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ABSTRACT. In this paper, the notion of compact neutrosophic soft metric space is introduced. The concept of neutrosophic
soft function and the composition of functions in a neutrosophic soft metric space along with suitable examples also have been
brought. The continuity and uniform continuity of a neutrosophic soft function in this space have been defined and verified by

proper examples. Several related properties, theorems and structural characteristics of these have been investigated here.

1 Introduction

The theory of Neutrosophic set (NS) introduced by Smarandache [19, 20] is the generalization of many theories
e.g., fuzzy set, intuitionistic fuzzy set etc practiced to handle the various uncertainties in many real application
over the past many years. The neutrosophic logic includes the information about the percentage of truth, in-
determinacy and falsity grade in several real world problem like in law, medicine, engineering, management,
industrial, IT sector etc which is not available in fuzzy set theory and intuitionistic fuzzy set theory.

Molodtsov has shown that each of the above topics dealing with uncertainties suffer from inherent difficulties

possibly due to inadequacy of their parametrization tool. So, Molodtsov [1] proposed the concept of ‘soft set
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theory’ for modeling vagueness and uncertainties. It is completely free from the parametrization inadequacy
syndrome. This makes the theory very convenient, efficient and easy to apply in practice. In accordance of this,
Maji et al. [2-4] studied the several basic operations in soft sets theory over fuzzy sets and intuitionistic fuzzy sets.
The notions of fuzzy metric space were studied in [5-13] from different point of view. Roy and Samanta [14] have
defined open and closed sets on fuzzy topological spaces. Park [15] and Alaca et al. [16] defined the concept of
intuitionistic fuzzy metric space in term of continuous t-norms and continuous t-conorms as a generalisation of
fuzzy metric space. Using all these concepts, Beaula et al. [17,18] proposed the notion of fuzzy soft metric spaces
in terms of fuzzy soft points.

After introduction of NS theory, Maji [21] has brought a combined notion Neutrosophic soft set (NSS). In
continuation, several mathematicians have presented their research works in different mathematical structures.
Deli and Broumi [22], Cetkin and Aygun [24-26], Bera and Mahapatra [27-34] studied some fundamental algebraic
structures in NSS theory context. Deli and Broumi [23] have also modified some operations related to indetermin-
istic function of NSSs given by Maji. Broumi et al. [35, 36] have done some consecutive works in graph theory
over NSS.

The motivation of the present paper is to extend the concept neutrosophic soft metric space (NSMS) proposed
in [32]. The current article presents the notion of compact NSMS, the continuity and uniform continuity of a
neutrosophic soft function in an NSMS along with investigation of some related properties and theorems. The
content of the present paper is designed as follows :

Section 2 gives some preliminary useful definitions, examples and theorems which will be used through out
the paper. In section 3, compactness of NSMS is defined and illustrated by examples. Some related basic properties
have been studied here, also. Section 4 deals with the continuity of neutrosophic soft function and the composition
of neutrosophic soft functions in an NSMS along with the study of their structural characteristics. The concept
of uniform continuity of a neutrosophic soft function in an NSMS has been introduced in section 5. Finally, the

conclusion of the present work is stated in section 6.

2 Preliminaries

We recall some basic definitions and theorems related to fuzzy set, soft set, NS, NSS, NSMS for the sake of com-

pleteness.

2.1 Definitions related to Fuzzy Set and Soft set

This section gives some important definitions related to Fuzzy set, Soft Set [1, 28] :

1. A binary operation * : [0,1] x [0,1] — [0,1] is continuous f - norm if * satisfies the following conditions :
(i) *is commutative and associative.

(ii) * is continuous.

(fii)axl=1xa=a, Va e [0,1].

(iv) axb<cxd if a<c b<d with a,b,c,d€[0,1].
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A few examples of continuous t-norm are 4 b = ab,a * b = min{a, b},a * b = max{a+ b —1,0}.

2. A binary operation ¢ : [0,1] x [0,1] — [0,1] is continuous f - conorm (s - norm) if © satisfies the following
conditions :
(i) ¢is commutative and associative.
(ii) ¢ is continuous.
(iii)ac0=00a=a, Vac[0,1].
(iv)aob<cod if a<c, b<d with a,b,c,de|0,1].
A few examples of continuous s-normare aob =a+b —ab,aob = max{a,b},aob = min{a + b,1}.

3. Let U be an initial universe set and E be a set of parameters. Let P(U) denote the power set of U. Then for

A C E, apair (F, A) is called a soft set over U, where F : A — P(U) is a mapping.

2.2 Definitions related to NS and NSS

Few relevant definitions are given below [19, 21, 23, 33] :

1. Let X be a space of points (objects), with a generic element in X denoted by x. A neutrosophic set A in X
is characterized by a truth-membership function T4, an indeterminacy-membership function I4 and a falsity-
membership function F4. T4 (x), [4(x) and F4(x) are real standard or non-standard subsets of | 70,17 [. That is
Ta, 14, Fa : X —]70,17[. There is no restriction on the sum of T(x), [4(x), F4(x) and so, 70 < sup T4 (x) +

sup I4(x) +sup F4(x) < 3%.

2. Let U be an initial universe set and E be a set of parameters. Let NS(U) denote the set of all NSs of U. Then for
A C E,apair (F, A) is called an NSS over U, where F : A — NS(U) is a mapping.

This concept has been modified by Deli and Broumi as given below :

3. Let U be an initial universe set and E be a set of parameters. Let NS(U) denote the set of all NSs of U.
Then, a neutrosophic soft set N over U is a set defined by a set valued function fy representing a mapping
fn : E = NS(U) where fy is called approximate function of the neutrosophic soft set N. In other words, the
neutrosophic soft set is a parameterized family of some elements of the set NS(U) and therefore it can be written

as a set of ordered pairs,

N

{(e,fn(e)) :e € E}
= {(e{<x T ) (%), Iy e) (%), Fpy(e)(x) >:x €U}) re € E}
where T, (o) (x), Iy (o) (%), Fry () (x) € [0,1] and they are respectively called the truth-membership, indeterminacy-

membership, falsity-membership function of fy(e). Since supremum of each T, I, F is 1 so the inequality 0 <

TfN(B) (X) —+ IfN(E)(x) + FfN(e) (X) <3is obvious.

4. The complement of a neutrosophic soft set N is denoted by N¢ and is defined by :
N ={(e,{< x,FfN(e)(x),l — Iy (x),TfN(e) (x)>:xeU}):ecE}

5. Let Ny and N, be two NSSs over the common universe (U, E). Then Nj is said to be the neutrosophic soft
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subset of N, if Ve € E,Vx € U,

Ty (0 0) = Ty (o) ()i I (0 (%) 2 Ty (0 ()3 By, 0) (%) 2 Ey ) (30)-

We write N; C N, and then N is the neutrosophic soft superset of Nj.
6. Let Ny and N, be two NSSs over the common universe (U, E). Then their union is denoted by Ny U N, = N3
and is defined by :

N3 ={(e,{< x, TfN3(B) (x)/IfN3(6) (x),FfN3(e) (x)>:xeU}):ecE}
where Tp, (0)(x) = Thy, (e) (x)o Th, (0) (x), IfN3<e>(x) =Ip, () (X) * Isz(e)(x) and
Froy 0 () = Fry (0 (0) * Fry o) (0);
7. Let N7 and N, be two NSSs over the common universe (U, E). Then their intersection is denoted by Ny N N, =
N3 and is defined by :

N3 ={(e,{< x, TfN3(6) (x),Ist(e) (x),FfN3(e) (x)>:xeU}):ecE}
where Ty, () (x) = Try (o) (x) = Try, (e) (x), IfN3<e>(x) =Ip, () (x) Isz(e)(x) and
Fry(0(%) = Fpy () (¥) © Fry ) (%);
8. A neutrosophic soft set N over (U, E) is said to be null neutrosophic soft set if Ty, (,)(x) = 0,15 () (x) =
LFfN(e) (x) =1;Ve € E,Vx € U. Itis denoted by ¢,,.
A neutrosophic soft set N over (U, E) is said to be absolute neutrosophic soft set if Ty, (o) (x) = 1,If (o) (x) =
0, FfN(e) (x) =0;Ve € E,Vx € U. Itis denoted by 1,,.

