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Abstract: This work is dedicated to give the reader a wide review for recent advantages in
the algebraic study of neutrosophic matrices, refined neutrosophic matrices, and n-refined
neutrosophic matrices.
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Introduction

Neutrosophy is a new kind of generalized logic proposed by Smarandache [10,21], to deal
with indeterminacy in real life and science.

Neutrosophic logic found its way in many branches of human knowledge such as graph
theory [33], number theory [3], topology [32], statistics [15], and equations [2].

The neutrosophic algebra was built over the idea of inserting the indeterminacy element | into
classical algebraic structures [9]. This idea lead to many concepts such as neutrosophic spaces
[11,16,31], neutrosophic modules [12,29,30], neutrosophic rings [18,22], groups [19,39], and

functions [8,17,23].

By refining the indeterminacy | into many levels of indeterminacy I, .., I,, , we get refined
and n-refined neutrosophic groups [24], rings [6,36], modules [12,27], and spaces [1,7,13].

In classical algebra, matrices are playing an important role in the theory of vector spaces.
They were generalized to neutrosophic matrices [4,5,26], refined neutrosophic matrices [34],
and n-refined neutrosophic matrices [39].

Recently, there is an increasing interest in the algebraic properties of these matrices such as
diagonalization problem [37], invertibility [37], determinants [37,38,39], and algebraic
representations by linear functions [35].

Through this work, we review the recent published developments in the algebraic study of
neutrosophic matrices, refined neutrosophic matrices, and n-refined neutrosophic matrices, to
provide the interested reader a strong background in this area. Also, we list some of the most
important open questions about these matrices, which may represent the future of this branch
of studies.

Elementary Properties of Neutrosophic Matrices



Definition 1: [28] Let X be a non-empty fixed set. A neutrosophic set A is an object having
the form {x, (uA(x), JA(x),YA(x)):x € X}, where pA(x), §A(x) and yA(x)represent the
degree of membership, the degree of indeterminacy, and the degree of non-membership

respectively of each element x € X totheset A .

Definition 2: [9] Let K be a field, the neutrosophic file generated by (K U I) which is denoted
by K(I) =(K UI).

Definition 3: [9] Classical neutrosophic number has the form a + bI where a, b are real or

complex numbers and I is the indeterminacy such that 0 - I = 0 and I? = I which results that
I™ = [ for all positive integers n.

Definition 4: [4]

Let Mypun = {(a;;) = a;; € K(I)} where K (I) is a neutrosophic field. We call to be the
neutrosophic matrix

Remark 5: [9]

The neutrosophic field K (I) is not a field by classical meaning, since | is not invertible.

Definition 6: [37]

Let M = A + BI a neutrosophic n square matrix, where A and B are two n squares matrices,
then M is called an invertible neutrosophic n square matrix, if and only if there exists an n

square matrix S = S; + S,I , where S; and S, are two n square matrices such that

S M = M-S = Upxpn, where U, 5, denotes the n X n identity matrix.

Definition 7: [37]

Let M = A + BI be a neutrosophic n square matrix. The determinant of M is defined as
.detM = detA + I[det(A + B) — detA]

Theorem 8: [37]

Let M = A + BI a neutrosophic square n X n matrix, where A, B are two squares n X n

matrices, then M is invertible if and only if A and A + B are invertible matrices and
M1=A1+I[(A+B) -4

Proof:



If A and A + B are invertible matrices, then (4 + B)™%, A™! are existed, and

M =A"1+1I[(A + B)™' — A™] exists too. Now to prove M™1is the inverse of M,
MM~ = (A +BI) - (
= AA +I[A(A + B’
= Upun +1[
= Upsn + HUnxn = Unxn] = Upsn = M™'M.

conversely, we suppose that M is invertible, thus there is a matrix § = S; + S,1, with the

property M-S =5-M = U,y .

MS = (A +BI)(S; + S,1) = AS; +I[(A+ B)(S1 + S;) — AS;] = Upsn + 0,%,=SM. Hence, we get:
(@)S14 = AS; = Uy, thus A is invertible and A™* = S,.

(b)(A+ B)(S; + S3) —AS; = (S, +S3)(A+ B) — S1A = O, thus,

(S1+S)(A+B) = (A+ B)(S; +S,) = AS; = Uyxp - This implies that (4 + B) is invertible.
Theorem 9: [37]

M is invertible matrix if and only if detM # 0.

