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Abstra
t

In this resear
h arti
le, we introdu
e the notion of 
omplex neutrosophi
 graphs

(cn-graphs, for short) and dis
uss some basi
 operations related to cn-graphs. We

des
ribe these operations with some examples. We also present energy of 
omplex

neutrosophi
 graphs.
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1 Introdu
tion

Fuzzy set theory was introdu
ed by Zadeh [1℄. Appli
ations of these sets

have been broadly studied in other aspe
ts su
h as 
ontrol [2℄, reasoning

[1℄, pattern re
ognition [2℄, engineering [3℄, et
. Atanassov [4℄ proposed the

extended form of fuzzy set by adding a new 
omponent, 
alled intuitionisti


fuzzy sets (IFSs). The idea of IFSs is more meaningful as well as intensive

due to the presen
e of degree of truth and falsity membership. Smaranda
he

[5, 6℄ introdu
ed the thought of neutrosophi
 sets by 
ombining the non-

standard analysis. Neutrosophi
 set theory is applied to image segmentation

[7℄, topology [8℄, de
ision making [9℄, roboti
s [10℄, physi
s [11℄ and in many

more real life problems. See also [12�16℄.
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Bu
kley [17℄ and Nguyen et al. [18℄ 
ombined 
omplex numbers with

fuzzy sets. On the other hand, Ramot et al. [19, 20℄ extended the range

of membership to �unit 
ir
le in the 
omplex plane�, unlike the others who

limited the range to [0, 1]. Further this 
on
ept has been studied in IFSs [21℄

and Samaranda
he's neutrosophi
 sets [22℄.

A graph is a mathemati
al obje
t 
ontaining points (verti
es) and 
onne
-

tions (edges), and is a 
onvenient way of interpreting information involving

the relationship between di�erent obje
ts. However, due to some reasons,

in pra
ti
al appli
ations of graph theory, di�erent types of un
ertainties are

frequently en
ountered. To handle these un
ertainties, Kaufmann [23℄ intro-

du
ed the theory of fuzzy graphs based on Zadeh's fuzzy relations. Later,

Rosenfeld [24℄ put forward another elaborated de�nition of fuzzy graph with

fuzzy vertex and fuzzy edges and developed the stru
ture of fuzzy graphs.

Mordeson and Peng [25℄ de�ned some operations on fuzzy graphs. All the


on
epts on 
risp graph theory do not have similarities in fuzzy graphs.

Dhavaseelan et al. [26℄ de�ned strong neutrosophi
 graphs. Akram and

Shahzadi [27℄ �rst studied single-valued neutrosophi
 graphs. Further several

new 
on
epts on neutrosophi
 graphs with their appli
ations were dis
ussed

in [28�31℄. On the other hand, Akram and Shahzadi [29℄ have shown that

there are some �aws in Broumi et al. [30℄'s de�nitions. His de�nitions are

not useful for the study of applied network models. Re
ently, Akram and

Naz [32℄ determined the energy of Pythagorean fuzzy graphs. In this pa-

per, we provide the new 
on
ept of 
omplex neutrosophi
 graphs with some

fundamental operations. We also des
ribe energy of 
omplex neutrosophi


graphs.

2 Preliminaries and basi
 de�nitions

De�nition 1. [19℄ Let U 6= ∅. A 
omplex fuzzy set (CFS) A, is an obje
t

of the form

A = {(x, µA(x)) : x ∈ U} = {(x, uA(x)e
iωA(x)) : x ∈ U},

where i =
√
−1, uA(x) ∈ [0, 1] and 0 < ωA(x) < 2π.

De�nition 2. [22℄ Let U 6= ∅. A 
omplex neutrosophi
 set (cn-set) A, is an

obje
t of the form

A = {(x,TA(x), IA(x),FA(x)) : x ∈ U}
= {(x, sA(x)eiαA(x), tA(x)e

iβA(x), uA(x)e
iγA(x)) : x ∈ U},
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where i =
√
−1, sA(x), tA(x), uA(x) ∈ [0, 1], αA(x), βA(x), γA(x) ∈ [0, 2π]

and 0− ≤ sA(x) + tA(x) + uA(x) ≤ 3+.

De�nition 3. [22℄ Let A and B be two cn-sets in X , where

A = {(x,TA(x), IA(x),FA(x)) : x ∈ X}
and B = {(x,TB(x), IB(x),FB(x)) : x ∈ X}.

Then for all x ∈ X ,

(1) A ⊂ B if and only if sA(x) < sB(x), tA(x) > tB(x), uA(x) > uB(x) for
amplitude terms and αA(x) < αB(x), βA(x) > βB(x), γA(x) > γB(x)
for phase terms.

(2) A = B if and only if sA(x) = sB(x), tA(x) = tB(x), uA(x) = uB(x) for
amplitude terms and αA(x) = αB(x), βA(x) = βB(x), γA(x) = γB(x)
for phase terms.

(3) A ∪ B = {(x,TA∪B(x), IA∪B(x),FA∪B(x)) : x ∈ X}
where

TA∪B(x) = sA∪B(x)e
iαA∪B(x) = max{sA(x), sB(x)}eimax{αA(x),αB(x)},

IA∪B(x) = tA∪B(x)e
iβA∪B(x) = min{tA(x), tB(x)}eimin{βA(x),βB(x)},

FA∪B(x) = uA∪B(x)e
iγA∪B(x) = min{uA(x)uB(x)}eimin{γA(x),γB(x)}.