Clearly, ¢5, = 1, and 15, = ¢,.

9. A neutrosophic soft point in an NSS N is defined as an element (e, fy(¢)) of N, for e € E and is denoted by ey,
if fy(e) & ¢u and fn(€') € ¢pu, Ve’ € E — {e}.
The complement of a neutrosophic soft point ey is another neutrosophic soft point ef; such that f5;(e) =

(fn(e)) .
Aneutrosophicsoft pointey € M, MbeinganNSSiffore € E, fn(e) < fm(e)ie,  Tpe)(x) < T, o) (%), Lpy (o) (%) =

Lty (X)) Fry ) (%) = Fpy o) (x), Vx € UL

Example : Let U = {x1,x,x3} and E = {eq,e2}. Then,

ein = {< x1,(0.6,04,0.8) >, < x5,(0.8,0.3,05) >, < x3,(0.3,0.7,0.6) >}

is a neutrosophic soft point whose complement is :

¢y = {< x1,(08,06,0.6) >, < x5,(0.5,0.7,0.8) >, < x3,(0.6,03,0.3) >}.
For another NSS M defined on same (U, E), let

Fu(er) = {< x1,(07,04,0.7) >, < x5,(0.8,02,0.4) >, < x3,(0.5,0.6,0.5) >1}.

Then fyn(e1) < fpm(er) ie., elny € M.

2.3 Definitions related to neutrosophic soft metric space

Following necessary definitions are provided here [32]:

1. Let NS(UE) be the collection of all neutrosophic soft points over (U, E). Then the neutrosophic soft metric in
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terms of neutrosophic soft points is defined by a mapping d : NS(Ug) x NS(Ug) — [0, 3] satisfying the following

conditions :

NSM1 :d(ep,en) >0, Vepr,en € NS(UEg).
NSM2 : d(ep,en) =0 < ep = en-
NSM3 : d(ep,en) = d(en,em)-

NSM4 : d(ep,en) < d(ep,ep) +d(ep,en), Verm,ep,en € NS(Ug).

Then NS(Ug) is said to form an NSMS with respect to the neutrosophic soft metric ‘d” over (U, E) and
is denoted by (NS(Ug),d). Here eyr = ey in the sense that Tp,, (x;) = Tey (%), Ley (X1) = Ly (xi), Fep (x5) =
Eop(x), Vx; € U.

2. Example (i) On NS(Ug) define d(eps, en) = miny, {(|Tey, (x;) — Toy ()€ 4 |Tep, (x;) — Loy (x7) € + |Eoyy (x7) —
Fop (%)) |k)% }, k(> 1) being any real number. This ‘d" satisfies all the metric axioms and so, it is a neutrosophic soft
metric over (U, E).
(ii) Let ‘d” be a neutrosophic soft metric on NS(Ug). Suppose dy (epr,en) = %; Then “d;’ satisfies all the
metric axioms. So, (NS(Ug), d1) is an NSMS with respect to the neutrosophic soft metric d;.
3. Let (NS(Ug), d) be a neutrosophic soft metric space and ¢ € (0, 3]. An open ball having center at eny € NS(UE)
and radius ‘t’ is defined by a set B(en, t) = {ejy € NS(Ug) : d(en, ein) < t}.

The neutrosophic soft closed ball is defined as : Bley, t] = {e;y € NS(Ug) : d(en, ein) < t}.

A neighbourhood of ey € NS(UE) is defined by an open ball B(ey, t) with center at ey and radius ¢ € (0, 3].

4. In an NSMS (NS(Ug), d) over (U, E), a neutrosophic soft point ey is called an interior point of NS(Ug) if there
exist an open ball B(ey;, t) such that B(ey, t) C NS(Ug).
For an NSMS (NS(Ug), d) over (U, E), an NSS M is called open if each of it’s points is an interior point.

5. A neutrosophic soft point ey in an NSMS (NS(Ug),d) is called a limit point/ accumulation point of an NSS
M C NS(Ug) if for every t € (0,3], B(en,t) contains atleast one neutrosophic soft point of M distinct from ey.

Collection of all limit points of M is called derived NSS of M and is denoted by D(M). An NSS M C NS(Ug)
in an NSMS (NS(Ug), d) over (U, E) is closed NSS if D(M) C M or M has no limit point.

6. A sequence of neutrosophic soft points {e,n} in an NSMS (NS(Ug),d) is said to converge in (NS(Ug),d) if
there exists a neutrosophic soft point ey € NS(Ug) such that d(e,n,en) — 0asn — oo or e,y — ey as n — oo.

Analytically, for every e > 0 there exists a natural number 1 such that d(e,n,en) < € Vn > ng.

7. A sequence {e, N } of neutrosophic soft point in an NSMS (NS(UE), d) is said to be a Cauchy sequence if to every
€ > 0 there exists an ng € N (set of natural numbers) such that d(e;,n, e,n) < € Vm,n > ng ie., d(e,n,exn) — 0

as m,n — oo.

8. An NSMS (NS(UE), d) is said to be complete if every Cauchy sequence in (NS(Ug),d) converges to a neutro-
sophic soft point of NS(UE).
9. Let (NS(Ug), d) be an NSMS. Then the diameter of NS(Ug) is defined as :

d(NS(Ug)) = sup {d(e1n, ean) : e1n, e2n € NS(UE)}-



Tuhin Bera and Nirmal Kumar Mahapatra 6

An NSS M C NS(Ug) is bounded if it has a finite diameter i.e., if d(e1p, e201) < 7, for r € (0,3] and

Veim, eom € M.

2.4 Theorems related to neutrosophic soft metric space

Some necessary theorems are stated for the sake of completeness [32]:
1. In an NSMS (NS(Ug), d), every neutrosophic soft open ball B(ey;, t) is open and every neutrosophic soft closed
ball Bley;, t] is closed.

2. Let (NS(Ug),d) be an NSMS over (U, E). Then,
(i) the intersection of finite number of open NSSs in (NS(UE), d) is open.

(ii) the intersection of any family of closed NSSs in (NS(UE), d) is closed.

3. Every finite neutrosophic soft subset of an NSMS is closed.

3 Compactness of NSMS

In this section, the compact NSMS has been defined and illustrated by examples. Some related theorems also have

been developed here.

3.1 Definition

An NSMS (NS(Ug), d) is said to be compact if every sequence of neutrosophic soft points {e,)s} of the space has
a subsequence {e,, p1} converging to a neutrosophic soft point of NS(UE).

An NSS M C NS(Ug) is said to be compact if every sequence of neutrosophic soft points chosen from M has
a subsequence converging to a point of M. If the limit of the subsequence belongs to NS(Ug) and not necessarily

to M, then M is said to be compact in (NS(Ug), d).