Proof:

From Theorem 8 we find that M is invertible matrix if and only if A + B, 4 are two invertible

matrices, hence det[A + B] # 0,detA # 0 which means
detM = detA + I[det (A + B) — detA] # 0.
Example 10: [37]

Consider the following neutrosophic matrix

M=A+BI=(} _21++11) .WhereA=((1) _21),3:((1) 1)

1 0

(a)detA=2,A+B = (1 3

),det(A+B) =3,detM =2+1[3—2]=2+1%

0, hence M is invertible.



1
= 0
(b) We have 471 = 2 ,(A+B)‘1=< 1 1),thusM‘1=(A‘1)+I[(A+B)‘1—A‘1]
0 - 3 3
2
1 0o - 1 -l
= +1 = .
o L _r 1 iy iy
2 3 6 3 2 6
1 0

(c) We can compute MM ™t = (0 1) = Uyyp.

Theorem 12: [37]

Let M = A+ Bl and N = C + DI be two neutrosophic n square matrices, then
(3.7.1) det(M - N) = detM - detN.

(3.7.2) det(M~1) = (detM) ™.

(3.7.3) detM =1 if and only if detA = det(A + B) = 1.

Proof:

@M-N=A-C+I[B-C+B-D+A-D]
=A-C+I[(A+B)(C+D)—-A-C].

det(M - N) = det(A - C) + I[det((A + B)(C + D)) — det(4 - )],

= detA-detC + I[det(4 + B) - det(C + D) — det(4 - C)],

= detA-detC + I[det(4 + B) - det(C + D) — det A - det C],

= (detA + I[det(4 + B) — det A]) - (det C + I[det(C + D) — det C]),
= detM - detN.

(b) We have

(c) detM = 11is equivalent to det A + I[det(A + B) — det A] = 1, thus it is equivalent to
detA = det(A+B) =1.

Remark: The result in the section (c) can be generalized easily to the following fact:

det(MM™1) = det(U,



detM = detA if and only if detA = det(A4 + B).
Definition 12: [37]

Let M = A + BI be a neutrosophic n square matrix, where 4 and B are two n square matrices.

M is satisfying the orthogonality property if and only if M - MT = U, y,.
Neutrosophic Eigen Values and Diagonalization Conditions

Definition 13: [37]

Let M = A + BI be a square neutrosophic matrix, we say that M is diagonalizable if and only
if there is an invertible neutrosophic matrix S = € + DI such that S™*MS = D. Where D is a

diagonal neutrosophic matrix(i.e. d;; = 0 Vi # j,and d;; # 0 Vi = j).
Theorem 14: [3]

Let M = A+ BI be any square neutrosophic matrix. Then M is diagonalizable if and only if

A, A + B are diagonalizable.

Remark 15: [37]

If C is the diagonalization matrix of 4, and D is the diagonalization matrix of A + B, then
§ = C + (D — O)lis the diagonalization matrix of M = A + BI.

Example 16: [37]

Consider the neutrosophic matrix defined in Example 10, we have:

1 1

0 — 1) , the corresponding

(a) A is a diagonalizable matrix. Its diagonalization matrix is € = (

diagonal matrix is D; = ((1) (2)), we can see that C"*AC = D;,. Also, the diagonalization matrix

1

L 0). It is easy to

OfA+BlSD=< 0 3

0
% 1), the corresponding diagonal matrix is D, = (
check that

D~Y(A+B)D =D, .



(b) Since A, A + B are diagonalizable, then M is diagonalizable. The neutrosophic
1 1-1
diagonalization matrix of Mis S = C+ (D — ) = _ % I —1+21) The corresponding

diagonal matrix is

L=D1+1[D2_D1]=((1) 20+I)'

1 1-1
(c) Itiseasy tosee that ST =C ' +I[D"' - C7'] = (%I 14 21).

