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some relevant properties and their relations. Finally, we introduce the notions of neu-
trosophic soft (weak, strong) hyper BCK-ideal and (weak, strong) neutrosophic soft
hyper p-ideal and have got some results on them.
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Chapter 1.

Introduction

1 Abstract

The notion of BCK-algebra was formulated first in 1966 by K. Iseki, Japanese Mathe-
matician [20, 21, 22, 23, 24, 25]. This notion is originated from two different ways. One
of the motivations is based on set theory. In set theory, there are three most elementary
and fundamental operations introduced by L. Kantorovic and E. Livenson to make a new
set from old sets. These fundamental operations are union, intersection and the set dif-
ference. Then, as a generalization of those three operations and properties, we have the
notion of Boolean algebra. If we take both of the union and the intersection, then as a
general algebra, the notion of distributive lattice is obtained. Moreover, if we consider
the notion of union or intersection, we have the notion of an upper semilattice or a lower
semilattice. But the notion of set difference was not considered systematically before K.
Iseki. Another Motivation is taken from classical and non-classical propositional calcului.
There are some systems which contain the only implication functor among the logical
functors. These examples are the systems of positive implicational calculus, weak posi-
tive implicational calculus by A. Church, and BCI, BCK-systems by C. A .Meredith. We
know the following simple relations in set theory:

(A-B)-(A-C)CC-B,
A—(A-B)CB.

In propositional calcului, these relations are denoted by

(p—=q) = ((g—=71) = (p—71)),
p—((p—q) —q).
From these relationships, K. Iseki introduced a new notion called a BC K -algebra.
In ordinary algebras the concept of operation is a fundamental. It can be generalized

to multioperation and consequently leads to the emergence of multialgebras. This gener-
alization was already made and as far as is knownthe first to idealize it for group theory



was the French mathematician Frederic Marty, in 1934, with the publication of the paper
”Sur une generalisation de la notion de groupe” [54].

An operation is a relation that manipulate elements of a set and returns a value that
is in another set. A multioperation (or hyperoperation) is a generalization of an operation
when it returns a set of values instead of a single value. The class of structures composed
by a set and at least one multioperation is what we call of algebraic hyperstructure.
Multialgebras (or hyperalgebras) are a kind of hyperstructures as well as hypergroups,
hyperrings, hyperlattices and so on. The hyperstructures theory was studied from many
points of view and applied to several areas of Mathematics, Computer Science and Logic.
Unfortunately F. Marty died young, during the Second World War, when his airplane
was shot down over the Baltic Sea, while he was going on a mission to Finland. In the
duration of his short life (1911-1940), F. Marty studied properties and applications of
the hypergroups in two more communications [55, 56]. Many mathematicians in several
countries contributed to the studies of the hypergroups theory[4, 5, 6, 47, 48, 59, 60,
61, 62, 69]. One of the first books dedicated to hypergroups and a good reference for
applications of hyperstructures was written by P. Corsini in 1993 [15, 16].

In [40], Jun et al. applied the hyperstructures to BC K-algebras, and introduced the
concept of a hyper BC K-algebra which is a generalization of a BC K-algebra. Since then,
Jun et al. studied more notions and results in [10, 11, 34, 37, 38] and [39]. Borzooei et al.
[13] introduced the concept of the hyper K-algebra which is a generalization of the hyper
BC K-algebra, and Zahedi et al. [71] defined the notions of (weak, strong) implicative
hyper K-algebras. Borumand Saeid et al. [9] studied (weak) implicative hyper K-ideals
in hyper K-algebras.

The concept of fuzzy sets was introduced by Lotfi A. Zadeh in 1965 [70]. Since then
the fuzzy sets and fuzzy logic have been applied in many real life problems in uncertain,
ambiguous environment. The traditional fuzzy sets is characterised by the membership
value or the grade of membership value. Some times it may be very difficult to assign
the membership value for a fuzzy sets. Consequently the concept of interval valued fuzzy
sets was proposed [68] to capture the uncertainty of grade of membership value. In some
real life problems in expert system, belief system, information fusion and so on, we must
consider the truth-membership as well as the falsity-membership for proper description
of an object in uncertain, ambiguous environment. Neither the fuzzy sets nor the interval
valued fuzzy sets is appropriate for such a situation. Intuitionistic fuzzy sets introduced
by Atanassov [7] is appropriate for such a situation. The intuitionistic fuzzy sets can only
handle the incomplete information considering both the truth-membership (or simply
membership) and falsity-membership (or non-membership) values. It does not handle the
indeterminate and inconsistent information which exists in belief system. Smarandache
(63, 64, 65] introduced the concept of neutrosophic set which is a mathematical tool for
handling problems involving imprecise, indeterminacy and inconsistent data [1, 2, 3, 12,
19, 57].

Dealing with uncertainties is a major problem in many areas such as economics, en-
gineering, environmental science, medical science and social science etc. These problems



can not be dealt with by classical methods, because classical methods have inherent dif-
ficulties. Molodtsov suggested that one reason for these difficulties may be due to the
inadequacy of the parametrization tool of the theory. To overcome these difficulties,
Molodtsov [58] proposed a new approach, which was called soft set theory, for modeling
uncertainty. Worldwide, there has been a rapid growth in interest in soft set theory and
its applications in recent years. Evidence of this can be found in the increasing number of
high-quality articles on soft sets and related topics that have been published in a variety
of international journals, symposia, workshops, and international conferences in recent
years.

Maji et al. [49, 50, 51, 52] extended the study of soft sets to fuzzy soft sets and
neutrosophic soft sets. They introduced these concepts as a generalization of the standard
soft sets, and presented applications of fuzzy soft sets and neutrosophic soft sets in a
decision making problem.

Jun et al. applied the notions of fuzzy sets, neutrosophic sets, soft sets, fuzzy soft sets
and neutrosophic soft sets to the theory of BCK/BCI-algebras and hyper BC K-algebras
and studied ideal theory of BC'K/BCI-algebras and and hyper BC K-algebras based on
these notions [9, 14, 18, 30, 31, 33, 35, 36, 53, 66, 67, 72].

1.1 BCK-algebras

Definition 1.1 ([32]). Let X be a set with a binary operation * and a constant 0. Then
(X, *,0) is called a BCK -algebra if it satisfies the following conditions:

BCI-1 ((z*xy)*(z*x2))*(zxy) =0,

BCI-2 (zx(zxy))*xy=0,

BCI-3 zxz =0,

BCI-4 zxy=0and y*xx =0 imply z =y,

BCk-5 0x*xz =0,

for all z,y, z € X.

For brevity we also call X a BC'K-algebra. In X we can define a binary relation <
by x <y if and only if z xy = 0, for all z,y € X.

Proposition 1.2 ([32]). Let X be a set with a binary operation x and a constant 0. Then
(X, *,0) is BCK-algebra if and only if it satisfies:

BCI-1° (xxy)x*(x*x2) <z=xy,

BCI-2’ zx(zxy) <y,

BCI-3’ x <z,

BCI-}’ xz<yandy <z imply z =y,

BCEk-5" 0<zx,

BCI-6° x <y ifand only if txy =0,

forallx,y,z € X.

From now on, for any BC K-algebra X, x and < are called a BC K -operetion and
BCK -ordering on X respectively.



Example 1.3. Let S be a set. Denote 2° for the power set of S in the sense that 29 that
is the collection of all subsets of S, \ for the set difference and ) for the empty set. Then
(25,\,0) is a BC K-algebra.

Proposition 1.4 ([32]). In a BCK-algebra X, we have the following properties:
(1) x <y implies zxy < z *x,

(17) v <y and y < z implies x < z,

(170) (xxy)xz=(x*2)*xy,

(iv) xxy < z implies x x z < y,
(
(
(

1
1

v) (Tx2)*x(y*xz) <z*xy,

vi) x <y implies x x z < Yy * 2,
vit) xxy < x,

(viit) x %0 = x.

Definition 1.5 ([32]). A subset I of a BC' K-algebra X is called a BCK-ideal of X if it
satisfies:

0el, (1.1)
xxy€elandy el implyx el (1.2)
for all z,y € X.

Definition 1.6 ([32]). A subset I of a BCK-algebra X is called a positive imlicative
BCK -ideal of X if it satisfies (1.1) and

(xxy)xz€landyxz € limplyx*xz €l (1.3)

for all z,y,z € X.

Definition 1.7 ([32]). A subset [ of a BC'K-algebra X is called a imlicative BCK -ideal
of X if it satisfies (1.1) and

(x*x(y*z)xz€land z €I imply x € I (1.4)

for all z,y, z € X.

Definition 1.8 ([32]). A subset I of a BC'K-algebra X is called a commutative BCK -
ideal of X if it satisfies (1.1) and

(xxy)xzeland ze€limply xx(y*x(y*z)) €l (1.5)

for all z,y,z € X.

Theorem 1.9 ([32]). In a BCK-algebra, every (positive) implicative ideal is an ideal.
Also, every commutative ideal is an ideal. but the inverses is not true.

Theorem 1.10 ([32]). If we are given a BCK-algebra X, then a nonempty subset I of X
is an implicative ideal if and only if it is both a commutative ideal and positive imlicative

ideal.



1.2 Hyper BCK-algebras

Let H be a nonempty set endowed with a hyper operation “o”, that is, o is a function from
H x H to P*(H) =P(H)\ {0}. For A, B € P*(H), denote by Ao B theset [J aob.

a€A,beEB
We shall use z o y instead of z o {y}, {x} oy, or {z} o {y}.
Definition 1.11 ([40]). Let H be a nonempty set with a hyper operation “o” and a
constant 0. Then an algebraic hyperstructure (H,o,0) of type (2,0) is called a hyper
BC K-algebra if for all x,y, z € H, it satisfying the following axioms:

H1l) (zoz)o(yoz) < xoy,

(H1)

(H2) (zoy)oz=(roz)oy
(H3) zo H < {z},

(H4) z < y and y < x imply = = v,

where x < y is defined by 0 € x oy and for every A, B C H, A < B is defined by for all
a € A, there exists b € B such that a < b.

Remark 1.12. In a hyper BCK-algebra H, for all z,y € H, the condition (H3) is
equivalent to the condition:

(al) zoy < {x}.

Proposition 1.13 ([40]). In any hyper BCK-algebra H, for all x,y,z € H and for all
nonempty subsets A, B and C' of H, the following conditions hold:

ro0={x}, Ao0=A. (1.6)
Oox={0}, 0o A={0}. (1.7)
r<Lr, AKA. (1.8)
(AoB)o(C = (AoC)oB. (1.9)
Ao B < A. (1.10)
A < {0} implies A ={0}. (1.11)
A C B implies A < B. (1.12)
y < z implies xoz KL xoy. (1.13)
Lemma 1.14 ([37]). Every hyper BCK -algebra H satisfies the following condition:
((roz)o(yoz))oa<k (xoy)oa (1.14)

forall x,y,z,a € H.



Definition 1.15 ([40]). A subset I of a hyper BC' K-algebra H is called a hyper BCK -
ideal of H if it satisfies:

0€l, (1.15)
xoy<Klandyel implyxel (1.16)
for all z,y € H.

Definition 1.16 ([40]). A subset [ of a hyper BC K-algebra H is called a weak hyper
BCK-ideal of H if it satisfies (1.15) and

xoyClandyelimplyrzel (1.17)

for all x,y € H.

Definition 1.17 ([39]). A subset I of a hyper BC K-algebra H is called a strong hyper
BCK -ideal of H if it satisfies (1.15) and

(xoy)NI#Dandy e I imply x €1 (1.18)

for all z,y € H.

Remark 1.18 ([39]). Recall that every strong hyper BC K-ideal is a hyper BC'K-ideal.
Also, every hyper BC'K-ideal is a weak hyper BC' K-ideal. But the converses not true in
general.

Lemma 1.19 ([37]). Let A be a hyper BCK-ideal of H. Then IoJ C A and J C A
imply that I C A for every nonempty subsets I and J of H.

Lemma 1.20 ([38]). Let I be a subset of H. If J is a hyper BCK-ideal of H such that
I < J, then I is contained in J.

