0.4,0.5,0.3,0.6) ((0.6,0.7,0.8,0.9); 0.8,0.9,0.6,0.3) ((0.1,0.3,0.5,0.8); 0.2,0.5,0.2,0.1)
u, {((0.2,0.3,0.4,0.5); 0.8,0.1,0.4,0.2) {((0.5,0.6,0.8,0.9); 0.1,0.9,0.3,0.7) ((0.2,0.5,0.8,0.9); 0.7,0.7,0.1,0.3)
Uz ((0.1,0.5,0.6,0.7); 0.2,0.6,0.2,0.5) ((0.4,0.6,0.7,0.9); 0.2,0.9,0.1,0.8) ((0.5,0.6,0.7,0.8); 0.8,0.8,0.5,0.1)
Uy ((0.3,0.4,0.6,0.8); 0.6,0.9,0.1,0.2) ((0.2,0.3,0.7,0.8); 0.8,0.3,0.2,0.4) ((0.1,0.5,0.6,0.8); 0.2,0.3,0.1,0.3)

Table 3: Decision matrix stated by Nizip Medical

Step2.Computed the positive ideal TFM-numbers solution as;

rm=(1111);11..1)

Step3.Calculated the weighted Dice vector similarity measures, S, =D, (u,, r') as;

The Proposed

Measure value

Ranking order

method
D, (u,,r") =0,1302
D, (u,,r")=0,3341
S,=D, (u;,r") D, (u;,r")=0,0685 S,>8,>8,>8,

D, (u,,r")=0,1197

Step 4. So the Medical will choose the stretcher U, . Nevertheless if they don’t select U, as

a result of a few causes an alternative choice will be U, .

6. Conclusions

In this chapter, we developed a MCDM for trapezoidal fuzzy multi-number based on
weighted Dice vector similarity measures and applied to a numerical example in order to
confirm the practicality and accuracy of the proposed method. In the future, the method
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can be extend with different similarity and distance measures in intuitionistic fuzzy set and
neutrosophic set.
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The Neutrosophic Triplets were introduced by F. Smarandache & M. Ali in
2014 — 2016, and consequently the neutrosophic triplet group, ring, field - in
general the neutrosophic triplet structures; while the Neutrosophic Extended
Triplets were introduced by F. Smarandache in 2016 and consequently the
neutrosophic extended triplet structures:

http://fs.unm.edu/NeutrosophicTriplets.htm
Definition of Neutrosophic Triplet (NT).

A neutrosophic triplet is an object of the form <x, neut(x), anti(x)>,
for x€ N, where

neut(x)€ N is the neutral of x, different from the classical algebraic unitary
element if any, such that:

X*neut(x) = neut(x)*x = x
and anti(x)€N is the opposite of x such that:
x*anti(x) = anti(x)*x = neut(x).

In general, an element x may have more anti's.

Definition of Neutrosophic Extended Triplet (NET).

A neutrosophic extended triplet is a neutrosophic triplet, defined as above,
but where the neutral ofx {denoted by eneut(x) and called "extended neutral"} is
allowed to also be equal to the classical algebraic unitary element (if any).
Therefore, the restriction "different from the classical algebraic unitary element

if any" is released.
As a consequence, the "extended opposite" of x, denoted by canti(x), is also
allowed to be equal to the classical inverse element from a classical group.
Thus, a neutrosophic extended triplet is an object of the
form <x, cneut(x), canti(x)>, for x€N, wherecneut(x)EN is the extended
neutral of x, which can be equal or different from the classical algebraic unitary

element if any, such that:
x*eneut(x) = eneut(x)*x = x
and canti(x)EN is the extended opposite of x such that:
x*eanti(x) = canti(x)*x = eneut(x).
In general, for each xEN there are may exist many eneut's and canti's.
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