3.1.1 Example

(1) Let E = {e} and U = {x,y,z}. Define a distance function on NS(Ug) as :

1 if€M7é€N

0 if eépM = eN-

d(eM/ EN) = {

Then “d’ is a neutrosophic soft metric on NS(Ug) and is called discrete neutrosophic soft metric. Thus (NS(UEg), d)
is a discrete NSMS. It is a compact NSMS.

(2) Consider the NSMS (NS(Ug),d) where E = N (the set of natural number) be the parametric set, U = Z (the
set of all integers) be the universal set and 4 is defined as in (2)(i) of [2.3]; Since T, I, F € [0, 1], every sequence of

neutrosophic soft points of the space has a convergent subsequence and so (NS(Ug), d) is compact.

(3) Take the NSMS (NS(Ug),d) where E = N (the set of natural number), U = Z (the set of all integers) and ‘d” is

defined as in (2)(i) of [2.3]; Consider a sequence of neutrosophic soft points {e,as} as, Vx € Z:
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Te, (x) = %/ Ly (x) =1- %/ Feou (x) = H% for Te,p/ Leasss Feun € (011)

Then M is not compact itself but is compact on NS(UE).

(4) Let E = {eq,ep,e3,64,65,¢6,¢7,eg} and U = Z. Define ‘d’ as in (2)(i) of [2.3]; Then (NS(UE), d) is not compact.

We shall verify it by taking a sequence of neutrosophic soft points as given in Table 1.

Table 1 : Tabular form of neutrosophic soft sequence

e1M eoM e3M €4M e€5M €6M e7M esM
X1 (1,0,0) (0,1,0) (0,0,1) (1,1,0) (1,0,1) (0,1,1) (0,0,0) (1,1,1)
X2 (1,0,0) (0,1,0) (0,0,1) (1,1,0) (1,0,1) (0,1,1) (0,0,0) (1,1,1)

Then d(ejn, ejm) # 0 for i # j. So, neither the sequence nor any of it's subsequence is convergent.

3.2 Theorem

A compact NSMS is complete.

Proof. Let (NS(Ug),d) be a compact NSMS and {e,p;} be a Cauchy sequence of neutrosophic soft points in
NS(Ug). Then to every € > 0 there exists an 1y € N (set of natural numbers) such that d(e,;n, enp) < €, Vn >
m > ng.
Since (NS(Ug),d) be compact, 3 a subsequence {e,,p} such that lin, e, pm = ep, say. Then d(e, m,ep) <
€, Vng > ng. Also d(eum, enm) <€, Vng > m > ny.

Now for n > m, d(e,m,ep) < d(enm, emm) + d(emm, enm) + denm ep) < 3e. Thus {e,p} being a Cauchy

sequence converges to a point in NS(Ug) and so (NS(UE),d) be a complete NSMS.

3.3 Theorem

Every compact set in an NSMS is closed and bounded.

Proof. Let M be a compact NSS in an NSMS (NS(Ug), d). Suppose M is not closed. Then there exists a sequence
{eq,m} of neutrosophic soft points in M converging to a point ey (say) not belong to M. Then every subsequence
of {e,pm} also converges to epr not belong to M. Thus there is no subsequence of {e,;;} converging to a point of
M which contradicts the compactness of M. Hence M is closed.

Next suppose M is not bounded and ey be fixed neutrosophic soft point. Then 3 a point ejp; € M such that
d(ep,e1m) > 3. By similar argument 3 a point e;py € M such that d(epr, eap) > d(enr, e1pm) + 3. Continuing
this process, we get a sequence of neutrosophic soft points ey, eap, -+ ,enp, - -+ € M such that d(epr, e,p1) >
d(em,e1m) +d(em, e2m) + -+ +d(em, eu—1ym) +3. So, for n > m,  d(em,enp) > d(em, emm) +3. Now,
dleap,epm) < dlepp, emm) + d(emm, em) and so d(eypemnm) > 3 whenever n > m. This shows that neither
the sequence {e,ps} nor any of it’s subsequence can converge, contradicting the fact that M is compact. Hence M

is bounded.
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3.3.1 Remark

Converse of above may not be true. The fact is shown by the example (4) of [3.1.1];

Here, d(ein1, ejp) < 3 foralli # jand D(M) = ¢ C M. So, M is bounded and closed. But M is not compact.

4 Continuity on NSMS

Here, the concept of neutrosophic soft function, it’s continuity on an NSMS, the composition of neutrosophic soft
functions have been introduced and illustrated by suitable examples. Several properties, structural characteristics

and theorems related to these also have been presented here.

4.1 Definition

Let (NS(Ug),d) and (NS(VE/),d’) be two NSMSs and (¢, ¢) : (NS(Ug),d) — (NS(Vg),d’) be a neutrosophic
soft function where ¢ : U — V and ¢ : E — E’ be two crisp functions. Consider two neutrosophic soft points
epM, €y as:

em = {< %, (Tep (%), Iy (%), Fepy (x)) >:x € U} € NS(Ug), e € E and

en =<y (T, (), T, ), By () >: 9 € @(U)} € NS(Vip), ¢ € y(E)
(1) Then the image of ep; under (¢, ) is denoted by (¢, ) (epr). It is also a neutrosophic soft point e}, (say) €
NS(Vg/) defined as follows :

T, (y) = 4 Tot=y M= [Teu ()], ifx € 9 ()
w 0 , otherwise.

) = min ) —, Ming () (L, (x)], ifx € 97 1(y)
1 , otherwise.

F

e

- minq,(x):y minq)(e):g, [FEM(X)}, ifx € (P_l(y)
(y) = .
1 , otherwise.

(2) The pre-image of ¢j; under (¢, ), denoted by (¢, 1) ~1(e}), is a neutrosophic soft point ey (say) € NS(UE)
and is defined as follows, Vx € U, Ve € ¢~ 1(E') :

Teu(x) = Ty (o) =Ty (9(x))
ley (x) = Iy (@(x) = Ly (9(x))
For (x) = Fyeyy(@(x)) = Fy (@(x))

If ¢ and ¢ are injective (surjective), then (¢, ¢) is injective (surjective).
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41.1 Example

Let E = N (the set of natural numbers) be the parametric set and U = Z (the set of integers) be the universal set.

Consider a neutrosophic soft point )y € NS(Zy) as follows, foranyn € Nand x € Z:

_— 0ifx=2%—1keZ
x) =
e 1 ifx =2k keZ

n
1 .
5 ifx=2k—1,keZ
InM(x):{ 2n

0 ifx=2k keZ.

1-1 ifx=2k-1keZ
Fuy(x) =
0 if x =2k, k€ Z.
Then (NS(Zy),d) forms an NSMS where ‘d’ is defined in (2)(i) of [2.3]. Now, let ¢ : Z — Z and ¢y : N — N be
two crisp functions defined as ¢(x) = 2x +3 = y (say) and ¢(n) = 2n — 1 = m (say), respectively. Then the
neutrosophic soft function (¢, ) : (NS(Zn),d) — (NS(Zn),d) is given by (¢, )(np) = mp, m € N and it is

defined as :

0 ify=4k+1,keZ
Twp(y) =\ 1% ify=4k+3, keZ
0 if y = otherwise.
= ify=4k+1,keZ
Lpy(y) =4 0 ify=4k+3, keZ
1 if y = otherwise.
ml ify=4k+1, keZ
Fup(y) =9 0  ify=4k+3,kecZ

1

if y = otherwise.