Definition 1.21 ([39]). A hyper BC'K-ideal I of a hyper BC K-algebra H is said to be
reflexive if rox C I, for all x,y € H.

Remark 1.22 ([39]). Every reflexive hyper BC'K-ideal is a strong hyper BCK-ideal.
But the converse not true in general.

Lemma 1.23 ([39]). Every reflexive hyper BCK-ideal I of H satisfies the following
implication.

(xoy)NI#0 imply xoy C I (1.19)

forall x,y € H.



Definition 1.24 ([11]). A nonempty subset I of a hyper BC K-algebra H is said to be
S-reflexive if

(xoy)NI #0 imply xoy C 1 (1.20)
for all x,y € H.
Definition 1.25 ([10]). A subset I of a hyper BC K-algebra H is said to be closed if
r<yandy € I imply x € 1 (1.21)
for all z,y € H.

Definition 1.26 ([37]). Let I be a nonempty subset of a hyper BC'K-algebra H and
0 € I. Then [ is called a positive imlicative hyper BC' K -ideal

e of type (C,C, Q) of H if it satisfies:
(xoy)ozClandyoz CIimplyxozCl, (1.22)
for all z,y,z € H.
e of type (C, <, C) of H if it satisfies:
(xoy)ozClandyoz << I implyxozCl, (1.23)
for all z,y,z € H.
e of type (<, C, C) of H if it satisfies:
(roy)ozk lTandyoz C I imply xoz C 1, (1.24)
for all x,y,2z € H.
e of type (<, <, C) of H if it satisfies:
(xoy)ozk Tandyoz << [ imply xoz C1, (1.25)
for all z,y,z € H.
Theorem 1.27 ([10]). Let I be a nonempty subset of a hyper BCK -algebra H. Then

(1) If I is a positive imlicative hyper BCK -ideal of type (<, C, C) or type (C, <, C),
then I is a positive imlicative hyper BC K -ideal of type (C, C, Q).

(2) If I is a positive imlicative hyper BC'K -ideal of type (<, <, C), then I is a positive
imlicative hyper BC K -ideal of type (<, C,C) and (C, <, C).



Theorem 1.28 ([11]). Let I be a nonempty closed subset of a hyper BCK -algebra H. If
I is a positive imlicative hyper BC K -ideal of type («, 5,C), then I is a positive imlicative
hyper BCK -ideal of type («, B, C), where o, B € {<, C}.

Lemma 1.29 ([37]). Every positive imlicative hyper BCK -ideal of type (<, C,C) is a
hyper BC' K -ideal.

Lemma 1.30 ([10]). Every positive imlicative hyper BCK -ideal of type (C,C,C) is a
weak hyper BC'K -ideal.

Lemma 1.31 ([37]). For a subset I of H such that xox C I for all x € H, the following
assertions are equivalent.

(1) I is a positive imlicative hyper BCK -ideal of type (<, C, Q).
(2) I is a hyper BCK -ideal of H such that
(xoy)ozC I imply (xoz)o(yoz)C I
forall z,y,z € H.

Definition 1.32 ([11]). Let I be a subset of a hyper BC'K-algebra H with 0 € I. Then
I is called a commutative hyper BCK -ideal of

e type (C, Q) if it satisfies:
(xoy)ozCTlandzelimplyxo(yo(yox)) CI), (1.26)
for all z,y,z € H.
e type (C, <) if it satisfies:
(xoy)ozCland ze limplyxzo(yo(yox)) <KI), (1.27)
for all z,y,z € H.
e type (<, C) if it satisfies:
(zoy)oz< Tand z€ Iimply xo(yo(yox)) CI), (1.28)
for all z,y,z € H.
e type (K, K) if it satisfies:
(roy)ozk Tand z€ I imply xo(yo(yox)) KI), (1.29)

for all z,y,z € H.



Theorem 1.33 ([11]). Let I be a nonempty subset of a hyper BCK -algebra H. Then

(1) If I is a commutative hyper BCK -ideal of type (C,C) or type (K, <), then I is a
commutative hyper BC K -ideal of type (C, <).

(2) If I is a commutative hyper BCK -ideal of type (<K, C), then I is a commutative
hyper BC'K -ideal of type (C,C) and (K, <K).

Definition 1.34 ([53]). Let I be a subset of a hyper BC'K-algebra H with 0 € I. Then
I is called

e a weak hyper p-ideal of H if it satisfies:
(zoz)o(yoz) CAandy € Aimply x € A), (1.30)
for all z,y,z € H.

e a hyper p-ideal of H if it satisfies:
((xoz)o(yoz) K Aandy € Aimply x € A), (1.31)
for all x,y,z € H.

e a strong hyper p-ideal of H if it satisfies:
((xoz)o(yoz))NA#£Dandy € Aimply x € A), (1.32)
for all z,y,z € H.

Remark 1.35 ([53]). Every (weak, strong) hyper p-ideal is a (weak, strong) hyper BCK-
ideal. Also, every strong hyper p-ideal is a hyper p-ideal and every hyper p-ideal is a weak
hyper p-ideal. But the converses not true in general.

1.3 Fuzzy sets, neutrosophic sets and soft sets in hyper BCK-
algebras
Let X be a nonempty set. By a fuzzy set p in X we mean a function p: X — [0,1]. For

a fuzzy set p in X and ¢t € [0,1], the set U(u;t) := {x € X|u(x) > t} is called a level
subset of .

Definition 1.36 ([35]). A fuzzy set p over a hyper BC K-algebra H is called a fuzzy
hyper BC K -ideal of H, if for all z,y € H satisfies the following conditions:

r <Ly imply p(z) > p(y), (1.33)
p(x) 2 min{ inf u(a), p(y)}- (1.34)



Theorem 1.37 ([35]). A fuzzy set u over H is a fuzzy hyper BC' K -ideal of H if and only
if the set U(u;t) is a hyper BCK-ideal of H for allt € [0, 1].

Definition 1.38 ([63, 64, 65]). Let X be a nonempty set. A neutrosophic set (NS) in X
is a structure of the form:

N := {{(x; Np(z), N;(x), Np(z)) | v € X}

where Ny : X — [0, 1] is a truth membership function, Ny : X — [0, 1] is an indeterminate
membership function, and N : X — [0, 1] is a false membership function. For the sake
of simplicity, we shall use the symbol N = (Nr, N;, Ng) for the neutrosophic set

N := {{x; Np(z), N;(x), Np(x)) | z € X}.
Let N = (N7, N;, Ngr) be a neutrosophic set in X. We define the following sets:

U(NTMST) = {.77 eX ‘ NT(x) > €T}7
U(N[,E[) = {l’ e X | N[(I) > 5I}a
L(Np,ep) ={zx € X | 5\F<Q7) <er},

where er, e, er € [0, 1].

Definition 1.39 ([58]). Let U be an initial universe set and E be a set of parameters.
Let P(U) denote the power set of U and A C E. A pair (A, A) is called a soft set over U,
where \ is a mapping given by

At Ao PU).

In other words, a soft set over U is a parameterized family of subsets of the universe
U. For ¢ € A, A(e) may be considered as the set of e-approximate elements of the soft
set (A, A). Clearly, a soft set is not a set. For illustration, Molodtsov considered several
examples in [58].

Definition 1.40 ([50]). Let U be an initial universe set and E be a set of parameters.
Let F(U) denote the set of all fuzzy sets in U. Then (A, A) is called a fuzzy soft set over
U where A C E and A is a mapping given by A : A — F(U).

In general, for every parameter u in A, S\[U] is a fuzzy set in U and it is called fuzzy

value set of parameter u. If for every u € A, A[u] is a crisp subset of U, then (X, A) is
degenerated to be the standard soft set. Thus, from the above definition, it is clear that
fuzzy soft set is a generalization of standard soft set.

Definition 1.41 ([8]). Let (), A) be a fuzzy soft set over H and t € [0, 1]. The following
set

U] t) == {x e H | Nul(z) > t} (1.35)
where wu is a parameter in A, is called level set of (:\, A).

10



Definition 1.42 ([8]). A fuzzy soft set (X, A) over a hyper BC K-algebra H is called a
fuzzy soft hyper BCK -ideal based on a paramenter u € A over H (briefly, u-fuzzy soft
hyper BCK-ideal of H) if the fuzzy value set A[u] : H — [0,1] of u, for all z,y € H
satisfies the following conditions:

x <y imply Alul(z) = Mu](y). (1.36)
Au)(2) > min inf Alul(a), Aful(y)}: (1.37)

If (S\,A) is a fuzzy soft hyper BCK-ideal based on a paramenter u over H for all
u € A, we say that (A, A) is a fuzzy soft hyper BC' K -ideal of H.

Proposition 1.43 ([8]). For every fuzzy soft hyper BCK -ideal (N, A) of H, the following
assertions are valid.

(1) (N, A) satisfies the condition
(vxe;ff)(xhqan > xhq(x)). (1.38)

where u is any parameter in A.

(2) If (\, A) satisfies the following condition:

(VI C H)(3zo € T) (X[u](azo) = infS\[u](a)) (1.39)

aeT

where u is any parameter in A, then

(va,y € H)(3a € zoy) (Aul() = minfAfu)(a), Alu](y)})

Definition 1.44 ([8]). A fuzzy soft set (X, A) over H is called a fuzzy soft weak hyper
BCK -ideal based on a paramenter u € A over H (briefly, u-fuzzy soft weak hyper BCK -
ideal of H) if the fuzzy value set

Au] : H — [0, 1]

of u satisfies conditions (2.2) and (1.38). If (S\LA) is a fuzzy soft weak hyper BC'K-ideal
based on u over H for all u € A, we say that (A, A) is a fuzzy soft weak hyper BC K -ideal
of H.

Definition 1.45 ([8]). A fuzzy soft set (X, A) over H is called a fuzzy soft strong hyper
BCK-ideal over H based on a parameter u in A (briefly, u-fuzzy soft strong hyper BC' K-
ideal of H) if the fuzzy value set

Au] : H — [0,1]
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of u satisfies the following conditions

(Vz.y € H) (Mum > win sup ul (o), X <y>}) , (1.40)
(V€ H) (aierng\[u] (A) > A[u] (a:)) . (1.41)

If (A, A) is a u-fuzzy soft strong hyper BCK-ideal of H for all u € A, we say that (), A)
is a fuzzy soft strong hyper BC' K -ideal of H.

Lemma 1.46 ([8]). A fuzzy soft set (X, A) over H is a fuzzy soft hyper BCOK -ideal of H
if and only if the set U(A[u];t) in (1.35) is a hyper BCK-ideal of H for all t € [0,1] and
any parameter u in A with U(Au;t) # 0.

Definition 1.47 ([49]). Let U be an initial universe set and E be a set of parameters.
Let NS(U) denote the set of all neutrosophic sets in U. Then a pair (N, A) is called a

neutrosophic soft set over U where A C FE and N is a mapping given by N : A — NS(U).

For every e € A, the image of e under N , denoted by N €, is a neutrosophic set in U:
N = { (o Ni (@), N (@), Ni(@)) | 2 € U,

and it is simply denoted by A¢ = ( ~;,?, ~;,/\7;).
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Chapter 2.

Fuzzy soft positive imlicative hyper
BC K-ideals of several types

2 Abstract

Fuzzy soft positive implicative hyper BC' K-ideal of types (C, C, C), (C, <, Q), («,C, Q)
and (<, <, Q) are introduced, and their relations are investigated. Relations between
fuzzy soft positive implicative hyper BC'K-ideal of type (C, C,C) and fuzzy soft hyper
BCK-ideal is considered. Also, relations between fuzzy soft strong hyper BCK-ideal
and fuzzy soft positive implicative hyper BC'K-ideal of types (<, C,C) and (<, <, Q)
are discussed. Characterizations of fuzzy soft positive implicative hyper BC'K-ideals are
provided and we proved that the level set of fuzzy soft positive implicative hyper BC' K-
ideal of types (C,C,C), («,C,0), (K,<,C) and (C, <, C) are positive implicative
hyper BC'K-ideal of types (C,C,Q), (<, C,Q), (K, <, Q) and (C, <, C), respectively.
Using the notion of positive implicative hyper BC'K-ideal of type (<, C,C), a fuzzy
soft weak (strong) hyper BCK-ideal is established. Conditions for a fuzzy soft set to
be a fuzzy soft positive implicative hyper BC K-ideal of types (<, C, C), (<, <, C) and
(C, <, C©), respectively, are founded, and conditions for a fuzzy soft set to be a fuzzy soft
weak hyper BC'K-ideal are considered.

