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Abstract  

In this paper, we introduce the concept of AH-subspace of a neutrosophic vector space and AHS-linear 

transformations. We study elementary properties of these concepts such as Kernel, AH-Quotient, and dimension. 
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1. Introduction 
 

Neutrosophy, as a new branch of philosophy and of logic, founded by Smarandache, got  its way in algebraic structure 

studies. Many neutrosophic algebraic structures were defined and studied such as neutrosophic groups, neutrosophic 

rings, neutrosophic refined rings, and neutrosophic vector spaces. See [3,4,5,6,9]. In 2019 and 2020 Smarandache 

[12,13,14] generalized the classical Algebraic Structures to NeutroAlgebraic Structures (or NeutroAlgebra) {whose 

operations and axioms are partially true, partially indeterminate, and partially false} as an extension of Partial Algebra, 

and to AntiAlgebraic Structures (or AntiAlgebra) {whose operations and axioms are totally false}. 

AH-substructures were firstly defined in neutrosophic rings in [1], and then they have been studied in refined 

neutrosophic rings in [2]. These structures have had many symmetric properties that illustrate a bridge between 

classical algebra and neutrosophic algebra. In this paper, we try to define AH-subspace and AHS-subspace of a 

neutrosophic vector space and  introduce some of its elementary properties. Also, some interesting concepts were 

defined and used in this study, such as neutrosophic AH-linear transformations, and AH-Quotient. 

Motivation 

This work is a continuation of works done in [1,2], that established the theory of neutrosophic AH-substructures in 

neutrosophic algebraic structures. 

2. Preliminaries 

Definition 2.3:[5] Let ( V, +, ∙ ) be a vector space over the field K then (V(I), +, ∙) is called a weak neutrosophic 

vector space over the field K, and it is called a strong neutrosophic vector space if it is a vector space over the 

neutrosophic field K(I). 
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A neutrosophic field K(I) is a triple (K(I),+, ∙), where K is a classical field. A neutrosophic field is not a field by 

classical meaning, but it is a ring. 

Elements of V(I) have the form 	� + ��; �	, � ∈ �, i.e V(I) can be written as �(�) = � + ��. 

Definition 2.4: [5]  Let V(I) be a strong neutrosophic vector space over the neutrosophic field K(I) and W(I) be a 

non empty set of V(I), then W(I) is called a strong neutrosophic subspace if W(I) itself is a strong neutrosophic 

vector space. 

Definition 2.5:[5] Let U(I) and W(I) be two strong neutrosophic subspaces of V(I) then we say that V(I) is a direct 

sum of U(I) and W(I) if and only if for each element x ∈ �(�) then x can be written uniquely as x = y + z such y	∈
�(�) and z ∈ �(�) 

Definition 2.6:[5]  

Let U(I) and W(I) be twostrong neutrosophic subspaces of V(I) and let �: �(�) → �(�), we say that � is a neutrosophic 

vector space homomorphism if  

(a) �(�) = �. 

(b) � is a vector space homomorphism. 

We define the kernel of f by Ker f = { x∈ �(�); �(�) = 0 }. 

Definition 2.7:[5] 

Let ��, ��..�� ∈ �(�)	and	� ∈ �(�) we say that � is a linear combination of { ��; � = 1, .., �} if  

�= ���� + ⋯ + ���� such that �� ∈ �(�). 

The set { ��; � = 1, .., �} is called linearly independent if ���� + ⋯ + ���� = 0 implies	�� = 0 for all i. 

Theorem 2.10: [5]  

If { ��	, … , ��	} is a bases of V(I) and �: �(�) → �(�) is a neutrosophic vector space homomorphism then 

{f(��)	, … , �(��)} is a bases of W(I). 

Definition 2.8: [1] 

Let R(I) be a neutrosophic ring and � = �� + ��� = {�� + ���;	�� ∈ ��, �� ∈ ��}. 

(a) We say that P is an AH-ideal if ��	and�� are ideals in the ring R. 

