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Abstract

In this research article, we introduce the notion of complex neutrosophic graphs
(en-graphs, for short) and discuss some basic operations related to c¢n-graphs. We
describe these operations with some examples. We also present energy of complex
neutrosophic graphs.
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1 Introduction

Fuzzy set theory was introduced by Zadeh [1]. Applications of these sets
have been broadly studied in other aspects such as control |2|, reasoning
|1], pattern recognition 2|, engineering [3], etc. Atanassov [4] proposed the
extended form of fuzzy set by adding a new component, called intuitionistic
fuzzy sets (IFSs). The idea of IFSs is more meaningful as well as intensive
due to the presence of degree of truth and falsity membership. Smarandache
|5, 6] introduced the thought of neutrosophic sets by combining the non-
standard analysis. Neutrosophic set theory is applied to image segmentation
[7], topology [8], decision making [9], robotics [10], physics [11] and in many
more real life problems. See also [12-16].
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Buckley [17] and Nguyen et al. |[18] combined complex numbers with
fuzzy sets. On the other hand, Ramot et al. [19,20] extended the range
of membership to “unit circle in the complex plane”, unlike the others who
limited the range to [0, 1]. Further this concept has been studied in IFSs |21]
and Samarandache’s neutrosophic sets [22].

A graph is a mathematical object containing points (vertices) and connec-
tions (edges), and is a convenient way of interpreting information involving
the relationship between different objects. However, due to some reasons,
in practical applications of graph theory, different types of uncertainties are
frequently encountered. To handle these uncertainties, Kaufmann [23| intro-
duced the theory of fuzzy graphs based on Zadeh’s fuzzy relations. Later,
Rosenfeld [24] put forward another elaborated definition of fuzzy graph with
fuzzy vertex and fuzzy edges and developed the structure of fuzzy graphs.
Mordeson and Peng [25] defined some operations on fuzzy graphs. All the
concepts on crisp graph theory do not have similarities in fuzzy graphs.
Dhavaseelan et al. [26] defined strong neutrosophic graphs. Akram and
Shahzadi [27] first studied single-valued neutrosophic graphs. Further several
new concepts on neutrosophic graphs with their applications were discussed
in [28-31]. On the other hand, Akram and Shahzadi [29] have shown that
there are some flaws in Broumi et al. |30]’s definitions. His definitions are
not useful for the study of applied network models. Recently, Akram and
Naz 32| determined the energy of Pythagorean fuzzy graphs. In this pa-
per, we provide the new concept of complex neutrosophic graphs with some
fundamental operations. We also describe energy of complex neutrosophic
graphs.

2 Preliminaries and basic definitions
Definition 1. [19] Let U # @. A complex fuzzy set (CFS) A, is an object
of the form
A= {(@,1al@)) : 3 € U} = {(, ua(w)e4@) : w € U,

where 1 = v/—1, ua(x) € [0,1] and 0 < wa(x) < 27.
Definition 2. [22] Let U # &. A complex neutrosophic set (en-set) A, is an
object of the form

A = {(z, Talz), Jalr),Sa(z) : z € U}

= {(z,54(2)e ™4 14 ()P4 uy(2)e4 ) € UY,
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where i = /=1, sq(x),ta(x),ua(z) € [0,1], aa(r),Ba(x),va(z) € [0,27]

and 0~ < sy(x) +ta(z) +ua(x) < 3.
Definition 3. [22/ Let A and B be two cn-sets in X, where
A = {(#,Tale), Talr), Salx)) - 2 € X}
and B = {(z,%p(x),Jp(z),8s(z)) : v € X}.
Then for all x € X,
(1) A C B if and only if sa(x) < sg(x), ta(z) > tp(x), ualr) > ug(x) for

amplitude terms and ay(xr) < ag(x), Ba(x) > Bg(z), yalr) > Y5(T)
for phase terms.

(2) A= B if and only if sa(x) = sp(x), ta(z) = ts(z), ua(x) = up(x) for
amplitude terms and ax(z) = ag(x), fa(x) = Pe(z), ya(z) = Y5(2)
for phase terms.

(3) AUB = {(z,Taun(z), Taus(x), Faus(z)) 1 v € X}

where

Taos(z) = saup(x)e 4B = max{s4(z), sp(zx) e madaal@)as(@)}
Taos(@) = tas(@)ePBE) = minft 4 (), ty(x) b B B @)
Faus(®) = waup(x)eE@ = minfuy(z)up(z)petmnbal) (m)}.

(4) ANB = {(ZL’,QAQB(I’),jAmB(l’),SAmB(ZL')) T € X}

where
Tas(r) = sans(x)e ieans(?) — = min{s4(x), sB(z)}eimin{aA(x) 0‘6(1’)}’
jAnB(x) = tAﬂB(SC) iBans () max{tA( )’ tB(x)}ezmax{BA )Bg(gg)}7
Sans(r) = wuanp(x)e Mans (@) — maX{uA(aj)uB(x)}6ZmaX{VA(x) B ()}

Definition 4. Let A and B be two cn-sets in X, where
A={(z,TA(x),T4(x),Fa(x)) : z € X} and

B ={(x,%Tp(x),Ig(x),Fs(x)) : z € X}.