In what follows, let H and E be a hyper BCK-algebra and a set of parameters,
respectively, and A be a subset of E unless otherwise specified.

2.1 Fuzzy soft positive imlicative hyper BC K-ideal of type (C, C,
<)

In the first chapter, we define the fuzzy soft hyper BC K-ideal based on a paramenter
u € A over H, as follows:

Definition 2.1 ([8]). A fuzzy soft set (A, A) over a hyper BCK-algebra H is called a
fuzzy soft hyper BCK-ideal based on a paramenter u € A over H (briefly, u-fuzzy soft
hyper BC K-ideal of H) if the fuzzy value set A[u] : H — [0,1] of u, for all z,y € H

14



satisfies the following conditions:

<y = Muj() = Al (y), (2.1)
Alu)(x) > min{aiegﬁf[u](a), Au)(y)}- (2.2)

If (S\,A) is a fuzzy soft hyper BCK-ideal based on a paramenter u over H for all
u € A, we say that (A, A) is a fuzzy soft hyper BC' K -ideal of H.

Now, we introduce the notion of fuzzy soft positive imlicative hyper BC'K-ideal of
type (C, C, C) based on u over H.

Definition 2.2. Let (:\, A) be a fuzzy soft set over H. Given a parameter u € A, we say
that (X, A) is a fuzzy soft positive imlicative hyper BCK -ideal of type (C,C, C) based on
w over H (briefly, u-fuzzy soft positive imlicative hyper BC K -ideal of type (C,C,C)) if
the fuzzy value set

Au] : H — [0, 1]
of u satisfies (2.1) and
. g > . . g . N
inf Afu](a) > min {be(gilf/)oz)\[u](b), Cg;g}[u](c)}. (2.3)

for all z,y,z € H. If (S\,A) is a u-fuzzy soft positive imlicative hyper BC K-ideal of
type (C,C, Q) for all u € A, we say that (A, A) is a fuzzy soft positive imlicative hyper
BCK -ideal of type (C,C, Q).

Example 2.3. Consider a hyper BCK-algebra H = {0,a,b} with the hyper operation
“o” in Table 1.

Table 1: Cayley table for the binary operation “o”

0 a b
{0} {0} {0}
{a} {0} {0}
{b} {a, b} {0,a,b}

> Q2 OO

Given a set A = {x,y, 2z} of parameters, we define a fuzzy soft set (5\, A) by Table 2. Then,
Alz] and \[z] satisfies conditions (2.1) and (2.3). Hence, (X, A) is a fuzzy soft positive
imlicative hyper BC' K-ideal of type (C, C, C) based on  and z. But A[y] does not satisfy
the condition (2.1) since a < b and A[y](a) < A[y](b), and does not satisfy the condition
(2.3) because of

Jnf Alyl(e) <min{_inf 3R(7). inf My)(o)
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Table 2: Tabular representation of (X, A)

A 0 a b

x 0.9 0.5 0.3
Y 0.8 0.4 0.6
z 0.7 0.7 0.4

Thus, (A, A) is not a y-fuzzy soft positive imlicative hyper BC K-ideal of type (C,C, C)
over H.

Example 2.4. Consider a hyper BC'K-algebra H = {0, a,b} with the hyper operation
“o” in Table 3.

Table 3: Cayley table for the binary operation “o”

0 a b
{0} {0} {0}
{a} {0,a} {0,a}
{v} {a,b} {0,a,b}

N OO0

Given a set A = {z,y,2} of parameters, we define a fuzzy soft set (A, A) by Table 4.
Then, (A, A) is a fuzzy soft positive imlicative hyper BC K-ideal of type (C, C, Q).

Table 4: Tabular representation of (A, A)

A 0 a b

T 0.8 0.7 0.6
Y 0.5 0.3 0.2
z 0.9 0.6 0.1

Lemma 2.5. In every fuzzy soft positive imlicative hyper BCK -ideal (X, A) of type (C,
C,Q), the assertion (1.38) is valid.

Proof. 1t is clear that the condition (1.38) is induced from the condition (2.1). O
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Table 5: Tabular representation of the binary operation o

0 a b
{0} {0} {0}
{a} {0,a} {0,a}

{b} {a,b} {0,a,b}

SN OO0

Example 2.6. Consider a hyper BC'K-algebra H = {0, a,b} with the hyper operation

o” which is given in Table 5. Given a set A = {z,y} of parameters, we define a fuzzy
soft set (A, A) by Table 6. It is clear that A[y](0) > A[y](z) for all z € H. But a < b and

Table 6: Tabular representation of (\, A)

A 0 a b
T 0.9 0.5 0.3
Y 0.8 0.4 0.6

Aly](a) = 0.4 < 0.6 = \[y](b). Hence, (), A) is not a fuzzy soft positive imlicative hyper
BC K-ideal of type (C,C, Q).

Theorem 2.7. Every fuzzy soft positive imlicative hyper BCK -ideal of type (C,C, C) is
a fuzzy soft hyper BC' K -ideal.

Proof. Let (X, A) be a fuzzy soft positive imlicative hyper BC'K-ideal of type (C,C, Q)
and u be any parameter in A. Taking z = 0 in (2.3) and using (1.6) imply that

Au](z) = inf A[u](a)

a€xol
> . . 3 . g
> min{,_inf Aul(5). inf Nul(c)}

— min fnf Nul(d), Alul(y)}.

Therefore, (X, A) is a fuzzy soft hyper BCK-ideal of H. O
The converse of Theorem 2.7 is not true as seen in the following example.

Example 2.8. Consider a hyper BC'K-algebra H = {0, a,b} with the hyper operation

o” in Table 7. Given a set A = {z,y} of parameters, we define a fuzzy soft set (A, A) by
Table 8.
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Table 7: Cayley table for the binary operation “o”

o 0 a b

0 {0} {0} {0}
a {a} {0} {0}
b {b} {a} {0,a}

Table 8: Tabular representation of (, A)

A 0 a b
T 0.9 0.5 0.3
Y 0.5 0.4 04

Then, (S\,A) is a x-fuzzy soft hyper BCK-ideal over H. But it is not a y-fuzzy soft
positive imlicative hyper BC'K-ideal of type (C, C, C), since
inf X[y](c) = Ay)(a) = 0.4

cebob

and

e€aob

min {de(iblg)()b:\[y](d), inf S\[y](e)}
= A[y](0) = 0.5.

Therefore, any fuzzy soft hyper BC K-ideal may not be a fuzzy soft positive imlicative
hyper BC K-ideal of type (C, C, C).

Theorem 2.9. A fuzzy soft set (5\, A) over H is a fuzzy soft positive imlicative hyper BCK -
ideal of type (C,C,C) if and only if the set U(Nul;t) in (1.35) is a positive imlicative
hyper BCK-ideal of type (<, C,C) for all t € [0,1] and any parameter u in A with

UNu];t) # 0. -
Proof. Assume that (S\,A) is a fuzzy soft positive imlicative hyper BC K-ideal of type

(S, C,9). Let u be a parameter in A and ¢ € [0,1] be such that U(A[u];t) # 0. Since
0 < x for all z € H, it follows from (2.1) that A[u](0) > A[u](x) for all z € H. Hence,

Alu](0) > Alu)(x)

for all z € U(A[u];t), and so A[u](0) > t. Thus, 0 € U(Nul;t). Let x,y,2 € H be such
that .
(zoy) oz << U(Aul;t)
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and y o z C U(Mu};t). For every a € (z oy) o z, there exists b € U(Au]; t) such that
a < b. Hence, A[u](a) > A[u](b) by (2.1), and thus, Mu](a) > ¢ for all a € (x o y) o z. Let
cExoz. Usm (2.3), we have

Au)(e) > inf A[u](e)

ecxoz

gE€yoz

>win{_inf 3u(0). inf 3o
> 1.

Thus, ¢ € U(Au]; ), and so zoz C U(Au];t). Therefore, U(Au]; ) is a positive imlicative
hyper BCK-ideal of type (<, C,C) for all ¢ € [0,1] and any parameter u in A with
U(Au];t) # 0.

Conversely, assume that U(Au];t) # @ for t € [0,1] and any parameter u in A.
Suppose that U(S\[u];t) is a positive imlicative hyper BCK-ideal of type (<, C, Q).
Then, U(Aul;t) is a hyper BCK-ideal of H by Lemma 1.29. It follows from Lemma
1.46 that A[u] is a hyper BCK-ideal of H. Thus, the condition (2.1) is valid. Let
t = min {be(inf Alu](b), inf Au](c )} Then,

zoy)oz cEyoz

S\[U](b)z inf )\[ 1(p) >t

pE(zoy)oz

and

Alu)(e) > inf Aul(g) 2

q€yoz

forall b € (roy)ozand ¢ € yoz. Hence, b, c € U(Aul; t). Therefore, (zoy)oz C U(Nul; t)
and y o z C U(Aul;t). Using (1.12) and (1.24), we have x o z C U(A[ul;t), and so

inf \ > ¢ = mi f Alu(b), inf A :
it ul(a) 2 t=nin{_int a0, i Nul(0)}
Consequently, (X, A) is a fuzzy soft positive imlicative hyper BC K-ideal of type (C, C, C

). O

Corollary 2.10. If a fuzzy soft set (:\, A) over H is a fuzzy soft positive imlicative hyper

BCK -ideal of type (C,C,C), then ( U(Nul;t) is a positive imlicative hyper BCK -ideal
ucA
of type (<, C,C) fort € |0,1].

Question. Let ()\ A) be a fuzzy soft positive imlicative hyper BC K -ideal of type (C, C, C).
For any parameterw in A, if U(Nu]; t) is reflexive for allt € Im(Nu]), then is the following
inequality valid?

inf Mu](a) > inf Au](b) (2.4)

a€xoy be (zoy)oy

forall x,y € H.
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The answer to the above question is negative. For example, note that (5\, A) is a fuzzy
soft positive imlicative hyper BC'K-ideal of type (C, C, C) based on = and z in Example

2.3. Also U(A[z];t) and U(A[z];t) are reflexive for all t € Im(\[u]). But
inf M[z](e) =0.3<0.9=inf \z|(f).

e€bo0 f€(x00)00
Hence, (2.4) is not true.

Proposition 2.11. Let (5\, A) be a fuzzy soft hyper BCK -ideal of H. For any parameter
win A, if (A, A) satisfies the condition (2.4), then it satisfies the following condition.

inf  Afu](a) > inf  Au](b) (2.5)

a€(zoz)o(yoz) be(zoy)oz

for all x,y,z € H. Moreover if the nonempty level set U(Nu];t) of (X, A) is reflexive for
all t € [0,1], then

mfﬂ@@)me{MM@L inf XWK@} (2.6)

cExoy de((zoy)oy)oz
forall x,y,z € H.
Proof. Let (X, A) be a fuzzy soft hyper BC K-ideal of H which satisfies the condition (2.4)
for any parameter v in A. Let t = inf A[u|(b). Then,

be (zoy)oz
(zoy)ozC UNul;t).
Using (1.7) and Lemma 1.14 induces
((ro(yoz))oz)oz=((xoz)o(yoz))oz< (roy)oz, (2.7)
and so ((z o (yo2))oz)oz< UAul;t). It follows from Lemma 1.20 that
((wo(yoz)oz)oz CUNult)
and so that (qoz) oz C U(Au];t) for all ¢ € z o (yo z). Using the condition (2.4), we get

inf Nu|(r) > inf Au](s) >t,

reqoz s€(qoz)oz

and so q oz C U(Mul; t) for all ¢ € z o (y o z). Hence,

(roz)o(yoz)=(ro(yoz))oz= U qoz CUMul;t),

gE€xo(yoz)

and therefore,

inf  Au]()>t=inf Xu(b).

a€(zoz)o(yoz) be(zoy)oz



This proves (2.5). Suppose that U(Au]; ) of (X, A) is reflexive for all ¢ € [0,1]. For any
x,y,z € H, put

s:mm{x[u](z), inf i[u]@z)}.

de((zoy)oy)oz

Then, z € U(Nul; s) and ((zoz)oy)oy = ((zoy)oy)oz C U(Nul;s). Thus, (goy)oy C
U(A[u]; s), which implies from Lemma 1.31 that (goy)o(yoy) € U(A[u]; s) for all ¢ € zoz.
Thus, 3

((zoz)oy)o(yoy) S UAul;s),
0z)oy C U(Mul; s) by Lemma 1.19 and (H2). Since z € U(A[u]; s),
|;s) by Lemma 1.19. Hence,

and so (zoy)oz = (roz
we have x oy C U(\[u

inf A[u](c) > s = min {S\[U](z), s inf S\[U](d)}

cExoy zoy)oy)oz

for all z,y, 2z € H. This completes the proof. [

Using the notion of positive imlicative hyper BC K-ideal of H, we establish a fuzzy
soft weak hyper BC K-ideal.