4.2 Proposition

Let (¢, 9) : (NS(Ug),d) — (NS(Vg:),d") be a neutrosophic soft function. Then the image set {(¢, ) (epm) : epm €
NS(UEg)} forms an NSMS with respect to ‘d"".
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Proof. Let us consider three neutrosophic soft points ey, en, ep € NS(Ug). Now,

(1)

ie.,

ie.,

ie.,

e ey = d(EM,eN) >0
(Ters (%), Loy (), Fery (%)) 7 (Tey (%), Ley (x), Fey () =
A[(Tep, (%), Ly (x), Fepg (x)), (Tey (x), Loy (%), Fey (x))] > 0,Vx € U

(maxmax|T,,, (x)], minmin[L,, (x)], min min[F,, (x)]) #

9(x) ¥(e) 9(x) $(e) 9(x) yle)
(I;l(g %?[TeN(X)L %r;%?[zm(x)], r(;}l’;}l;l(igr)l[FeN(X)]) =
d/[(%?r&ag[TeM(x)]f I;}ixr)u&ig[lm(x)}, I;}ixr; IJ]}iegl[FeM(X)]),
(1?85( rlrpl(aey[TeN(X)]f r;&f;gl(ier)l[lm(xnr r(;}i;)qugl(ier)l[FeN(X)])] >0

(¢, 9)(em) # (9, ¥)(en) = d'[(¢,¥)(em), (¢, ¥)(en)] >0

epM = eN <= d(eM,eN) =0
Tf-’M(x) = TeN(x)rIEM (x) = Iy (x)/FeM(x) =F (x),Vx el &
A[(Tep (%), Loy (), Fepg (%)), (Tey (%), Ty (%), Feyy (x))] = 0,Vx € U

maxmax|T,, (x)] = maxma?[TeN(x)}, minmin[L,, (x)] =

9(x) $(e) 9(x) $le 9(x) ¥(e)
r&g;rqgl(igr;[lm(ﬂ]f %r)lg\(ier)l[FeM(x)} = g}ir)lr&ier)l[FeN (x)] &
d’[(rgil(?g;r&ae?[TeM(x)L rq?(g)l r&iegl[IeM(X)], rgar&r)lrl;l(ier)l[FeM(x)]),
(rqr)l(gg)ﬂll;@y[TeN(X)]f g}gtﬁier)l[lew(x)}, I;}ixr)lrgpl(g;[FeN(X)])] =0

(@) (em) = () (en) = d'[(@,9)(em), (9, 9)(en)] =0

d(em,en) = d(en, em)

= d[(Tey (), Ly (%), Fey (%)), (Tey (%), Ly (x), Fey (%))]

= d[(Tey (x), Loy (%), Foy (%)), (Teps (%), Loy (), Fep (x))]

= d'[(maxmax|T,,, (x)], minmin[l,, (x)], minmin[F,,, (x)]),

o) ple) T e wle) T p(x) wle)
max max| T, (x)], minmin|I, (x)], minmin|F, (x
(qo(x) lP(e)[ ()] @(x) lIJ(e)[ ()] o(x) lP(C)[ (D]
= d'[(max max|T,, (x)], min min[I,, (x)], min min[F,, (x)])

P(x) p(e) o(x) () @(x) Ple)

max max|[T,,, (x)], min min[l,, (x)], min min[F,,, (x
(<p(x) W)[ (x)] min W)[ (x)] r;}g)l%l[ e (0)])]

= d'[(¢,9)(em), (@, 9)(en)] = d'[(p, ) (en), (¢, ¥) (em)]
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(4) d(em,en) < d(em, ep) +d(ep, en)
= d[(Tep (%), Loy (%), Fepy (%)), (Tey (%), ey (%), Fey (x))]
< d[(Tepy (%), Loy (), Fers (), (Tep (%), Tep (x), Fep (x))] +
d[(Tep (x), Lep (%), Fep (%)), (Tey (%), Loy (%), Fey (x))], Vx € U

= d'[(maxmax|T,,, (x)], min min[I,, (x)], min min[F,,, (x)]),
(maxmax{Te (x)}, min minl, (x)}, min miniFs, ()

max max|Tey, (x)], minmin|L, (x)|, minmin|F,, (x
(max ma{Te ()], min min{e, ()], min min{, (x)))

< d'[(maxmax[T,,, (x)], min min[L,, (x)], minmin[F,,, (x)]),

@(x) P(e) o(x) () @(x) ple)

max max|Te, (x)], minmin|I, (x)], minmin|F, (x
O i Ter ()l il ()], iy e (D)

+d’[(max max T,y (x)], minmin|I, (x)], minmin|F, (x
[(47(9() 1/](8)[ )] @(x) 1!’(6)[ ] P(x) lP(E)[ )

maxmax|Tey, (x)], minmin|I, (x)|, minmin|F (x
((P(x) L[}(L’)[ EN( )] (p(x) w(ﬁ’)[ N( ” ‘P(x) ¢<€>[ eN( )])}

= d[(¢,9)(em), (. 9)(en)] < d'[(¢, %) (em), (9. 9) (ep)] +d'[(¢, ) (ep). (¢, %) ()]

This completes the proof.

4.3 Proposition

Let (¢, ) : (NS(Ug),d) — (NS(Vg),d") be an onto neutrosophic soft function. Then the pre-image set { (¢, ) ~! (e’Q) :
eb € NS(Vg)} forms also an NSMS with respect to ‘d’. [ Note that (¢, ) ! is the inverse image of NS(Vg/) under
the mapping (¢, ¢). Here (¢, ¢) ™! may not be a mapping.|

Proof. Letey, en, ep € NS(Ug) and epy, ¢k, €5 € NS(Vi) such that (¢, ) ' (ey) = e, (@, )1 (ek) = en, (¢, 4) ' (e5) =
epand ¢(x) =y forx € U,y € V. Now,

(1) eb #ep = d’(e’Q,e%) >0

ie., (TE’Q (y)fleb(y)/Feb(y)) # (Tek(y)r Iek(y)/Fe’R(y)) =

d'[(Te, (), Ly (v), Fepy 1)), (Tey, (), Iy (), Fey (¥))] > 0,y € V

i.e., (TgM(X), IeM (x)/FeM(x)) 7& (TEN(x)r IEN(x)/FEN(x)) =
d[(TEM (JC), IL’M (x)'FEM(x))r (TEN (x)r IL’N (x)/FeN (X))] >0
ie., em #eny = d(ep,en) >0 ie,

(9, 9) () # (9,9) " (ek) = dl(g.9) " (e), (@, 9) " (eR)] >0
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This completes the proof.

4.4 Proposition

Let P,Q C NS(Ug) and M,N C NS(Vg).

e =¢€r & dleger) =0
TefQ( Y) = Te(¥) Ly (y) = Ly (v), Fe, (v) = Fe (y), Yy €V &
Ly, (), Fep, 1)), (T, (), Lt (), Fer (y))] = O,y € V
Ter (%) = Tey (%), Tens (%) = Loy (x), Foyy () = Fey (x) <
A[(Tey (%), ey (%), Fery (), (Tey (%), Loy (%), Fey (x))] = 0

ey = eN = d(EM,EN) =0

(9, 9) () = (9, 9) (ek) & dl(o.y) ' (eg). (@, 9) (R

= d(em,en) =d(en,em) ie.,

dl(¢. )" (eg). (@, 9) " (eR)] = dl(@,9) ' (eR), (9, 9) " (e)]

d' (e, e5) < d' (e, er) +d' (eg, €5)
= d'[(Ty, (v), L, (v), Fep, (1), (T, (), Ly, (), Fey ()]

Q
< d'[(Te, (W), Leyy (), Fery ), (Tep, (), Ty (), Fe
d'[(Ty, (), L, (), For, 1)), (T, (), L, (), Fy ()], Yy € V
= d[(Tep (%), Loy (%), Fopy (%)), (Tep (x), Lep (%), Fep (x))]
< d[(Tepy (%), Loy (%), Feps (%)), (Tey (%), Tey (%), Fey (x))] +
A[(Tey (%), Loy (%), Fey (%)), (Tep (x), Lep (x), Fep (x))]
(

= d(epm,ep) < d(epm,en)+d(en,ep) ie.,

d((g, )" (eQ). (@, 9) "1 (€5)] < dl(, )" (), (9, 9) (R

+d[(9,9) " (ek), (@, 1) (e5)]

(NS(Vgr),d"), the followings hold.

