ON THE SABBAN FRAME BELONGING TO INVOLUTE-EVOLUTE CURVES
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In this article, we investigate special Smarandache curves with regard to
Sabban frame of involute curve. We created Sabban frame belonging to
spherical indicatrix of involute curve. It was explained Smarandache curves
position vector is consisted by Sabban vectors belonging to spherical
indicatrix. Then, we calculated geodesic curvatures of this Smarandache
curves. The results found for each curve was given depend on evolute curve.
The example related to the subject were given and their figures were drawn
with Mapple program.
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1. Introduction and Preliminaries

The involute of the curve is decent known by the mathematicians especially the differential geometry
scientists. There are many essential consequences and properties of curves. Involute curves examined
by some authors[3, 6]. Frenet vectors of a curve were taken as the position vector and the regular curve
drawn by the new vector is identified. This curve were called the Smarandache curve [10]. Special
Smarandache curves examined by certain writers [1, 2, 5, 7, 8, 9]. K. Tagkdprii, M. Tosun studious

particular Smarandache curves belonging to Sabban frame on S? [11]. Senyurt and Caliskan
investigated particular Smarandache curves belonging to Sabban frame of spherical indicatrix curves

and they gave some characterization of Smarandache curves [4]. Let . | — E® be a unit speed curve
and the quantities {T,N, B, x, 7} are collectively Frenet-Serret apparatus of this curve. The Frenet

formulae are also well known as, respectively [6]
T'(s) = x(S)N(s), N'(s)=—«(S)T(s)+7(s)B(s), B'(S)=—7(S)N(s). (1.2)

Let c : | - E® pe the C?-class differentiable curve and {'I'1 (9), Nl(s), B1 (s), K, (s),z'1 ()} is
Frenet- serret apparatus of the a, involute curve, then [3]
T1 =N, N1 =—cos @l +sin @B, Bl =sin @l +cos ¢B. (1.2)
where £ (W, B) = ¢. For the curvatures and the torsions we have
. = W/| ;= (xk7’ —7K") (1.3)

LoJe—s|x’ ' xle—s|wW|
— ”\N” ' ,\/¢,2+|I\N||2 (1.4)

Sin(pl=L2,COS(pl— =, '=( A =)
Jo? +w] N Jo? +w] W]

Let »:1 —S? be a unit speed spherical curve. We symbolize s as the arc-length parameter of .
Let’s give
7(8) = 7(s),t(s) = 7'(s), d(s) = () At(S) (15)
{7(s),t(s),d(s)} frame is denominated the Sabban frame of ¥ on S®. The spherical Frenet formulae
of y isas follows

y'(8) =t(s), t(s) =—y(8)+x,(s)d(s), d'(s)=—x,(S)t(s) (1.6)




where x, is denominated the geodesic curvature of the curve y on S? which is
K4 () =(t'(s),d(s)) [11]. 1.7
2. On The Sabban Frame Belonging To Involute-Evolute Curves

In this section, we investigated special Smarandache curves such as created by Sabban frame,
{Tl,TT T ATr } {Nl,TN N ATy } and {Bl,TB B ATy }. We will find some results. These
1 1 1 1 1 1

results will be expressed depending on the evolute curve. Let’s find results on this Smarandache curves.
Let o (s)= T1 (s), a (s)= Nl (s) and a, (s) = B1 (s) be a regular spherical curves on S®. The

1 1 1
Sabban frames of spherical indicatrix belonging to involute curve are as follows:
T=T, T, =N, TAaT =B, (2.1)
1 1 1 1 1 1 1
Nl = Nl, TNl = —COS(DlTl +sin (plBl, Nl /\TNl =sin galTl +c05golBl, (2.2)
Bl = Bl, TBl = —Nl, Bl /\TBl :Tl. (2.3)

From the equation (1.6), the spherical Frenet formulae of (Tl), (Nl) and (B1) are as follows,

respectively

T
T'=T,, T;' —T + T /\T (T AT, )':——lTT , (2.4)
1 1 Y 1 1 K 1
K 1
N1'=TN , Ty = N /\TN , (N ATy ) = N , (2.5)
1 1
B'=T,, T;' :—B + B /\T (B AT, )':——1TB . (2.6)
1 1 1 T 1 1 T

Using the equation (1.7), the geodesic curvatures of (I'l), (Nl) and (Bl) are

T N ' B
T (1)) K
1 1 1
Ky = L K, K, = 1 2.7)
K'l T

[

Definition 2.1. Let (Tl) spherical curve be of @, T1 and T; be Sabban vectors of (I'l). In the fact
1