Theorem 2.12. Let I be a positive imlicative hyper BCK-ideal of type (<, C,C) and
let z € H. For a fuzzy soft set (A, A) over H and any parameter u in A, if we define the
fuzzy value set Nu] by

A : H = [0,1], xl—>{t ifz €L,

s otherwise,

(2.8)

where t > s in [0,1] and I, :== {y € H | yoz C I}, then (\, A) is a u-fuzzy soft weak
hyper BCK -ideal of H.

Proof. Tt is clear that Au](0) > Au](z) for all z € H. Let z,y € H. If y ¢ I, then
Au)(y) = s and so

Au](z) > s = min {X[u] (v), eggyj\[u](e)} : (2.9)
If zoy ¢ I, then there exists a € z oy \ I, and thus, A[u](a) = s. Hence,
min {X[u] (v), eielgyS\[u](e)} = 5 < Au(). (2.10)

Assume that xoy C I, and y € I,. Then, (xoy)oz C I and yo z C I, which imply that
(xoy)oz < Iand yoz CI. It follows from (1.24) that x oz C I, i.e., x € I,. Thus,

Alu](z) =t > min {;\[u] (y), inf X[u](e)} .

ecxoy

Therefore, (5\, A) is a fuzzy soft weak hyper BC'K-ideal of H. 0
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Theorem 2.13. If ()\ A) is a fuzzy soft positive imlicative hyper BCK -ideal of type (C,
C, Q) in which the nonempty level set U(Nu];t) of (A, A) is reflexive for allt € Im(\u]),
then the set

AMul, ={r e H|zozCUMul;t)} (2.11)
is a hyper BCK -ideal of H for all z € H.
Proof. Obviously 0 € S\[u]z Let x,y € H be such that xoy C X[u]z and y € S\[U]Z Then,

(xoy)ozC U(S\[u];t)

and yoz C U(A\u J;t) for all t € Im(Nu]). Using (1.12), we know that (z o y) oz <
U(Au];t). Since U(Nu];t) is a positive imlicative hyper BC K-ideal of type (<, C, C), it
follows from (1.24) that z o z C U(A[u]; t), that is, 2 € A[u],. This shows that Afu]. is a
weak hyper BCK-ideal of H. Let 2,y € H be such that z oy < Au]. and y € A[u].,
and let a € x oy. Then there exists b € ;\[u]z such that a < b, that is, 0 € a o b. Thus,
(aob)NUNu];t) # 0. Since U(Au];t) is a reflexive hyper BCK-ideal of H, it follows
from (H1) and Lemma 1.23 that

(aoz)o(boz)<aobC U(Nul;t)

and so that aoz C U(Nu];t) since boz C U(Aul; t). Hence, a € Au],, and so zoy C Au).
Since A[ul, is a weak hyper BCK-ideal of H, we get z € Alu],. Consequently A[ul. is a
hyper BC'K-ideal of H. [

The following example shows that any positive imlicative hyper BC' K-ideal of type
(<, C, Q) is neither S-reflexive nor a strong hyper BC'K-ideal.

Example 2.14. Consider the hyper BC'K-algebra H = {0,a,b} in Example 2.3. Then,
the set I := {0, a} is a positive imlicative hyper BC K-ideal of type (<, C,C). But it is
not S-reflexive since (boa) NI # @ but boa ¢ I. Also, I is not a strong hyper BC' K-ideal
of H since (boa)NI #Panda €I, butbé¢l.

Using the notion of positive imlicative hyper BC K-ideal of H, we establish a fuzzy
soft strong hyper BC'K-ideal.

Lemma 2.15. Every S-reflexive positive imlicative hyper BC'K -ideal of type (<, C, Q)
is a strong hyper BC'K -ideal.

Proof. Let I be an S-reflexive positive imlicative hyper BC' K-ideal of type (<, C, C) and
let z,y € H be such that (zoy)NI # () and y € I. Then, (roy)o0=zo0y C I since [ is
S-reflexive and Ao = A for any subset A of H. It follows from (1.12) that (zoy)o0 < I.

Since y o0 C I, we have {} = 200 C I and so x € I. Therefore, I is a strong hyper
BCK-ideal of H. ]
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Table 9: Cayley table for the binary operation “o”

0 a b c
{0} {0} {0} {0}
{a} {0} {0} {a}
{v} {a} {0} {0}
{c} {c} {c} {0}

o e OO0

The following example shows that the converse of Lemma 2.15 is not true in general.

Example 2.16. Consider a hyper BC K-algebra H = {0, a, b, ¢} with the hyper operation
“0” in Table 9. Then, I := {0, ¢} is a strong hyper BC' K-ideal and S-reflexive. But it is
not a positive imlicative hyper BC' K-ideal of type (<, C, C), since (boa)oa < [ and
aoaCIbutboad I

Lemma 2.17 ([8]). Let (5\, A) be a fuzzy soft set over H such that

(VI C H)(3zo e T) (S\[u](:pg) = supZ\[u}(a)) (2.12)

acT

where w is any parameter in A. If the set U(A[u];t) in (1.35) is a strong hyper BCK -
ideal of H for all t € [0,1] with U(Aul;t) # 0, then (A, A) is a fuzzy soft strong hyper
BCK -ideal of H.

Using Lemmas 2.15 and 2.17, we have the following theorem.

Theorem 2.18. Let (X, A) be a fuzzy soft set over H satisfying the condition (2.12). If
the set U(Aul;t) in (1.35) is an S-reflexive positive imlicative hyper BCK -ideal of type
(<, C, Q) for all t € [0,1] with U(Aul;t) # 0, then (X, A) is a fuzzy soft strong hyper

BCK -ideal of H.
The following example shows that the converse of Theorem 2.18 is not true in general.

Example 2.19. Consider a hyper BC' K-algebra H = {0, a,b} with the hyper operation
“o” in Table 10.

Given a set A = {z,y} of parameters, we define a fuzzy soft set (X, A) by Table 11.

It is routine to verify that (A, A) is a fuzzy soft strong hyper BC'K-ideal of H. If t > 0.6,

then the set U(A[z];t) = {0} is not a positive imlicative hyper BC K-ideal of type (<, C,
C), since (0o b) ob= {0} < U(A[z];t), bob={0,b} € U(\z];t) and

0ob={0} CU\z]:t).
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Table 10: Cayley table for the binary operation “o”

o 0 a b

0 {0} {0} {0}
a {a} {0} {a}
b {b} {b} {0, 0}

Table 11: Tabular representation of (X, A)

b 0 a b
T 0.9 0.5 0.3
Y 0.8 0.6 0.6

2.2 Fuzzy soft positive imlicative hyper BC K-ideals of types (C,

<, Q) (K,6,9) and (K, <, C)

Definition 2.20. Let (X, A) be a fuzzy soft set over H. Then, (\, A) is called

e a fuzzy soft positive imlicative hyper BCK -ideal of type (C, <, C) based on a pa-
rameter u € A over H (briefly, u-fuzzy soft positive imlicative hyper BC'K-ideal of
type (C, <, Q)) if the fuzzy value set A[u] : H — [0, 1] of u satisfies (2.1) and

(Vz,y,z € H) (inf Au](a) > min{ inf Mu](b), sup Mu](c)}). (2.13)

a€xoz be(zoy)oz ce€yoz

a fuzzy soft positive imlicative hyper BCK -ideal of type (<, C, C) based on a pa-
rameter u € A over H (briefly, u-fuzzy soft positive imlicative hyper BC K-ideal of
type (<, C, Q)) if the fuzzy value set A[u] : H — [0, 1] of u satisfies (2.1) and

(Vz,y,z € H) (inf Nul(a) > min{ sup Au](b), inf A[u](c)}). (2.14)

acxoz be(xoy)oz ceyoz

a fuzzy soft positive imlicative hyper BCK -ideal of type (<, <, C) based on a

parameter u € A over H (briefly, u-fuzzy soft positive imlicative hyper BC K-ideal

of type (<, <, €)) if the fuzzy value set A\[u] : H — [0, 1] of u satisfies (2.1) and
(Vz,y,z € H) (inf Au](a) > min{ sup Mu](b), inf Mu](c)}). (2.15)

acxoz be(xoy)oz ceyoz

Theorem 2.21. Let (:\7 A) be a fuzzy soft set over H.
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(1) If (S\,A) is a fuzzy soft positive imlicative hyper BCK-ideal of type (<K, C,C) or
type (C, <, C), then (N, A) is a fuzzy soft positive imlicative hyper BC' K -ideal of
type (C, <, Q).

(2) If (X, A) is a fuzzy soft positive imlicative hyper BCK -ideal of type (<, <, C), then
(N, A) is a fuzzy soft positive imlicative hyper BCK -ideal of type (<, C,C) and
(S, <, 9).

Proof. (1) Assume that (X, A) is a fuzzy soft positive imlicative hyper BC' K-ideal of type
(<, C, Q) or type (C, <, C). Then,

inf Mu](a) > min{ sup Au](b), inf A[u](c)}

acroz bE(acoy)oz cEyoz
>min{ inf Au](b), inf Au](c)}
be(zoy)oz cEyoz

or

inf A[u](a) > min{b inf  A[u](b), inf Nu](c)}

a€xoz €(zoy)oz ceyoz
>min{ inf Mu|(b), inf A[u](c)},
be(xoy)oz cEyoz
respectively. Thus, (S\,A) is a fuzzy soft positive imlicative hyper BC K-ideal of type
(G, G 9). ~
(2) Suppose that (A, A) is a fuzzy soft positive imlicative hyper BC'K-ideal of type
(<, <, Q). Then,

inf Mu](a) > min{ sup Alu](b), inf Afu](c)}

acxoz be(moy)oz ceyoz
>min{ sup A[u](b), inf A[u](c)}
be(zoy)oz ceyoz

and

inf A[u](a) > min{ sup Au](b), inf Au](c)}

acxoz be(xoy)oz ceyoz
>min{ inf Au](d), inf A[u](c)}.
be(moy)oz cEyoz

Therefore, (X, A) is a fuzzy soft positive imlicative hyper BC K-ideal of type (<, C,C)
and (C, <, Q). O

Corollary 2.22. If (5\, A) is a fuzzy soft positive imlicative hyper BC K -ideal of type (<K,
&, Q) , then (N, A) is a fuzzy soft positive imlicative hyper BC K -ideal of type (C, C, C).

The following example shows that any fuzzy soft positive imlicative hyper BC'K-ideal
of type (C, C, C) is not a fuzzy soft positive imlicative hyper BC' K-ideal of type (<, C, Q).