(4) A ∩ B = {(x,TA∩B(x), IA∩B(x),FA∩B(x)) : x ∈ X}
where

TA∩B(x) = sA∩B(x)e
iαA∩B(x) = min{sA(x), sB(x)}eimin{αA(x),αB(x)},

IA∩B(x) = tA∩B(x)e
iβA∩B(x) = max{tA(x), tB(x)}eimax{βA(x),βB(x)},

FA∩B(x) = uA∩B(x)e
iγA∩B(x) = max{uA(x)uB(x)}eimax{γA(x),γB(x)}.

De�nition 4. Let A and B be two cn-sets in X , where

A = {(x,TA(x), IA(x),FA(x)) : x ∈ X} and

B = {(x,TB(x), IB(x),FB(x)) : x ∈ X}.
Then TA(x) ≤ TB(x), IA(x) ≥ IB(x), FA(x) ≥ FB(x) if and only if

|TA(x)| ≤ |TB(x)|, |IA(x)| ≥ |IB(x)|, |FA(x)| ≥ |FB(x)| and
αA(x) ≤ αB(x), βA(x) ≥ βB(x), γA(x) ≥ γB(x).
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3 Complex neutrosophi
 graphs

De�nition 5. A cn-relation on X 6= ∅, is a cn-subset of X ×X of the form

B = {(xy,TB(xy), IB(xy),FB(xy)) : xy ∈ X ×X} su
h that

TB(xy) = sB(xy)e
iαB(xy), IB(xy) = tB(xy)e

iβB(xy), FB(xy) = uB(xy)e
iγB(xy)

for all x, y ∈ X .

De�nition 6. A cn-graph on X 6= ∅, is a pair G = (A,B) where, A is a

cn-set on X and B is a cn-relation in X su
h that

sB(xy)e
iαB(xy) ≤ min{sA(x), sA(y)}eimin{αA(x),αA(y)},

tB(xy)e
iβB(xy) ≤ min{tA(x), tA(y)}eimin{βA(x),βA(y)},

uB(xy)e
iγB(xy) ≤ max{uA(x), uA(y)}eimax{γA(x),γA(y)}

for all x, y ∈ X . A and B are 
alled the 
omplex neutrosophi
 vertex set and

the 
omplex neutrosophi
 edge set of G, respe
tively. Here B is the 
omplex

neutrosophi
 relation on A.

Example 1. Consider a graph G∗ = (V,E) su
h that X = {a, b, c}, E =
{ab, bc, ac}. Let A be a cn-subset of X and let B be a cn-subset of E ⊆ X ×X ,

as given:

A =

(

(0.2ei π/2,0.4ei 2π/5,0.5ei π/4)
a

, (0.5e
i 3π/4,0.6ei π/2,0.1ei π/8)

b
,

(0.4ei π/2,0.5ei π,0.2ei π/3)
c

)

.

B =

(

(0.1ei π/2,0.4ei π/3,0.3ei π/6)
ab

, (0.2e
i 2π/5,0.4ei 2π/5,0.1ei π/4)

bc
,

(0.1ei π/4,0.3ei π/4,0.4ei 2π/7)
ac

)

.

By routine 
al
ulations, it 
an be observed that the graph shown in Fig. 1 is

a cn-graph.

De�nition 7. The Cartesian produ
t G1×G2 of two cn-graphs is de�ned as

a pair G1 ×G2 = (A1 ×A2,B1 × B2), su
h that:

1. sA1×A2
(x1, x2)e

iαA1×A2
(x1,x2) = min{sA1

(x1), sA2
(x2))}eimin{αA1

(x1),αA2
(x2)}

,

tA1×A2
(x1, x2)e

iβA1×A2
(x1,x2) = min{tA1

(x1), tA2
(x2))}eimin{βA1

(x1),βA2
(x2)}

,

uA1×A2
(x1, x2)e

iγA1×A2
(x1,x2) = max{uA1

(x1), uA2
(x2))}eimax{γA1

(x1),γA2
(x2)}

,

for all x1, x2 ∈ X ,
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Fig. 1: cn-graph

2. sB1×B2
((x, x2)(x, y2))e

iαB1×B2
((x,x2)(x,y2))

= min{sA1
(x), sB2

(x2y2))}eimin{αA1
(x),αB2

(x2y2)}
,

tB1×B2
((x, x2)(x, y2))e

iβB1×B2
((x,x2)(x,y2))

= min{tA1
(x), tB2

(x2y2))}eimin{βA1
(x),βB2

(x2y2)}
,

uB1×B2
((x, x2)(x, y2))e

iγB1×B2
((x,x2)(x,y2))

= max{uA1
(x), uB2

(x2y2))}eimax{γA1
(x),γB2

(x2y2)},

for all x ∈ X1, and x2y2 ∈ E2,

3. sB1×B2
((x1, z)(y1, z))e

iαB1×B2
((x1,z)(y1,z))

= min{sB1
(x1y1), sA2

(z))}eimin{αB1
(x1y1),αA2

(z)}
,

tB1×B2
((x1, z)(y1, z))e

iβB1×B2
((x1,z)(y1,z))

= min{tB1
(x1y1), tA2

(z))}eimin{βB1
(x1y1),βA2

(z)}
,

uB1×B2
((x1, z)(y1, z))e

iγB1×B2
((x1,z)(y1,z))

= max{uB1
(x1y1), uA2

(z))}eimax{γB1
(x1y1),γA2

(z)},

for all z ∈ X2, and x1y1 ∈ E1.