Lo 1-1\q —14pn( 1 1-1 1 0
-6 — - -
(d) We can compute S MS_(%I _1+21)(1 2+1) —%I 1421 —(0 2+1)—L
Definition 17: [37]

Let M = A + BI be a n square neutrosophic matrix over the neutrosophic field F(I), we say
that Z = X + YI is a neutrosophic Eigen vector if and only if MZ = (a + bI)Z. The

neutrosophic number a + bl is called the Eigen value of the eigen vector Z.
Theorem 18: [37]

Let M = A + BI be a n square neutrosophic matrix, then a + bl is an eigen value of M if and
only if a is an eigen value of 4, and a + b is an eigen value of A + B. As well as, the eigen
vector of Mis Z = X + Y1 if and only if X is the corresponding eigen vector of 4, and X + Y is

the corresponding eigen vector of A + B.
Proof:

We suppose that Z = X + Y] is an eigen vector of M with the corresponding eigen value

a + bl, hence MZ = (a + bl)Z, this implies

(A+BDX +YD) = (a+bD((X + YD), thus AX + I[(A+ B)(X +Y) — AX] = aX + I[(a + b)(X +
Y) — aX]. We get:

AX =aX,(A+B)(X+Y) = (a+b)(X +Y), so that X is an eigen vector of 4, X + Y is an eigen
vector of A + B. The corresponding eigen value of X is a, and the corresponding eigen value

of

X+Yisa+b.



For the converse, we assume that X is an eigen vector of A with a as the corresponding eigen
value, and X + Y is an eigen vector of A + B with a + b as the corresponding eigen value, so

thatwe get AX = aX,(A+B)(X+Y)=(a+b)(X +7).
Let us compute
MZ=(A+BNX +'

=aX+I[(a+b)(X+Y)—aX]=(a+bl)(X+YI)=(a+bl)Z. Thus Z = X + YI is an eigen

vector of M with a + bl as a neutrosophic eigen value.
Theorem 19: [37]

The eigen values of a neutrosophic matrix M = A + BI can be computed by solving the

neutrosophic equation det(M — (a + bI) U, x,) = 0.
Example 20: [37]
Consider M the neutrosophic matrix defined in Example 10, we have

(a) The eigen values of the matrix A are {1,2}, and {1,3} for the matrix A + B. This implies that

the eigen values of the neutrosophic matrix M are
{1+3-1L1+(

(b) If we solved the equation det (M — (a + bI)U,«,)=0 has been solved, the same values will

be gotten.

(c) The eigen vectors of A are {(1,0), (1, —1)},the eigen vectors of A + B are {(1,—1/2),(0,1)}.

Thus, the neutrosophic eigen vectors of M are

(o) +110,1) = W0, (1,0) +1[(1,-3) = WO, (1, =1) +1[(0,1) = (1, - D], (1, -1) +
1(1-3) - @ -D]} = (@) + I(=1,1), (L) + 10, ~1/2), (1, =1) + 1(~=1,2), (1, =1) +

100,1/2)} = {(1 —,D),(1,—1/21),(1 — I, -1+ 21), (1,-1 + 1/2 )} .

Neutrosophic matrices as linear transformations

Theorem 21: [35]



Let V, W be two vector spaces over the field F with dim(V) = n, dim(W) = m, V(I), W(I) be the
corresponding neutrosophic vector spaces over the corresponding neutrosophic field F(I). Let
g,h:V — W be two linear transformations, then there exists a neutrosophic linear transformation
f=g+hl:V({I) > W(), where f is defined as follows: f(x + yI) = g(x) + [(g + ) (x +y) —
gl

Proof:
We define f = g + hI: V(1) » W(I), where f(x + yI) = g(x) + [(g + h)(x + y) — g(x)]I.
fis a linear transformation, that is because:

foreverym=x+yl,n=z+tl e V({),wehave: f(m+n) =f([x+z]+I[y+t])) =g +2z)+

g+ +y+z+6)—glx+2)]=@x +[(g+PD&+y)—glID+ (g +[(g+
h(z +t) — g(@)]I) = f(m) + f(n). On the other hand, consider an arbitrary neutrosophic number
a+ bl € F(I), then

f([a + bIlm) = f(Ja + bI][x + yI]) = f(ax + I[ay + bx + by]) = f(ax + I[[(a + D) (x + y) —
ax]) = g(ax) +1[(g + Wl(a+ b)(x + y)] — g(ax)] = ag(x) + I[(a + b)(g + W) [x + y] —
ag(x)] = (a+bD(gx)+1[(g +h)(x+y)—gx)] = (a+ bl)f(m). Thus fis a neutrosophic

linear transformation.
Definition 22: [35]

The neutrosophic linear transformation f defined in Theorem 21 is called a full AH- linear

transformation.
Definition 23: [35]

Let f = g+ hl: V() - W) be a full AH- linear transformation, M = A+ Bl beann xm
neutrosophic matrix over F(I), we call M the neutrosophic matrix of f if and only if f(x + yI) =
M(x + yI) forevery x + yI € V(I) .

