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Abstract

Bipolar neutrosophic set(BNS) is a generalization of bipolar fuzzy set
and neutrosophic set that can describe the uncertain information from
both positive and negative perspectives. In this contribution, we study
the multi-attribute decision making methods based on the distance mea-
sure under the uncertain information which the attribute weights are in-
completely known or completely unknown. We first propose the distance
measures of the bipolar neutrosophic sets and analyze the properties of the
distance measures. Then, based on the bipolar neutrosophic information,
we establish the programming models to derive the attribute weights of
the alternatives. Furthermore, we give the multi-attribute decision mak-
ing method using the distance measure under the environment of BNS.
At last, we give a practical application and the result shows the reason-
able and effective of the proposed method in dealing with decision making
problems.

Keywords : bipolar neutrosophic set (BNS); multi-attribute decision
making (MADM), distance measure.

1 Introduction

Fuzzy set was first proposed by Zadeh to deal with various kinds of uncertain
information by a membership degree of an element to the given set[1]. After
that, many new higher order fuzzy sets have been developed, such as interval-
valued fuzzy set[2], intuitionistic fuzzy set[3], interval-valued intuitionistic fuzzy
set[4], rough set[5], soft set[6], Pythagorean fuzzy set[7], neutrosophic set[8],
hesitant fuzzy set[9], bipolar fuzzy set[10], and so on. They have been widely
used in many fields and caused widespread concern, such as multi-attribute de-
cision making[11, 12, 13], clustering analysis[14], supplier selection[15], imagine
processing[16], and so on.

From the perspective of people’s habit of thinking, Lee proposed the bipolar
fuzzy set which extend the values of membership degrees from the smaller closed
interval [0,1] to the larger closed interval [-1,1][10]. Afterwards, bipolar fuzzy set
has been extended to many hybrid fuzzy sets, such as bipolar hesitant fuzzy soft
set, bipolar fuzzy rough set, bipolar fuzzy soft set, and so on. Guo proposed
the bipolar hesitant fuzzy soft set and developed the basic operations, such
as intersection, union, and so on[17]. Yang presented the bipolar fuzzy rough
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set model on the two different universes and discussed the properties and gave
two extended models of the bipolar fuzzy rough set model and obtained some
related results[18]. Muhammed developed the bipolar fuzzy soft set and studied
the fundamental properties and defined the operators. Then they applied them
to decision making problems[19]. Nazm studied the basic operations on the
bipolar fuzzy soft sets and discussed the algebraic properties and established
the equivalence of both structures[20]. Han developed the bipolar-valued rough
set and applied to the attribute reduction method and knowledge discovery
method[21]. Gao investigated the dual hesitant bipolar fuzzy set and proposed
some Hamacher prioritized operators and applied them to solve the dual hesitant
bipolar fuzzy multi-attribute decision making problems[22]. Qudah proposed
the bipolar fuzzy soft expert set and defined the basic theoretic operations and
studied their properties[23]. Pythagorean fuzzy bipolar soft set model and rough
Pythagorean fuzzy bipolar soft set model were introduced by Akram. The basic
property and operations were studied and applied to multi-attribute decision
making[24].