[, -Smarandache curve can be identified by

Bi(s) = \/_(T +T; j (2.8)

Theorem 2.1. The geodesic curvature according to /3, -Smarandache curve of the involute curve is
4

K= (r At A2 ), (2.9)
(21(12 + rlz )E

where coefficients are

{8 {2 )
< AN " ’ﬂ AR (2.10)



Proof: £,(s) = T +T,; j or from the equation (2.1), we can write
1

1
\/E 1
S) = 1 T+N (2.11)
181( ) - E( 1 1)' .
If taken derivative of the equation (2.11), Tﬁl vector is
1
/2/{ +7°
1 1
Considering the equations (2.11) and (2.12), we have
T -z N +2K‘B). (2.13)
1 1 11

(B, /\Tﬂl)(s) = ﬁ( A

Using the equation (2.12), Tﬂl' vector is

T, (8) = (-xT, +x N +78B). (2.12)

Ts '(S')-ﬂ(ﬂiT + 2N +ZB,). (2.14)
: (2K2+T )

From the equation (2.13) and (2.14), Kgﬂl geodesic curvature of £, (s) is
4

K = K—15(r121 +7 0+ 2Klzg).
(21{12 +z'12)2

Corollary 2.1. The geodesic curvature belonging to £, -Smarandache curve of the evolute curve is

Ko = "W” (P A+ A+ —— ”W” A3) (2.15)
@MW\ +¢%)
where coefficients are i
Tz 2=+ (L), Zo = 2-3 L0y (L~ (L),
IIVV || IIVV K IIWII Wi P~ (216)
)+( ) + (2
IIWII W *wp’
Proof: From the equations (1.2) and (2.11), we calculate
1 .
S) = —=(—coseT + N +sin . 2.17
If taken derivative of the this expression, Tﬁ1 vector is,
T _gpSlngo—|[\/V||c03goT W] N+¢COS¢+"\N”sm¢B. 2.18)

'81 a ! B ’ ’
VW[ +o® W et 2 e

If made cross product from the equations (2.17) and (2.18), we have
2|W|sin g+ ¢pcos ! 2||\W | cos sin
_ W||sinp+ ¢ Pr_ ¢ N + [W[cosp—g'sing B. (2.19)

JAW +207 AW [ 207 AW 27

From the equation (2.18), T, 'vector is

|[\N|| (Assing — /12005¢>)J_ W 22 N+ w| (Aac05¢+/lzs|n¢>)\/_8 (2.20)
A" @W[" +¢%y "Wl +¢"2) @MW +¢2)?

ﬁl/\T/),1




If made inner product from the equations (2.19) and (2.20), Kgﬂl geodesic curvature is found like

equations (2.15).
The proofs of the subsequent theorems and corollaries belongingto 3, , f;, ﬂﬁ’ ﬁgz’ ﬁgs’ ,851, ,852

and ﬂ§3 - Smarandache curves will be similar to the theorem 2.1 and corollaries 2.1.

Definition 2.2. Let (Tl) spherical curve be of @, T; and T1 AT; be Sabban vectors of (I'l). In
1 1

the fact /3, -Smarandache curve can be identified by
21
Bo(s) = ﬁ(TT1 +T1 /\TTl )- (2.21)
Theorem 2.2. Let a be involute of . The geodesic curvature and belonging to 5 (S):%(N +B)
2 > ’

[, -Smarandache curve of involute curve is,

4
K
2 =——=Qra+x (-6 +4)) (2.22)

(k2 +272)2
where coefficients are

T T T T T T T T T T
5= 422+ 22 (), 8= -1-3(2) -2 — (), g = () -2+ (). (229)
K K K K K K K K K K

1 1 1 1 1 1 1 1 1 1

K

Corollary 2.2. Let a, be involute of «. The geodesic curvature belonging to

-1 ((sing—cos@)T +(sinp+cos¢@)B) L, -Smarandache curve of evolute curve is,

ﬂz_ﬁ

o = 2|W|| 2051 +W] (~2 +52) (2.24)
(W™ +2(e)*)

where coefficients are

El = (P' + ¢) —
‘|wvn’ (wvn wNn)‘wNn
=y |wvn G

Definition 2.3. Let (I'l) spherical curve be of a, Tl, T; and Tl AT, be Sabban vectors of (I'l).
1 1