Then Ta(x) < Su(x), Ja(x) > Is(x), a(x) > Fu(x) if and only if
Tal@)| < [Tp(@)|, [Tal@)| = [Tp(x)], [Salz)] = [$s(x)| and

aalz) < ap(z), Balz) > Bs(z), yal®) > V8(2).
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3 Complex neutrosophic graphs

Definition 5. A cn-relation on X # &, is a tm-subset of X X X of the form
B = {(zy, ¥s(zy), Is(ry), Fs(ry)) : xy € X x X'} such that

Ta(wy) = sp(ey)e =), Ip(ry) = tg(ry)e™ ™), Fp(rvy) = up(wy)e )

forallz,y € X.

Definition 6. A cn-graph on X # &, is a pair G = (A, B) where, A is a

cn-set on X and B is a ecn-relation in X such that
83($y>€ia8(xy) S l'Ilil'l{SA(SL’)’ SA(y)}eimin{aA(x)’aA(y)}7
tg(zy)e®5@) < min{t4(x), t4(y) el AR S}
ug(xy)e™) < max{uy(z), uyg(y) el mextra@aaw)}

forall x,y € X. A and B are called the complex neutrosophic vertex set and

the complex neutrosophic edge set of G, respectively. Here B is the complex
neutrosophic relation on A.

Example 1. Consider a graph G* = (V,E) such that X = {a,b,c}, E =
{ab,bc,ac}. Let A be a ecn-subset of X and let B be a ecn-subset of E C X X X,
as given:

(0262 7r/270'4ei 2#/570'561' 7r/4) (0561 37\'/470'661' 7r/270'1ei 7r/8)
A e a . 7 . b ’
(0.4e* ™/2 0.5¢% ™ 0.2¢* 7/3) :

[

ab ) ) . be
(0.161 7'r/4’0_3e7, 7'r/4’0_4e7, 27'r/7)
ac

(0161 7r/270'4ei 7r/370'3ei 7r/6) (0261 27\'/570'461' 27\'/570'161' 7r/4)
B |

By routine calculations, it can be observed that the graph shown in Fig. 1 s
a cn-graph.

Definition 7. The Cartesian product Gy x Gy of two cn-graphs is defined as
a pair Gy x Gy = (A; X Ay, By X By), such that:
L. sy g (1, 9) A4 (1072) = min{s 4, (1), 5.4, (22)) pe' MmO (F1) 05 (7))
t.AlX.Az (xl’ x2)€ZﬁA1 X Ag (mlny) — mln{tAl (Il), tA2 (x2>>}elm1n{ﬁ¢41 (ml)ngg(xQ)}’
u.AlX.A2 (xl’ x2)elﬁf¢41 XA2(£U1,(E2) — max{uAl (x1)7 uA2 (I2))}eimax{7A1 (wl)ﬂ/Ag ((Ez)}’

for all xq, xo € X,
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a(0.2€i "/2,0.4ei ZH/S,O.SCi 7[/4) b(O.Sei 3”/4,0.6ei n/z’(). 1ei n/8)

c(0.4e1™2,0.5¢i™ 0.2 ™)

Fig. 1: ecn-graph

2. s, (2, 12) (2, yo) )i x5 (@2)(w.02)
= min{s., (v), 55, (Tayn)) e MA@ o (2]
tis e, (1, 2) (2, o) )ePonx o (0:22) (@)
= min{t 4, (), 15, (Toys)) ye! MnPA @).F5, (@22)}
up, 8, (2, 2)(, y3) )18 <82 (#:22) (@ y2))
= max{uy, (), ug, (xay2)) } e m¥1ras ()75, (w292)},
for all x € X1, and x9ys € Eo,

3. spyxs, (71, 2)(y1, Z))eiaslxsg((mvz)(ylz))
= min{sg, (1191), s.4,(2)) pe' mrem v es G
£, (21, 2) (g, 2))eiP5xBa(@12)01.2)
= min{tg, (x1y1), t,(2)) e @B (@191),54, ()}
ug, w8, (21, 2) (y1, 2) ) e1BrxB2(21,2)(y1,2))

= max{uBl (Ilyl)y U A, (Z))}el maX{'YBl (501y1)7%42 (=)}
for all z € Xs, and x1y, € Eq.

Example 2. Consider the two en-graphs, as shown in Fig. 2. Then, their
corresponding Cartesian product G X Go is shown in Fig. 3.