M) (9, 9)"1(M) C (¢, )

“I(N) & MCN.
@QPCQ <« (p9)(P)C

(9, ¥)(Q).

Then for a neutrosophic soft function (¢,9) :

(NS(UE),d) —
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BYMC (9, 9)(P) & (¢, 9) 1 (M) C P.
@ (¢, 9)(Q) CN & QC (¢,9)"L(N).

Proof. Let p(x) = yand ¢(e) = ¢ forx e U,y € Vande € E, ¢’ € E'. Then,

& Ty, (y) STy (), Ly, (y) = Ly (v), B, (y) > Fy (y), V€', Vy;

@ (@PP)C59)Q
7R e e ) = Taa Tl B g Ha )

> min min |I,, (x)|, min min [F,, (x)] > min min [F,, (x
") ¢<e>[ o) 9(x) ¢<e>[ )l 9(x) zp<e>[ o)

& Top(x) < Tep(x), Tep(x) > Ien (x), Fep(x) > Fop(x), Ve, Vx

& PCQ

3) M C (9, 9)(P)
s Ty < max max |Te, (x)], I/ > min min |L,, (x)],
(1) < max max [T, ()], I (y) = min min, [k ()]
F, (y) > min min [F, (x)]
M o(x) y(e)

T < T, s g >
& Tyeu(e) < max r;rpl(g[ er ()], Ty (9(%))

min min |, (x)|, F )m X)) > min min |F,, (x
min min Lo (1), Fy(o), (¢(x)) = min min (£ (x)

& T (x) < Tep(x), L, (x) > Ly (x), F,,

& (pp)'(M)CP

o)1) )1 (M) )—1(m) (x) = Fep(x), Ve, Vx

(4) (9 9)(Q) SN

<  max max |Te, (x)] < Ty (y), min min L, (x)] > I; (y),

max max [Tey (x)] < T (y), min min 1o, ()] = I, (4)
in min [F, >F,

min %r)l[ eo (%)] = Fyy (v)

< max max |Te,(x)| < T x)), min min I, (x)| >
ma> 1p(e)[ o ()] < Tiy(ey (9(x)) min w(e>[ o (%)]
Loy (@(x)), f;}%{; r;}l(ier)l [Feo (%)] = Fiy ey (@(x))

< TEQ(X) < Te(qa,wl(N)(x)’ IeQ(x) = Ie(quwl(N) (x), FEQ(X) =z Few,uvrl(m (x), Ve, Vx

& QC(gy) '(N)
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4.5 Definition

Let (NS(Ug),d) and (NS(Vg),d’) be two NSMSs. Then a neutrosophic soft function (¢,9) : (NS(Ug),d) —

(NS(Vgr),d") is said to be continuous at egyy € NS(UE) if for each € > 0 there exists a § > 0 such that
d'[(o,¥)(em), (9, ¥)(eon)] < € whenever d(ep,eqn) < 6, epr € NS(UE).

ie., if (¢, 9)[Bu(eon,d)] C Bo((@, ¢)(egn), €) holds. (¢, ) is called neutrosophic soft continuous function if it is

continuous at every point in NS(Ug).

4.6 Theorem

Let (¢, ¢) : (NS(UEg),d) — (NS(Vg),d") be a neutrosophic soft function.

(1) If epy is a limit point of NS(UE), then (¢, ¢) is neutrosophic soft continuous at ey iff lime,, ey (@, 1) (epr) =
(@, ) (eon)-
(2) (¢, ) is continuous at egy € NS(Ug) iff for every sequence {e,5} of neutrosophic soft points in NS(UE)

converging to egy, we have lim, e (¢, ¥) (exn) = (@, P) (eon)-

Proof. (1) It is straight forward.

(2) First suppose that (¢, 1) is continuous at egy € NS(Ug) and lim,— e,5 = egn. Then given € > 0, there
exists a § > 0 such that
d'[(e,¥)(em), (o, ¥)(eon)] < € whenever d(ep,eqn) < 3, ey € NS(UE).
Since lim,, 0 €N = €gn, there exists a natural number ng such that
d(e,N,eon) < 6, Vn > ny. Putting epy = e,,y, we have
d' (@, 9)(eun), (@, ¥)(eon)] < € whenever d(e,n,eon) <6, Vn > ny.
Thus @' [(¢, ) (enn), (¢, ) (eon)] < €, Vn > ng and this completes the ‘if” part.
Conversely, let the condition be hold but (¢, ¢) is not continuous at egy € NS(Ug). Then given € > 0, there
exists a § > 0 such that
d'[(¢,9)(em), (¢, 9)(eon)] = € whenever d(em,eon) <6, em € NS(UE); -+ (1)
But by hypothesis, there exists a natural number 1, such that
d' (@, 9)(eun), (@, ¥)(eon)] < € whenever d(e,n,eon) < 6, Vn > ny.
Putting ep; = e, in (1), we have
d'[(¢,¥)(ean), (¢, ¥)(eon)] = € whenever d(enn,eon) <0
This contradicts the hypothesis and so (¢, i) is continuous at egpny € NS(UE).

4.6.1 Example

1. Let E = N (the set of natural numbers), E’ = I (unit interval [0, 1]) and U = V = Q* (the set of nonzero rational

numbers). Consider a neutrosophic soft sequence {n;} in NS(Qy;) as following, for any n € N :

TnM(x) = HLH/ InM(x) = %, FnM(x) = 31—71, Vx € Q*.
Then (NS(Qy),d) forms an NSMS where ‘d’ is defined in (2)(i) of [2.3]. Now, let ¢ : Q* - Q" and ¢ : N — I

be two crisp functions defined as ¢(x) = 1 = y (say) and ¢(n) = 1 — 1 = m (say), respectively. Then the

¥ =
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neutrosophic soft function (¢, ) : NS(Qy;) — NS(Qy) is given by (¢, ¢)(npr) = mp, m € Iand is defined as :
Top (v) = ol I (y) = 552, Fup(y) = 15, Wy = y € Q"

We now define a neutrosophic soft point ag € NS(Qy), 2 € N given as :

Tas(x) =1, Ing(x) =0, Fiu(x) =0, Vx € Q*.

We shall estimate the distance function ‘d” here for k = 1 only. Similar conclusion can be drawn for different

values of k.
d(np,as) = |Tuy (x) = Tag (%) + [Iny (%) = Lag (x)| + [Fny, (x) — Fag (x)]
n 1 1
= g Uy, —0l+lg, —0l
1 1 1
= o

n+1 2n  3n
1n+5  11+3

6n2+6n  n(6+ %)

Hence, d(np1,a5) — 0asn — oo ie., {npy} converges to ag.
To test the continuity of (¢, ¢) at ag, we shall use the theorem (2) of [4.6].
Clearly, (¢, ¢)(as) = {<y,(1,0,0) >: y € ¢(Q*)}; For same ‘d’ stated above,
1 1-—m 1-m
dl(¢, ¢)(nm), (@, ¢)(as)] = |m -1+ |T - 0]+ |T -0
_ 1fm+1fm+1fm
 2-m 2 3
(1—m)(16 — 5m)
6(2—m)

This shows d[(¢, )(nm), (¢, ¢)(as)] — 0as n — oo (ie, as m — 1). Hence {(¢,9)(np)} converges to

(¢, 9)(as) and so (¢, ¢) is continuous at (ag).