25



Table 12: Cayley table for the binary operation “o”

0 a b c
{o} {0} {0} {0}
{a} {0} {0} {0}
{o} {o} {0} {0}
{c} {c}  {bc}  {0,b,c}

o e OO0

Table 13: Tabular representation of (A, A)

A 0 a b c
T 0.9 0.8 0.5 0.3
Y 0.9 0.7 0.6 0.4

Example 2.23. Consider a hyper BC K-algebra H = {0, a, b, ¢} with the hyper operation
“o” in Table 12. Given a set A = {x,y} of parameters, we define a fuzzy soft set (X, A)
by Table 13. Then, (5\, A) is a fuzzy soft positive imlicative hyper BC K-ideal of type
(C,C, Q). Since

inf S\[x](r) =03<05= min{ sup :\[l‘](s), inf S\[x](t)} ;

reco0 se(cob)OO t€ebo0

it is not an z-fuzzy soft positive imlicative hyper BC K-ideal of type (<, C, C), and thus,
it is not a fuzzy soft positive imlicative hyper BC' K-ideal of type (<, C, Q).

Question. Is a fuzzy soft positive imlicative hyper BC K -ideal of type (C,C,C) a fuzzy
soft positive imlicative hyper BCK -ideal of type (C, <, C)?

The following example shows that any fuzzy soft positive imlicative hyper BC K-ideal
of type (C, <, C) is not a fuzzy soft positive imlicative hyper BC K-ideal of type (<, C, Q)
or (<, <, Q).

Example 2.24. Consider a hyper BC K-algebra H = {0, a,b} with the hyper operation
“o” in Table 14. Given a set A = {x,y} of parameters, we define a fuzzy soft set (), A)
by Table 15. Then, (S\,A) is a fuzzy soft positive imlicative hyper BC'K-ideal of type
(C, <, Q). Since

inf A[z](r) =0.3<0.9=min{ sup \z|(s), sup Az](t) 5,
rebob s€(boa)ob

tEaob
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Table 14: Cayley table for the binary operation “o”

o 0 a b

0 {0} {0} {0}

a {a} {0} {0}

b {b} {a, b} {0,a,b}

Table 15: Tabular representation of (\, A)

b 0 a b
T 0.9 0.5 0.3
Y 0.8 0.7 0.1

it is not an z-fuzzy soft positive imlicative hyper BC K-ideal of type (<, C,C) and so
not a fuzzy soft positive imlicative hyper BC'K-ideal of type (<, C, C). Also, since

r€bob s€(bo0)ob t€0ob

inf Aly](r) = 0.1 < 0.8 = min { sup  A[y)(s), sup A[y] (t)} :

it is not a y-fuzzy soft positive imlicative hyper BC K-ideal of type (<, <, C) and so not
a fuzzy soft positive imlicative hyper BC'K-ideal of type (<, <, C).

Question. Is a fuzzy soft positive imlicative hyper BC K -ideal of type (<, C,C) a fuzzy
soft positive imlicative hyper BCK -ideal of type (C, <, C) or (K, <, Q)7

Using Theorems 2.21 and 2.7, we have the following corollary.

Corollary 2.25. FEvery fuzzy soft positive imlicative hyper BC K -ideal (S\,A) of types
(<, C,9), (€, <, Q) or («,«,9Q) is a fuzzy soft hyper BCK -ideal.

We can check that the fuzzy soft set (X, A) in Example 2.23 is a fuzzy soft hyper
BC K-ideal of H, but it is not a fuzzy soft positive imlicative hyper BC' K-ideal of types
(<, C,C). This shows that any fuzzy soft hyper BC'K-ideal may not be a fuzzy soft
positive imlicative hyper BC'K-ideal of types (<, C, C). Also, we know that the fuzzy
soft set (5\, A) in Example 2.24 is a fuzzy soft hyper BC' K-ideal of H, but it is a fuzzy soft
hyper BC' K-ideal of type (<, <, C). Thus, any fuzzy soft hyper BC K-ideal may not be
a fuzzy soft positive imlicative hyper BC'K-ideal of type (<, <, C). Let (A, A) be a fuzzy
soft hyper BC' K-ideal of H. If (5\, A) is a fuzzy soft positive imlicative hyper BC K-ideal
(;\,A) of type (C, <, Q), then, it is a fuzzy soft positive imlicative hyper BCK-ideal

27



(5\, A) of type (C, C, C) by Theorem 2.21(1). Hence, every fuzzy soft hyper BC K-ideal of
H is a fuzzy soft positive imlicative hyper BC' K-ideal (X, A) of type (C, C, C). But this is
contradictory to Example 2.8. Therefore, we know that any fuzzy soft hyper BC' K-ideal
may not be a fuzzy soft positive imlicative hyper BC K-ideal of type (C, <, C).

We consider relation between a fuzzy soft positive imlicative hyper BC K-ideal of any
type and a fuzzy soft strong hyper BC'K-ideal.

Theorem 2.26. Fvery fuzzy soft positive imlicative hyper BC K -ideal of type (<, C, C)
s a fuzzy soft strong hyper BC K -ideal of H.

Proof. Let (X, A) be a fuzzy soft positive imlicative hyper BC'K-ideal of type (<, C, Q)
and let u be any parameter in A. Since z ox < {x} for all x € H, it follows from (2.1)
that

inf Au](a) > inf Au](a) = Au](z).

a€xox ae{x}

Taking z = 0 in (2.14) and using (1.6) imply that

AMu)(x) = inf Au](a)

acxol

>min{ sup Au](b), inf Au](c)}
be (zoy)o0 c€yo0l

= min{ sup Alu] (b), Au] (y)}.

bexoy

Therefore, (X, A) is a fuzzy soft strong hyper BC' K-ideal of H. O

Corollary 2.27. Every fuzzy soft positive imlicative hyper BC K -ideal of type (<, <, C)
s a fuzzy soft strong hyper BC K -ideal of H.

The following example shows that the converse of Theorem 2.26 and Corollary 2.27 is
not true in general.

Example 2.28. Consider a hyper BC'K-algebra H = {0, a,b} with the hyper operation
“o0” which is given in Table 16. Given a set A = {x,y} of parameters, we define a fuzzy

Table 16: Cayley table for the binary operation “o”

0 a b
{0} {0} {0}
{a} {0} {a}
{v} {b} {0, 0}

> OO0
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Table 17: Tabular representation of (\, A)

b 0 a b
T 0.9 0.1 0.5
Yy 0.7 0.2 0.6

soft set (X, A) by Table 17. Then, (), A) is a fuzzy soft strong hyper BCK-ideal of H.
Since

Tlerll)gb)\[:v] (r)=10.5 < 0.9 =min {Sefgiﬁ))Ob)\[x](s), tle%gb)\[x]( )}
we know that (5\, A) is not an z-fuzzy soft positive imlicative hyper BC' K-ideal of type

(<, C,C) and so it is not a fuzzy soft positive imlicative hyper BC K-ideal of type (<,
C, Q). Also

inf A[y](r) = 0.6 < 0.7 = min{ Esup Alyl(s), supﬂ[y](t)} ;

r€bob (bob)ob tebob

and so (X, A) it is not a y-fuzzy soft positive imlicative hyper BC'K-ideal of type (<,
&, C). Thus, it is not a fuzzy soft positive imlicative hyper BC'K-ideal of type (<, <, Q).
Therefore, any fuzzy soft strong hyper BC K-ideal of H may not be a fuzzy soft positive
imlicative hyper BC'K-ideal of type (<, C,C) or (<, <, Q).

Consider the hyper BC K-algebra H = {0, a, b, ¢} in Example 2.23 and a set A = {z,y}
of parameters. We define a fuzzy soft set (5\, A) by Table 13 in Example 2.23. Then, (5\, A)
is a fuzzy soft positive imlicative hyper BC K-ideal of type (C, C,C) and (C, <, C). But
(/N\, A) is not a fuzzy soft strong hyper BC K-ideal of H since

Aly](c) = 0.4 < 0.6 = min {feLlEb:\[y] (), ;\[y](b)} :

Hence, we know that any fuzzy soft positive imlicative hyper BC' K-ideal of types (C, C, Q)
and (C, <, Q) is not a fuzzy soft strong hyper BC'K-ideal of H.

Lemma 2.29. If a fuzzy soft set ()\ A) over H satisfies the condition (2.1), then 0 €
U(Au];t) for all t € [0,1] and any parameter u in A with U(Nu];t) # 0.

Proof. Let (X, A) be a fuzzy soft set over H which satisfies the condition (2.1). For any
t € [0,1] and any parameter u in A, assume that U(Au];t) # 0. Since 0 < z for all
z € H, it follows from (2.1) that \|u ](0) > Au](z) for all z € H. Hence, A[u](0) > Au](z)
for all € U(A[u];t), and so A[u](0) > t. Thus, 0 € U(Nul;t). O
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Theorem 2.30. If a fuzzy soft set (5\, A) over H is a fuzzy soft positive imlicative hyper

BCK-ideal of type (C, <, C), then the set U(Aul;t) is a positive imlicative hyper BC'K -

ideal of type (C, <, Q) for allt € [0,1] and any parameter u in A with U(Nul;t) # 0.

Proof. Assume that a fuzzy soft set (5\, A) over H is a fuzzy soft positive imlicative hyper

BCK-ideal of type (C,<,C). Then, 0 € U(A[u];t) by Lemma 2.29. Let z,y,z € H be

such that (zoy) oz C U(A[u];t) and y o 2 < U(A[u];t). Then,

Aul(a) >t foralla € (xoy)oz (2.16)

and
(Vb € yo2)(3c e UNu;t)(b < c). (2.17)
The condition (2.16) implies  inf A[u](a) > t, and the condition (2.17) implies from

a€(zoy)oz

(2.1) that Afu](b) > A[u](c) >t for all b € yo z. Let d € x o z. Using (2.13), we have

Au](d) > inf Nu](d) > min{ einf Au](a), sup /N\[u](b)} >t

dexoz a€(zoy)oz bEyoz

Thus, d € U(Au];t), and so zoz C U(Au]; t). Therefore, U(\|u]; ) is a positive imlicative
hyper BC K-ideal of type (C, <, C). O

The following example shows that the converse of Theorem 2.30 is not true in general.
Example 2.31. Consider a hyper BCK-algebra H = {0,a,b} with the hyper operation
“0” in Table 18. Given a set A = {z,y} of parameters, we define a fuzzy soft set (\, A)

Table 18: Cayley table for the binary operation “o”

o 0 a b
0 {0} {0} {0}
a {a} {07 CL} {07 a}
b {n} {a, b} {0,a,b}
by Table 19. Then,
0 ift € (0.9,1],
S ) oy ifte(0.8,09],
UAED =90 108} itt e (05.09]
H  iftel0,0.5]
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Table 19: Tabular representation of (\, A)

0.9 0.5 0.8
0.8 0.3 0.6

< 8| >

and
0 ift e , ]

(0.8

o {0} ifte(0.6,0.8],

UL =9 {05} ifte (0.3.00],
if + € [0,0.3],

which are positive imlicative hyper BCK-ideals of type (C, <, C). Note that a < b and
Au](a) < Alu](b) for all u € A. Thus, (X, A) is not a fuzzy soft positive imlicative hyper
BC'K-ideal of type (C, <, Q).

Lemma 2.32. If any subset I of H is closed and satisfies the condition (1.17), then the
condition (1.16) is valid.

Proof. Assume that roy < I andy € [ forall z,y € H. Let a € zoy. Then there exists
b € I such that a < b. Since [ is closed, we have a € I and thus, x oy C I. It follows
from (1.17) that z € I. O

Theorem 2.33. Let A be a fuzzy soft set over H satisfying the condition (2.1) and

(VT'€e P(H))(3zo €T) (X[u](mo) = sup[u] (7’)) : (2.18)

reT

If the set U(S\[ [;t) is a reflexive positive imlicative hyper BCK-ideal of type (€, <, C)
for all t € [0,1] and any parameter u in A with U(Nu];t) # 0, then (X, A) is a fuzzy soft
positive imlicative hyper BC K -ideal of type (C, <, Q).