From the perspective of philosophy, the neutrosophic set (NS) was proposed
by Smarandache to deal with the uncertain information which contains in-
complete, indeterminate, and inconsistant information. Since its appearance,it
has been successfully applied to many fields[25, 26, 27, 28], including decision
making[29], imagine processing[30]. For simplicity and practical application,
Wang proposed the single valued NS (SVNS) and the interval valued NS (IVNS)
which are the instances of NS and gave some operations on these sets [31, 32].
Afterwards, many fruitful results have been appeared. Guo proposed a novel
algorithm based on neutrosophic similarity score to perform thresholding on
image and utilized the neutrosophic set in image processing field and defined a
new concept for image thresholding[33]. Ye proposed improved cosine similarity
measures of single valued neutrosophic sets and used to solve the medical di-
agnosis problems[34]. Liang used the information acquisition module to gather
the single valued trapezoidal neutrosophic information provided by experts, and
applied the single valued trapezoidal neutrosophic-decision making trial[35]. Ye
firstly introduced neutrosophic state space models and the neutrosophic control-
lability and observability in indeterminate linear systems[36]. Sodenkamp devel-
oped a novel method to handle independent multisource uncertainty measures
affecting the reliability of experts’ assessments in group multi-criteria decision-
making problems under the environment of single-valued neutrosophic sets[37].
Mohamed presented a new evaluation function to calculate the weights of al-
ternatives under the environment of neutrosophic set and applied to a supplier
selection problem[38]. Mohamed also proposed some novel similarity measures
for interval-valued bipolar neutrosophic set and examined the propositions of
these similarity measures[39]. Liu defined a new distance measure between two
linguistic neutrosophic sets, and built a model based on the maximum deviation
to obtain fuzzy measure[40]. Liu also extended the Schweizer-Sklar t-norm and
t-conorm to single-valued neutrosophic numbers and proposed the Schweizer-
Sklar operational laws, and developed the operators[41]. Cui presented dy-
namic neutrosophic cubic set to express the patient’s disease symptoms in a
time sequence and put forward the logarithmic similarity measure[42]. Anil es-
tablished a novel symmetric single-valued neutrosophic cross entropy measure
and applied it for identifying defects of bearings installed in a test rig and axial
piston pump[43]. Sujit proposed a new idea for assigning relative weights to the
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experts based on cardinalities of neutrosophic soft sets[44].
Deli et al combined the bipolar fuzzy set with the neutrosophic set which

has the advantages of both sets to evaluate the uncertain information from
positive and negative affects with six degrees[45]. Deli also proposed the in-
terval valued bipolar neutrosophic set and its operations. They also gave the
interval valued bipolar neutrosophic weighted average operator and interval val-
ued bipolar neutrosophic weighted geometric operator[46]. Ulucay introduced
some similarity measures for bipolar neutrosophic sets and developed the multi-
attribute decision making method[47]. Sahin proposed the Jaccard vector simi-
larity measure of bipolar neutrosophic set and applied it to multi-attribute deci-
sion making[48]. Fan proposed the heronian mean operators and applied them
to multi-attribute decision making problems[49]. Akram developed the bipolar
neutrosophic graphs and proposed an algorithm for computing domination[50].
Akram introduced the bipolar single valued neutrosophic competition graphs
and discussed the propositions related to the graphs[51]. Up to now there is
little study about the decision making problem about the incompletely known
or completely unknown attribute weights of the decision making information
under the environment of bipolar neutrosophic set.

In this paper, we investigate the MADM problems which the information
expressed by BNS, and the attribute weights are incompletely known or com-
pletely unknown. In order to solve the problem, the rest of the paper is organized
as follows. In Section 2, we recall some definitions. In Section 3, we give the
distance measures of BNSs and study their properties. In Section 4, we estab-
lish the mathematical programming models to solve the unknown weight of the
attribute and give the method to multi-attribute decision making based on the
distance measure. Finally, a conclusion is given in Section 5.

2 Preliminaries

Definition 2.1 [10] Assume X be an empty set with a generic element in X
denoted by x. A bipolar fuzzy set A on X is defined by a positive member-
ship degree µ+(x) and a negative membership degree µ−(x), where µ+(x) :
X → [0, 1] represents the satisfaction degree of an element x to the property
corresponding to A, and µ−(x) : X → [−1, 0] represents the dissatisfaction
degree of an element x to some implicit counter property. A is denoted by
A = {< µ+(x), µ−(x) >: x ∈ X}.

For simplicity and practical application, Wang proposed the single valued
neutrosophic set (SVNS) which is a subclass of NS and preserve all the opera-
tions on NS. In the following part, we recall the definition of SVNS.

Definition 2.2 [32] Assume X be a universe of discourse with a generic element
in X denoted by x. A single valued neutrosophic set (SVNS) A on X is defined
by a truth membership function TA(x), an indeterminacy membership function
IA(x) and a falsity membership function FA(x). TA(x), IA(x) and FA(x) are
defined by

TA(x) : X → [0, 1]

IA(x) : X → [0, 1]

FA(x) : X → [0, 1]
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where TA(x), IA(x) and FA(x) are subsets of [0, 1], and satisfy 0 ≤ TA(x) +
IA(x) + FA(x) ≤ 3.