Theorem 24: [35]

Let f = g+ hl: V() - W(I) be any full AH- linear transformation, then M = A + BI is the

corresponding neutrosophic matrix if and only if A is the matrix of g, B is the matrix of h .
Proof:

We assume that A is the matrix of g, B is the matrix of h, hence Ax = g(x), By = h(y),(A + B)(x +
y) = (g + h)(x + y). We have:

M.(x+yl) =(A+BD(x+yl)=Ax+I[Ay+Bx+Byl]) = (Ax + I[(A+ B)(x + y) — Ax]) =
gl +1[(g +h)(x +y) — g@)] = f(x + yI). Thus M is the neutrosophic matrix of f.



Conversely, suppose that M is the neutrosophic matrix of f, we shall prove that A is the matrix of g

and B is the matrix of h.

According to the assumption, we have M (x + yI) = f(x + yI), hence (Ax +I[(A+ B)(x +y) —
Ax]) = g(x) +1[(g + H(x +y) — g(x)]

This implies that Ax = g(x),(A+ B)(x +y) = (g + h)(x + y),so that B(x + y) = h(x + y). By

considering the arbitrariness of x and y we get that A is the matrix of g and B is the matrix of h.
Example 25: [35]

(@) Let V(1) = R%(I) = {(a,b) + (c,d)] = (a + cI,b + dI);a,b,c,d € R}, consider the following

neutrosophic matrix

1+1

M=C_ ,

I_ 1). The corresponding neutrosophic linear transformation is defined as follows:

Flx+yD) =M.(ZIZ):(a+I[c+a+c+b+d],—a1—c1+2b+2d1—bI—dI):
(a+Ila+2c+b+d],2b+I[-a—c—b+d]) =(a,2b)+I(a+2c+b+d,—a—c—b+d).
() f =g+hl; gx,y) = (x,2y),h(x,y) = (x +y,—x —y). Where g, h:V > V.

Theorem 26: [35]

Let V, W be two vector spaces over the field F, with dim(V) = n,dim(W) =m, letM = A + BI be
any n X m neutrosophic matrix over F(I). Then M can be represented by a unique full AH- linear

transformation f = g + hl, where A is the matrix of g and B is the matrix of h.
Proof:

According to Theorem 24, the neutrosophic matrix M = A + BI can be represented by a neutrosophic
full AH-linear transformation f = g + hI, where A is the matrix of g and B is the matrix of h. For the
uniqueness condition, we suppose that F = G + HI is another linear AH-transformation with the

property
M(x + yI) = F(x + yI). We have:
M.(x+yl) =F(x+yl)=f(x+yDforallx+yl € V(I). Thus F = f and f is unique.

The following theorem shows an algorithm to find a basis for the neutrosophic vector space V(1) from

any basis of the corresponding classical vector space V.
Theorem 27: [35]

Let V(1) be any neutrosophic vector space over the neutrosophic field F(I), V be its corresponding

classical vector space over the field F. Let S ={v,, v,, ..., v, } be a basis of V over F, then



L={ljj=v;+ (v —v)l; 1 <i,j <n}isabasis of V(I) over F(l).

Example 28: [35]

It is well known that {x=(1,0), y=(0,1)} is a basis of V=R?2. The corresponding basis of V(1)= R?(I) is
{x,v,yx+ (y—x),y+ (x —y)I} = {(1,0),(0,1),(1,0) + (—1,1)1,(0,1) + (1, -1}

The following theorem shows that every linear transformation between V(1) and W (I) must be a full

AH-linear transformation.
Theorem 29: [35]

Let V, W be two vector spaces over the field F, with dim(V) = n,dim(W) = m, let V(I), W (I) be the
corresponding neutrosophic vector spaces over F(I). Let f: V(1) - W (I) be any linear transformation,

then f is a full AH-linear transformation.
Proof:

Let f: V(1) - W(I) be any linear transformation, we must prove that there exists two classical linear

transformations g, q:V — W, where f = g + ql.

Suppose that S ={vy, v, ..., v, } isabasis of V, then L = {l;; = v; + (vj — vi)l; 1<ij<n}isa
basis of V(I). It is known that f(L) = {f (v; + (v; — v;))I) = w; + W; —w;)[; w;,w; E W} isa

basis of W(), that is because the direct image of a basis by any linear transformation is a gain a basis.