Proof. For any x,y,z € H let
t:=min{ inf Xu](a), inf Xu](b)}.

a€(zoy)oz beyoz

Then, inf Au](a) >t and so Mu](a) >t for all a € (zoy) o 2. Since inf u](b) > t,

a€(zoy)oz beyoz

it follows from (2.18) that u](by) = binf Alu](b) > t for some by € y o z. Hence,
€yoz

by € U(Nu];t), and thus, U(Au];t) N (y o z) # 0. Since U(Nul;t) is a positive imlicative
hyper BC K-ideal of type (€, <, C) and Hence, of type (C,C,C), U(A[u];t) is a weak
hyper BC K-ideal of H by Lemma 1.30. Let € H be such that = < y. If y € U(\[u]; 1),
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then Afu](z) > Afu](y) > t by (2.1) and so = € U(\u];t), that is, U(S\[ ];t) is closed.
Hence, U(A[u]; ) is a hyper BC K-ideal of H by Lemma 2.32. Since U()\[ J;t) is reflexive,
it follows from Lemma 1.23 that y o z < U(Au];t). Hence, = o z C U(A[u];t) since
U(S\[u], t) is a positive imlicative hyper BC' K-ideal of type (C, <, C). Hence,

Au](a) >t =min{ inf Au](b), inf Mu](c)}

be(xzoy)oz cEyoz
for all a € x o z, and thus,

inf Mu](a) > min{ inf Au](b), inf Afu](c)}

a€xoz be(zoy)oz ceyoz

for all x,y,z € H. Therefore, (5\, A) is a fuzzy soft positive imlicative hyper BC K-ideal
Of type (g7 <<7 g) D

Corollary 2.34. Let A be a fuzzy soft set over H satisfying the condition (2.1) and (2.18).
For any t € [0,1] and any parameter u in A, assume that U()\[ |;t) is nonempty and
reflexive. Then, (5\, A) is a fuzzy soft positive imlicative hyper BC K -ideal of type (C, <, C)
if and only if U(S\[u] t) is a positive imlicative hyper BC' K -ideal of type (C, <, C).

Theorem 2.35. If a fuzzy soft set (5\, A) over H is a fuzzy soft positive imlicative hyper
BCK -ideal of type (<K, C, C), then the set U(Aul;t) is a positive imlicative hyper BCK -
ideal of type (<, C, Q) for all t € [0,1] and any parameter u in A with U(Nul;t) # 0.

Proof. Let (X, A) be a fuzzy soft positive imlicative hyper BC K-ideal of type (<, C, Q).
Then, 0 € U(Au J;t) by Lemma 2.29. Let x,y,z € H be such that (roy)oz < U(Au; t)
and y oz C U(Mul;t). Then, for all a € (x oy) o z, there exists b € U(A[u];t) such
that a < b, which implies from (2.1) that \[u](a) > :\[u](b) for all @ € (z oy) o 2. Since
yozC U(Nul;t), we have Nu](a) >t for all a € yo z. Let ¢ € z 0 2. Then,

Au)(¢) > inf Mu](c) > min{ sup Mul(a), inf Nu](b)} >t

— cexoz a€(zoy)oz beyoz

for all z,y, 2 € H by (2.14), and thus, ¢ € U(S\[u];t). Hence, zoz C U(S\[u], t). Therefore,
U(A[u];t) is a positive imlicative hyper BC K-ideal of type (<, C, C). O

The converse of Theorem 2.35 is not true as seen in the following example.

Example 2.36. Consider the hyper BCK-algebra H = {0,a,b} and the fuzzy soft set
(A, A) in Example 2.24. Then,

0 if t € (0.9, 1],
<oy ifte (05,009
UNED =0 000y it e (0.3,05)],
if t €[0,0.3]
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and
0 if t € (0.8, 1],

(
_ {0} ifte(0.7,08],
UL =9 {0.a) ifte (01,07,
if t € 0,0.1],

which are positive imlicative hyper BC K-ideals of type (<, C,C). But we know (/N\, A)
is not a fuzzy soft positive imlicative hyper BC K-ideal of type (<, C, C).

We provide conditions for a fuzzy soft set to be a fuzzy soft positive imlicative hyper
BC K-ideal of type (<, C, Q).

Theorem 2.37. Let A be a fuzzy soft set over H satisfying the condition (2.18). If the
set U(Nu]; t) is a reflexive positive imlicative hyper BOK -ideal of type (<K, C, C) for all
t € [0,1] and any parameter v in A with U(Xu];t) # 0, then (X, A) is a fuzzy soft positive
imlicative hyper BC' K -ideal of type (<, C, C).

Proof. Assume that U (A[u];t) # @ forall t € [0, 1] and any parameter u in A. Suppose that
U(Au];t) is a positive imlicative hyper BCK-ideal of type (<, C,C). Then, U(\u];t)
is a hyper BCK-ideal of H by Lemma 1.29. It follows from Lemma (1.46) that (), A)
is a fuzzy soft hyper BC'K-ideal of H. Thus, the condition (2.1) is valid. Now, let

t=min{ sup Au](b), inf S\[U](C)} for x,y,z € H. Since (), A) satisfies the condition

be (zoy)oz ceyoz

(2.18), there exists 2y € (x 0y) o z such that Au](zo) = sup Alu](b) > ¢ and so
be(zoy)oz

zo € U(Mul;t). Hence, ((zoy)o z) N U(Nul; t) # (0 and so (roy)oz < U(Au); t) by
Lemma 1.23 and (1.12). Moreover A[u](c) 2 f )\[ |(¢) >t for all ¢ € y o z, and Hence,
)

¢ € U(Mu];t) which shows that y oz C U(\u ] Since U(A[u u); t) is a positive imlicative
hyper BC'K-ideal of type (<, C, C), it follows that z o z C U(\[u];t). Thus, A[u](a) >t
for all a € x 0 z, and so

aler;(fJZS\[u](a) >t = min{ sup  Alu](b), inf S\[U](C)} :

be(zoy)oz ceyoz

Consequently, (S\,A) is a fuzzy soft positive imlicative hyper BCK-ideal of type (<,

Corollary 2.38. Let A be a fuzzy soft set over H satisfying the condition (2.18). For
any t € [0,1] and any parameter u in A, assume that U(Au];t) is nonempty and reflexive.
Then, (X, A) is a fuzzy soft positive imlicative hyper BCK -ideal of type (<, C, C) if and
only if U(S\[u], t) is a positive imlicative hyper BCK -ideal of type (<, C, C).

Using a positive imlicative hyper BC K-ideal of type (C,C,C) (resp., (C, <, Q),
(<, C, Q) and (K, <, C)), we establish a fuzzy soft weak hyper BC K-ideal.
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Theorem 2.39. Let I be a positive imlicative hyper BCK -ideal of type (C,C,C) (resp.,
(G, <, 9), (€, G, Q) and (<, <,C)) and let z € H. For a fuzzy soft set (X, A) over H
and any parameter u in A, if we define the fuzzy value set \u] by

5 { t ifxel, (2.19)

Al : H = [0,1], z— s otherwise,
where t > s in [0,1] and I. == {y € H | yoz C I}, then (X, A) is a u-fuzzy soft weak
hyper BC' K -ideal of H.

Proof. Tt is clear that Au](0) > Au](z) for all z € H. Let 2,y € H. If y ¢ I, then
Au)(y) = s and so

Au)(x) > s = min {S\[u] (y), inf S\[u](a)} : (2.20)

acxoy

If zoy ¢ I, then there exists a € x oy \ I, and thus, Au](a) = s. Hence,

Au](z) > s = min {S\[U] (y), inf ;\[u](a)} : (2.21)

acxoy
Assume that zoy C I, and y € I,. Then,
(xoy)ozCland yoz C 1. (2.22)

If I is of type (C,C,C), then x oz C I, i.e., x € I,. Thus,

Au](z) = ¢ > min {X[u] (y), alelgy;\[u] (a)} . (2.23)
The condition (2.22) implies that (zoy)oz < [ and yoz < I by (1.12). Hence, if I is of
type (<, <, C), then zoz C I, i.e., x € I,. Therefore, we have (2.23). From the condition
(2.22), we have (zoy)oz C I and yoz < [. If I is of type (C, <, C), then z oz C I,
i.e., x € I,. Therefore, we have (2.23). From the condition (2.22), we have (zoy)oz < I
and yoz C I. If I is of type («,C,C), then z o2z C I, ie., x € I,. Therefore, we have
(2.23). Therefore, (5\, A) is a fuzzy soft weak hyper BC'K-ideal of H. O

Theorem 2.40. Let (/N\,A) be a fuzzy soft set over H in which the nonempty level set
U(Au];t) of (A, A) is reflexive for allt € [0,1]. If (X, A) is a fuzzy soft positive imlicative
hyper BCK -ideal of H of type (<, C,C), then the set

AMNul, :={z € H|zozCUWN\ul:t)} (2.24)

is a (weak) hyper BCK -ideal of H for all z € H.
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Proof. Assume that (5\, A) is a fuzzy soft positive imlicative hyper BC' K-ideal of H of type
(<, C, C). Obviously 0 € A[u],. Then, (\, A) is a fuzzy soft hyper BC'K-ideal of H, and so
U(Au]; t) is a hyper BC'K-ideal of H. Let x,yy € H be such that zoy C Au, and y € Afu]..
Then, (zoy)oz C U(Mul;t) and yoz C U(Aul; t) for all t € [0,1]. Using (1.12), we know
that (zoy) oz < U(Nul;t). Since U(Au];t) is a positive imlicative hyper BCK-ideal of
H of type (<, C, C), it follows from (1.24) that zoz C U(A[ul;t), that is, 2 € A[u],. This
shows that A[u], is a weak hyper BC'K-ideal of H. Let x,y € H be such that zoy < Au].
and y € Mul., and let @ € x oy. Then there exists b € Alu], such that a < b, that is,

0 € aob. Thus, (aob) NU(Nul;t) # 0. Since U(Aul;t) is a reflexive hyper BC K-ideal

of H, it follows from (H1) and Lemma 1.23 that (aoz)o (boz) < aobC U(Au];t) and
so that a o 2 C U(A[u];t) since bo 2 C U(Au];t). Hence, a € AMu., and so z oy C Aul..
Since A[u], is a weak hyper BC'K-ideal of H, we get x € Au],. Consequently A[ul, is a

hyper BC' K-ideal of H. ]

Corollary 2.41. Let (S\,A) be a fuzzy soft set over H in which the nonempty level set
U(Au];t) of (A, A) is reflexive for all t € [0,1]. If (X, A) is a fuzzy soft positive imlicative
hyper BCK -ideal of H of type (<, <, C), then the set

AMul, :={zx e H|zozCUWMul:t)} (2.25)

is a (weak) hyper BC'K-ideal of H for all z € H.
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Chapter 3.

Neutrosophic hyper BC K-ideals
of several types

3 Abstract

In this chapter, we introduced the notions of neutrosophic (strong, weak, s-weak) hyper
BCK-ideal and reflexive neutrosophic hyper BCK-ideal. Some relevant properties and
their relations are indicated. Characterization of neutrosophic (weak) hyper BCK-ideal
is considered. Conditions for a neutrosophic set to be a (reflexive) neutrosophic hyper
BCK-ideal and a neutrosophic strong hyper BCK-ideal are discussed. Some conditions
for a neutrosophic weak hyper BCK-ideal to be a neutrosophic s-weak hyper BCK-ideal,
and conditions for a neutrosophic strong hyper BCK-ideal to be a reflexive neutrosophic
hyper BCK-ideal are provided.

Also, we introduced the notions of neutrosophic commutative hyper BCK-ideals of
types (C,C), (C, <), (<, <) and (<, <). Some relevant properties and their relations
are indicated. Relations between commutative neutrosophic hyper BC K-ideal of types
(C, 9©), («,C), neutrosophic weak hyper BCK-ideal and neutrosophic strong hyper
BCK-ideal are discussed. We provide a condition for a neutrosophic weak hyper BC K-
ideal to be a commutative neutrosophic hyper BC K-ideal of type (C,C). A condition
for a commutative neutrosophic hyper BC K-ideal of type (<, C) to be a neutrosophic
s-weak hyper BC K-ideal is discussed. Characterization of a commutative neutrosophic
hyper BC'K-ideal of types (C,Q), (C, <), (<, <) and (<, <) are considered. Fainally,
relations between commutative neutrosophic hyper BC K-ideal of types (C, Q), (C, <),
(<, Q) and (<, <) and a spesial subset of H are discussed.