Definition 2.3 [46] Assume X be a universe of discourse with a generic element
in X denoted by x. A bipolar neutrosophic set (BNS) A on X is defined by
positive membership functions T+(x), I+(x), F+(x) and negative membership
functions T−(x), I−(x), F−(x), and A is denoted by

A = {T+(x), I+(x), F+(x), T−(x), I−(x), F−(x)}

where T+(x), I+(x), F+(x) are positive truth membership function, positive
indeterminacy membership function and positive falsity membership function,
respectively, and T−(x), I−(x), F−(x) are negative truth membership function,
negative indeterminacy membership function and negative falsity membership
function, respectively. They are defined by

T+(x) : X → [0, 1]

I+(x) : X → [0, 1]

F+(x) : X → [0, 1]

T−(x) : X → [−1, 0]

I−(x) : X → [−1, 0]

F−(x) : X → [−1, 0]

Especially, if X has only one element, for convenience, the BNS is reduced
to the bipolar neutrosophic number (BNN), and denoted by

A = {T+, I+, F+, T−, I−, F−}

3 The distance measure of bipolar neutrosophic
sets

Distance measure is one of the most important methods to compare the bipolar
neutrosophic sets to determine whether they are closely related or not. They
have widely used in comprehensive evaluation, decision making, pattern recog-
nition, machine learning, and so on. The common method of the distance mea-
sures are Euclidean distance measure, Hamming distance measure, Manhattan
distance measure, Minkowski distance measure. For the widely use of Euclidean
distance measure and Hamming distance measure, in this section, we give the
distance measure of bipolar neutrosophic sets.

Definition 3.1 Let A1,A2 be two bipolar neutrosophic sets, d : BNS×BNS →
[0, 1] be a real valued function, which satisfies the following actions:
(1)0 ≤ d(A1, A2) ≤ 1
(2)d(A1, A2) = 0 if and only if A1 = A2

(3)d(A1, A2) = d(A2, A1)
(4)If A1 ⊂ A2 ⊂ A3, A1, A2, A3 are bipolar neutrosophic sets in X, then
d(A1, A2) ≤ d(A1, A3), d(A2, A3) ≤ d(A1, A3).
Then d is called the distance measure of bipolar neutrosophic sets.
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Definition 3.2 Let A1,A2be two bipolar neutrosophic sets in a universe of
discourse X = {x1, x2, · · · , xn} which are denoted by

Ak = {T+
k (xi), I

+
k (xi), F

+
k (xi), T

−
k (xi), I

−
k (xi), F

−
k (xi)}, k = 1, 2

(1)the normalized Hamming distance measure between A1 and A2 is defined by

d(A1, A2) = 1
6n

n∑
i=1

(|T+
1 (xi)− T+

2 (xi)|+ |I+1 (xi)− I+2 (xi)|+ |F+
1 (xi)− F+

2 (xi)|

+|T−
1 (xi)− T−

2 (xi)|+ |I−1 (xi)− I−2 (xi)|+ |F−
1 (xi)− F−

2 (xi)|)
(1)

Especially, if X has only one element, then the Hamming distance measure of
bipolar neutrosophic number is denoted as follows:

d(A1, A2) = 1
6 (|T+

1 − T
+
2 |+ |I

+
1 − I

+
2 |+ |F

+
1 − F

+
2 |

+|T−
1 − T

−
2 |+ |I

−
1 − I

−
2 |+ |F

−
1 − F

−
2 |)

(2)

(2)the normalized Euclidean distance measure between A1 and A2 is defined by

e(A1, A2) = 1
6n

n∑
i=1

(|T+
1 (xi)− T+

2 (xi)|2 + |I+1 (xi)− I+2 (xi)|2 + |F+
1 (xi)− F+

2 (xi)|2

+|T−
1 (xi)− T−

2 (xi)|2 + |I−1 (xi)− I−2 (xi)|2 + |F−
1 (xi)− F−

2 (xi)|2)
1
2

(3)

We just prove the Hamming distance measure of bipolar neutrosophic num-
ber satisfies the conditions of Definition 3.1.