Define g:V » W; g(v;)) = w;, :V - W; h(vj) = w;. Itis clear that fv + (vj —v)I)=gw) +
I[h(v,-) —g(;)]. Thismeansthat f = g + ql = g + (h — g)I. Now, we must provethat g,q =h— g

are classical linear transformations.
Let x, y be any two elements of V, we have x = x + 0l,y = y + 0/ € V(I). We have:

fx+y)=f(x+0I+[y+0I) = glx +y) = g(x) + g(y). Forany m € F,we have m = m +
0I € F(I),and f([m + 0I][x + 0I]) = f(mx + 0I) = g(mx) = mg(x), thus g is a linear

transformation.

On the other hand, we have xI,yI € V(I),and f(xI + yI) = f([x + y]I) = f(0 + [x + y]I) =
9(0) +1[(g + Q(x +y) — g(0)] = I[h(x + y)] = h(x)I + h(Y)], thus h(x +y) = h(x) + h(y).

f([m + 01][0 + xI] = f(0 + mxI) = g(0) +I[(g + q)(mx) — g(0)] = I[h(mx)] =
mh(x)I, so that h(mx) = mh(x). This implies that g, h are two classical linear transformations, thus

g, q are linear transformations, which implies that f = g + gl is a full AH-linear transformation.

Refined neutrosophic Matrices



Definition 31: [34]

all e w alm
LetA=( ¢ ™ i )beann xmmatrix, if a;; = x + yl, + zI, € R,(I), then it is called an
Apy o Qpm

refined neutrosophic matrix. Where R, (I) is an refined neutrosophic field.

Example 32: [34]

I L+, . . . .
X=("1 Lt %), is a 2 x 2 refined neutrosophic matrix.
3 - 11 2[2

Remark 33: [34]

(@) If Ais an m x n matrix, then it can be represented as an element of the refined neutrosophic ring of
matrices like the following: A = B + CI, + DI, . Where D, B, C are classical matrices with elements
from the ring R and from size m X n.

- 3 -
ForexampIeA—( 3 + 41, 141, =3 1)+(0 1)11+(4 0)12.

(b) The addition operation can be defined by using the representation in Remark 3.2 as follows:
A+BL+CL)+ X +YL+ZL)=A+X)+ B+, + (C+2),.

(c) Multiplication can be defined by using the same representation as a special case of multiplication

on refined neutrosophic rings as follows:
(A+BI +CL)(X +YI, + ZI,) = (AX) + (AY + BX + BY + BZ + CY)I; + (AZ + CZ + CX)I,..

This method of multiplication is exactly equivalent to the normal multiplication between matrices; but

it is easier to deal with in this way.
Example 34: [34]

11 +12 _1

_ 11 _
LetX =G _f 2, ¥V =04,

I . . . .
3} ) be two refined neutrosophic matrices over the refined
1

neutrosophic field of reals. We have:

(a)X=A+B11+CIZ;A=(g g),B=(_11 (1))'C=(8 ;)'

(b)Y=M+N11+SIZ;M=(_11 8),1\/:(8 é),s:(g 8).

-1+, 2L+

©O©X+Y=0_p 41, 31, +21,



L+ +L)A+L) LL + (; +L,)(3L) ) _ ( I + 21, 711)

(d) Xy = (—3 +L+QLA+L) G-I+ @L)3BL)) ~ \=3+L+4, 8L

(e) If we computed the multiplication using the previous representation, we get:

am=(2 Nan=(0 Nm= ev=() *)s=(> 0).cn=

-3 0 0 3 10 0 -1 0 0
(o §)25=( o)-cs= o) em=(; o)
Hence,

XY = AM + (AN + BN +BM +BS + CN) + L,(as + cs + ey = (. D) +n (7 1)+

-3 0 1 8
1(2 0)_( I + 21, 711)
2\4 o/ " \-3+15,+4, 8L)

Theorem 35: [34]

The set of all square n x n refined neutrosophic matrices together make a ring.

Proof:

The proof holds directly from the definition of n-refined neutrosophic rings by taking n = 2.
Remark 36: [34]

The identity with respect to multiplication is the normal unitary matrix.

Definition 37: [34]

Let A be a square n X n refined neutrosophic matrix, then it is called invertible if there exists a refined

square n X n neutrosophic matrix B such that AB = U,,,, . Where U,,,, is the unitary classical matrix.
Theorem 38: [34]

Let X=A + BI, + CI, be a square n x n refined neutrosophic matrix, then it is invertible if and only if
A,A+ C,A+ B + C are invertible. The inverse of X is
X1=A""+((A+B+0O) " -A+O DL+ ((A+ O -ADL, .