In what follows, let H denote a hyper BC K-algebra unless otherwise specified.
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3.1 Neutrosophic (strong, weak, s-weak) hyper BC K-ideals

Definition 3.1. A neutrosophic set N = (Np, Ny, Np) in H is called a neutrosophic hyper
BCK -ideal of H if it satisfies the following assertions.

Nr(z) > Nr(y)
Ve,ye H) | x<y =< Ni(x) > Ni(y) 5 (3.1)
Np(z) < Np(y)
Np(z) > min {aiergyNT(a), NT(y)}
(Vo,y € H) | Ni(xz) > min {b.ieI;gyN[(b)’ Nl(y)} . (3.2)
Np(z) < max{ sup Np(c),Np(y)}

cexoy

Example 3.2. Consider a hyper BC'K-algebra H = {0, a,b} with the hyper operation
“o” which is given by Table 20.

Table 20: Cayley table for the binary operation “o”

o 0 a b

0 {0} {0} {0}
a {a} {0,a} {0,a}
b {b} {a, b} {0,a,b}

Let N = (Ng, N;, Np) be a neutrosophic set in H which is described in Table 27.

Table 21: Tabular representation of N = (Np, Ny, Ng)

0 0.77 0.65 0.08
a 0.55 0.47 0.57
b 0.11 0.27 0.69

It is easy to verify that N = (Np, Nj, Ng) is a neutrosophic hyper BC' K-ideal of H.

Proposition 3.3. For every neutrosophic hyper BCK-ideal N = (Np, Ny, Np) of H,
the following assertions are valid.
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(1) N = (Nr, Ny, Np) satisfies

Ve e H) | Ni(0) > Ni(z) |. (3.3)

(2) If N = (Np, Ni, Ng) satisfies

zeS
(VS C H)3a,b,ce §) | Nr(b) = mfNi(z) | (3.4)
Np(c) = sugNF(x)
S

then, the following assertion is valid.

Nr(z) = min{Nr(a), Nr(y)}
(Ve,y € H)(Ja,b,c€ xoy) | Ni(x) > min{N;(b), N;(y)} : (3.5)
Np(x) < max{Np(c), Nr(y)}

Proof. Since 0 < z for all x € H, it follows from (3.1) that

Assume that N = (Np, N;, Ng) satisfies the condition (3.4). For any x,y € H, there
exists ag, by, ¢y € x oy such that

NT(ao) = inf NT((I), N](bo) inf N[(b) and NF(CQ) = Sup NF(C)

a€xoy bexoy cExoy

It follows from (3.2) that

acxoy

Nr(z) > min{ inf Np(a), NT(y)} = min{Nr(ap), Nr(y)}

bexoy

Ni(z) > min{ inf N;(b), Nz(y)} = min{N;(bo), Ni(y)}

Np(z) < max { sup Np(c), NF(Z/)} = max{Nr(co), Nr(y)}-

cexoy
This completes the proof. [

Theorem 3.4. A neutrosophic set N = (Np, Ny, Ng) is a neutrosophic hyper BC'K -ideal
of H if and only if the nonempty sets U(Nr;er), U(Ny;er) and L(Np;er) are hyper
BCK-ideals of H for all ep, e, e € [0, 1].
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Proof. Assume that N = (Nr, N;, Nr) is a neutrosophic hyper BCK-ideal of H and
suppose that U(Nr;er), U(Nr;er) and L(Np;ep) are nonempty for all e, e, ep € [0, 1].
It is clear that 0 € U(Np;er), 0 € U(Np;er) and 0 € L(Np;ep). Let x,y € H be such
that zoy < U(Nr;er) and y € U(Np;er). Then, Np(y) > er and for any a € z oy there
exists ag € U(Nr;er) such that a < ag. It follows from (3.1) that Nr(a) > Np(ag) > er
for all @ € x o y. Hence, aiergyNT(a) > &7, and so

Nr(x) > min {aiergyNT(a), NT(y)} > er,
that is, x € U(Nr;er). Similarly, we show that if x oy < U(Ny;e7) and y € U(Np;eg),
then, x € U(Ny;er). Hence, U(Np;er) and U(Ny;er) are hyper BCK-ideals of H. Let
x,y € H be such that x oy < L(Np;ep) and y € L(Np;er). Then, Np(y) < ep. Let
b € x oy. Then, there exists by € L(Np;ep) such that b < by, which implies from (3.1)
that Np(b) < Np(by) < ep. Thus, sup Np(b) < ep, and so

bexoy

Ni(a) < max{ sup Ni(b), NF@)} <er

bexoy

Hence, © € L(Np;erp), and therefore L(Np;er) is a hyper BC' K-ideal of H.
Conversely, suppose that the nonempty sets U(Nr;er), U(Ny;er) and L(Np;ep) are
hyper BC' K-ideals of H for all ep, €/, ep € [0,1]. Let z,y € H be such that z < y. Then

y € U(N7; Nr(y)) N U(Np; Ni(y)) N L(Ng; Ne(y)),

and thus, < U(Nr; Nr(y)), * < U(Ny; Ni(y)) and © < L(Np; Np(y)). It follows

from Lemma 1.20 that © € U(Np; Nr(y)), * € U(Ny; Ni(y)) and © € L(Np; Np(y))

which imply that Np(z) > Nr(y), Ni(z) > Ni(y) and Np(z) < Ng(y). For any
)

x,y € H,let ep := min{ inf Np(a), Nr(y }, er :=min < inf N;(b),N;(y) p and ep =

acroy bexoy

max { sup Nr(c), Np(y)}. Then,

c€xoy
y e U(NT;ﬁT) N U(N];€[) N L(NF;?SF),

and for each ar, by, crp € x oy we have

Ne(ar) > inf Np(a) > min{ inf Nyp(a), NT(y)} = e,

acxoy acxoy

N[(b[) Z inf N[(b) Z mm{ inf N[(b),N](y)} = €7

bexoy bexoy
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and
Np(cp) < sup Np(c) < max { sup Np(c),NF(y)} = ep.
cexoy cexoy

Hence, ar € U(Nr;er), by € U(Nr;er) and cp € L(Np;ep), which imply that x oy C
U(Nr;er), oy C U(Nr;er) and x oy C L(Np;ep). Using (1.12), we have z oy <
U(Nr;er), xoy < U(Np;er) and z oy < L(Np;ep). It follows from (1.16) that

T € U(NT;éTT) ﬂU(NI;EI) ﬂL(NF;EF).

Hence,
Nr(x) > ep = min {aiergyNT(a), NT(y)} ,
Ni(z) > ey = min {bieggy]\f](b), N[(y)}
and
V(o) < en = e {sup N0 e )}
cExoy
Therefore, N = (Np, N;, Np) is a neutrosophic hyper BC' K-ideal of H. O

Theorem 3.5. If N = (Ny, Ny, Ng) is a neutrosophic hyper BCK -ideal of H, then, the
set

is a hyper BCK-ideal of H.

Proof. Tt is clear that 0 € J. Let xz,y € H be such that x oy < J and y € J. Then,
Nr(y) = Nr(0), Ni(y) = N;(0) and Np(y) = Np(0). Let a € z oy. Then, there exists
ap € J such that a < ag, and thus, Nr(a) > Nr(ag) = NT(O) Ni(a) > Ni(ag) = N;(0)
and Np(a) < Np(ag) = Np(0) by (3.1). It follows from (3.2) that

) > { inf Nr(a }
aEzxoy

x) > min{ inf N;(a }
a€xoy
and
Np(z) < maxq sup Np(a } < Np(0
a€zoy
Hence, Nr(z) = Nr(0), Ni(z) = N;(0) and Np(z) = Ng(0), that is, x € J. Therefore, J
is a hyper BC'K-ideal of H. [
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We provide conditions for a neutrosophic set N = (Nr, N7, Nr) to be a neutrosophic
hyper BC' K-ideal of H.

Theorem 3.6. Let H satisfy |xoy| < oo for all xz,y € H, and let {J, |t € A C [0,0.5]}
be a collection of hyper BC K -ideals of H such that

= (37)

teA

(Vs,t € A)(s >t < Jy C Jy). (3.8)
Then, a neutrosophic set N = (Np, Ny, Ng) in H defined by

Nr:H —[0,1], x —sup{t € A | z € J;},
N;y:H —[0,1], z—sup{t € A | z € J;},
Np:H —[0,1], x—inf{t e A | x € J;}

s a neutrosophic hyper BCK -ideal of H.
Proof. We first shows that

ge0,1] = |J J,isahyper BCK-ideal of H. (3.9)

pEA,p>q

It is clear that 0 € |J J, for all ¢ € [0,1]. Let 2,y € H be such that z oy =

PEA,p>q
{a1,a9,--- ;apn}, voy< |J Jyandy e |J J,. Then, y € J, for some r € A with
pEA,P>q PEA,P>q
q <r, and for every a; € x oy there exists b; € |J J,, and so b; € J;, for some t; € A

PEA,P>q
with g < t;, such that a; < b;. If we let t :== min{¢; | i € {1,2,--- ,n}}, then, J;, C J, for
alli € {1,2,--- ,n} and so xoy <« J; with ¢ < t. We may assume that r > ¢t without loss

of generality, and so J, C J;. Using (1.16), we have x € J; C |J J,. Hence, | J,
pENp>q PEAP>q
is a hyper BC'K-ideal of H. Next, we consider the following two cases:

(i) t=sup{ge A |g<t}, (ii)t#sup{geA|q<t}]. (3.10)
If the first case is valid, then,

r€U(Np,t) & z€forallg<t & xe( ),
q<t

and so U(Nr,t) = (1 J, which is a hyper BCK-ideal of H. Similarly, we know that
q<t

U(Ny,t) is a hyper BCK-ideal of H. For the second case, we will show that U(Nr,t) =

UJ,. lfx e |JJ,, then, x € J, for some ¢ > ¢t. Thus, Nr(z) > ¢ > t, and so x € U(Ny, 1)
gt gt
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which shows that |J.J, C U(Np,t). Assume that x ¢ (J.J,. Then, z ¢ J, for all ¢ > ¢,
gt gt
and so there exist 0 > 0 such that (t —d,¢) " A = (. Thus, z ¢ J, for all ¢ >t — 0, that
is, if x € J, then ¢ <t —0 < t. Hence, x ¢ U(Nr,t). This shows that U(Nr,t) = |JJ,
q>t

which is a hyper BC'K-ideal of H by (3.9). Similarly we can prove that U(Np,t) is a
hyper BC'K-ideal of H. Now we consider the following two cases:

s=inf{re Al s<r}and s#inf{re A|s<r}. (3.11)
The first case implies that

x € L(Np,s) & xz€ J, foralls<r & xeﬂJr,
s<r

and so L(Np,s) = () J, which is a hyper BC' K-ideal of H. For the second case, there

s<r

exists 0 > 0 such that (s,s +d)NA=0. If z € |JJ,, then, z € J, for some s > r. Thus,

s>r
Np(z) <r < s, thatis, v € L(Np,s). Hence, | J, C L(Np,s). If x ¢ | J,, then, x ¢ J,

s>r s>r

for all r < s and thus, = ¢ J, for all » < s + 0. This shows that if x € J,. then r > s+ 0.
Hence, Np(z) > s+0 > s,i.e, x ¢ L(Np,s). Therefore, L(Ng,s) C JJ.. Consequently,

s>r
L(Ng,s) = |JJ, which is a hyper BC K-ideal of H by (3.9). It follows from Theorem 3.4
s>r
that N = (Np, Ny, Np) is a neutrosophic hyper BC'K-ideal of H. ]

Definition 3.7. A neutrosophic set N = (Np, N;, Ng) in H is called a neutrosophic
strong hyper BC' K -ideal of H if it satisfies the following assertions.

inf Np(a) > Np(z) > min{ sup Nr(ag), NT(y)} ,

acxroxr agExoy

inf N;(b) > Ny(x) > min<g sup Nl(bo),NI(y)}, (3.12)

bexox bpExoy

sup Nr(c) < Np(z) < max{ inf Np(co), NF(y)}

cexox coETOoY
for all z,y € H.

Example 3.8. Consider a hyper BC'K-algebra H = {0, a,b} with the hyper operation
“o” which is given by Table 22. Let N = (Nr, N;, Nr) be a neutrosophic set in H which
is described in Table 23. It is routine to verify that N = (N, N;, Ng) is a neutrosophic
strong hyper BC K-ideal of H.