_ _3(

IIW P IIW i IIW P

(2.25)

In the fact S, -Smarandache curve can be identified by
1
S)=—(T +T; +T AT 2.26
183( ) \/é (Tl Tl 1 Tl) ( )
. . . 1
Theorem 2.3. Let a be involute of « . The geodesic curvature belonging to g, (s) = ﬁ(Tl + Nl + Bl)

,83 -Smarandache curve of involute curve is,

4
K
ﬁ3_ 1

Ky = (7, —x ) —(x +7 )0, + (2K —7 )gs) (2.27)
4\/_(1c KT T 2)2

where coefficients are

T T T T T
¢} =-2+4(1) - (1) +2(F) + () (2+-1),
Kl Kl Kl Kl Kl




T T T T T T
b= -2+ 2(2) A1) +2(2) - 22 - (L) 1+,
Kl Kl Kl Kl Kl Kl

T T T T T T
$=2(2)— 4L +4(L)Y - 2( )+ () (2-D) (2.28)
K K K K K K
1 1 1 1 1 1
Corollary 2.3. Let a be involute of «. The geodesic curvature belonging to

Ss(s) = \/_ ((singp—cos@)T + N +(sinp+cos ¢)B), S, -Smarandache curve of evolute curve is,

o= IIWII
a2(w

where coefficients are

b = —2+4(-2 )+4(

W IIWII IIWII

(2’ - —(W[+¢)s, + W[ -9)g,) (229

r2)2

) +2(

|wv||) +(|wvn’(2|wvn i
i “(wvn) +(|wv||) ‘2(|wvn’ ‘(|wv||) (“wvn
b= 2=l 4G -2 G e )

Definition 2.4. Let (Nl) spherical curve be of a N1’ T, be Sabban vectors of (Nl). In the fact
1

¢, =—2+2(

(2.30)

B -Smarandache curve can be identified by
1

1
s)=—(N +T 2.31
P 0= (N T, ) (2.31)
Theorem 2.4. Let a, be involute of « . The geodesic curvature belonging to
B. (s)= i(—cos o1 +N_+singB ) B. -Smarandache curve of involute curve is,
1 \/E 1 1 1 1
ﬁg ) ’ '
Ky t= ”2\Nl” 5 ((Pl =P X +2”\N1||Zs) (2.32)
(2”\N1|| + (501 )2)2

where coefficients are

X, =—2-3(

|wv1||) +(|wv1|| |wv1||) Mn’ ‘(Mn) “|wv1|| |wvl|| 2.3

2= 200 )+( )+ (2
i o G
Corollary 2.4. Let a be involute of « . The geodesic curvature Sabban apparatus belonging to
5 (S):(DISin(/?—w/(D'ZJr”VVHZ COS(pT_ W || N+ @' COS@++|@'”? +|[VV|| Sln(pB
K V20 -2} V20 +2Wf V20 +2Wf

B. -Smarandache curve of evolute curve is,
1

1 - -
Ky = s —nx,+273) (2.34)
(2+7°)?



!

where in the event of 7 =

=(

) 4 ) cosp(c—s) coefficients are
2 2
O
H==2=nt ', g, =-2=-3n"=n'=n'n, xy =20+ 47 (2.35)
Definition 2.5. Let (Nl) spherical curve be of « , Ty and N AT, be Sabban vectors of (Nl).
1

1
In the fact B -Smarandache curve can be identified by
2

1
S)=—(Ty +N AT 2.36
ﬂgz( ) \/E( N]_ 1 Nl) ( )
Theorem 2.5. Let a be involute of « . The geodesic curvature belonging to

B. (s)= i((sin ? —COS(/)l)Tl +(sin ¢, +C0s q)l)Bl), B. -Smarandache curve of involute curve is
2 2

NG
4 +W,

4

A
w,

where coefficients are

%) (2.37)

2 = (20 4 —|W,
+2(p)?)?

g

T T T T T
h=-2+4(2) - (1)’ +2(2) +(H)'2=+-D),
KK K, S

=24 22 A2+ 2P -2 )~ (2 (L) 238
Kl Kl Kl Kl Kl Kl

T T T T T T
¢ = 22) =41 A1) -2 + ()R-
K K K K K K
1 1 1 1
Corollary 2.5 Let o, be involute of « . The geodesic curvature belonging to

