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Abstract
In this paper, we investigate special Smarandache curves in terms of Sab-
ban frame of spherical indicatriz curves and we give some characterization of
Smarandache curves. Besides, we illustrate examples of our results.
Keywords: Smarandache Curves, Sabban Frame, Geodesic Curvature,
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1 Introduction

A regular curve in Minkowski space-time, whose position vector is composed
by Frenet frame vectors on another regular curve, is called a Smarandache
curve [5]. Special Smarandache curves have been studied by some authors.

Ahmad T.Ali studied some special Smarandache curves in the Euclidean space.
He studied Frenet-Serret invariants of a special case, [2]. Ozcan Bektas and
Salim Yiice studied some special smarandache curves according to Darboux
Frame in E3, [4]. Muhammed Cetin, Yilmaz Tuncer and Kemal Karacan in-
vestigated special smarandache curves according to Bishop frame in Euclidean
3-Space and they gave some differential geometric properties of Smarandache
curves, [3]. Melih Turgut and Siitha Yilmaz studied a special case of such curves
and called it smarandache T'By curves in the space Ef, [5]. Nurten Bayrak,
Ozcan Bektas and Salim Yiice studied some special smarandache curves in
E3, [6]. Kemal Taskoprii , Murat Tosun studied special Smarandache curves
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according to Sabban frame on S?, [7].

In this paper, we study special Smarandache curves such as T7r,

Tr(TANTr), TTr(TANTr), NTn, Tn(NATy), NTn(NATy), BT, Tg(BATg)
and BTg(B ATpg) created by Sabban frame, {T, Tr, T ATr}, {N,Tn, NANTy}
and {B,Tg,B A Ty}, that belongs to spherical indicatrix of a « curve are
defined. Besides we have found some results.

2 Problem Formulations
The Euclidean 3-space E? be inner product given by
() =2t +a;+ a3
where (z1,79,23) € E®. Let a : I — E® be a unit speed curve denote by

{T, N, B} the moving Frenet frame . For an arbitrary curve a € E*, with first
and second curvature, x and 7 respectively, the Frenet formulae is given by [1]

T'= kN
N = —-kT + 7B (1)
B'= —7N.

Accordingly, the spherical indicatrix curves of Frenet vectors are (77), (V) and
(B) respectively. These equations of curves are given by [10]

ar(s) =1T(s)
an(s) = N(s) (2)
ap(s) = B(s)

For any unit speed curve o : I — E3, the vector W is called Darboux vector
defined by

W =71(s)T(s) + r(s)B(s).

If we consider the normalization of the Darboux ¢ = % we have

7(s)
W

K(s)

COS (P = ——,
Wi

sin p =

and
c =sinT'(s) + cos pB(s)

where Z(W, B) = ¢.



Smarandache Curves in Terms of Sabban Frame... 3

Let v : I — S? be a unit speed spherical curve. We denote s as the arc-length
parameter of v. Let us denote by

(s) = (s)
t(s) =~'(s) (3)
d(s) =(s) At(s).

We call #(s) a unit tangent vector of v. {v,t,d} frame is called the Sabban
frame of v on S? . Then we have the following spherical Frenet formulae of + :

V=t
t'=—v+ Kyd (4)
d = —rgt

where is called the geodesic curvature of k, on 5% and

kg = (t',d) [8] (5)

3 Smarandache Curves in Terms of Sabban
Frame of Spherical Indicatrix Curves

In this section, we investigate Smarandache curves according to the Sabban
frame of Spherical Indicatrix Curves.

Let ar(s) = T(s) be a unit speed regular spherical curves on S?. We denote
st as the arc-lenght parameter of tangents indicatrix (7°)

ar(s) =T(s) (6)
Differentiating (6), we have
dOéT dST ’
far st _ p
dst ds (5)
and p
s
TTd—ST = kN (7)
From the equation (7)
Tr=N

and
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From the equation (3)
T(s) =T(s)
Tr(s) = N(s)
T NTrp(s) = B(s)

is called the Sabban frame of tangents indicatrix (T). From the equation (5)

).
y T
Kg = <TT,T/\TT> = Rg = E

Then from the equation (4) we have the following spherical Frenet formulae of
(T):
T =Tr
Tp =T+ ITNTy (8)
(I'\NTr) = —ITr

Let ay(s) = N(s) be a unit speed regular spherical curves on S?.We denote
sy as the arc-lenght parameter of principal normals indicatrix (V)

an(s) = N(s) (9)
Differentiating (9), we have
Ty = —cos¢T +sinpB
and
N NTy =sin¢T + cos pB.
From the equation (3)
N(s) = N(s)

Ty(s) = —cos pT'(s) + sin pB(s)
N ANTn(s) =singT(s) + cos pB(s)

is called the Sabban frame of principal normals indicatrix (N). From the equa-
tion (5)

/

PR
v

Then from the equation (4) we have the following spherical Frenet formulae of

(N):