Proof. In this part, (1), (2), (3) are obvious, we need to prove (4).
(4) If A1 ⊂ A2 ⊂ A3, then T+

1 ≤ T+
2 ≤ T+

3 , T
−
1 ≥ T−

2 ≥ T−
3 , I+1 ≤ I+2 ≤

I+3 , I
−
1 ≥ I

−
2 ≥ I

−
3 , F+

1 ≥ F
+
2 ≥ F

+
3 , F

−
1 ≤ F

−
2 ≤ F

−
3 .

The above inequality relations are brought into Eq. (2), the relationships of
the distance measures are obtained as follows:

d(A1, A2) ≤ d(A1, A3), d(A2, A3) ≤ d(A1, A3)

4 Multi-attribute decision making method based
on the distance measure

Let X = {X1, X2, . . . , Xm} be a set of alternatives, C = {C1, C2, . . . , Cn} be a
set of attributes and w = {w1, w2, . . . , wn} be the weight vector of the attribute
with wj ∈ [0, 1] and

∑n
j=1 wj = 1. Let A = (rij)m×n be a single valued

neutrosophic decision matrix, where rij = {T+
ij , I

+
ij , F

+
ij , T

−
ij , I

−
ij , F

−
ij } is the value

of the attribute, expressed by BNs.
In multi-attribute decision making environments, the ideal point is used to

help the identification of the best alternative in the decision set which can keep
the advantages of the most properties of the alternatives and eliminate the dis-
advantages of the individual ones. Although the ideal point does not exist in
the real world, it does provide an effective way to evaluate the best alterna-
tive. Now we suppose the ideal BNN as α∗

j = {t+∗, i+∗, f+∗, t−∗, i−∗, f−∗} =
{1, 0, 0, 0, 0, 1}. Based on the ideal BNN, we define the bipolar neutrosophic
positive ideal-solution (BNPIS).

5



Definition 4.1 Let α∗
j = {1, 0, 0, 0, 0, 1} (j = 1, 2, . . . , n) be n ideal BNNs,

then a BNPIS is defined by A∗ = {α∗
1, α

∗
2, . . . , α

∗
n}.

Definition 4.2 Let Ai = {ri1, ri2, . . . , rin} (i = 1, 2, . . . ,m) be the i th alterna-
tive, A∗ = {α∗

1, α
∗
2, . . . , α

∗
n} be the BNPIS, then the Hamming distance measure

(HDM) between Ai and A∗ is defined by

d(Ai, A
∗) =

n∑
j=1

wjd(rij , α
∗
j ). (4)

4.1 The programming models for solve the attribute weight

In the decision making process, the unknown information of the attribute weight
provided by the decision makers can usually be constructed using several basic
ranking forms [52]. The information of the attribute weight is divided into three
cases, the value attribute weight is known, incompletely known, completely
unknown. For the latter two cases, we establish mathematical models to solve
them.

Case 1 incompletely known attribute weights of the bipolar neu-
trosophic information

Let H be the set of information about the incompletely known attribute
weights, which may be constructed in the following forms [53], for i 6= j:
(a) A weak ranking:{wi ≥ wj};
(b) A strict ranking: {wi − wj ≥ δi(> 0)};
(c) A ranking with multiples: {wi ≥ δiwj}, 0 ≤ δi ≤ 1;

In general, the single-objective programming model based on the distance
measure can be expressed as follows:

(M1)

{
Minf(w) =

∑m
i=1

∑n
j=1 wjd(rij , α

∗
j )

s.t.wj ∈ H,
∑n
j=1 wj = 1, wj ≥ 0, j = 1, 2, . . . , n.

and

d(rij , α
∗
j ) =

1

6
(|T+

ij − 1|+ I+ij + F+
ij + |T−

ij |+ |I
−
ij |+ |F

−
ij − 1|) (5)

d(rij , α
∗
j ) represents the distance measure between the attribute value rij and

the BNPIS α∗
j . The desirable weight vector w = (w1, w2, . . . , wn) should make

the sum of all the weighted distance measure (M1) small. So we construct this
model to make the overall distance small.
By solving the model (M1) with Matlab software, we get the optimal solution
w∗ = (w∗