(s)= (¢ +”\N”)Sm§0T + 14 _”W” N + (¢ _”W”) COS@B, ,Bg -Smarandache curve of

B
T et oW (202w 20t 2w

evolute curve is,

ﬂgz 1 _
Ky % = —§(277¢1 — ¢, + ;) (2.39)
(2+n°)?
where coefficients are
go=n+2n°+2n'n, ¢,=-1-3n"-2n"-n', ¢;=-n*-2n"+7. (2.40)

Definition 2.6. Let (Nl) spherical curve be of a Nl, T, and Nl AT, be Sabban vectors of
1 1

(Nl). In the fact ﬂgs -Smarandache curve can be identified by
1
'B§3 (S)—E(Nl +TN1 +N1/\TN1) (241)
Theorem 2.6 Let @, be involute of « . The geodesic curvature belonging to
1 . . ,
,Bga (s) = ﬁ((sm ¢ —C0S gol)T1 + N1 +(sin ¢, +0C0S (pl)Bl) ﬂgs -Smarandache curve of involute

curve is,



. 2 \PZ 1+ (1 ‘PZ )pzl+(25— ‘KZ ), »
S G
where coefficients are
p = —2+4(‘Q )—(‘Q y 2(‘@11' )3+(”\(;11' (2 \Pf’ 1)
p, :—2+2(”V¢Vll )—4(‘@1 )2+2(‘;V11 )3—2(‘;;11 )“—(‘;Vll )I(H\P’%l ) (243)
S 71 7 1 e 7 7 T

Corollary 2.6. Let a, be involute of « . The geodesic curvature belonging to

5 (=@ MDsino o W cosp, g (o WDeosp o W[ sing
k V3 3w J3¢’2+3IIWII V30” + W[’
ﬂg -Smarandache curve of evolute curve is,
3
+(go'+|[\/v||)003go+\/go’2+|[\N||2 singoB
3¢ +3|W|
Py _ @n-)p+(-1-m)p, +(2-n)p
K, %= L L 3 (2.44)

42(1-n+n?)?
where coefficients are
Py = —2+4n—4n* +2n° +257'(2n -1), p,
Py =2n—4n" +47° - 2" +1'(2—1)

Definition 2.7. Let (Bl) spherical curve be of & , Bl and T, be Sabban vectors of (Bl) . In the
1

=-2+2n—4n*+2,° n)

—2n* —n'(1+
7= A e

fact S, -Smarandache curve can be identified by
1

1
S)=—(B +T 2.46
p: (9= (B +Ts ) (2.46)
. . . 1
Theorem 2.7. Let o, be involute of « . The geodesic curvature belonging to ﬂ‘i (s) = ﬁ(_|\|1 + Bl)
B -Smarandache curve of involute curve is,
1
,B§ T 4
K, ' = — (k0 — K 0, + 27 ®,) (2.47)

2 212
(22'1 +/<1 )

where coefficients are



K K K K K K K
o =-2-(2)+(F) (), @,=-2-3(")" - (H)"- (')
T T T T T T T
1 1 1 1 1 (248)
K K K
@y =2(1)+ () + ()
T T T
1 1 1
Corollary 2.7. Let a, be involute of « . The geodesic curvature belonging to

B: (5)= %((COS¢+Sin )T +(cosp—sing)B, . -Smarandache curve of evolute curve is,
1 1

) 14 _ _ _
oy =T (W] (01— 2 )+ 20s), (2.49)
(297 +]W[")?

where coefficients are

)(

Z)l - _2_(|W”)2 i ("\N' [\N’”)1 Z)z — _2_3("\/\/'”)2 _ (”\N’”)4 _(”\N [\N’”)
® Q 4 ® 4

) (
2

(2.50)

).

Definition 2.8. Let (Bl) spherical curve be of « , Tg and B AT, be Sabban vectors of (Bl) .In
1 1

L N LI N
» % »

the fact B, -Smarandache curve can be identified by
2

-1
P (5)= N (Ty +B ATs ) (2.51)

Theorem 2.8. Let a be involute of « . The geodesic curvature belonging to
1 . .
B: (s)=—=(T —N), B. -Smarandache curve of involute curve is,
2 J2 it L 2

ﬂﬁf T 4
K, 2 = %(21(11//1 uAZ +‘l'll//3), (2.52)
2 2\2
(rl +2K1 )
where coefficients are