2. Consider a neutrosophic soft sequence {1} in NS(ZN) (Z being the set of integers and N being the set of
natural numbers) as following, forany n € N :

Tuy(x) =1— 1, Ly (x) = 7, Fap(x) = 714, VxeZ

Then (NS(Zy),d) forms an NSMS where “d’is defined in (2)(i) of [2.3]. Now, let a neutrosophic soft function
(9, 9) : NS(Zn) — NS(Znyjqoy) be given by (¢, ¢)(np) = mp, m € N where ¢ : Z — Zand ¢ : N — NU {0}
be two crisp functions defined as ¢(x) = 3x = y (say) and ¢(n) = n —1 = m (say). Then (¢, 9)(np) = mp is

defined as :

1— -1 ify=g(x
Tonp () :{ el y =9l

0 otherwise.

1 otherwise.

L ify=o(x
Iy (y) = { 7(m+1) y =00

1 otherwise.

We now define a neutrosophic soft point ag € NS(Zy),a € N given as :
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Tas(x) =1, Ing(x) =0, Foe(x) =0, Vx € Z. Thenfork =1,

d(np,as) = [ Tuy(x) = Tag ()| 4 [Ty (x) — Lag ()| 4 [Fpy (x) — Fag (x)]
1 1 1
| n |+‘7n 0|—Hn+1 0

1 1 1

n ' 7n ' n+1
15148  15+38

2 +7n  n(7+7)

Similar conclusion can be drawn for different choice of k. Hence, d(npg,a5) — 0asn — oo ie., {ny}
converges to ag. But {(¢,)(np1)} does not converge to (¢, ) (ag) clearly and hence, (¢, 1) is not continuous at

as.

4.7 Theorem

Let (¢, ) : (NS(UE),d) — (NS(Vg/),d’) be a neutrosophic soft function. Then (g, 1) is continuous on NS(Ug)
iff (¢, ) "1 (P) is open in NS(Ug) whenever P C NS(Vg/) is open.

Proof. First suppose (¢, ) be continuous on NS(Ug) and P C NS(Vg) be an open NSS. Let eqps € (@, ¢) ™ (P).
Then (¢, ¢)(eopr) € P. Since P is open NSS, there exists an open ball B, ((¢, ¥)(eopm),€) C P. Again as (¢, ) is
continuous at egyy, there exists 6 > 0such thatd’'[(¢,¥)(en), (¢, P)(eom)] < € whenever d(ey,eqp) < J forey €
NS(Ug). It implies (¢, 9)(en) € Bo((@,9)(eom), €), Ven € Buleom,d). But (¢,¢)(en) € Bo((@,9)(eom),€) C
P = ey € (¢,9)"1(P). Thus By(egm,d) C (@,¢)~1(P) whenever egys € (¢, %) 1 (P). Hence egy is an interior
point of (¢, ¥) "1 (P). Since egy is arbitrary, (¢, %)~ (P) is open in NS(UE).

Conversely, assume that (¢, 1) ! (P) is open in NS(U) for every open NSS P C NS(Vg/) and ey € NS(UE)
be arbitrary but fixed. Then (¢, ¢)(eop) € NS(Ve) and By ((@, ) (eom), €) being an open ball is an open set in
NS(Vi). Soby hypothesis, (¢, ) [Bo((¢, ) con), €)] is open in NS(Ug). Now (¢, 9) (eou) € Bu((9, ) (eomt) €),
clearly and so eom € (9, %) 7' [Bo((9, %) (eom), €)] Since (¢,¢)~"[Bo((g, ) (eom),€)] is open in NS(UE), so
Buleon,8) C (9,9) " Bol(g,9)(eom) )] Let ey € Buleons,d) C (9,9)~"[Bol(g,¥)(con),6)]. Them ey €
Bu(eop, d) and (@, ¢)(en) € Bo((@,¥)(eom), €). This shows that d'[(¢, ¢)(en), (¢, ¥)(eopm)] < € whenever
d(en,eop) < 0 ie., (¢, ¢) is continuous at epps. Since egpr € NS(UE) is arbitrary, so (¢, ¢) is continuous on
NS(Ug).

4.8 Theorem

Let (¢, ¢9) : (NS(Ug),d) — (NS(Vg),d’) be an injective and continuous neutrosophic soft function. Then
(¢, ¥)~1(Q) is closed in NS(Ug) whenever Q C NS(Vg/) is closed.

Proof. Let egps € NS(Ug) be alimit point of (¢, ) ~1(Q) € NS(Ug) and ey € Bu(eons, 8) N (@, %) ~1(Q), en # eom-
Then by sense of [2.2] (9), ey € Bu(eom,d) and ey € (¢,9)"1(Q) = en € Buleom,d) and (¢, ) (en) € Q. Again
as (¢, ¢) is continuous at egyy, there exists € > 0 such that (¢, ¢)(en) € Bo((¢, ¢)(eop), €) whenever ey €

Bu(eom, ) foren € NS(Ug). Thus (¢, ¢)(en) € Bo((@,9)(eom), €) N Q with (¢, ) (en) # (@, ¢)(eom), as (¢, ¥)
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is injective. This shows that (¢, ¥) (egpr) is a limit point of Q. Since Q is closed in NS(Vg/), so (¢, ¥)(eom) € Qie.,
eom € (@,9)71(Q). Hence egy being a limit point of (@, 1)1 (Q) belongs to (¢, ) ~1(Q). Since egy; is arbitrary,
so (¢, 1) ~1(Q) is closed in NS(UE).

4,9 Definition

Let (NS(Ug),d) bean NSMS over (U, E) and M C NS(Ug) be an arbitrary NSS. Then the closure of M is denoted
by M and is defined as follows :
M = N{N C NS(Ug) : Nis neutrosophic soft closed and N D M}

i.e., it is the intersection of all closed neutrosophic soft supersets of M.

4.9.1 Example

Let (NS(Ug), d) be an NSMS with respect to ‘d” defined in (2)(i) of [2.3] where U = {x1,x3,x3} and E = {e1,ex}.
Then every NSS defined over (U, E) is finite. Also every finite NSS on an NSMS is closed by [2.4](3). Now consider
four NSSs M, N, P,1,, C NS(Ug) such that M C N, P, 1, only and they are given as following :

fum(er) = {< x1,(0.6,0.7,0.8) >, < x7,(0.5,0.3,0.7) >, < x3,(0.4,0.4,0.5) >}
fam(e) = {< x1,(04,05,0.7) >, < x,(0.3,0.4,0.8) >, < x3,(0.6,0.4,0.6) >}
fn(er) = {< x1,(0.6,0.5,0.8) >, < x3,(0.6,0.3,0.5) >, < x3,(0.5,0.3,0.4) >}
fn(ez) = {< x1,(05,04,0.7) >, < x7,(0.4,0.2,0.6) >, < x3,(0.6,0.2,0.5) >}
fp(e1) = {< x1,(0.7,04,0.6) >, < x7,(0.8,0.2,0.4) >, < x3,(0.6,0.2,0.3) >}
frer) = {< x1,(0.6,0.2,0.5) >, < x3,(0.5,0.1,0.5) >, < x3,(0.7,0.1,0.2) >}

fi,(e1) = {< x1,(1,0,0) >, < x,(1,0,0) >, < x3,(1,0,0) >}
flu (82) = {< X1, (1,0,0) >, < Xp, (1,0,0) >, < X3, (1,0,0) >}
Then M = 1, N NN P = N. The corresponding t-norm () and s-norm (¢) are: a xb = min{a,b} andaob =

max{a,b}.

