A FUNCTION IN THE NUMBER THEORY

sunmarvy
In this paper I shall construct a function n having

cllowing properties:

ot
e
®
rn

(1) YneZ n=0 (n(n))!=1=5n.
(2) n{n) is the smallest natural number with the
property (1).

We consider: N = (0, 1, 2, 3, ...} and

Lemma 1. Y k, p € N*, p »1, k i1s uniquely written

(e (» (M
under the shape: k = t.‘a_’p + ... F taa;:lwhere an:> =
" i
pTE-1
=— ,1=1,¢,n >n>... >0, >0 and 1 < t, <
p-1
<p-1, J =1,¢-1 , 1 <t, £ P, O, t, € N, 1 = 1,2, & € N=*,

X ¢ . .
Proof. The string (a, ),,- consists of strictly

. : . .. ) (»)
increasing infinite natural numbers and 2, -1 =p - a_,
¥ n e N, p is fixed,
) (®) )
a, =1, a =1+0p, & =1+p+ D% ...
(P (P (P (P)
- N* = *Y) ¥
N U ((a, , a.y) NN ) where [a_, , a_,)
neN=*

AMS (MOS) subject classification (1980): 10AS9



(p)

net/

n (a

)

because a

Let k eN*,

e-)!
Ny

the shape k

We note

gy

If r, 0, as

1l is proved.

-— |
-
o

If r, =0 =

(P

ny ry, = n, > Ny,

< p - 1 because we

The procedure

number of steps ¢,

have t, < (a

continues similarly.

we achieve r,
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norp ) k is uniquely written
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a, + r, (integer divisilon theoren).
1
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aﬁ‘\,,i -1=1<¢<0p and Lemma

[a ,
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and Kk > r, >r, > ... >, = 0 and between 0 and K there
only a finite number of distinct natural numbers.
Thus:
. . . ()
k is uniquely written: Kk = t,a, +r, 12t <p -1,
"y 1
. . s w
. bad = -~
r is uniquely written: I, tzaﬂ2 + r,, N, < 0,
1< tz <p -1
. . f e e . + = t (P} . d —
r,., is uniguely written: r,, = %@, - r, and r, = 0,
n, < n 1< t, <
¢ e-1’ = H= P
. . . 5 (®)
-k is uniquely written under the shape k = t,a,
1
(P
+ ... + t,a
7
with n, >n, > ... >n, > 0; np > 0 because n, € N*, 1 <

<p-1, j =1,8-1, L <t £p, £ 21.

. ' _o® O
LetkeN,k=t1an’ -.-...+t(anz m.thanx =
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L, my, S, € N*, L1 =1,2,n >n,> ...
l<g, £p-1, 3=1,2-1, L <% <p.

I construct %I

e Ne oz ) =P,
fip(t,an:p) + ...+ tzaq(:) ) = t1’7;(a,\(:) )
st (anip)) -
NOTE 1.

The function M, is well defined for each
natural number.

Proof

LEMMA 2. VY K € N* = k is uniquely written as k

) (p)
+ ... * tlan

with the conditions from Lemma 1 =- =l t.p
n n
¢ ® , )
T TP o=, (B2, .. T LA, ) and tp -+ ..

N*

.

I
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LEMMA 3. VkeN*,VpeN,p=prime-k=t1an1 +

() . L.
+ ... T ta, with the ceonditions from Lemma 2 = r]p(k) =

o
t
.'
o
o)
v
——
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T—

o3
t

It is known that /| i

¥ a,, b € N* where through {a] we have written the

-
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integer side of the number «. I shall prove that p's powers

|

sum from the natural numbers which make up the result

n, n,

factors (t,p + ...+ tp ! is > k:

n, n, n, n,
: t.p + ...+ &P : TP : = R n,-1
| P> 1 t o T Po= P + .
: P } o L p !

n,-1
+ g,p

n, n, ny n,
. tp + ... P : t.p : ’ t,p : n,-n,
! P> + ...+ P= t"p + .
{ p" | n, Lon, i