K, K K., K K, K. K
pr=—+2)+22) (), v, =-1-3()" -2(=) - (=)’
T T T T T 7 T

(2.53)
Kl 2 Kl 4 Kl '
vy =—(=)" -2(=)" + (=)
T T
1 1 1
Corollary 2.8. Let a, be involute of « . The geodesic curvature curvature belonging to
B (8)= %(cos @T +N —singB), B. -Smarandache curve of evolute curve is,
2 2
ﬂ§ ¢'4 - " "
Ky ! = W]y~ gy, o), (2.54)
(¢ +2]W[)*

where coefficients are



_1 = (M) + (M)S + Z(M'”)r(M)1 V_/z = _1_3(”\/\,'”)2 _ 2(|W||)4 _ (”\N'”),
¢ ¢ 7N P o
v, = -y oWy , Wy
o (1) 7

Definition 2.9. Let (Bl) spherical curve be of a, Bl, T; and B1 AT, be Sabban vectors of (Bl)
1 1

(2.55)

In the fact 3. -Smarandache curve can be identified by
3

1
S)=—(B +T; +B AT 2.56
P (9= (B +Ty +B AT, ) (2.56)
Theorem 2.9. Let a be involute of « . The geodesic curvature belonging to
B: = \/_ (I' N +B ) ﬂ§ -Smarandache curve of involute curve is,

s = i (2K 7 )G~ (7, + 1), + (20 —K )5, (257)
4\/_(2' +KT K 2)2

where coefficients are

K K K K K
§=2+4(1) - (1) +2(FH) + (H)2+-1)
T T T 7,

T
1 1 1 1
K K K K K K
§=—2+42(2) - A2 +2(2) - 2(H) - () A+D) (2.58)
2-1 2'1 z-1 z-l z-1 z-1

K K K K K K
§y=2(1) 4" +4(1) 2D +H (DR~
T T T T T T
1 1 1 1 1

Corollary 2.9. Let o, be involute of «. The geodesic curvature belonging to

((singp+cose)T + N +(cos@p—sin@)B), ﬂ§ -Smarandache curve of evolute curve is,

P ()= \/—

Ky 7 — (W]~ P9 + W DS, + o' W [)S,) (259

15

where coefficients are

N O O O 7 W Y 7
1 ¢1 q)r ¢1 qu §01 §0'
Zz =_24 Z(H\N’”) _4(”\/\/’”)2 + ("\N,”)S _ 2(”\/\/’”)4 _ ("\N’”)'(1+ ”\N’”) (260)
% %
TP TS M +(|wv||) e M)
9’ 9’ 9’

Example. Let us consider the unit speed evolute curve and mvolute curve, respectively

a(s) = (—sm (2t)- %Sln (8t),— zcos(Zt) + %cos(St) : %sin (3t)j

a(s) (S|n(25)—4—103|n(85) 2(1—3)005(53),__



1 4 . 4 . 3 3
cos(23)+4—ocos(85)+g(l—s)S|n(55),Esm(3s)—g+gsj.
The Frenet vectors belonging to involute curve, o are found as follows;
4 4 . 3
T =| Zcos(5s), =sin(5s), -~
. (Scos( s) 5sm( S) 5)
1 4 . 4 . 1.
N, = ((ECOS(SS) —gcos(Zs)jsm (3s) —(gsm (2s)+ ZSin (83))cos(3s),
4 . 1. . 4 1
[—gsm(23)+gsm(85))sm(33)+cos(35)(§cos(25)+gcos(SS)],Oj,
4 1 . 4 . 1.
B = (cos(3s)(gcos(25) —gcos(8s)j —sm(3s)(§sm (25) +gsin (85)),
cos(BS)(gsin(25)—%sin(85))+sin(35)(%cos(23)+%cos(8s)j,%}

According to definitions, we reach specific Smarandache curves belonging to Sabban frame of this

curve. B, B, B, ﬂﬁ’ ﬁgz’ 'Bgs’ ,851, ,852 and ﬁfs (see Figure 1,2,3).

o © O

Figure 1: f, -curve S, -curve B, -curve
Figure 2: ﬂgl -curve ﬂgz -curve ﬂgs - curve
/’-‘N\.
.-/-.A_\\\‘ \
PN
( )
\ /
Figure 3: ﬂfl -curve 'sz -curve ﬂgyg - curve

3. Conclusion

In this article, we reviewed the well-known involute and evolute curves in the literature. We
have created the Sabban frames on the unit sphere of the involute and evolute curves. We got
Smarandache curves from the Sabban frame and calculated the geodesic curvature of these
curves. Finally, we have given an example and have driven their shapes in the Mapple program.
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