Proposition 1. The Cartesian product of two cn-graphs is a cn-graph.
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a(0.4¢373 0.2¢i72 0.5¢1273) b(0.5¢,0.3¢! 395 0.2¢! )

[ . . ] L ]
(0.231 7[/5,0. let 7'[/2’0.461 2n/5)

(0.1e'™4.0.4¢177 0.3¢7?)
° °

¢(0.2e1378,0.7¢173 0.1e!™°) d(0.3¢172,0.4¢i76 0 5¢i 375)

Fig. 2: en-graphs G; and G,

(a,c)(0.2e3%8 0.2¢173 0.5¢1273)  (a,d)(0.3e172,0.2¢176,0.5¢i273)

(0 1 ei n/4,0.2ei 7[/7’0.Sei 21[/3)

(suz PP 0" PT 05227 0)
(s/uglgg 0 9/1;!91 O‘S/JHQ%, 0)

(04 lei “’4,0.3ei "/7,0.3ei 7[/2)

(b,c)(O.Zei 37[/8,0‘3ei "/3,0.261 7[/2) (b,d)(0.3ei "/2,0.3ei n/G’O.Sei 37:/5)

Fig. 3: en-graph G; x Go
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Proof: The conditions for A; x A, are obvious, therefore, we verify only
conditions for B; x Bs.
Let x € &}, and 2oy, € E,. Then

881 x B ((I, x2)(x’ y2))6ia81 XBQ((mva)(w7y2))

= min{s, (2), 55, (Tay2)) e Mo ()08, (202)}
< min{s4, (z), min{s.a, (z2), 5.4, (y2) } e mn{ea (@) min{ony (@2).045 (v2)})

—min { e (sl } onl ey sl |

min{s, (), s4,(y2) }

= min{SAlez (l’, 1'2), S A1 xAs (QL” yz)}ff mln{aAl X Ao (1‘7132)70,41 X Ao (xvyz)}’

t, 8, ((, ) (2, yp) /P <B2 (072) ()
= min{ta, (1), tg, (x2y2)) pe' 14 ()05, (2202)}
< min{t«‘\l (ZL’), min{tAz (1'2), t.Az (y2)}}el min{f 4 (z),min{fa,(z2),6.4; (y2)}}

o it e L GGG

min{t 4, (), ta,(y2) }

= min{tAle2 (gp’ 1’2), t Ay % As (ZE, y2)}6imin{ﬁA1 x Ag (507502),ﬁA1><A2(x,y2)}’

U, x5, (2, 22) (z, y2)) ™1 x By ((2,22)(2,y2))
= max{ua, (z), up, (T2ys)) pe 04 )75 (2202}
< maX{uA1 (I)’ maX{qu (1’2), UA, (y2)}}€i max{.a; (v),max{4, (v2),74, (¥2) }}

m{ ma{ya, (2), 74, (22) } }
= max { maX{uAl (ZL’), s (1'2)}, } e maX{7A1 (ZL’), YAz (y2)}
max{ufh (ZL’), UA, (y2)}

= maX{uAl x Az (ZIZ’, IQ)) UAy x Ay (ZIZ’, y2)}el {14y xAg (7:72):1A1 x Ay (:c,yg)}’

Similarly, we can prove it for z € &,, and zyy; € F,. O

Definition 8. The composition Gy oGy of two en -graphs is defined as a pair
G10Gy = (A1 0 Ay, By o By), such that:

1. 84,04, (1, Tg)ei o2 (T172) — min{s 4 (21), 54, (2)) Yot Minteas (@), @)}
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tAloAz (x1,$2)eiBAloA2(ml’x2) — mln{tAl (1’1)’ tAz (:L'2))}67'm1n{6441(ml)vﬁAz(wQ)}’
uA10A2 (1»1’1»2)6i7A10A2(x17x2) — max{uAl (:L'l)’qu (1'2))}eimax{7A1(xl)fYAQ(Z?)}’

for all 1, x5 € X,

2. 5,08, (T, T2) (1, 1y2) ) e'Bro82 (B:02)(@:02))
= min{s4, (), 55, (22y2)) }e? ™intea; (@) an, (@2y2)}
t,05, (2, ) (1, y2) ) i8108: (@) @32))
= min{t 4, (), 1, (zays)) ye! Mintfay (2).58, (22)}
o, (2, 22) (1, yo) )i Br982 (@) @ 32)
— max{ug, (z), us, (zys)) e <0a ) 200}
for all x € Xy, and xoys € Eo,

3. smiom, (21, 2) (41, 2)) 182 (@1.2)w1.2)
= min{sg, (T1y1), 5.4,(2)) pemin{as @y1).aa, @)}
tgyo8, (71, 2) (Y1, Z))eiﬁslosz((ml,Z)(yl,Z))
= min{tg, (T1y1), t 4, (Z))}e’ min{8z, (z1y1),8.4, (Z)}’
usion, (21, 2) (Y1, 2) e 7Brem2 ((F12) w12
= max{ug, (1y1), U, (2)) ye! mars @1w1)7.4, ()}
for all z € X,, and x1y, € E;.

4. 5,08, (21, 22) (Y1, y2) ) eBro2(F122)(y1.2)
= min{s, (2), 5.4,(2), 55, (w191) pe' MO F2hens (2).0m (1))
tB08, (71, T2)(
= min{t4, (2), ta, (y2), ti, (x1y1) et @Bz (@2).805 (y2).Bmy (2151)}
Up, 0B, (11, 2) (Y1, o) ) 181082 (@1,22)(y1,92))

— mac{t.4, (72), 4, (92), g, (2191) be 002 (02D as () 1)}

Y1, y2)) BB, 08, ((z1,72) (¥1,92))

for all xo,ys € Xs, 9 # yo and x1y; € Ey.