P P
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n, . e
e <P R = & A2
n. . - cep > ‘f : - - = \_Tp -~
c.P T n, n,
n P b
P
N,
r B
+ ~§’i
n, |
P
n,-1
Adding = prg Powers sum is > t. (p too.. +p%
n,-1
¢ (p) )
+ 0y - - « =
Tt (p T pP) = t1anT €, k

THEOREM 1. the function n, p= Prime, defined
previously, has the following Propertijies:

(1) ¥ ke n» (n,(k)) 1 = ¥p¥,

(2) n ﬂ? is the smallest number with the proper+:

(by Lemma 2) is uniquely written, where:



e p -1
= *
n,, &, ¢ N¥, n, > n, > >nl>0,an'_— € N*,
i p-1
i=1,¢, 1<t <p-1,3J=1,2-1 , 1<t <np
n, n, n,
- np(k) = t.p + ... + &,p I note: 2z =<tp +
)
+ ...+ gD

Let us prove that z is the smallest natural number with the

property (1). I suppose by the method of reductio ad

L

absurdum that v € N, v < 2

.{|=.“p'
v < Z =y <z =1= (2 - 1)! = Mp*.
n, n,
z -1=¢tp + +t p, -1;n >n,>...>mn >1and
n. e N, j =1,2 ;
z- n,-1 n, -1 , n,-1 -1
— = tp + + £,.4P + £,p -las|[—} =-1
pf |p3

because p > 2 ,



4 - n,.,-n S
zZ=4i n,=n, e-1 e a
. - = v - —_— = -
f= 4P +oo.. T 5P T 1 as <
n, | 0y
o) P
as p > 2, n, 21,
0,
- -n,- -n. =1 - -3
z-1 , n,-n, i n,.,~n,-1 o t,P 1
.1§_t‘~p Toees T TP T _ =
Np=< . L n,+1
P j<
n,-n,-1 ' ' nH—nz—l
= L,p + ... F LD because
n, n, n,+1
0 < t,p -1l1<p-pP - 1<0p as ¢, < p ;
n,
j' z-1 _ L, . s TP -1, L MR
| . T WP SR I) <M | = %P +
L nz_11 I'lt_1 )
P P
+ - g
... + t,,p"asn,, >n,,
1 n, n,
Z _ . . 5P + ... + &P -l} s
- t1p +! I = 5P .
n, n, ‘ ]
P p
n2 nt nz
Because 0 < t,p + ... +tp -1 < (p-1) p - ... 0+



N, n, n, , n,+1l
s p-yp T rpp -l ed. EoprR T
i=n,
nz-l-l
P n,+t1 n, n,
< (p-1) =p. -1<p -1<p =
p-1
0, T
<SR T - +tp -1,
- [ 0
‘. n, :
p
n, n
. oz=1 . tp +tp -1,
' \‘ =§ i = 0 because:
Lo+l | | n,+1 )
p p
n, n, n,+1 n,+1
0 < t,p + ... TP - 1<0p - 1<p according
to a reasoning similar to the previous one.
adding = p's powers sSum in the natural numbers which
make up the product factors (z-1)! 1is:
n1-l nm—l
t, (p + ... +pY) + ... e (P + ... +pYH +
n,-1 :
+t, (p +...+p°)-l-n£=k-nl<k—l<kbecause

11
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n, > 1 = (z-1) ! = Up*, this contradicts the supposition
nade.

= n,(k) is the smallest natural number with “he
property (n_(k))! = l.pk.

I construct a new function n: zZ\{0} = N defined as

follows:

e )

{ 77(:1)=OI

/ a, a,
Yn=ep, ... p, with € = + 1, pP; = prime,
p; » p; for i » j, e > 1, i=1,s, n(n) =

. = max {n (@) ).

_ D,

\ 1=1,s

\

N

NOTE 2. 1 is well defined and defined overall.

Proof

() VnezZ,n=*»0,ns=+ 1, n is uniquely written,
independent of the order cf the factors, under the shape of

a, 04

s , _ .
n==«cp ... P, with € = + 1 where P; = prime, p. = P, o 2

2 1 (decompose into prime factors in 2 = factorial ring)).

- 3! n (n) = max {n, (@;)) as s = finite and N, . (a;) € N=*
1

1
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and 2 max {n, (@)}

——

i=1,

0

(b) n=+1=3 1! n(n) = 0.