(b) We say that P is an AHS-ideal if �� = ��. 

Definition 2.9: [2] 

Let (R(��, ��), +, × ) be a refined neutrosophic ring, and ��, ��, �� be three ideals in the ring R then the set 

� = (��, ����, ����) = {(�, ���, ���); � ∈ ��, � ∈ ��, � ∈ ��} is called a refined neutrosophic AH-ideal. 

If �� = �� = �� then P is called a refined neutrosophic AHS-ideal. 
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3. Main concepts and discussion 

Definition 3.1:  

Let V(I) = V+VI be a strong/weak neutrosophic vector space, the set  

� = � + �� = {� + ��; � ∈ �, � ∈ �}, where	P	and	Q 	are	subspaces	of	� is called an AH-subspace of V(I). 

If � = � then S is called an AHS-subspace of V(I). 

Example 3.2: 

We have V = �� is a vector space, � =	< (0,1) > , � =	< (1,0) > , are two subspaces of V. The set 

� = � + �� = {(0, �) + (�, 0)�; �, � ∈ �} is an AH-subspace of V(I). 

The set � = � + �� = {(0, �) + (0, �)�}; �, � ∈ � is an AHS-subspace of V(I). 

Theorem 3.3:  

Let �(�) 	= 	� + �� be a neutrosophic weak vector space, and let � = � + �� be an AH-subspace of 	�(�), i.e �, � 

are supspaces of V, then S is a subspace by the classical meaning. 

Proof:  

Suppose that � = � + ��, � = � + �� ∈ �; �, � ∈ �, �, � ∈ �, we have  

� + � = (� + �) + (� + �)� ∈ �. For each scalar � ∈ � we obtain �.� = �.� + (�.�)� ∈ �, since 

�	and	�	are	subspaces; thus � = � + �� is a subspace of V(I) over the field K. 

Remark 3.4:  

An AH-subspace S is not necessary a subspace of neutrosophic strong vector space V(I) over a neutrosophic field 

K(I), see Example 3.5. 

Example 3.5:  

Let S be the AH-subspace defined in Example 3.2, and � = 1 + � ∈ �(�) be a neutrosophic scalar, and � = (0,1) +

(2,0)� ∈ �, we have: 

�.� = (1 + �) ∙ � = (0,1) + [(2,0) + (0,1) + (2,0)]� = (0,1) + (4,1)�, since (4,1) does not belong to Q, we find 

that � ∙ � is not in S, thus S is not a subspace of V(I). 

The following theorem shows that any AHS-subspace is a subspace of  a neutrosophic strong vector space. 

Theorem 3.6:  

Let V(I) be a neutrosophic strong vector space over a neutrosophic field K(I), let � = � + �� be an AHS-subspace. S 

is a subspace of V(I). 

Proof: 

Suppose that � = � + ��, � = � + �� ∈ �; �, �, �, and	� ∈ �, we have 
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� + � = (� + �) + (� + �)� ∈ �. Let 	� = � + �� ∈ �(�) be a neutrosophic scalar, we find 

� ∙ � = (�.�) + (�.� + �.� + �.�)� ∈ �, since �.� + �.� + �.� ∈ �, thus we get the desired result. 

Definition 3.7:  

(a) Let V and W be two vector spaces, ��: � → � be a linear transformation. The AHS-linear transformation can be 

defined as follows: 

�: �(�) → �(�); �(� + ��) = ��(�) + ��(�)�.  

(b) If �	 = 	� + �� is an AH-subspace of V(I), �(�) = ��(�) + ��(�)�. 

(c) If �	 = 	� + �� is an AH-subspace of W(I), ���(�) = ��
��(�) + ��

��(�)�. 

(d) �� − ���	�	 = ����� + �����	� = {� + ��; �, � ∈ �����}.  

Theorem 3.8: 

Let W(I) and V(I) be two neutrosophic strong/weak vector spaces, and  �: �(�) → �(�) be an AHS-linear 

transformation, we have: 

(a) �� − ���	� is an AHS-subspace of V(I). 