Example 3. Consider the two en-graphs, as shown in Fig. 4. Then, their
composition Gy o Gy is shown in Fig. 5.

Proposition 2. The composition of two ecn-graphs is a cn-graph.
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a(0.3e"3° 0.4e'72,0.1e1?%3)  b(0.7¢'",0.3e!375 0.4¢! ™)

° - - : °
(0.1e'™°,0.2e1 ™4 0.3e! ™)

(0.2e'™4.0.3e1™7 0.4¢!™3)
° °

c(0.3¢i72,0.7¢176 0 4¢i3¥5)  d(0.2¢'375,0.4e'™3,0.5¢' ™)

Fig. 4: en-graphs G; and Go

(a,c)(0.3ei n"‘v2,0.4eim‘6,0.4ei 2m‘3) (a,d)(o_zei 3m’8’0.4ei ’“’3,0.56i 211!’3)
(O.Zei m‘4’0_3ei m‘7,0_4ei 2m‘3)
= =
— —
Q. Q.
G %) g
~ k= A N IS
=] ) D bo
[ . A Q Q.
. S O =1
A Lo q,@ o B
o (=) - Q- O
-o -P ‘\@I " N
la;) .. A& a.
& & & 5
= < ~
N
&
= (0.2e1™4.0.3¢177.0.4¢'™?)
<

(b,c)(0.3¢i72,0.3¢1 76 0 4ei 375) (b.d)(0.2¢*78/0.3¢'*,0.5¢' )

Fig. 5: en-graph G; o Go
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Proof: As in the previous proof, we verify the conditions for By o By only.
We prove the 2nd case:

SB1oBy ((Ia 1'2)(113', y2))eia61 82 {(@:22)(%42))

= min{s4, (z), 55, (T2y2)) e’ M4 (7)08, (1202)}

< min{s, (z), min{s.a, (z2), 5.4, (y2)} e mn{ea (2)min{ony @2).04, (v2)})
; imin min{a'Al (I)’ QA (IQ)}a

= min { mln{$A1 (ZL’), S A, (1’2)}, } e min{aAl (:L’), Qy, (y2)}

min{s, (), s.4,(y2) }

= min{SAl oAz (LL’, x2)7 SA10A2 (SL’, y2)}ei min{edy o, (7.22), 04104, (m,yg)}’

t81082 ((SL’, LUQ)(SL’, y2))6i581°82((m7m2)(w7y2))
= min{ta, (2), tu, (2ay0)) pe! ™M1 (7) 05, (w292)}
< min{t, (z), min{t.a, (z2), ta, (y2)} et B4 @min{Bay (22), 5, (v2)}1}

. imin{ min{B.a, (), Ba, (2)}, }
— min { ml'n{t/h (ZL’), tAQ (I2)}7 } e min{ﬁ/h (ZL’), 6«42 (y2)}
mln{t/h (I)’ tAz (y2)}

= min{tthAz (ZL’, 1'2), t.AloAz (ZL’, y2) }ei min{ﬁAl oAg (:c,:cg),BAl 0Ag (5‘3792)}’

U, o8, (%, 12) (1, ya) /18182 (172) ()
= max{uAl (I)a Up, (I2y2>>}€i max{7.4, ()75, (22y2)}
< max{u, (), max{u, (z2), ua, (y2)} Ye! (@) max{ya, (@2),74, (v2)})

e et " Y

max{u4, (), us,(y2)}

— maX{uAloAQ(l”,éEz), uAloAz(x’y2)}eimax{“/AloA2(%552)7%410442(5”73/2)}’

Similarly, we can prove it for z € X5, and z1y; € E;. In the case xs, yo € X,
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9 # Yo and 1y € Fy, we have,

SByo8, (21, 22) (Y1, ya) e’ BroB2 (T1:02)(W1.02))
= min{s.a,(22), 5.4,(Y2), 55, (2191 ) pe Mtz (@2).a, (v2).a5, (191)}
QA (I2)7 A, (y2)7 }

< min{ miifzfiﬁgjf‘;ﬂy@ﬁ} }m{ min{o, (71), o4, (1)}

e et st 1, e GG

min{s.4, (¥1), 5.4, (y2) }

— min{SAloAg (xl’ 1'2)’ SAlCAQ (yl’ y2)}61mln{OéAloAQ(901,932)#36,410,42(@/173/2)}

t5,08, (w1, 22) (Y1, y2) ) PBrema (172 192))
= min{t, (72), ta, (y2), tr, (2191 ) Ye P> (2).545 (52), B, (1y1)}
Bas (72), Bas (Y2), }

min{ (@) L), “‘{ min{fa, (v1). fa, (1)}
= { min{t 4, (z1), t4,(y1)} } ! ’