Example 2. Consider the two cn-graphs, as shown in Fig. 2. Then, their


orresponding Cartesian produ
t G1 ×G2 is shown in Fig. 3.

Proposition 1. The Cartesian produ
t of two cn-graphs is a cn-graph.
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Fig. 2: cn-graphs G1 and G2

Fig. 3: cn-graph G1 ×G2



91 Yaqoob, Akram

Proof: The 
onditions for A1 × A2 are obvious, therefore, we verify only


onditions for B1 × B2.

Let x ∈ X1, and x2y2 ∈ E2. Then

sB1×B2
((x, x2)(x, y2))e

iαB1×B2
((x,x2)(x,y2))

= min{sA1
(x), sB2

(x2y2))}eimin{αA1
(x),αB2

(x2y2)}

≤ min{sA1
(x),min{sA2

(x2), sA2
(y2)}}eimin{αA1

(x),min{αA2
(x2),αA2

(y2)}}

= min

{

min{sA1
(x), sA2

(x2)},
min{sA1

(x), sA2
(y2)}

}

e
imin







min{αA1
(x), αA2

(x2)},
min{αA1

(x), αA2
(y2)}







= min{sA1×A2
(x, x2), sA1×A2

(x, y2)}eimin{αA1×A2
(x,x2),αA1×A2

(x,y2)},

tB1×B2
((x, x2)(x, y2))e

iβB1×B2
((x,x2)(x,y2))

= min{tA1
(x), tB2

(x2y2))}eimin{βA1
(x),βB2

(x2y2)}

≤ min{tA1
(x),min{tA2

(x2), tA2
(y2)}}eimin{βA1

(x),min{βA2
(x2),βA2

(y2)}}

= min

{

min{tA1
(x), tA2

(x2)},
min{tA1

(x), tA2
(y2)}

}

e
imin







min{βA1
(x), βA2

(x2)},
min{βA1

(x), βA2
(y2)}







= min{tA1×A2
(x, x2), tA1×A2

(x, y2)}eimin{βA1×A2
(x,x2),βA1×A2

(x,y2)},

uB1×B2
((x, x2)(x, y2))e

iγB1×B2
((x,x2)(x,y2))

= max{uA1
(x), uB2

(x2y2))}eimax{γA1
(x),γB2

(x2y2)}

≤ max{uA1
(x),max{uA2

(x2), uA2
(y2)}}eimax{γA1

(x),max{γA2
(x2),γA2

(y2)}}

= max

{

max{uA1
(x), uA2

(x2)},
max{uA1

(x), uA2
(y2)}

}

e
imax







max{γA1
(x), γA2

(x2)},
max{γA1

(x), γA2
(y2)}







= max{uA1×A2
(x, x2), uA1×A2

(x, y2)}eimax{γA1×A2
(x,x2),γA1×A2

(x,y2)},

Similarly, we 
an prove it for z ∈ X2, and x1y1 ∈ E1. ✷

De�nition 8. The 
omposition G1 ◦G2 of two cn -graphs is de�ned as a pair

G1 ◦G2 = (A1 ◦ A2, B1 ◦ B2), su
h that:

1. sA1◦A2
(x1, x2)e

iαA1◦A2
(x1,x2) = min{sA1

(x1), sA2
(x2))}eimin{αA1

(x1),αA2
(x2)},
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tA1◦A2
(x1, x2)e

iβA1◦A2
(x1,x2) = min{tA1

(x1), tA2
(x2))}eimin{βA1

(x1),βA2
(x2)},

uA1◦A2
(x1, x2)e

iγA1◦A2
(x1,x2) = max{uA1

(x1), uA2
(x2))}eimax{γA1

(x1),γA2
(x2)},

for all x1, x2 ∈ X ,

2. sB1◦B2
((x, x2)(x, y2))e

iαB1◦B2
((x,x2)(x,y2))

= min{sA1
(x), sB2

(x2y2))}eimin{αA1
(x),αB2

(x2y2)},

tB1◦B2
((x, x2)(x, y2))e

iβB1◦B2
((x,x2)(x,y2))

= min{tA1
(x), tB2

(x2y2))}eimin{βA1
(x),βB2

(x2y2)},

uB1◦B2
((x, x2)(x, y2))e

iγB1◦B2
((x,x2)(x,y2))

= max{uA1
(x), uB2

(x2y2))}eimax{γA1
(x),γB2

(x2y2)},
for all x ∈ X1, and x2y2 ∈ E2,

3. sB1◦B2
((x1, z)(y1, z))e

iαB1◦B2
((x1,z)(y1,z))

= min{sB1
(x1y1), sA2

(z))}eimin{αB1
(x1y1),αA2

(z)},

tB1◦B2
((x1, z)(y1, z))e

iβB1◦B2
((x1,z)(y1,z))

= min{tB1
(x1y1), tA2

(z))}eimin{βB1
(x1y1),βA2

(z)},

uB1◦B2
((x1, z)(y1, z))e

iγB1◦B2
((x1,z)(y1,z))

= max{uB1
(x1y1), uA2

(z))}eimax{γB1
(x1y1),γA2

(z)},
for all z ∈ X2, and x1y1 ∈ E1.