Definition 39: [34]

We defined the determinant of a square n x n refined neutrosophic matrix as detX = detA +
[det(A + B + C) — det (A + O)]I; + [det(A + C) — detA]l,.

This definition is supported by the condition of invertibility.
Theorem 40: [34]

Let X=A + BI, + CI, be asquare n x n refined neutrosophic matrix, we have:



() X is invertible if and only if det X # 0

(b) IFY =M + NI, + SI, is asquare n X n refined neutrosophic matrix, then detXY = detXdetY.
(c) detX™! = (detX)™™.

Proof:

(a) If detX +# 0, this will be equivalent to detA # 0,det (A+ C) # 0,det (A+ B+ C) # 0, i.e. 4,
A+ C,A+ B + C are invertible, thus X is invertible.

O)YXY =AM+ L[(A+B+C)M+N+5)—(A+C)M +S)] + L[(A+ C)(M + S) — AM].
Hence detXY = det(AM) + I;[det((A + B+ C)(M + N + S))] + I,[det((4 + O)(M + 5))]=

detAdetM + I[det(A + B + C) det(M + N + S)] + L,[det(A + C) det(M + S)]=

(detA + I [det(A + B + C) — det(A + C)] + I,[det(A + C) — detA])(detM + I, [det(M + N + S) —
det(M + S)] + I,[det(M + S) — detM] = detXdetY.

(c) It holds directly from (b).

Theorem 41: [34]

Let X=A + BI, + CI, be a square n X n refined neutrosophic matrix, we have:

(a) Xis nilpotent if and only if A,A + C,A + B + C are nilpotent.

(b) X is idempotent if and only if A,A + C,A + B + C are idempotent.

Proof:

(a) First of all we will provethat X" = A"+ L[(A+B+C)" —(A+ O]+ L[(A+C)" —A"].
We use the induction, for r = 1 it is clear. Suppose that it is true for r = k, we prove it for k + 1.
Xkl = Xk = (A* + L[(A+ B+ O)% — (A + OF] + L,[(A + O)* — A¥])(A + BI, + CI,)=

A1+ L[A*B+ (A+B+CO)*A+ (A+B+C)'B+(A+B+0)*C—(A+C0)*A— (A+C)*B —
(A+CO)C+ (A+ C)*B — A*B] + L[A*C + (A + O)*C — A*C + (A + C)*A — Ak A]=

AT+ L[(A+ B+ O)Ft — (A + O] + L[(A + O)**1 — Ak+1],

X is nilpotent if there is a positive integer r such that X = 0,,,, . This is equivalent to
A" =(A+C) =(A+ B+ C) = Oyxn, which implies the proof.

(b) The proof is similar to (a).

Example 42: [34]



- . . - . _ 2+11+312 1_11_12) .
Consider the following refined neutrosophlcmatrle—( 3 + 4, 141, , We have:
(a)A_< 3 + 41, 1+1, )7G 1)+(o 1)’1+
3 -1

_2 1 1 -1 _3 -1 (50 _ 6 -1
Where B=(; ) ,C=(, ) .D=( O).B+D_(7 1),B+C+D—(7 )
0 2 1
- -1 1 - 5 - 19 19
0Bt =(3 )6+ =" JEreEdT=CY D).
19 19
(©
A'=B '+ L[(B+C+D)'—(B+D) |+ LI(B+D)'-B 1=
9 1 6 9 6 1
3 -2/ 7\ ® _nrul_zog 3+, -2, —2-21 4317
95 19 5 951 572 191 2
. . 1 4 _,1 0
Itis easyto find that A=A = AA =(0 1).

(d) detB = —1,det(B + D) = 5,det(B + C + D) = 19,detA = —1+I,[19 — 5] + L[5 — (-1)] =
—1+ 141, + 61,.

If we computed the determinant of A by using the classical way, we will get the same result.

Now, we illustrate an example to clarify the application of refined neutrosophic matrices in solving

refined neutrosophic algebraic equations defined in [2].

Example 43: [34]

Consider the following system of refined neutrosophic linear equations:
QAL43L)X+A =1L -L)Y ==L (*), B+4L)X + (1 +1,)Y = L(**).