4.9.2 Proposition

Let (NS(Ug),d) be an NSMS and M C NS(Ug). Then the followings hold.

(1) M is the smallest closed NSS containing M.
(2) M = M if and only if M is closed.
BYMcP=MCP.

(4) M = M.

BG)MUP=MUP.

(6)MNPC MnNP.

Proof. (1) Since intersection of a family of closed NSSs in an NSMS is closed and M is the intersection of all closed

neutrosophic soft supersets of M, so the proof is completed.
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(2) If M = M, then M is closed by (1).
Conversely, let M be closed. By (1), M C ‘M. Hence, we shall only show M cC M.

M = n{P cC NS(Ug) : Pis neutrosophic soft closed and P > M}

C {M C NS(Ug) : Mis neutrosophic soft closed and M D M} = M

BYMCMandPCP=MCPCP=MCP
But M is the smallest closed set containing M i.e., M C M C P. Hence, M C P.

(4) If N is closed then N = N. Since M is closed, replacing N by M, we get M = M.

GyMCMUPandPC MUP=MC MUPandPC MUP = MUP C
AlsooM C Mand P C P= MUP C MUP. Butwe have, MUP C MUP
Thus, MUP = MUDP.

6)MNPC Mand MNPCP=MNPC Mand MNP C P
= MNPCMNP.

410 Theorem

Let (¢, ¢) : (NS(UEg),d) — (NS(Vg/),d") be an injective as well as continuous neutrosophic soft function. Then,

1) (¢, 9)(N) C (@, %)(N) in NS(Vg:) for every N C NS(Ug).
) (¢, 9)"1(M) C (¢, )" (M) in NS(UE) for every M C NS(Vg/).

Proof. (1) Here (¢,¢)(N) € NS(Vg) and so (¢, ¢)(N) is closed in NS(Vg/). Since (¢, ) is continuous, so
(@)~ [(9,9)(N)] is closed in NS(U) by [48]. Then (¢,9)~"[(¢,9)(N)] = (¢,9)"" (¢, ¥)(N)] by [4.9.2](2).
Now (g, §)(N) is the closure of (¢, #)(N). So, (¢, #)(N) < (g.9)(N) = N € (g, ) [(g,9)(N)] = N C

(@)~ (e, ) (N)] = (@, 4)"[(9, ) (N)]. Thus (¢,$)(N)  (¢,%)(N).

(2) Here M is closed in NS(VE) and so is (¢, )~} (M) in NS(Ug) by [4.8]. Bt M ¢ M = (¢,¢) (M) C

(¢, 9)" (M) = (9, 9)"1(M) C (¢, 9) 1 (M) = (¢,9) " (M),
as (¢, )1 (M) is closed. Thus (¢, )1 (M) C (¢, ¢) "1 (M).

411 Definition

Let (¢1,¢1) : (NS(UE),d1) = (NS(Vir),da), (¢2,42) : (NS(Vgr),da) — (NS(Wgn),ds) be two neutrosophic soft
functions where (NS(Ug),d1), (NS(Vgr),dz), (NS(Wgn), ds) are three NSMSs. Then the composition of these two

functions is given by :
(2, 92) o (91, 91) : (NS(UE),d1) — (NS(Wgn),d3) and is defined as :
[(@2,92) o (@1, 9¥1)](em) = (92, 92)[(@1, ¥1) (em)] = (92, 92) (ey) = ek,
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where epr € NS(Ug), e)y € NS(Ver), e} € NS(Wgv) and forx € U, z € W

(2) = { MAX,(g,00,)(x)== MAX(gop,)(e)=e” [Te (X)), X € (920 1) (2)

0 otherwise.

Ly (z) = 4 Tigrog)(x)=2 MiM(gz0p0) )= [lew (x)], ifx € (p20¢1)7 (2)
1 otherwise.

(2) = { M s, (x) =2 DD o) (e) e [Fou ()], i x € (920.01) 71 (2)

1 otherwise.

411.1 Example

Let (¢1,91) = (NS(Ug),d) — (NS(VE),d), (¢2,492) : (NS(VE),d) — (NS(Wg),d) be two neutrosophic soft
functions where d is defined in (2)(i) of [2.3]. Let U = {x1,x2} and E = {e1, e, }. We consider the NS(UE) as given
by the Table 2.

Table 2 : Tabular form of NS(Ug)

€1A €A €1B €2B €1c exc
x; | (050603) (060305 (07,0403) (0.60203) (0.80602) (0.7,0.2,0.5)
X | (040706 (07,0403) (060702 (040305 (050704 (0.1,0.5,0.8)

Now let 1 (x1) = y1, ¢1(x2) =y1 and i(e1) = ez, P1(e2) = ey. Suppose,

(91, 91)(e14) = eap, (91, 91)(e24) = e16, (91, 41)(e1B) = exc
(91, ¥1)(e2B) = e1n, (@1, 91)(e1c) = ean, (@1,91)(e2c) = e1p

Then the following table (Table 3) represents (@1, 1)(NS(UEg)) :

Table 3 : Tabular form of (¢1,91)(NS(Ug))

1D €D e1G e2G e1H e2H
vi | (07,0205 (050603) (0.70303) (07,0402 (0.60203) (0.80.6,02)
Y2 0,1,1) 0,1,1) 0,1,1) 0,1,1) 0,1,1) 0,1,1)

One calculation is provided here to make out the Table 3.

T, = max max |T,,, (x)], as x1,x € -1
o) (o I oy ',01(@2)[ 24 (X)) 1% € 97 (y1)

= max(0.6,0.7) =0.7

I = i in [ley, (x)], as x1, !

ac(v1) (R, miny [Leps (x)], as x1,x2 € @1 (y1)
= min(0.3,0.4) =0.3

F, = min min [F,,, (x)], as x1,x € -1

€16 (yl) {4’1(9(1),14’1(9(2)} 1/21(32)[ €2A( )} 1, X2 € @ (yl)

= min (0.5,0.3) = 0.3

Further T€1c (yZ) =0, Ii’lc (yz) =1, Ff—’lc (yz) =lasxy,x ¢ (Pl_l(yZ)'
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Now assume @2(y1) = z2, ¢2(y2) = z1 and yn(e1) = ey, Pa(e2) = ea. Suppose,

(92, 92)(e1p) = e1r, (92,42)(e16) = e10, (@2, ¢2)(e1H) = e1m
(@2, 92)(e2p) = eam, (92, ¥2)(e26) = ear, (92,92)(e21) = €20

Then (@2, ¥2)[(¢@1, ¥1) (NS(UE))] is given by the Table 4.

Table 4 : Tabular form of (@2, 2)[(¢@1, ¥1)(NS(UE))]

e1r er e1M M e1Q €0
7 0,1,1) 0,1,1) 0,1,1) 0,1,1) 0,1,1) 0,1,1)
7 | (0.702,05) (07,0402 (060203) (050603) (0.703,03) (0.80.6,02)

Thus the Table 4 gives (@2, ¥2)[(¢1, ¥1) (NS(UE))] = [(92, ¥2) © (91, ¥1)](NS(UE)). For convenience,
(92, 92) o (91, 91)](e14) = (92, 92)[(@1,¢1)(e14)] = (@2, $2)(e2p) = €2 and so on.