. imin{ min{ﬁAl (fl)aﬁA2($2)}a }
_ min{ ml.n{tAl(xl)7tA2 (z2)}, }e min{ B4, (1), B4, (y2) }
mln{tAl (yl)a tAz (y2)}

= min{t 4,04, (1, Z2), ta 045 (Y1, y2)}eimin{ﬁAloA2(x17x2),ﬁAloA2(y1,y2)}

up, o8, (21, 72) (Y1, yz))eiwlw?((xl’m(yl’yz»

= max{u, (©2), ua, (y2), us, (z1y1) ye 2042 (#2)745 (v2) 78, (@191)}

YAz (I2)a7«42 (y2)a }

ax U4, (T2), Uay (Y2), ;max max{y4, (1), V4, (v1)}
<mac{ | ol el ) L0

T g s e

maX{uAl (yl)v UA, (y2>}
= max{u,od, (L1, T2), Ua, o (Y1, y2>}eimax{'YAloA2(m1,$2)7“/AloA2(yl,y2)}'
This completes the proof. O

Definition 9. The union Gy U Gy = (A; U Ay, By U By) of two cn-graphs is
defined as follows:
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1. S.Al UAsg ($) Za.Al UA2 — S.Al (I)eiaAl (:B)’
tAlUAz (l’) Bayua (@) = t.A1 (x)eiﬁAl (m)’
UA;UAs (x)ewAl L4, (@) = UA, (l’)ei’ml (@) 5

forx € Xy and x §é Xs.

2. SA1UA, (I) oAy u42 (@) = = SA, (x)emAz (x)u
tA1UA2 (x)€ZBA1 LA, (@) = tAz (x)eiBAz (@) 5
UA;UAs (ZL’)€ VA4, (@) = U A, (l’)eiﬁmz (@) 5

forx € Xy and x ¢ Xl

3. S A UAy (z) A vy (T) — max{sAl (gp), S Ay (I)}eimaX{O‘Al (), (x)}’
Ay ()P4 = maxi 4, (1), Ly (@) e ot @0z ),
U A UA, (x)el%MUAQ(ZB) = min{uy, (), ua, (m)}eimin{»ml(:c),«,Az(gg)}7

forx € X1 N A,.

b $50m ()T = g ()i @),
i, up, (wy) e PEum @) =ty (zy)eife (o),
UB,UBy (ZL’y)ei'YBlUBQ (zy) — up, (l’y)e”gl (zy) ’

for xy € Ey and xy ¢ Es.

5. spus, (y)e BB W) = gp (zy)elos2 (V)
teuB, (1Y) ePBrB: ) =t (1y)ePs: (@)
up,uB, (wy) e 1B B () = g (zy)es: V),
for xy € Xy and xy ¢ Aj.

6. sB,uB, (xy)eiasluzs2(xy) = max{sg, (2y), S5, (xy)}eimax{algl (@y),a8, (xy)}’
tg,us, (wy)eP108: () = max{tg, (xy), ts, (xy)}e' Mo (0).Foy ow)}
up,uB, (1Y) e 81982 @Y = min{ug, (vy), ug, (vy) et mn{s @), (@9)}

for xy € X1 N As.

Example 4. Consider the two ecn-graphs, as shown in Fig. 6 and Fig. 7.
Then, their corresponding union Gy U Gy is shown in Fig. 8.

Proposition 3. The union of two cn-graphs is a cn-graph.
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c(0.4¢'™4,0.5¢1 23 0.6¢! )

a(0.3e1™2,0.7¢!3%5 0. 4e! 37%) b(0.4e1%2,0.7¢i ¥ 0 3¢! %)

Fig. 6: cn-graph G,

c(0.4¢'574,0.3¢'7%,0.7¢'") d(0.36'72,0.4¢i 3 0.5¢1 %)

b(0.7e!™3 0.6e' 3,0.4¢1™?)

Fig. 7: ecn-graph G,

C(0.4ei w4 () 5ei203 () 6el ) d(()_3ei ™2 (.4e173 (). 5¢! 27[/3)

a(0.3e1™2,0.7ei 315 () 4¢i 305) b(0.7¢i72,0.7¢12%3 0 3¢i72)

Fig. 8: tn-graph G; U G,
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Proof: Since all the conditions for A; U A5 are automatically satisfied there-
fore, we verify only conditions for B; U Bs. In the case, when xy € E; N E,
Then

sB1UB, (wy e E1uE )
= max{sg, (zy), S5, (xy)}ei max{ag, (zy),08, (zy)}

<mw{mﬂmmmmwm};m{mmmmwamm§}

min{a 4, (), a4, ()
mlﬂ{S.AQ (LL’), S A, (y>}

}
max{a, (y), as,(y)}
max{s4, (y), s4,(y)}

= min{s.u,04, (), S.4,04, (y) e MMHOAA @) 0045 (1))

Imin{ max{s, (z), s4,()}, } Zmin{ max{a, (7), a4, (7)}, }

b,y e Pess o

= max{tg, (zy), ts,(zy)}€’ max{Bs, (zy),B88, (zy)}

e ().t (o)) M%HM%%%%y%}
max min 4 (), ta \Y) 5s e min L\T), 2y
= { min{t 4, (%), t4,(y)} } ! 8