THEOREM 2. The function n previously defined has the
following properties:
(1) (n(n)) t =4 n, ¥Yne z\{(0} ;

(2) n(n) is the smallest natural number with *this

property.
Proof
e, as
(2) n(n) = max {ng (a)}, n=e€-p ...p ",
i=1,s
(n »z 1),
a, ’
(n (e))! =Mp, ,
B,

Supposing max {rzpi ()} = n, ° (aiJ = (n, (&ig)l =

—_— 1

i=1,s

) (aig € N* and because (Pi,p;) =1, 1 = 3
0 'o
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. i
= (ny, (e )) L =3p ., §=1,s
i ol }
g
&7 C!s
- - !
(b) n=z1=n(n) =0; 0! =1, 1 =Y¥e «. 1 ="Yn
a1 as
(2) () n» =21 =-n=¢€ p, Ps = n7(n) = max 7
R ~1
i=1l,s
Let nmax (nF,i (cz,-))=rzp‘(a,-o),lsiss;
—— bi
1=1,s °
np*o (afo) is the smallest natural number with the propert

a.
| 10- o
(npi (a; )) e, V{€N,/<np'(ai3-
0 i
0
a. a. a; a
Y1 2Mp.® =~y ! aMe.op | 0 ) i
Y «plo vy ! =M e Py ... P, o Ps =Mn

- np. (a%) is the smallest natural number with the property.
1 ! )

0
() n=4%1=n(n) =0 and it is the smalles+ natural
number = 0 is the smallest natural number with the ‘propert

-~

ol =M (£ 1).
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NOTE 3. The functions n, are increasing, noct
injective, on N* - (p* | k =1, 2, ...} they are surjective.
The functicn n is increasing, it is not injective, it

is surjective on 2 \ (0} —- N \ {1}.

CONSEQUENCE. Let n € N*, n > 4. Then

n = prime = n(n) = n.
Proof
" n
n = prime and n > 5 = n(n) = n, (1) = n.
14 1#
Let n(n) = n and suppcose by absurd that n = prime =
&1 Czs —_—
(a) or n = p, .. P with s > 2, @, € N*, 1 = 1,s ,
n(n) = max (n, (e)) =71, (& ) <o PR
1o
i=1l,s
contradicts the assumption; or
a, @,
(b) n =p, with oy 22 = n(n) =7, (&) £ P& <Py =

because @, > 2 and n > 4 and it contradicts the hypothesis.

Apolication

1. Find the smallest natural number with the property:



n(z 2% « 3% . 78) = max {n,(31), n5(27), n,(13)}.

. ) . (2}
Let us calculate n,(31); we make the string (2, )., =

=1, 3, 7, 15, 31, €3,

31 = 1431 = n,(31) = n,(1-31) = 1-2° = 32.

Let's calculate n.(27) making the string (a:3))n€N, =

=1, 4, 13, 40, ...;27 = 2+13 + 1 = 0@ = ny(2:13 =~ 1-1) =
= 2n5(13) + 1leng(l) = 2¢3% + 1.3 = 54 + 3 = 57.

) . ¢4
Let's calculate n,(13):; making the string (3, ), .y =

=1, 8, 57, ...;13 = 18 + 5+1 = n,(13) = 1:n,(8) + 5-n,(1)

(O]

= 1.72 +# 5.7" = 495 + 35 = 84 = n(+x 2*'.3%7.7"%) = nax (32,
84) = 84 = 84! = M(+ 237.3%.73) and 84 is the smallest
number with this property.

2. Which are the numbers with the factorial ending ir

1000 zercs?

Solution
n = 1099 (n(n))! = M10"% and it is the smallest
number with this property.

n(109%%) = 7(2'%° . 5'%% = max:{n, (1000), ns (1000)} =

= n,(1000) = ny(l-781 + 1156 + 2+31 + 1) = 1.5° = 1.5° +



+ 2.53 + 1.57 = 4005, 4005 is the smallest number with
this property. 4006, 4007, 4008, 4009 verify the property

put 4010 does not kecause 4010! = 400%8! 4010 has 1001 zerocs.
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