4. sB1◦B2
((x1, x2)(y1, y2))e

iαB1◦B2
((x1,x2)(y1,y2))

= min{sA2
(x2), sA2

(y2), sB1
(x1y1)}eimin{αA2

(x2),αA2
(y2),αB1

(x1y1)},

tB1◦B2
((x1, x2)(y1, y2))e

iβB1◦B2
((x1,x2)(y1,y2))

= min{tA2
(x2), tA2

(y2), tB1
(x1y1)}eimin{βA2

(x2),βA2
(y2),βB1

(x1y1)},

uB1◦B2
((x1, x2)(y1, y2))e

iγB1◦B2
((x1,x2)(y1,y2))

= max{uA2
(x2), uA2

(y2), uB1
(x1y1)}eimax{γA2

(x2),γA2
(y2),γB1

(x1y1)},

for all x2, y2 ∈ X2, x2 6= y2 and x1y1 ∈ E1.

Example 3. Consider the two cn-graphs, as shown in Fig. 4. Then, their


omposition G1 ◦G2 is shown in Fig. 5.

Proposition 2. The 
omposition of two cn-graphs is a cn-graph.
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Fig. 4: cn-graphs G1 and G2

Fig. 5: cn-graph G1 ◦G2



Complex neutrosophi
 graphs 94

Proof: As in the previous proof, we verify the 
onditions for B1 ◦ B2 only.

We prove the 2nd 
ase:

sB1◦B2
((x, x2)(x, y2))e

iαB1◦B2
((x,x2)(x,y2))

= min{sA1
(x), sB2

(x2y2))}eimin{αA1
(x),αB2

(x2y2)}

≤ min{sA1
(x),min{sA2

(x2), sA2
(y2)}}eimin{αA1

(x),min{αA2
(x2),αA2

(y2)}}

= min

{

min{sA1
(x), sA2

(x2)},
min{sA1

(x), sA2
(y2)}

}

e
imin







min{αA1
(x), αA2

(x2)},
min{αA1

(x), αA2
(y2)}







= min{sA1◦A2
(x, x2), sA1◦A2

(x, y2)}eimin{αA1◦A2
(x,x2),αA1◦A2

(x,y2)},

tB1◦B2
((x, x2)(x, y2))e

iβB1◦B2
((x,x2)(x,y2))

= min{tA1
(x), tB2

(x2y2))}eimin{βA1
(x),βB2

(x2y2)}

≤ min{tA1
(x),min{tA2

(x2), tA2
(y2)}}eimin{βA1

(x),min{βA2
(x2),βA2

(y2)}}

= min

{

min{tA1
(x), tA2

(x2)},
min{tA1

(x), tA2
(y2)}

}

e
imin







min{βA1
(x), βA2

(x2)},
min{βA1

(x), βA2
(y2)}







= min{tA1◦A2
(x, x2), tA1◦A2

(x, y2)}eimin{βA1◦A2
(x,x2),βA1◦A2

(x,y2)},

uB1◦B2
((x, x2)(x, y2))e

iγB1◦B2
((x,x2)(x,y2))

= max{uA1
(x), uB2

(x2y2))}eimax{γA1
(x),γB2

(x2y2)}

≤ max{uA1
(x),max{uA2

(x2), uA2
(y2)}}eimax{γA1

(x),max{γA2
(x2),γA2

(y2)}}

= max

{

max{uA1
(x), uA2

(x2)},
max{uA1

(x), uA2
(y2)}

}

e
imax







max{γA1
(x), γA2

(x2)},
max{γA1

(x), γA2
(y2)}







= max{uA1◦A2
(x, x2), uA1◦A2

(x, y2)}eimax{γA1◦A2
(x,x2),γA1◦A2

(x,y2)},

Similarly, we 
an prove it for z ∈ X2, and x1y1 ∈ E1. In the 
ase x2, y2 ∈ X2,
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x2 6= y2 and x1y1 ∈ E1, we have,

sB1◦B2
((x1, x2)(y1, y2))e

iαB1◦B2
((x1,x2)(y1,y2))

= min{sA2
(x2), sA2

(y2), sB1
(x1y1)}eimin{αA2

(x2),αA2
(y2),αB1

(x1y1)}

≤ min

{

sA2
(x2), sA2

(y2),
min{sA1

(x1), sA1
(y1)}

}

e
imin







αA2
(x2), αA2

(y2),
min{αA1

(x1), αA1
(y1)}







= min

{

min{sA1
(x1), sA2

(x2)},
min{sA1

(y1), sA2
(y2)}

}

e
imin







min{αA1
(x1), αA2

(x2)},
min{αA1

(y1), αA2
(y2)}







= min{sA1◦A2
(x1, x2), sA1◦A2

(y1, y2)}eimin{αA1◦A2
(x1,x2),αA1◦A2

(y1,y2)}

tB1◦B2
((x1, x2)(y1, y2))e

iβB1◦B2
((x1,x2)(y1,y2))

= min{tA2
(x2), tA2

(y2), tB1
(x1y1)}eimin{βA2

(x2),βA2
(y2),βB1

(x1y1)}

≤ min

{

tA2
(x2), tA2

(y2),
min{tA1

(x1), tA1
(y1)}

}

e
imin







βA2
(x2), βA2

(y2),
min{βA1

(x1), βA1
(y1)}







= min

{

min{tA1
(x1), tA2

(x2)},
min{tA1

(y1), tA2
(y2)}

}

e
imin







min{βA1
(x1), βA2

(x2)},
min{βA1

(y1), βA2
(y2)}







= min{tA1◦A2
(x1, x2), tA1◦A2

(y1, y2)}eimin{βA1◦A2
(x1,x2),βA1◦A2

(y1,y2)}

uB1◦B2
((x1, x2)(y1, y2))e

iγB1◦B2
((x1,x2)(y1,y2))