(b) If  �	 = 	� + �� is an AH-subspace of V(I), �(�) is an AH-subspace of W(I). 

(c) If �	 = 	� + �� is an AH-subspace of W(I), ���(�) is an AH-subspace of V(I). 

Proof: 

(a) Since ����� is a subspace of V, we find that �� − ���	�	 = ����� + �����	� is an AHS-subspace of V(I). 

(b) We have �(�) = ��(�) + ��(�)�; thus L(S) is an AH-subspace of W(I), since ��(�), ��(�)are subspaces of W. 

(c) By regarding ���(�) = ��
��(�) + ��

��(�)�, ��
��(�)	and	��

��(�) are subspaces of V, we obtain that  ���(�) is an 

AH-subspace of V(I). 

Theorem 3.9:  

Let W(I) and V(I) be two neutrosophic strong vector spaces over a neutrosophic field K(I), and  �: �(�) → �(�) be 

an AHS-linear transformation, we have: 

�(� + �) = �(�) + �(�), �(�.�) = �.�(�), for all �, � ∈ �(�),� ∈ �(�). 

Proof: 

Suppose � = � + ��, � = � + ��; �, �, �, � ∈ �, ���	� = � + �� ∈ �(�), we have 

�(� + �) = �([� + �] + [� + �]�) = ��(� + �) + ��(� + �)� = 

[��(�) + ��(�)�] + [��(�) + ��(�)�] = �(�) + �(�). 

�.� = (�.�) + (�.� + �.� + �.�)�, �(�.�) = ��(�.�) + ��(�.� + �.� + �.�)� 
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= �.��(�) + [�.��(�) + �.��(�) + �.��(�)]� = (� + ��).(��(�) + ��(�)�) = �.�(�). 

Theorem 3.10:  

Let � = � + �� be an AH-subspace of a neutrosophic weak vector space V(I) over a field K, suppose that  

� = {��; 1 ≤ � ≤ �} is a bases of P and � = {��; 1 ≤ � ≤ �} is a bases of Q then � ∪ �� is a bases of S. 

Proof: 

 Let � = � + �� be an arbitrary element in S; � ∈ �, � ∈ �. Since P and Q are subspaces of V we can write 

� = ���� + ���� + ⋯ + ����;	�� ∈ �	���	�� ∈ �, � = ���� + ���� + ⋯ + ����;	�� ∈ �, �� ∈ �. 

Now we obtain � = (���� + ⋯ + ����) + (����� + ⋯ + �����); thus � ∪ �� generates the subspace S. 

� ∪ �� is linearly independent set. Assume that (���� + ⋯ + ����) + (����� + ⋯ + �����) = 0, this implies  

���� + ���� + ⋯ + ���� = 0 and  (���� + ���� + ⋯ + ����)� = 0. Since X and Y are linearly independent sets 

over K, we get �� = �� = 0	���	���	�, � and � ∪ �� is linearly independent then it is a bases of S. 

Result 3.11: 

Let � = � + �� be an AH-subspace of a neutrosophic weak vector space V(I) with finite dimension over a field K, 

from Theorem 3.10 and the fact that � ∩ �� = ∅, we find dim(�) = dim(�) + dim	(�). 

Example 3.12:  

Let V =��, P=<(0,0,1)>, Q=<(0,1,0)> be two subspaces of V, 

(a) � = � + �� = {(0,0,�) + (0, �, 0)�; 	�, � ∈ � }is an AH-subspace of V(I). 

(b) The set {(0,0,1), (0,1,0)�} is a basis of S, dim(�) = dim(�) + dim(�) = 1 + 1 = 2. 

(c) ��: � → �;	��(�, �, �) = (� + �, �, �)���	���	�, �, � ∈ � is a linear transformation, the corresponding AHS-

linear transformation is �: �(�) → �(�); �[(�, �, �) + (�, �, �)�] = ��(�, �, �) + ��(�, �, �)� = 

(� + �, �, �) + (� + �, �, �)�. 