2+11+312 1_11_12>

The corresponding refined neutrosophic matrix is A = ( 3+ 4, 141,

Since A is invertible, we get the solution of the previous system by computing the product:

9 6 1
A_l(—11)= _1—£11+EIZ 1+Ell_12 (_11>=
98 22 13
L 3+2L -2, —2-ZpL43,)\k
9 6,1 1
LI1+=—-+—= .
98[ 2295 135 19 =( 61191)_Thu5X=—1ig[1,y=_1£911+12
11[—3—£+?—1—9]+12[—2+3] _El-}-z

n-Refined Neutrosophic Matrices



Definition 44: [39]

all e alm
LetA=( ¢ ™ i )beanm x nmatrix, if a;; = x + yl, + zI, + -+ tI, € R, (I), then it is
anl ee
called an n-refined neutrosophic matrix. Where R,,(I) is an n-refined neutrosophic ring.

anm

Remark 45: [39]

If Ais an m x n matrix, then it can be represented as an element of the n-refined neutrosophic ring of
matrices like the following: A = B+ CI, + DI, + ---+ KI,, . Where D, B, C,.. K are classical matrices
with elements from the ring R and from size m x n.

2+ +3L -1, 1—11—12)_ 2 1 1 -1 3 -1 -1 0
sran o 145 )=G Pl TG PEBG
is a 3-refined neutrosophic matrix.

For example A = (

Remark 47: [39]
The identity with respect to multiplication is the normal unitary matrix.
Definition 48: [39]

Let A be a square m x m n-refined neutrosophic matrix, then it is called invertible if there
exists an n-refined square m x m neutrosophic matrix B such that AB = U,,,xm - Where

U sam 1S the unitary classical matrix.
Definition 49: [39]

Let X=A, + A,I; + ---+ A, I, be an n-refined neutrosophic element, we define its canonical sequence

as follows:
MO = Ao,Mj = AO +A] + Aj+1+--+An; 1 Sj <n. FOI’ example M3 = AO + A3 +A4 + .- +An.
Remark 50: [39]

The multiplication operation between two n-refined neutrosophic elements can be represented by the

following equation:

(Ao + Arly + -+ Apln)(Bo + ByIy + -+ + Byly) = MoNo + (Mo Ny — MoNo)I, + 275 (M;N; —
M;1N;41)1;, where M;, N; are the canonical sequences of Ay + A1y + -+ ALy, By + Byl + -+ +

B, L, respectively.
Proof:

For n = 0, the statement is true easily. Suppose that it is true for n = k, we must prove it for n = k +
1. We compute the multiplication L = (4y + AL + -+ + Agp1lis1) (Bo + Bl + -+ + Byg1lis1)-



(Ao + Asly + -+ Agyalis 1) Bo + By + -+ Byyalyyy) = (Ao + Ayl + -+ + Ay )(By + By Iy +
o+ Bily) + Agsali11(Bo + Byly + -+ Bily) + (Ao + Ayly + -+ + Apli) Bya lyrr +
Ar+1lks1Bisrlicr1=MoNo + (M Ny — MoNo) I + Xy (MiN; — My 1 Ny )1 + L [Ag41 By +
A1Byi1] + L[Ag41By + AyByya] + -+ L[Ag1 B + ArBiya] + Iy 1[AoBrar + AgraBo +
Ak+1Bk+1] .

Thus, the coefficient of I, is

AoByy1 + Agp1Bo + Ak Brsr = (A1 + Ag) (Brsr + Bo) — (Ag)(By) = M1 Niyy — MoN,y. Also,
the coefficientof I; ; 1 < i < kis M;N; — M;,1N;,1 +

Ag41Bi + AiByyy =

(Ag+A; +Aj1+..+A)(By + B; + Bipq+..+B) — (Ag + Ajpq1 + Ajyat+. . +A)(By + Bjpg +
Biyo+..4By) + Agy1Bi + AiBiyr = (Ag + A; + Ay +. . +Ay + Agy1)(By + B; + Biyy+.. +B +
Biy1) — (Ao + Apyy + Ajyat+. . +Ap + Apy1)(Bo + Bigy + Biya+. . By + Byyq) = MiN; — My 1Ny 1.
Where 1 < i < k + 1. Hence, our proof is complete by induction.