N =Ty
Ty = =N + iy (N A Tw) (10)
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Let ag(s) = B(s) be a unit speed regular spherical curves on S?.We denote
sp as the arc-lenght parameter of indicatrix (B)

ap(s) = B(s) (11)
Differentiating (11), we have
Tp =—N
and
BANTp =T
From the equation (3)
B(s) = B(s)
Tg(s) = —N(s)
(BATp)(s) =T(s)

is called the Sabban frame of binormals indicatrix (B). From the equation (5)

Kg = —
7T

Then from the equation (4) we have the following spherical Frenet formulae of
(B):

B =1Tg

Tg'= -B+ %(B A Tg) (12)

(BATg) = —£Tp

i-) TTr-Smarandache Curves

Let S? be a unit sphere in E? and suppose that the unit speed regular curve
ar(s) = T(s) lying fully on S?. In this case, TTr - Smarandache curve can be

defined by

= L
fr(s") = (T + 7). (13)

Now we can compute Sabban invariants of 7" - Smarandache curves. Differ-
entiating (13), we have

T@%:T%PT+N+EE,
where =7
ds* 2+ (%
sV 2 (14)
Thus, the tangent vector of curve f3; is to be
Ty = —— (T4 N+1B) (15)
V2 (E)2 K
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Differentiating (15), we get
, ds* 1
y =
1 ds (2 + (2)2)

Njw

where

r=-LCy - () -3y -2

R K K K

=20+ (2

Substituting the equation (15) into equation (16), we reach

5
%HL—JC—ﬂMT+&N+&B)

2+ ()

Considering the equations (13) and (15), it easily seen that

1

TANT = —

From the equation (17) and (18), the geodesic curvature of 3 (s*) is

B — .
(2+(2)2)3

Rg ()\1% — )\2% + 2/\3)

ii-) T (T A Tr)-Smarandache Curves

Similarly, Tr(T' A Tr) - Smarandache curve can be defined by

o= L
62(8 ) = \/§<TT+T/\TT)

In that case, the tangent vector of curve fs is as follows

1
Ty = —
T+ 2(0)

Differentiating (20), it is obtained that

(-7 - N+ 1B
K K

T, = ————(MT + XN+ \3B
BT g T TN )

K

where

()\IT + /\2N + )\3B)

(17— N +2B).
K K

(16)

(17)

(18)

(19)

(20)

(21)
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= (Y 20" - (),

Using the equations (19) and (20), we easily find

1 T
TNT = —(2-T—- N+ B).
So, the geodesic curvature of By(s*) is as follows

1
Ky = ————(2M— — A+ Ag).
1+2(0)»)  F

iii-) 777 (T A Tr)-Smarandache Curves

TTrT N Tr - Smarandache curve can be defined by

By(s™) = %(T +Tr 4+ T ATy).

Differentiating (23), we have the tangent vector of curve (s is
1

V2(1 =24 (2)?)

Differentiating (24), it is obtained that

V3
41 -1+ (7))

T T
T3, = T+ (1——-)N+ —B).
" (-T+(1- )N +B)

Tég = ()\1T + )\2N + )\33)

where

A = (Z)’(2£ —1) + 2(%)3 . 4(%)2 +4£ 9

== Can) 2D 420y - a0 +2() -2

K K K

= (-T2 +a() (D) +2(0).

Using the equations (23) and (24), we have

(23)

(24)
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2I-DT+(-1-IN+(2-I)B
V61— I+ (I)?

So, the geodesic curvature of f5(s*) is

(T A TT)ﬂs =

(26)

M2E =1 +da(-1= D) + M2 - F),
W=+ ()

iv-) NTy-Smarandache Curves

B3 _
/fg =

NTy - Smarandache curve can be defined by

(s") = —=(N + Ty). (27)

V2

Differentiating (27), we have the tangent vector of curve ¢ is

B (—cosp + W"’V—”simp)T— N + (singp + mﬁ,—ucomp)B.
T, = (28)

1

Differentiating (28), we get

1
1! / ((Agsinp — Agcos )T + M N + (A2 sing + A3 cos ) B).
ey
(29)
where
ARV RV AR
M= (o — () =2
G )~ ()
e = =) (i) — (i)' = 3()” 2
W W g Wl
Ay = Q(L)’ + (L’)?‘ + Q(L/)
Wi Wil g
Considering the equations (27) and (28), it easily seen that
2sin p + £ cos )T + £ N + (2 cos ¢ — £ sin ) B
(N ATx)., = ( vy 08 P)T + gV + g S0 e) B (30)

4+2(ﬁ)2

The geodesic curvature of ¢ (s*) is
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(Mrém — Ao + 23)

st Wi W]

2+ (787)?)

v-) Tn(N A Ty)-Smarandache Curves

Tn(N A Ty) - Smarandache curve can be defined by

N L
@(s) = —5(Tv+ N A Ty) (31)

Differentiating (31), the tangent vector of curve ¢, is

B (i (sin g + cos @) T — N + (7 (cos ¢ — sin gp)B).
T§2 - (32)

L+ 2(qp)?