1 , w
∗
2 , . . . , w

∗
n) , which is considered as the weight of the attributes

C1, C2, . . . , Cn.
Case 2 Completely unknown attribute weights of the bipolar neu-

trosophic information
When the attribute weight of the decision making information is completely

unknown, we establish the following programming model:

(M2)

{
Minf(w) =

∑m
i=1

∑n
j=1 wjd(rij , α

∗
j )

s.t.
∑n
j=1 w

2
j = 1, wj ≥ 0, j = 1, 2, . . . , n.
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It is a conditional extremum problem. To solve this model to get the weight
vector wj , we construct the Lagrange function as follows:

L(w, λ) =

m∑
i=1

n∑
j=1

wjd(rij , α
∗
j ) +

λ

2
(

n∑
j=1

w2
j − 1) (6)

where λ is the Lagrange multiplier.
Differentiating (6) with respect to wj(j = 1, 2, . . . , n) and λ, setting these partial
derivatives equal to zero, the following set of the equations are obtained:{

∂L
∂wj

=
∑m
i=1 d(rij , α

∗
j ) + wjλ = 0

∂L
∂λ =

∑n
j=1 w

2
j = 1

(7)

By solving Eq.(7), we obtain the weight wj and normalize it with w∗
j =

wj∑n

j=1
wj

,

then we get

w∗
j =

∑m
i=1 d(rij , α

∗
j )∑n

j=1

∑m
i=1 d(rij , α∗

j )
(8)

we get the optimal solution w∗ = (w∗
1 , w

∗
2 , . . . , w

∗
n),

∑n
j=1 w

∗
j = 1, which is

considered as the weight of the attributes C1, C2, . . . , Cn.

4.2 The decision making method based on distance mea-
sure

In the decision making problem, we have established the mathematical program-
ming model to obtain the information of the attribute weight. Afterwards, we
give the process as follows:

Step 1. Establish the programming model according to the given informa-
tion;

Step 2. Solve the model with Matlab to obtain the optimal solution;
Step 3. Calculate the distance measure of the alternative and the ideal

solution;
Step 4. Rank the alternatives according to the distance measure. The

smaller the distance measure is, the better the alternative is.

5 Ilustrative example

5.1 Example

Here we choose the decision making problem adapted from [46]. With the de-
velopment of economy and urbanization, Cars have become a convenient way of
transportation for people’s life. A customer who desired to buy the most appro-
priate car. After pre-evaluation, four types of cars have remained as alternatives
for further evaluation. In order to evaluate alternative cars, the customer takes
into account four attributes to evaluate the alternatives: (1)C1: fuel economy,
(2)C2: aerod, (3)C3: comfortable, (4)C4: safety. The four possible alternatives
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are to be evaluated under these four attributes and are in the form of BNs, as
shown in the following bipolar neutrosophic decision matrix:

D =


γ11 γ12 γ13 γ14
γ21 γ22 γ23 γ24
γ31 γ32 γ33 γ34
γ41 γ42 γ43 γ44


γ11 = {0.5, 0.7, 0.2,−0.7,−0.3,−0.6}, γ12 = {0.4, 0.4, 0.5,−0.7,−0.8,−0.4}

γ13 = {0.7, 0.7, 0.5,−0.8,−0.7,−0.6}, γ14 = {0.1, 0.5, 0.7,−0.5,−0.2,−0.8}

γ21 = {0.9, 0.7, 0.5,−0.7,−0.7,−0.1}, γ22 = {0.7, 0.6, 0.8,−0.7,−0.5,−0.1}

γ23 = {0.9, 0.4, 0.6,−0.1,−0.7,−0.5}, γ24 = {0.5, 0.2, 0.7,−0.5,−0.1,−0.9}

γ31 = {0.3, 0.4, 0.2,−0.6,−0.3,−0.7}, γ32 = {0.2, 0.2, 0.2− 0.4,−0.7,−0.4}

γ33 = {0.9, 0.5, 0.5,−0.6,−0.5,−0.2}, γ34 = {0.7, 0.5, 0.3,−0.4,−0.2,−0.2}

γ41 = {0.9, 0.7, 0.2,−0.8,−0.6,−0.1}, γ42 = {0.3, 0.5, 0.2,−0.5,−0.5,−0.2}

γ43 = {0.5, 0.4, 0.5,−0.1,−0.7,−0.2}, γ44 = {0.4, 0.2, 0.8,−0.5,−0.5,−0.6}

In order to show the feasibility of our method, we divide the attribute weight
into two cases.