Theorem 51: [39]

Let X=A, + Al + -+ A, I, be an n-refined neutrosophic element, then it is invertible if and only if
M;;0 < j < nare invertible. The inverse of Xis X™' = (M)™ + (M, — My DI, + X1 (M7 —
Mii ™D = (Ao) ™ + (Ao + Ay + -+ Ap) T =((Ag + Az + -+ A) DIy + ((Ag + Az + - +
A) 1 —((Ag+ A5+ -+ A) ™ DL+ (Ag+ Az + -+ A) = (Ag + Ay + -+ A) DI + - +
(Ao + 4™ = (A)) DIy -

Proof:

Xis invertible if and only if there exists Y=B, + B;I; + -+ B, I, , where XY = YX = 1. By using
Remark 4.2, we can write:

MONO + (MnNn - MONO)[TL + Z?=_11(M1Nl - Ml+1Nl+1)Il = 1. ThIS |mp||es that
MyNy =1, M;N; — M;,{N;,, = 0 forall i. Where 0 is the zero element. Hence we get,
M;N; = My 1N;yq1 = MgNy = Upyym- SO that M;; 0 < j < n are invertible.

On the other hand, we put X~* = (M) ™" + (M,,™" = My ™" ) I, + X721 (M; ™" — M, 1)1, now we

compute XXt

XXt = M,M,"" + (M1M1_1 - M2M2_1)11 + (M2M2_1 - M3M3_1)12 + oo (MM, ™t —
MMy ™D, =1.

Example 52: [39]

Consider Z(I) = {a + bl, + cl,;a,b,c € Z,} the 2-refined neutrosophic ring of integers, the set of

invertible elements in Z, is {—1,1}. Hence the set of all invertible elements in the corresponding 2-



refined neutrosophic ring is {1,-1,1 — 2I,,—1 + 2[,,1 - 21, ,—1+ 2I;,1 + 2, — 21, ,—1 = 21, +
21, 3.

Remark 53: [39]

Let X=A, + A1, + -+ A,IL, be a square m X m n-refined neutrosophic matrix, then it is invertible if
and only if M;;0 < j < n are invertible. The inverse of X is X™* = (Mo)™* + (M, ™" — My™ I, +
LI = My ™D = (A) T+ (Ao + Ar + -+ A) T =((Ao + Ap + -+ Ay) DI +
(Ag+Az+ -+ A4) " —((Ag+ 43+ +A) DL+ ((Ag+ Az + -+ A4) P —(Ag + A, + - +
An)_1)13 + et ((AO + An)_l - (AO)_l)In .

Definition 54: [39]

We defined the determinant of a square m x m n-refined neutrosophic matrix as detX = detA, +
[det((A4g + Ay + -+ Ap) —det ((Ag + Ay + -+ A1 + [det((Ag + A, + -+ A,) — det((4o +
Az + -+ A, + - + [det(4y + A,,) — det(4y)]],, = det(M,) + (det(M,,) — det(My )L, +

Yo (det (M) — det (Myy1));-

This definition is supported by the condition of invertibility.

Theorem 55: [39]

Let X=A, + A, I, + -+ + A, I, be asquare m X m n-refined neutrosophic matrix, we have:
() X is invertible if and only if det X = 0

(b) IfY = By + ByI; + -+ B, I, isasquare m x m n-refined neutrosophic matrix, then detXY =
detXdetY.

(c) detX™t = (detX)™1.
Proof:

(a) If detX # 0, this will be equivalent to detM; # 0 for all j, i.e. M; are invertible, thus X is
invertible according to Theorem 3.3.

(b) XY = MONO + (MnNn - MoNo)In + Z?=_11(MLNL - Mi+1Ni+1)Ii' Hence detXY = det(MoNo) +
I,[det(M,Ny) — det (MoNo)] + X7 (det (M;N;) — det (M;1.1Nis1)) ;1=

detMydetN, + I,,[det(M,,) det(N,) — det(M,) det (Ny)] +
YIi (det (M;)det (N;) — det (Myq)det (Niy1))];=

[det(My) + (det(M,) — det(My))I,, + Y (det (M;) — det (M )I;1[det(Ny) + (det(N,) —
det(No) I, + X1=(det (N;) — det (Ni41))I;] = detXdetY.

(c) It holds directly from (b).

Future Research Directions
Here are some of open questions about neutrosophic matrices:

1-) How refined neutrosophic matrices can be represented by AH-linear transformations?
Describe these transformations.



2-) How n-refined neutrosophic matrices can be represented by AH-linear transformations?
Describe these transformations.
3-) Find an algorithm to compute the eigen values/vectors of n-refined neutrosophic matrices.

4-) Determine the necessary and sufficient conditions for the diagonalization of n-refined
neutrosophic matrices.
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