Differentiating (32), it is obtained that

2
= \/_, 5 [()\3 sinp — Agcos )T + M N + (Mg sinp + A3 cos @)B]
(1 +2(7)%)
(33)
where
M= (2w 2( ) (L) ()
= + +
L] W] W7 W
¢ 4 ¢ 4 ¢
A= —2(F )3 _ 1
2= 2 3~ G
N ¢ \4 o' \2
Ny = (———) —2(— )" = .
= () 2 )~ )
Using the equations (31) and (32), we easily find
(sing + cos )T + 2-2-N + (cos p — sin ¢) B
(N ATy, = 1 S (34)

)2
2+ 4
So, the geodesic curvature of ¢(s*) is as follows

(”LW’HA1 — X2+ A3)
5

(1 +2(gi7p)?)*

2
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vi-) NTy(N A Ty)-Smarandache Curves

NTNyN ATy - Smarandache curve can be defined by

o L
3(s*) = \/g(N—l—TN + N ATy). (35)

Differentiating (35), the tangent vector of curve ¢, is

(—cosp+ ﬁ(cosgaquin(p))T—N—l— (sing + ”LPW”(COSQD—SH]QD))B.

\/2<1 — i+ (H‘fi;ll)2>

Differentiating (36), it is obtained that

T —

<3

(36)

1! = V3 s[(=Azcos o + Azsin )T + AN + (A3 cos o + Az sin ) B].

4(1_ﬁv—”+(ﬁv—“>2) -

37
where
o= () @ = ) 2 () () -2
) v I ] ]
N4 ¢ |4 N @ |2 ¢’

Ay = — +1) =2 +2 —4 +2 —2
> = () G Y = 2Gug) 2 ) 4G + 2y

b = () @ )~ 20+ 4G~ ) 2y

Using the equations (35) and (36), we have

(NATy) = ! - ((2 sin ¢ + cos g (38)

_ '
\/6\/1 o+ (e

' : ¢
+——(cosp —sin))T + (-1 +2——)N
W] W]

/

i
g

+(2cosp —singp — (COSgp—Singp))B)

The geodesic curvature of ¢3(s*) is
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1 ¢
o [)\1( ) +)\2( 1
! / 22 W]
_ ¥ (92
V21 = gy + (i)
90/ )]
+A3(2 — —)].
ST
vii-) BTg-Smarandache Curves
BTy - Smarandache curve can be defined by
() = —(B+T)
§) = — :
m V2 B
Differentiating (39), the tangent vector of curve 7, is to be
1
T,=— (37-N-B).
2\ T
2+ (%)
Differentiating (40), we get
2
T = %(AJ — XN + M B).
2+(3)

where

+ () +200)
T T/
Considering the equations (39) and (40), it easily seen that

(BATg)y = ——t (27 + "N + gB).

ar2(5) 7
So, the geodesic curvature of 7, (s*) is

L (o X+ 2X).

e

m
Kg

11

(39)

(40)

(41)
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viii-) T(B A Tg)-Smarandache Curves

Tp(B A Tg) - Smarandache curve can be defined by

o1
ne(s*) = E(TB + B ATg). (43)

Differentiating (43), the tangent vector of curve 7, is as follows

- L _("ryfN_p) (44)

T,
" T+2(5)2 ' 7

Differentiating (44), it is obtained that

2

T =
m T (14 2(2))

where

n= () 2 - (5

T T T
Using the equations (43) and (44), we easily find

(BATg),, = T+ N+22B). (46)
T

So, the geodesic curvature of 79(s*) is as follows

1
Ky = (250 = Xy + Ag).
1+2(%)2)2 7

ix-) BTg(B A Tg)-Smarandache Curves
BTgB A'Tg - Smarandache curve can be defined by

S
m(s") = (B + T+ BATS) (47)

Differentiating (47), the tangent vector of curve 73 is

7, = ! (§T+(—1+ ”)N—B) (48)

Pz ) ’
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Differentiating (48), it is obtained that

V3
T = S(AsT = AN + M B). (49)

HEEEROY

where

A = (5)’(22 —1) + 2(5)3 _ 4(2)2 +4§ —9

ho= (5 E 1) o) o) () o) -2

M= () (2-20) —2(0)" +4(2) - 4(0) +2(2).

T T T T T T

Using the equations (47) and (48), we have

(2—§)T+(1+§)N+(—1+2§)B'
V6 1 —E4 (5)

T T

(BATp)y, = (50)

The geodesic curvature of n3(s*) is

MEE-D+d(-1-2)+A3(2-2)
121 -5+ (9))?

T

R —
K;g

Example

Let us consider the unit speed spherical curve:

9 1 9 1 6
a(s) = {% sin 16s — TT; sin 36s, ~508 8 16s + 77 08 36s, e sin 10s}.
In terms of definitions, we obtain Spherical indicatrix curves (T), (N), (B),
(see Figure 1) and Smarandache curves according to Sabban frame on S?,
TTr, Tp(T NTp), TTr(T ANTr), NI, Tn(N ANTxn), NTn(N A Ty), BT,
Tp(BATg), BTg(BATg), (see Figure 2, 3, 4).
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e, Joh
T =
Figure 2: TTT TT(T/\TT) TTT(T/\TT)

Figure 3: NTN TN(N/\TN) NTN(N/\TN)

Figure 4: BTB TB(B AN TB) BTB(B N TB)
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