= max{uA2
(x2), uA2

(y2), uB1
(x1y1)}eimax{γA2

(x2),γA2
(y2),γB1

(x1y1)}

≤ max

{

uA2
(x2), uA2

(y2),
max{uA1

(x1), uA1
(y1)}

}

e
imax







γA2
(x2), γA2

(y2),
max{γA1

(x1), γA1
(y1)}







= max

{

max{uA1
(x1), uA2

(x2)},
max{uA1

(y1), uA2
(y2)}

}

e
imax







max{γA1
(x1), γA2

(x2)},
max{γA1

(y1), γA2
(y2)}







= max{uA1◦A2
(x1, x2), uA1◦A2

(y1, y2)}eimax{γA1◦A2
(x1,x2),γA1◦A2

(y1,y2)}.

This 
ompletes the proof. ✷

De�nition 9. The union G1 ∪ G2 = (A1 ∪ A2,B1 ∪ B2) of two cn-graphs is

de�ned as follows:
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1. sA1∪A2
(x)eiαA1∪A2

(x) = sA1
(x)eiαA1

(x),

tA1∪A2
(x)eiβA1∪A2

(x) = tA1
(x)eiβA1

(x),

uA1∪A2
(x)eiγA1∪A2

(x) = uA1
(x)eiγA1

(x),

for x ∈ X1 and x /∈ X2.

2. sA1∪A2
(x)eiαA1∪A2

(x) = sA2
(x)eiαA2

(x),

tA1∪A2
(x)eiβA1∪A2

(x) = tA2
(x)eiβA2

(x),

uA1∪A2
(x)eiγA1∪A2

(x) = uA2
(x)eiγA2

(x),

for x ∈ X2 and x /∈ X1.

3. sA1∪A2
(x)eiαA1∪A2

(x) = max{sA1
(x), sA2

(x)}eimax{αA1
(x),αA2

(x)},

tA1∪A2
(x)eiβA1∪A2

(x) = max{tA1
(x), tA2

(x)}eimax{βA1
(x),βA2

(x)},

uA1∪A2
(x)eiγA1∪A2

(x) = min{uA1
(x), uA2

(x)}eimin{γA1
(x),γA2

(x)},

for x ∈ X1 ∩ X2.

4. sB1∪B2
(xy)eiαB1∪B2

(xy) = sB1
(xy)eiαB1

(xy),

tB1∪B2
(xy)eiβB1∪B2

(xy) = tB1
(xy)eiβB1

(xy),

uB1∪B2
(xy)eiγB1∪B2

(xy) = uB1
(xy)eiγB1

(xy),

for xy ∈ E1 and xy /∈ E2.

5. sB1∪B2
(xy)eiαB1∪B2

(xy) = sB2
(xy)eiαB2

(xy),

tB1∪B2
(xy)eiβB1∪B2

(xy) = tB2
(xy)eiβB2

(xy),

uB1∪B2
(xy)eiγB1∪B2

(xy) = uB2
(xy)eiγB2

(xy),

for xy ∈ X2 and xy /∈ X1.

6. sB1∪B2
(xy)eiαB1∪B2

(xy) = max{sB1
(xy), sB2

(xy)}eimax{αB1
(xy),αB2

(xy)},

tB1∪B2
(xy)eiβB1∪B2

(xy) = max{tB1
(xy), tB2

(xy)}eimax{βB1
(xy),βB2

(xy)},

uB1∪B2
(xy)eiγB1∪B2

(xy) = min{uB1
(xy), uB2

(xy)}eimin{γB1
(xy),γB2

(xy)},

for xy ∈ X1 ∩ X2.

Example 4. Consider the two cn-graphs, as shown in Fig. 6 and Fig. 7.

Then, their 
orresponding union G1 ∪G2 is shown in Fig. 8.

Proposition 3. The union of two cn-graphs is a cn-graph.
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Fig. 6: cn-graph G1

Fig. 7: cn-graph G2

Fig. 8: cn-graph G1 ∪G2
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Proof: Sin
e all the 
onditions for A1∪A2 are automati
ally satis�ed there-

fore, we verify only 
onditions for B1 ∪ B2. In the 
ase, when xy ∈ E1 ∩ E2.

Then

sB1∪B2
(xy)eiαB1∪B2

(xy)

= max{sB1
(xy), sB2

(xy)}eimax{αB1
(xy),αB2

(xy)}

≤ max

{

min{sA1
(x), sA1

(y)},
min{sA2

(x), sA2
(y)}

}

e
imax







min{αA1
(x), αA1

(y)},
min{αA2

(x), αA2
(y)}







= min

{

max{sA1
(x), sA2

(x)},
max{sA1

(y), sA2
(y)}

}

e
imin







max{αA1
(x), αA2

(x)},
max{αA1

(y), αA2
(y)}







= min{sA1∪A2
(x), sA1∪A2

(y)}eimin{αA1∪A2
(x),αA1∪A2

(y)}

tB1∪B2
(xy)eiβB1∪B2

(xy)