8

imin{ max{ﬁfh (ZL’), 6«42( )}’ }
— min { max{tfh (ZL’), tA2 (ZL’)}, } e max{ﬁfh (y)> 5/12 (y)}
max{tAl (y)7 tAz (y>}

= min{ta, 04, (%), L, 04, (y) fe ™M A4 0P a104, W)}

UB1UB, (l’y)eiﬁ%lUBz (@)
— min{uBl (l’y)’ ug, (l’y) }ei min{"/B1 (Iy),’y32 (zy)}

<mm{mwwmmmﬁwm};m{mﬂﬁm@wm@m}

}
max{y4, (), 74, (¥)}
max{u,(x),us,(y)}

imax{ min{fy-Al (z)aVAz(x)}> }
_ max{ min{v.q, (), ua, ()} }e min{ya, (), 7.4, (¥)}
min{ua, (y), ua,(y) }

= max{ua,ua, (1), tayua, (y) pe' MDA 7004, ()]
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If xzy € Ey and zy ¢ FEs,, then

SBLUB, (xy)eiaslusz (zy) < min{s.a,u4 (), S.4,04 (y)}eimin{aAlqu (z),04,04, (Y)}
t8,08, (:Ey)eiﬁslusg(xy) < min{ta,ua (), ta,u (y)}eimin{ﬁAluAQ (€),84,045 )}
uBlUBQ (xy>€i781UBz(my) S ma‘X{u.Alqu (x)7u.A1U.A2 (y)}elma‘x{’)ﬂAlUAg (m)fY.AlUAg (y)}

If xy € Ey and zy ¢ Fy, then

SBLUB, (ajy)eiazslusg(xy) < min{sAlqu (), 54,04, (y)}eimin{aAluAg(x)vaAlqu )}
ts,uB, (Iy)eiﬂgluBQ (zy) < min{tAlqu (37), t A0 (y)}eimin{ﬁAlqu (x),84,045 )}
ug,uB, (xy)e VBB (@) < max{u g oa, (), gy ua, (1) Y A4 @740, W)}

This completes the proof. O

Definition 10. The join G1+Gs = (A1+Az, B1+B82) of two en-graphs, where,
X1 NAXy =0, is defined as follows:

ia.A1+A2 (CC) ZO‘Al UAg (1‘

SAr+4; (7)€" = Sa,u4, ()€
1. LA+ Ay (I)elﬁ““l*AZ(m) =1t A,UAs (I) Bauay(@) if v € XU Ay,

U, 4 Ay (l.)ei'YA1+A2(SC) = U4 (T)e 7.4, UA (2)

St () 2) — s, (e
2. ¢ty (wy)ePmena®) =t g (zy)ePmros®)if zy € By N E,,
UB,+B, ("L’y)emBl+Bz @) = UByUB, (l’y)eiﬁ/BIUBz ()

SBl+Bz (l'y)e’ia61+32 (zy) — min{sAl (:L') (y)}e’l mln{aAl (z), A, (y)}
3' tBl—‘ng (xy)ei581+82 (zy) — mln{tAl (I), t.Az (y)}elmln{g.ﬁ\l (), /BAQ (¥)} foy c
ug, 1, (Ty) B8 = maxuy, (), u, (i) Ye @ (@):74, W)}
E,
where E is the set of all edges joining the vertices of X1 and Xs,.

Example 5. Consider the two en-graphs, as shown in Fig. 9. Then, their
corresponding join Gy+Gy is shown in Fig. 10.

Proposition 4. The join of two cn-graphs is a cn-graph.

Proof: Let G; = (A, B;) and Gy = (A, Bs) be cn-graphs of the graphs
T = (X, E) and G = (X, Ey), respectively. We prove that G1+Gy =
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a(0.2¢'7%,0.3¢'™,0.4¢'>%%) b(0.4¢i372,0).7¢i 573 () 3¢i )
L ]

[
(0.1¢1¥3,0.3¢i75,0.2¢172)

(O let 7t/7,0.3€i 2"/5,0.6ei rr/4)
L ]

4
d(0_4ei 27‘/3,0.8ei 4"/3,0.6ei 27:/7) e(0.2ei 1r/6,0.4ei 2"/3,0.7ei 1[/4)

(0.3¢175,0.1e1™3,0.5¢1 2%7)

.
¢(0.4e'™40.2¢172 0. 5¢! 273)

Fig. 9: en-graphs G; and G,

a(0.2€172,0.3e1m4 (. 4¢! 273) b(0.4¢13%2,0.7¢! 573 ().3¢1 ¥6)

(0-2@,-% (0.1€173,0.3¢1™5,0.2¢1%2)

(0.3¢15,0.1¢13,0.5¢i 247 (0.1¢'7,0.3¢!%,0.6¢' ™)

d(0.4e? 08655, 0.6¢ 7

e(0.26176,0.4¢1 2% () 7ei o)