412 Theorem

Let (¢1,91) : (NS(UEg),d1) — (NS(VEr),d2), (¢2,¢2) : (NS(Vg),dp) — (NS(Wgn),ds) be two neutrosophic
soft functions where (NS(Ug),d1), (NS(VE/),dp), (NS(Wgr),ds) are three NSMSs. If (¢1,11) is continuous at
eoN € NS(Ug) and (@3, 17) is continuous at the corresponding point (@1, 1) (eon) € NS(Vg/), then the composite
function (@2, ¥2) o (¢1,91) : (NS(Ug),d1) — (NS(Wgn),d3) is continuous at egy € NS(UE).

Proof. Let {e,;n} be a sequence of neutrosophic soft points in NS(Ug) such that lim, e e,5 = eon € NS(UE).
Since (1, 1) is continuous at eg, s0 (@1, P1)(enn) — (@1, ¢1)(eon) € NS(VE/) as n — oo. Again since (@2, §2)
is continuous at (¢1,91)(eon), 50 (@2, 2)[(@1, 1) (enn)] — (@2, 92)[(@1,¢1)(eon)] € NS(Wer) as n — oo. This

implies [(¢2, ¥2) o (91, ¥1)](ean) — [(@2,92) © (91, ¥1)](eon) € NS(Wpr) as n — oo.
Hence (@2, ) o (91, ¢1) is continuous at egy € NS(UE).

413 Theorem

Continuous image of a compact NSMS is compact.

Proof. Let (@, ¢) : (NS(Ug),d) — (NS(Vg),d') be a continuous neutrosophic soft function and NS(Ug) be a
compact NSMS. We are to show that (¢, ) (NS(Ug)) = NS(V},) € NS(VE) (say) is compact. Let {e] 5 } be a soft
sequence in NS(V},). Then for each e/, there exists e, € NS(Ug) such that (¢, 9)(e,m) = €, n =1,2,3,--+;
Since NS(Ug) is compact, the soft sequence {e,)1} has a subsequence {e,, p1} such that limy_,o e = €op €
NS(Ug) (say). Again (¢,¢) is continuous on (NS(Ug),d), so it is continuous at egp. Then by (2) of theorem
[4.6], limy oo (@, 9) (en,m) = (@, ) (eor); But, (@, 9)(enm) = e}, y and so limy €, v = (¢, ) (eop); Thus a soft
sequence {e;} in NS(Vg,) has a subsequence {e, y} converging to a soft point in NS(Vg,). This follows the

theorem.
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5 Uniform continuity on NSMS

This section gives the concept of uniform continuity of a neutrosophic soft function on an NSMS and it’s charac-

teristics on NSMS.

5.1 Definition

Let (NS(Ug),d) and (NS(Vg:),d") be two NSMSs. Then a neutrosophic soft function (¢, ¢) : NS(Ug) — NS(Vgr)
is said to be uniformly continuous on NS(Ug) if for each € > 0 there exists a > 0 depending only on €, not on

the point such that
d'[(o,¥)(em), (o, ¥)(en)] < € whenever d(ep,en) <8 Vep,en € NS(UE).

5.1.1 Example

Consider a neutrosophic soft function (¢, ¢) : (NS(Zg),d) — (NS(Zg),d) where ‘d’ is defined in (2)(i) of [2.3]
and Z be the set of integers. The function is defined as (¢, ¢)(ep) = Plep, P) for any NSS P C NS(Zg) and
epm € NS(Zg), where

plem,P) = {<x, min{[Te, (x) = Tep (x)[}, max {|Ley(x) = L (x)[},

max {|Fey (x) — Fep(x)|} >:x € Z}
epeP
Now for any two points ey, ey € NS(Zg) and for P C NS(Zg) , we have

d[(¢, ) (em), (@, ) (en)]

= d[p(em, P),plen, P)]

= min(min {|Te, () — T, (x)[} — min {|Tey (x) — Tep (x) [}
+max {{Ley () = Lep ()]} — max {[ Loy (x) — L (x)[}]
+max {[Fey, (x) = Fep (1) [} — max {|Fey (x) — Fep () }])

< min (| min {Te,, (x) + Top ()} — min {Toy (x) + Tep (1)}
+max {ley, (¥) + Loy ()} — max {Ioy (x) + Ly (1)}
+{max {Foy, (x) + Fop (x)} — max {Foy () + Fop (1)}])

= min (| min {Tp,, () + Tep () — Ty (x) = Tep (1)}
max {ley (x) + Lep (x) = Loy (x) = Lep (x)}]
+{max {Foy, (x) + Fop (x) — Foy (v) — Fep (1) }])

= min (|Tey, (x) = Tey (¥)] + e (¥) = Loy (¥)] + [Fery (x) = Fex (¥)])

= d(epmen) <d=¢€

Hence (¢, ¢) is uniformly continuous on NS(Zg).
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5.2 Theorem

The image of a Cauchy sequence in an NSMS under a uniformly continuous neutrosophic soft function is again a

Cauchy sequence.

Proof. Let (¢,%) : (NS(UEg),d) — (NS(Vg:),d’) be a uniformly continuous neutrosophic soft function. Then for

each € > 0 there exists a § > 0 depending only on €, not on the point such that

d (@, 9)(em), (g, p)(en)] <€ whenever d(ep,en) <8 Vey,en € NS(Ug).
Let {e,p} be a Cauchy sequence in NS(Ug). Then to every § > 0 there exists an 1y € N (set of natural numbers)

such that d(e,,p,e,p) < 6 VYm,n > ny.

This shows d'[(¢, ) (emp), (@, %) (enp)] < € Vm,n > ng and that ends the theorem.

5.3 Theorem

Every uniformly continuous neutrosophic soft function on an NSMS is continuous.

Proof. Replacing ey by ey, an arbitrary but fixed neutrosophic soft point, it directly follows from definition [5.1];

5.4 Theorem

Uniform continuous image of a complete NSS in an NSMS is complete.

Proof. Let (¢,%) : (NS(UEg),d) — (NS(Vg:),d’) be a uniformly continuous neutrosophic soft function and M C
NS(Ug) be a complete NSS. We are to show that (¢, ¢)(M) = P (say) is complete. Let {e, 1} be a neutrosophic
soft Cauchy sequence in M such that lim, o ey = eopr € M. Then {(¢, P)(eyp)} is a Cauchy sequence in P by
theorem [5.2]; Again (¢, ) being uniformly continuous neutrosophic soft function is continuous by theorem [5.3]
and so, limy—co (@, ¥) (enm) = (@, 1) (eop) € P by theorem (2) of [4.6]; Thus a cauchy sequence {(¢, ¢)(e,p)} in

P converges to a point in P and this completes the proof.

5.5 Theorem

Uniform continuous image of a compact NSMS is compact.

Proof. 1t is the combination of theorem [5.3] and the theorem [4.13];

6 Conclusion

In this paper, the notion of compact NSMS has been introduced and is illustrated by suitable examples. The
continuity and uniform continuity of a neutrosophic soft function in an NSMS have been defined and verified by
proper examples. Several related properties, theorems and structural characteristics of these in an NSMS have

been investigated. Some are justified by suitable examples also. The motivation of the present paper is to put
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forward the concept introduced in [32]. We expect, these concepts will bring an opportunity of further research

work to develop the NSS theory.
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