= max{tB1
(xy), tB2

(xy)}eimax{βB1
(xy),βB2

(xy)}

≤ max

{

min{tA1
(x), tA1

(y)},
min{tA2

(x), tA2
(y)}

}

e
imax







min{βA1
(x), βA1

(y)},
min{βA2

(x), βA2
(y)}







= min

{

max{tA1
(x), tA2

(x)},
max{tA1

(y), tA2
(y)}

}

e
imin







max{βA1
(x), βA2

(x)},
max{βA1

(y), βA2
(y)}







= min{tA1∪A2
(x), tA1∪A2

(y)}eimin{βA1∪A2
(x),βA1∪A2

(y)}

uB1∪B2
(xy)eiγB1∪B2

(xy)

= min{uB1
(xy), uB2

(xy)}eimin{γB1
(xy),γB2

(xy)}

≤ min

{

max{uA1
(x), uA1

(y)},
max{uA2

(x), uA2
(y)}

}

e
imin







max{γA1
(x), γA1

(y)},
max{γA2

(x), γA2
(y)}







= max

{

min{uA1
(x), uA2

(x)},
min{uA1

(y), uA2
(y)}

}

e
imax







min{γA1
(x), γA2

(x)},
min{γA1

(y), γA2
(y)}







= max{uA1∪A2
(x), uA1∪A2

(y)}eimax{γA1∪A2
(x),γA1∪A2

(y)}
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If xy ∈ E1 and xy /∈ E2, then

sB1∪B2
(xy)eiαB1∪B2

(xy) ≤ min{sA1∪A2
(x), sA1∪A2

(y)}eimin{αA1∪A2
(x),αA1∪A2

(y)}

tB1∪B2
(xy)eiβB1∪B2

(xy) ≤ min{tA1∪A2
(x), tA1∪A2

(y)}eimin{βA1∪A2
(x),βA1∪A2

(y)}

uB1∪B2
(xy)eiγB1∪B2

(xy) ≤ max{uA1∪A2
(x), uA1∪A2

(y)}eimax{γA1∪A2
(x),γA1∪A2

(y)}

If xy ∈ E2 and xy /∈ E1, then

sB1∪B2
(xy)eiαB1∪B2

(xy) ≤ min{sA1∪A2
(x), sA1∪A2

(y)}eimin{αA1∪A2
(x),αA1∪A2

(y)}

tB1∪B2
(xy)eiβB1∪B2

(xy) ≤ min{tA1∪A2
(x), tA1∪A2

(y)}eimin{βA1∪A2
(x),βA1∪A2

(y)}

uB1∪B2
(xy)eiγB1∪B2

(xy) ≤ max{uA1∪A2
(x), uA1∪A2

(y)}eimax{γA1∪A2
(x),γA1∪A2

(y)}

This 
ompletes the proof. ✷

De�nition 10. The join G1+G2 = (A1+A2,B1+B2) of two cn-graphs, where,
X1 ∩ X2 = ∅, is de�ned as follows:

1.







sA1+A2
(x)eiαA1+A2

(x) = sA1∪A2
(x)eiαA1∪A2

(x)

tA1+A2
(x)eiβA1+A2

(x) = tA1∪A2
(x)eiβA1∪A2

(x)

uA1+A2
(x)eiγA1+A2

(x) = uA1∪A2
(x)eiγA1∪A2

(x)

if x ∈ X1 ∪ X2,

2.







sB1+B2
(xy)eiαB1+B2

(x) = sB1∪B2
(xy)eiαB1∪B2

(x)

tB1+B2
(xy)eiβB1+B2

(x) = tB1∪B2
(xy)eiβB1∪B2

(x)

uB1+B2
(xy)eiγB1+B2

(x) = uB1∪B2
(xy)eiγB1∪B2

(x)

if xy ∈ E1 ∩ E2,

3.







sB1+B2
(xy)eiαB1+B2

(xy) = min{sA1
(x), sA2

(y)}eimin{αA1
(x),αA2

(y)}

tB1+B2
(xy)eiβB1+B2

(xy) = min{tA1
(x), tA2

(y)}eimin{βA1
(x),βA2

(y)}

uB1+B2
(xy)eiγB1+B2

(xy) = maxuA1
(x), uA2

(y)}eimax{γA1
(x),γA2

(y)}

if xy ∈

É,

where É is the set of all edges joining the verti
es of X1 and X2.

Example 5. Consider the two cn-graphs, as shown in Fig. 9. Then, their


orresponding join G1+G2 is shown in Fig. 10.

Proposition 4. The join of two cn-graphs is a cn-graph.

Proof: Let G1 = (A1,B1) and G2 = (A2,B2) be cn-graphs of the graphs

G
∗
1 = (X1,E1) and G

∗
2 = (X2,E2), respe
tively. We prove that G1+G2 =
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Fig. 9: cn-graphs G1 and G2

Fig. 10: cn-graph G1+G2
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(A1+A2, B1+B2) is a cn-graph of the graph G∗
1+G∗