(0. 4e*74,0.26%2 [ 5ot %93)

Fig. 10: cn-graph G;+Gy
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(A1+As, B1+8Bs) is a en-graph of the graph G{+G3. In view of Proposition 3
it is sufficient to verify the case when zy € E. In this case we have

SBy 15, (xy)eia81+82 (zy) _ min{sAl (x>’ S, (y)}eimin{aAl (z),045 (1)}

< minf{s 4,04, (), 5.4,04, (y) pe' ™0 A1042 004104 W)}

= min{sA1+A2 (1’)’ S A+ Ay (y)}eimin{aA1+A2 (SC),O!_A1+_A2(y)}

18,48, (xy)eiﬁBﬁBz (zy) — min{t 4, (), t 4, (y)}eimin{ﬂAl (z),8.45(y)}
< 0 (2), Lty () PP Pt @) sy )

= min{tA1+A2 (I‘), t_Al +As (y)}el min{ﬁAl +Ao (x)ﬂAl +Ay (y)}

UB,+Bs (,I‘y)eiﬁ/BlJrBz (zy) = max{uAl (gj)7 U A, (y)}ez max{'\/Al (m)fYAg ()}
< max{ua,uu, (), Uayou, (y) el m0A042 (7) 7402 ()}

= max{uAl +A2 (‘T) y UA;+As (y> }ei max{74; + 4, (2),741 +.45 (¥)}

This completes the proof. O

Definition 11. Let Gy = (A1, By) and Gy = (Ag, By) be two cn-graphs. A
homomorphism g : G — Gg is a mapping g : X1 — Xo such that:

50 (@) ) < 54, (gly))eio )
1. ta, (zy)ePa @) <ty (g(xy))ePa2@)) for all x; € Xy,
Uy, (1)e Ay (1) < U, (g(xl))ezm2(g(x1))

SBl(xlyl)eiab’l(l‘lyl) S 562(9( )g(yl)) Za32(g z1)9(y1))
2. tg, (z1yr) e W) <t (g(21)g(yr))ePE20@asw) for all z1y, €
ug, (21y1)e51 W) <, (g(21)g(yr))ee2 9 wn)
E;.
A bijective homomorphism with the property

s, (21)e @) = g, (g(x1))e420(x1)
J. ta, (z1)eP4 ) =t 4, (g(xq))eP220E@0) for all z, € X,
Uy, (:Bl)em‘l(“) — qu(g(Il))eim2(g(x1))

s called a weak isomorphism. A bijective homomorphism g : G — Go
such that:
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a1(0.26172,0.7¢i 74 0.5¢1 6) a>(0.3€175,0.8¢i73,0.4¢177)
[ J ®

(LePY 09290 9 P1°0)
(s P€0 2@ 0 2P 0)

[ J [ J
b1(0.3¢175,0.8¢173,0.4¢177) b2(0.26172,0.7¢i 4 0.5¢176)

Fig. 11: cn-graphs G; and G,

s, (21y1) €51 ) = g (g(x1)g(yy))e's29le)oln)
4 tg, (21y1)ePm1 W) =t (g(a1)g(yr))e 09D for all x1y, €
uBl (xlyl)ei'yb’l(xlyl) — uBz (g(xl)g(yl))el’}/32(g(l‘l)g(yl))
Ei,

is called a weak co-isomorphism. A bijective mapping g : Gy — Gy
satisfying 3. and 4. is called an isomorphism.

Example 6. Consider two cn-graphs, as shown in Fig. 11. Then, it is easy
to see that the mapping g : X1 — Xy defined by g(ai) = by and g(by) = ay is
a weak isomorphism.

4 Energy of complex neutrosophic graph

Gutman [33| in 1978 defined the concept of “graph energy”. Anjali and
Mathew [34] extended this idea to fuzzy graphs. Later, Praba et al. [35]
extended this concept for intuitionistic fuzzy graphs and Thirunavukarasu et
al. [36] extended this concept for complex fuzzy graphs. Here, we extended
this concept to cn-graphs.

Definition 12. Adjacency matriz of a ecn-graph is written in the form of two
adjacent matrices, one containing the entries as values of amplitude functions
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and the other containing the entries as values of phase functions i.e.,
M(CNG) = (M(sij, tij, ui), M(aij, Bij, vi))-

Definition 13. The eigenvalue of an adjacency matriz of en-graph M(CNG)
is defined in the form (X,Y), where

(i) the set of eigenvalues of M (s;;,ti;, uij) = X,

(ii) the set of eigenvalues of M(cuj, Bij, vij) =Y.

Definition 14. The energy of a cn-graph is defined by

(( 5 (bl e, 8 (el 15 |g,|>)

li7mi,nz‘)€ €iyJi, gz

where X : (1:], [ma, [ns|) is the energy of the Amplitude matriz denoted
UCHIS
by

and . (|ez\ |fil, lgi]) is the energy of the Phase matriz denoted by
Z 'L g'L

E(a;;(CNG), 6;;(CNG),7;(CNG)).