(d) �(�) = ��(�) + ��(�) = ��{(0,0, �)}+ ��{(0, �, 0)}� = {(0,0, �) + (�, �, 0)�}; �, � ∈ �, which is an AH-

subspace of V(I). 

Example 3.13 : 

Let V=��, W=��, ��: � → �;	��(�, �) = (� + �, � + �, � + �) is a linear transformation. The corresponding AHS-

linear transformation  is 

�: �(�) → �(�); �[(�, �) + (�, �)�] = (� + �, � + �, � + �) + (� + �, � + �, � + �)�.  

����� =< (1,−1) > , �� − ���� = ����� + �����	� =< (1, −1) > +< (1,−1) > � = 

{(�, −�) + (�, −�)�; �, � ∈ �} which is an AHS-subspace of V(I). 

It is clear that dim(����) = 1 + 1 = 2 according to Theorem 3.10. 
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Definition 3.14:  

Let V(I) be a neutrosophic strong/weak vector space, � = � + �� be an AH-subspace of V(I), we define 

 AH-Quotient as: 

�(�) �⁄ = � �⁄ + (� �)⁄ �= (� + �) + (� + �)�; �, � ∈ �. 

Theorem 3.15: 

Let V(I) be a neutrosophic weak vector space over a field K, and � = � + �� be an AH-subspace of V(I). The AH-

Quotient �(�) �⁄  is a vector space over the field K with respect to the following operations: 

Addition: [(� + �) + (� + �)�] + [(� + �) + (� + �)]� = (� + � + �) + (� + � + �)�; �, �, �, � ∈ �. 

Multiplication by a scalar: (�).[(� + �) + (� + �)�] = (�.� + �) + (�.� + �)�;  

�, � ∈ �	and	� ∈ �. 

Proof: 

It is easy to check the operations completely are well defined, and (�(�) �⁄ , +) is abelian group. 

Let � = [(� + �) + (� + �)�] ∈ �(�) �⁄ , we have 1.� = �. 

Assume that �, � ∈ �, we have �.(�.�) = �.[(�.� + �) + (�.� + �)�] = (�.�.� + �) + (�.�.� + �)� =

(�.�).�. 

(� + �).� = [(� + �).� + �] + [(� + �).� + �]� = �.� + �.�. 

Let ℎ = [(� + �) + (� + �)�] ∈ �(�) �⁄ , � + ℎ = (� + � + �) + (� + � + �)�, 

�.(� + ℎ) = (�.� + �.� + �) + (�.� +�.� + �)�.� +�.ℎ. 

Example 3.16: 

We have V = �� is a vector space over the field R, � =< (0,1) > , � =< (1, 0) > 	are two subspaces of V, 

� = � + �� = {(0, �) + (�, 0)�; �, � ∈ �} is an AH-subspace of V(I). 

The AH-Quotient is �(�) �⁄ = {[(�, �) + �] + [(�, �) + �]�; �, �, �, � ∈ �}. 

We clarify operations on �(�) �⁄  as follows: 

� = [(2,1) + �] + [(1,3) + �]�, � = [(2,5) + �] + [(1,1) + �]� are two elements in	�(�) �⁄ ,� =

3	��	�	������	��	�. 

� + � = [(4,6) + �] + [(2,4) + �]�, 3.� = [(6,3) + �] + [(3,9) + �]�. 

Remark 3.17:  

If � = � + �� is an  AHS-subspace of a neutrosophic weak vector space V(I) over the field K, then AH-Quotient 

�(�) �⁄ = � �⁄ + � �⁄ � is a weak neutrosophic vector space, since � �⁄  is a vector space.  
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5. Conclusion 

In this article, we have defined the concepts of AH-subspace, AHS-subspace, and AHS-linear transformation in 

neutrosophic vector spaces. Also, we have studied some basic properties of these concepts. 
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