2. In view of Proposition 3

it is su�
ient to verify the 
ase when xy ∈ É. In this 
ase we have

sB1+B2
(xy)eiαB1+B2

(xy) = min{sA1
(x), sA2

(y)}eimin{αA1
(x),αA2

(y)}

≤ min{sA1∪A2
(x), sA1∪A2

(y)}eimin{αA1∪A2
(x),αA1∪A2

(y)}

= min{sA1+A2
(x), sA1+A2

(y)}eimin{αA1+A2
(x),αA1+A2

(y)}

tB1+B2
(xy)eiβB1+B2

(xy) = min{tA1
(x), tA2

(y)}eimin{βA1
(x),βA2

(y)}

≤ min{tA1∪A2
(x), tA1∪A2

(y)}eimin{βA1∪A2
(x),βA1∪A2

(y)}

= min{tA1+A2
(x), tA1+A2

(y)}eimin{βA1+A2
(x),βA1+A2

(y)}

uB1+B2
(xy)eiγB1+B2

(xy) = max{uA1
(x), uA2

(y)}eimax{γA1
(x),γA2

(y)}

≤ max{uA1∪A2
(x), uA1∪A2

(y)}eimax{γA1∪A2
(x),γA1∪A2

(y)}

= max{uA1+A2
(x), uA1+A2

(y)}eimax{γA1+A2
(x),γA1+A2

(y)}

This 
ompletes the proof. ✷

De�nition 11. Let G1 = (A1,B1) and G2 = (A2,B2) be two cn-graphs. A

homomorphism g : G1 → G2 is a mapping g : X1 → X2 su
h that:

1.







sA1
(x1)e

iαA1
(x1) ≤ sA2

(g(x1))e
iαA2

(g(x1))

tA1
(x1)e

iβA1
(x1) ≤ tA2

(g(x1))e
iβA2

(g(x1))

uA1
(x1)e

iγA1
(x1) ≤ uA2

(g(x1))e
iγA2

(g(x1))

for all x1 ∈ X1,

2.







sB1
(x1y1)e

iαB1
(x1y1) ≤ sB2

(g(x1)g(y1))e
iαB2

(g(x1)g(y1))

tB1
(x1y1)e

iβB1
(x1y1) ≤ tB2

(g(x1)g(y1))e
iβB2

(g(x1)g(y1))

uB1
(x1y1)e

iγB1
(x1y1) ≤ uB2

(g(x1)g(y1))e
iγB2

(g(x1)g(y1))

for all x1y1 ∈

E1.

A bije
tive homomorphism with the property

3.







sA1
(x1)e

iαA1
(x1) = sA2

(g(x1))e
iαA2

(g(x1))

tA1
(x1)e

iβA1
(x1) = tA2

(g(x1))e
iβA2

(g(x1))

uA1
(x1)e

iγA1
(x1) = uA2

(g(x1))e
iγA2

(g(x1))

for all x1 ∈ X1,

is 
alled a weak isomorphism. A bije
tive homomorphism g : G1 → G2

su
h that:
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Fig. 11: cn-graphs G1 and G2

4.







sB1
(x1y1)e

iαB1
(x1y1) = sB2

(g(x1)g(y1))e
iαB2

(g(x1)g(y1))

tB1
(x1y1)e

iβB1
(x1y1) = tB2

(g(x1)g(y1))e
iβB2

(g(x1)g(y1))

uB1
(x1y1)e

iγB1
(x1y1) = uB2

(g(x1)g(y1))e
iγB2

(g(x1)g(y1))

for all x1y1 ∈

E1,

is 
alled a weak 
o-isomorphism. A bije
tive mapping g : G1 → G2

satisfying 3. and 4. is 
alled an isomorphism.

Example 6. Consider two cn-graphs, as shown in Fig. 11. Then, it is easy

to see that the mapping g : X1 → X2 de�ned by g(a1) = b2 and g(b1) = a2 is
a weak isomorphism.

4 Energy of 
omplex neutrosophi
 graph

Gutman [33℄ in 1978 de�ned the 
on
ept of �graph energy�. Anjali and

Mathew [34℄ extended this idea to fuzzy graphs. Later, Praba et al. [35℄

extended this 
on
ept for intuitionisti
 fuzzy graphs and Thirunavukarasu et

al. [36℄ extended this 
on
ept for 
omplex fuzzy graphs. Here, we extended

this 
on
ept to cn-graphs.

De�nition 12. Adja
en
y matrix of a cn-graph is written in the form of two

adja
ent matri
es, one 
ontaining the entries as values of amplitude fun
tions
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and the other 
ontaining the entries as values of phase fun
tions i.e.,

M(CNG) = (M(sij , tij , uij),M(αij , βij , γij)).

De�nition 13. The eigenvalue of an adja
en
y matrix of cn-graph M(CNG)
is de�ned in the form (X, Y ), where

(i) the set of eigenvalues of M(sij , tij , uij) = X,

(ii) the set of eigenvalues of M(αij , βij , γij) = Y.

De�nition 14. The energy of a cn-graph is de�ned by

(

Σ
(li,mi,ni)∈X

(|li|, |mi|, |ni|), Σ
(ei,fi,gi)∈X

(|ei|, |fi|, |gi|)
)

where Σ
(li,mi,ni)∈X

(|li|, |mi|, |ni|) is the energy of the Amplitude matrix denoted
by

E(sij(CNG), tij(CNG), uij(CNG))

and Σ
(ei,fi,gi)∈X

(|ei|, |fi|, |gi|) is the energy of the Phase matrix denoted by

E(αij(CNG), βij(CNG), γij(CNG)).