Definition 15. Let CNG be a en-graph (without loops) with |V| = n and
|E| = m and M(CNG) = (M(sij, tij, wij), M(aj, Bij, vi;)) be an adjacency
matriz of en-graph of C NG, then upper bound and lower bound of the energy
of the ecn-graph is

() (2Bl = DM o)l < By (ONG))

S 2n by SijSji

1<i<j<n
where \M(SU)\ is the determinant of M(s;;).
(i) \/ L5t nln = DIM ()| < E(t(CNG))

S 2n by tijtji
1<z<]<n

where | M (t;;)| is the determinant of M(t;;).
(i) \/ 5 _ i+ o — D|M (u)|F < E(u(CNG)

Y U
1<7,<_7<n R

where | M (u;;)| is the determinant of M (u;;).
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a (O.IGi 1r/570.’7ei 41[/3’()_86i 31[/4) b
) .

(290 ¢z PY 0 pPT 0)

o (o PL 0 s PE 07 PE0)

[ - _ -
(0 lel T[/Z,O.6el "/6,0.561 51(/4)

o

Fig. 12: cn-graph G

(iv) \/2 S ayay +n(n — D)|[M(ay)|? < E(ay(CNG))

1<i<j<n

< 2n by Qi Q4
1<i<j<n

where | M (a;)| is the determinant of M(cv;).
(0 [2, 8 P e = DM ()] < B(5,(ONG))

1<i<j<n

S\/Qn X BiiBji

1<i<j<n

where |M(f;;)| is the determinant of M(f;;).
(vi) \/2 £ _ i+ n(n = DIMOy)IF < E(y(CNG))

1<i<j<n

2n X i

1<i<j<n
where |M(%J)| 15 the determinant of M(%‘j)-

A numerical example to find out the energy of a ecn-graph is given below.

Example 7. Consider a graph G* = (V,E) such that X = {a,b,c,d}, E =
{ab,be, cd,da}. Let B be a en-subset of E C X x X, as given:

. ab . o be, . !
0.1e? ‘"/2,0.667’ ‘"/6,0.567’ 5m/4 0.3e? 3‘"/2,0.361 5‘"/4,0.761 /6
cd ) da

0.1et ﬁ/5,0.7€i 47T/3,0.86i 3n/4 ()2t ‘"/470.46i 2‘"/570.66i /3
B =
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The adjacency matrix of the graph is
M(CNG) = (M((sij; tij, uig), Mg, Bijs vij)),

where
0 (0.1,0.7,0.8) 0 (0.3,0.3,0.7)
| (01,07,08) 0 (0.2,0.4,0.6) 0
M(sij, tij, wis) = 0 (0.2,0.4, 0.6) 0 (0.1,0.6,0.5)
(0.3,0.3,0.7) 0 (0.1,0.6,0.5) 0
and
0 (w/5,4m/3,3m/4) 0 (3m/2,5m/4,7m/6)
) | («/5,4n/3,3m/4) 0 (/4,27 /5,m/3) 0
Meuj, Bijy i) = 0 (/4,27 /5,7/3) 0 (n/2,7/6,5m/4)
(3w/2,5m /4,77 /6) 0 (w/2,7w/6,5m/4) 0

0 01 0 03
0.1 0 02 0
0 02 0 0.1
03 0 01 O
are {—0.3618, —0.1382,0.1382,0.3618}
0 07 0 0.3
0.7 0 04 O
0 04 0 06
03 0 06 0
are {—1.0055, —0.2984,0.2984, 1.0055}
0 08 0 0.7
08 0 06 0
0 06 0 0.5
0.7 0 05 0
are {—1.3190, —0.0155,0.0155, 1.3190}
0 /5 0 3r/2
/5 0 w/4 0
0O =#/4 0 m/2
3r/2 0 7w/2 0
are {—1.60357, —0.17267,0.17267, 1.60357 }
0 47/3 0  5m/4
A7/3 0 27/5 0
0 27/5 0 /6
Sr/4 0 /6 0

Eigenvalues of M(s;;) =

Eigenvalues of M(t;;) =

Eigenvalues of M(u;;) =

Eigenvalues of M (o) =

FEigenvalues of M(f;;) =
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5

are {—2.41377,—0.7243m,0.72437,2.41377}
0 37x/4 0 7Tn/6
3r/4 0 /3 0
0 w/3 0 5m/d
/6 0  bm/4 0
are {—1.87427, —0.267,0.267, 1.87427}
Energy of Amplitude matriz = (1,2.6078,2.669).
Energy of Phase matriz = (3.55227m,6.27617, 4.26847).

Eigenvalues of M(v;;) =

Conclusion

A graph is a mathematical object containing points (vertices) and connec-
tions (edges), and is a convenient way of interpreting information involv-

ing

the relationship between different objects. We have defined cn-graphs

and some operations, including union of e¢n-graphs, Cartesian product of ¢n-
graphs, join of c¢n-graphs and composition of ¢n-graphs. We have aim to
extend our work to: (1) Complex fuzzy soft graphs, (2) Complex intuition-
istic fuzzy graphs.
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