Case 1. Incompletely known attribute weights
Suppose the incompletely known information of the attribute weight is given

by H = {0.18 ≤ w1 ≤ 0.2, 0.15 ≤ w2 ≤ 0.25, 0.30 ≤ w3 ≤ 0.35, 0.3 ≤ w4 ≤
0.4,

∑4
j=1 wj = 1}.

The decision making progress is as follows:
Step 1. By model (M1), we establish the following model:{

Minf(w) = 0.7333w1 + 0.8499w2 + 0.6667w3 + 0.8833w4

s.t.w ∈ H

Step 2. By solving this model with Matlab software, we get the weight
vector:

w1 = 0.2, w2 = 0.15, w3 = 0.35, w4 = 0.30.

Step 3. Use the distance measure (4), we have

d(A1, A
∗) = 0.2320, d(A2, A

∗) = 0.1775, d(A3, A
∗) = 0.1466, d(A4, A

∗) = 0.2166.

Step 4. Rank the alternatives. It’s easy to see d(A1, A
∗) ≥ d(A4, A

∗) ≥
d(A2, A

∗) ≥ d(A3, A
∗) , since d(A1, A

∗) is the biggest, and d(A3, A
∗) is the

smallest, we rank the alternatives as A3 � A2 � A4 � A1,, where � indicates
the relationship superior or preferred to, and A3 is the best alternative.

Case 2.Completely unknown attribute weights
If the information of the attribute weight is completely unknown, the decision

making progress is as follows:
Step 1.By model (M2), we establish the following model:{

Minf(w) = 0.7333w1 + 0.8499w2 + 0.6667w3 + 0.8833w4

s.t.
∑4
j=1 w

2
j = 1, wj ≥ 0, j = 1, 2, 3, 4.
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Step 2. Use Eq. (8) to obtain the weight vector of attributes:

w1 = 0.4652, w2 = 0.5392, w3 = 0.4229, w4 = 0.5604,

then we normalize it as

w∗
1 = 0.2340, w∗

2 = 0.2712, w∗
3 = 0.2128, w∗

4 = 0.2819.

Step 3. Use the distance measure (4), we have

d(A1, A
∗) = 0.4746, d(A2, A

∗) = 0.2984, d(A3, A
∗) = 0.3830, d(A4, A

∗) = 0.4204.

Step 4. Rank the alternatives. It’s easy to see d(A1, A
∗) ≥ d(A4, A

∗) ≥
d(A3, A

∗) ≥ d(A2, A
∗) , since d(A1, A

∗) is the biggest, and d(A2, A
∗) is the

smallest, we rank the alternatives as A2 � A3 � A4 � A1, where � indicates
the relationship superior or preferred to, and A2 is the best alternative.

5.2 Comparative analysis

Considering the proposed method and the aggregation operator method pro-
posed by Deli[45], there exsits some differences. In Delis method, they used the
weighted aggregation operators and the score functions to rank the alternatives,
the weighted aggregation operators need the full decision making information
and consider the decision maker’s attitude; while, the proposed method calcu-
lates the distance measure between the attributes and the ideal solution, and
obtain the weight that make the weighted distance measure small, we use the
distance measures to rank the alternatives. Our method is effective to deal with
the incompletely known or completely unknown attribute weight by solving the
program models. The advantage of the proposed method is that the calculation
is to use the distance measure to rank the alternatives, which can deal with the
MADM problem effectively.

6 Conclusion

In this paper, we investigate the multi-attribute decision making problems ex-
pressed with bipolar neutrosophic set and the attribute weights are incompletely
known or completely unknown. We first propose the distance measure of two
BNSs and analyze the properties they satisfied; then, we define the bipolar neu-
trosophic ideal solution (BNIS), and then establish the optimal models to derive
the attribute weight. Moreover, an approach to MADM within the framework
of BNS is developed, and the example shows that our approach is reasonable
and effective in dealing with decision making problems.
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