De�nition 15. Let CNG be a cn-graph (without loops) with |V| = n and

|E| = m and M(CNG) = (M(sij , tij, uij),M(αij , βij, γij)) be an adja
en
y

matrix of cn-graph of CNG, then upper bound and lower bound of the energy

of the cn-graph is

(i)

√

2 Σ
1≤i<j≤n

sijsji + n(n− 1)|M(sij)|
2

n ≤ E(sij(CNG))

≤
√

2n Σ
1≤i<j≤n

sijsji

where |M(sij)| is the determinant of M(sij).

(ii)

√

2 Σ
1≤i<j≤n

tijtji + n(n− 1)|M(tij)|
2

n ≤ E(tij(CNG))

≤
√

2n Σ
1≤i<j≤n

tijtji

where |M(tij)| is the determinant of M(tij).

(iii)

√

2 Σ
1≤i<j≤n

uijuji + n(n− 1)|M(uij)|
2

n ≤ E(uij(CNG))

≤
√

2n Σ
1≤i<j≤n

uijuji

where |M(uij)| is the determinant of M(uij).
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Fig. 12: cn-graph G

(iv)

√

2 Σ
1≤i<j≤n

αijαji + n(n− 1)|M(αij)|
2

n ≤ E(αij(CNG))

≤
√

2n Σ
1≤i<j≤n

αijαji

where |M(αij)| is the determinant of M(αij).

(v)

√

2 Σ
1≤i<j≤n

βijβji + n(n− 1)|M(βij)|
2

n ≤ E(βij(CNG))

≤
√

2n Σ
1≤i<j≤n

βijβji

where |M(βij)| is the determinant of M(βij).

(vi)

√

2 Σ
1≤i<j≤n

γijγji + n(n− 1)|M(γij)|
2

n ≤ E(γij(CNG))

≤
√

2n Σ
1≤i<j≤n

γijγji

where |M(γij)| is the determinant of M(γij).

A numeri
al example to �nd out the energy of a cn-graph is given below.

Example 7. Consider a graph G∗ = (V,E) su
h that X = {a, b, c, d}, E =
{ab, bc, cd, da}. Let B be a cn-subset of E ⊆ X × X , as given:

B =

(

0.1ei π/5,0.7ei 4π/3,0.8ei 3π/4

ab
, 0.2ei π/4,0.4ei 2π/5,0.6ei π/3

bc
,

0.1ei π/2,0.6ei π/6,0.5ei 5π/4

cd
, 0.3ei 3π/2,0.3ei 5π/4,0.7ei 7π/6

da

)

.
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The adja
en
y matrix of the graph is

M(CNG) = (M(sij , tij , uij),M(αij , βij , γij)),

where

M(sij , tij , uij) =









0 (0.1, 0.7, 0.8) 0 (0.3, 0.3, 0.7)
(0.1, 0.7, 0.8) 0 (0.2, 0.4, 0.6) 0

0 (0.2, 0.4, 0.6) 0 (0.1, 0.6, 0.5)
(0.3, 0.3, 0.7) 0 (0.1, 0.6, 0.5) 0









and

M(αij , βij , γij) =









0 (π/5, 4π/3, 3π/4) 0 (3π/2, 5π/4, 7π/6)
(π/5, 4π/3, 3π/4) 0 (π/4, 2π/5, π/3) 0

0 (π/4, 2π/5, π/3) 0 (π/2, π/6, 5π/4)
(3π/2, 5π/4, 7π/6) 0 (π/2, π/6, 5π/4) 0









Eigenvalues of M(sij) =









0 0.1 0 0.3
0.1 0 0.2 0
0 0.2 0 0.1
0.3 0 0.1 0









are {−0.3618,−0.1382, 0.1382, 0.3618}

Eigenvalues of M(tij) =









0 0.7 0 0.3
0.7 0 0.4 0
0 0.4 0 0.6
0.3 0 0.6 0









are {−1.0055,−0.2984, 0.2984, 1.0055}

Eigenvalues of M(uij) =









0 0.8 0 0.7
0.8 0 0.6 0
0 0.6 0 0.5
0.7 0 0.5 0









are {−1.3190,−0.0155, 0.0155, 1.3190}

Eigenvalues of M(αij) =









0 π/5 0 3π/2
π/5 0 π/4 0
0 π/4 0 π/2

3π/2 0 π/2 0









are {−1.6035π,−0.1726π, 0.1726π, 1.6035π}

Eigenvalues of M(βij) =









0 4π/3 0 5π/4
4π/3 0 2π/5 0
0 2π/5 0 π/6

5π/4 0 π/6 0








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are {−2.4137π,−0.7243π, 0.7243π, 2.4137π}

Eigenvalues of M(γij) =









0 3π/4 0 7π/6
3π/4 0 π/3 0
0 π/3 0 5π/4

7π/6 0 5π/4 0









are {−1.8742π,−0.26π, 0.26π, 1.8742π}
Energy of Amplitude matrix = (1, 2.6078, 2.669).
Energy of Phase matrix = (3.5522π, 6.2761π, 4.2684π).

5 Con
lusion

A graph is a mathemati
al obje
t 
ontaining points (verti
es) and 
onne
-

tions (edges), and is a 
onvenient way of interpreting information involv-

ing the relationship between di�erent obje
ts. We have de�ned cn-graphs

and some operations, in
luding union of cn-graphs, Cartesian produ
t of cn-

graphs, join of cn-graphs and 
omposition of cn-graphs. We have aim to

extend our work to: (1) Complex fuzzy soft graphs, (2) Complex intuition-

isti
 fuzzy graphs.
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