Theorem 3.9. For every neutrosophic strong hyper BC K -ideal N = (Nr, Ny, Np) of H,
the following assertions are valid.
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Table 22: Cayley table for the binary operation “o”

o 0 a b
0 {0} {0} {0}
a {a} {0} {a}
b {v} {0} {0,0}

Table 23: Tabular representation of N = (Nr, Ny, Np)

0 0.86 0.75 0.09
a 0.65 0.57 0.17
b 0.31 0.37 0.29

(1) N = (N, Ny, Np) satisfies the conditions (3.1) and (3.3).
(2) N = (Nr, Ny, Np) satisfies

Nr(x) = min{Nr(a), Nr(y)}
(Vz,y € H)(Va,b,c € zoy) | Ni(z) > min{N;(b), N/(y)} . (3.13)
Np(z) < max{Nr(c), Nr(y)}

Proof. (1) Since v < z,i.e., 0 € xox for all z € H, we get

acrox

NT(O) Z inf NT(a) Z NT(ZC>,
N](O) Z bieng N](b) Z N](ZI’J),

Nr(0) < sup Np(c) < Np(z),

cexox

which shows that (3.3) is valid. Let z,y € H be such that x < y. Then, 0 € x oy, and so

sup Nr(c) > Nr(0), sup Ny(b) > N;(0) and inf Np(a) < Np(0).

cExoy bexoy acxoy
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It follows from (3.3) that

Nr(x) > min { sup Nr(c), NT(y)} > min{Nz(0), Nr(y)} = Nr(y),

cexoy

Ni(z) > min { sup Nl(b),NI(y)} > min{N;(0), N;(y)} = Ni(y),

bexoy

acxoy

Np(z) < Inax{ inf Np(a),NF(y)} < max{Nr(0), Np(y)} = Np(y).

Hence, N = (Nr, Ny, Np) satisfies the condition (3.1).
(2) Let x,y,a,b,c € H be such that a,b,c € x oy. Then,

Np(z) > min{ sup Np(ag), NT(y)} > min{Nr(a), Nr(y)},

apExroy

zwmzmm{prme@ﬁmewmwm@L

bocxoy

coExoy

Np(z) < max{ inf NF(CO),NF(y)} < max{Np(c), Nr(y)}.

This completes the proof. [

Theorem 3.10. If a neutrosophic set N = (Np, N, Ng) is a neutrosophic strong hyper
BCK-ideal of H, then, the nonempty sets U(Nr;er), U(Np;er) and L(Np;ep) are strong
hyper BCK -ideals of H for all ep, €1, ep € [0, 1].

Proof. Let N = (Np, N;, Nr) be a neutrosophic strong hyper BC'K-ideal of H. Then,
N = (Nr, Ny, Np) is a neutrosophic hyper BC'K-ideal of H. Assume that U(Np;er),
U(Nr;er) and L(Np;ep) are nonempty for all e, g7, ep € [0,1]. Then, there exist
a € U(Np;er), b € U(Nyp;eq) and ¢ € L(Np;ep), that is, Nr(a) > ep, N;(b) > e; and
Np(c) < ep. It follows from (3.3) that Np(0) > Nr(a) > ep, N;(0) > Ny(b) > e; and
Np(0) < Np(c) < ep. Hence,

0e U(NT;e’iT) mU(N[;e’f]) ﬂL(NF;EF).

Let z,y,a,b,u,v € H be such that (z oy) NU(Np;er) # 0, y € U(Nr;er), (aob) N
U(Nper) #0,b € U(Np;ep), (uow) N L(Np;ep) # 0 and v € L(Np;er). Then, there
exist g € (xoy) NU(Nr;er), ag € (aob) NU(Ny;er) and ug € (wowv) N L(Np;ep). It
follows that

Nr(x) > min { sup Nr(c), NT(?J)} > min{Nr(zo), N7(y)} = er,

cExoy

.m@me&wNmmM@}zmMMW@Nmnza

d€aob
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and

Np(u) < max{ ienf Np(e),NF(v)} < max{Ng(up), Np(v)} < eF.
Hence, x € U(Nr;er), a € U(Np;er) and u € L(Np;ep). Therefore, U(Nr;er), U(Np;er)
and L(Np;ep) are strong hyper BC K-ideals of H. O

Theorem 3.11. For every neutrosophic set N = (Nr, Ny, Ng) in H satisfying the con-
dition

Nr(a) = supN ()

€S

(VS C H)3a,b,ce S) | Ni(b) =supNi(z) |, (3.14)

eSS

Np(c) = glcrelgNF(x)

if the nonempty sets U(Nr;er), U(Nr;er) and L(Ng;er) are strong hyper BCK -ideals
of H for all e, €, ep € [0,1], then, N = (Nr, Ny, Nr) is a neutrosophic strong hyper
BCK-ideal of H.

Proof. Assume that U(Nr;er), U(Ny;er) and L(Np;er) are nonempty and strong hy-
per BCK-ideals of H for all ey, e;, e € [0,1]. For any z,y,z € H, we have x €
U(Nr; Nr(z)), y € U(N;; Ni(y)) and z € L(Np; Np(2)). Since zozx < x, yoy < y
and z oz < z by (al), we have x o x < U(Np; Np(x)), yoy < U(Np; Ni(y)) and
202z < L(Np; Np(2)). It follows from Lemma 1.20 that z o x C U(Np; Nr(z)), yoy C
U(Ny; Ni(y)) and zoz C L(Np; Np(z)). Hence, a € U(Np; Nr(z)), b € U(Nyr; Ni(y)) and
¢ € L(Np; Np(z)) foralla € zox, b € yoy and ¢ € zoz. Therefore, aiergzNT(a) > Np(z),

inf N;(b) > N;(y) and sup Np(c) < Np(z). Now, let ep := min { sup NT(a),NT(y)},

beyoy c€zoz a€xoy

gr = min{sup Nl(b),NI(y)} and ep = max{ inf NF(C),NF(y)}. Using (3.14), we

bexoy cExoy
have
Nr(ag) = sup Np(a) > min{ sup Np(a), NT(y)} = er,
acxoy a€xoy
Ni(by) = sup N;(b) > min { sup Ny(b), Nl(y)} =¢;
bexoy bexoy
and

Nr(eo) = inf Np(e) < max{ inf Np(c), Np(y)} .

cexoy cExoy
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for some ag, by, co € x oy. Hence, ag € U(Nr;er), by € U(Ny;er) and ¢g € L(Np;er)
which imply that (x o y) N U(Np;er), (xoy) NU(Np;er) and (x o y) N L(Np;ep) are
nonempty. Since y € U(Np;ep) N U(Npyer) N L(Np;ep), it follows from (1.18) that
x € U(Np;er) NU(Np;er) N L(Np;ep). Thus,

Vo) 2 e = i { sup No(a), Ne(y) |

a€xoy

Ni(x) > e; = min { sup N;(b), Nf(y)}

bexoy

and

Np(z) < ep = max { inf Np(c), NF(y)} .

cExoy

Consequently, N = (Np, Ny, Ng) is a neutrosophic strong hyper BC K-ideal of H. ]

Since every neutrosophic set N = (Nr, Ny, Nr) satisfies the condition (3.14) in a finite
hyper BC' K-algebra, we have the following corollary.

Corollary 3.12. Let N = (Np, Ny, Np) be a neutrosophic set in a finite hyper BCK -
algebra H. Then, N = (Np, N, Np) is a neutrosophic strong hyper BCK -ideal of H
if and only if the nonempty sets U(Np;er), U(Np;er) and L(Np;ep) are strong hyper
BCK-ideals of H for all er, e, e € [0, 1].

Definition 3.13. A neutrosophic set N = (Np, N;, Nr) in H is called a neutrosophic
weak hyper BC' K -ideal of H if it satisfies the following assertions.

M@zmmmm&ﬁmmM@}

acxoy

N;(0) > Ny(z) > minq inf Nl(b),NI(y)}, (3.15)

bexoy

Ng(0) < Np(z) < max { sup Np(c), Np(y)}

cExoy
forall z,y € H.

Definition 3.14. A neutrosophic set N = (Np, Ny, Ng) in H is called a neutrosophic
s-weak hyper BC K -ideal of H if it satisfies the conditions (3.3) and (3.5).

Example 3.15. Consider a hyper BC K-algebra H = {0, a, b, ¢} with the hyper operation
“0” which is given by Table 24. Let N = (Np, Ny, Nr) be a neutrosophic set in H which
is described in Table 25. It is routine to verify that N = (Nr, N;, Ng) is a neutrosophic
weak hyper BC'K-ideal of H.
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Table 24: Cayley table for the binary operation “o”

0 a b c
{0} {0} {0} {0}
{a} {0} {0} {0}
{o} {o} {0} {0}
{c} {c} {b,c} {0,b,c}

o e OO0

Table 25: Tabular representation of N = (N, Ny, Np)

0 0.98 0.85 0.02
a 0.81 0.69 0.19
b 0.56 0.43 0.32
c 0.34 0.21 0.44

Theorem 3.16. FEvery neutrosophic s-weak hyper BCK-ideal is a neutrosophic weak
hyper BC' K -ideal.

Proof. Let N = (Nr, N, Nr) be a neutrosophic s-weak hyper BC'K-ideal of H and let
x,y € H. Then, there exist a,b,c € x oy such that

Np(z) > min{Nyr(a), Nr(y)} > min{ inf Nr(ao), NT(y)} ,

apExroy

Ni(z) > min{N;(b), N;(y)} > min{ inf Ny(bo), Nl(y)} ,

boExoy

Ne(2) < max{Ne(e), No(y)} < max{ sup Np(co), NF<y>} |

coExoy
Hence, N = (Nr, N;, Nr) is a neutrosophic weak hyper BC'K-ideal of H. O

We can conjecture that the converse of Theorem 3.16 is not true. But it is not easy
to find an example of a neutrosophic weak hyper BC K-ideal which is not a neutrosophic
s-weak hyper BC K-ideal.

Now we provide a condition for a neutrosophic weak hyper BC K-ideal to be a neu-
trosophic s-weak hyper BC K-ideal.

Theorem 3.17. If N = (Nr, Ny, Ng) is a neutrosophic weak hyper BCK-ideal of H
which satisfies the condition (3.4), then, N = (Np,N;, Np) is a neutrosophic s-weak
hyper BC' K -ideal of H.
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Proof. Let N = (Nr, Nr, Nr) be a neutrosophic weak hyper BC' K-ideal of H in which the
condition (3.4) is true. Then, there exist ag, by, cg € x 0y such that Nr(ag) = inf Np(a),
aExoy
Ni(by) = bmf N;(b) and Np(cp) = sup Np(c). Hence,
Exoy

cEToy

a€xoy

Nr(z) > min{ inf NT(a)aNT(y)} = min{Nr(ao), Nr(y)},

Ni(z) > min{ inf Np(b), Nz(y)} = min{N;(bo), N1(y)},

bexoy

Np(z) < max { sup Nr(c), NF(?J)} = max{Nr(co), Nr(y)}.

cExoy
Therefore, N = (N7, Ny, Ng) is a neutrosophic s-weak hyper BC'K-ideal of H. 0

Remark 3.18. In a finite hyper BC' K-algebra, every neutrosophic set satisfies the condi-
tion (3.4). Hence, the concept of neutrosophic s-weak hyper BC K-ideal and neutrosophic
weak hyper BC K-ideal coincide in a finite hyper BC K-algebra.

Theorem 3.19. A neutrosophic set N = (Np, Ny, Np) is a neutrosophic weak hyper
BCK-ideal of H if and only if the nonempty sets U(Nr;er), U(Nr;er) and L(Ng;er)
are weak hyper BC' K -ideals of H for all eq, €1, ep € [0, 1].

Proof. The proof is similar to the proof of Theorem 3.4. 0

Definition 3.20. A neutrosophic set N = (Np, N;, Np) in H is called a reflexive neutro-
sophic hyper BC K -ideal of H if it satisfies

inf PWT( )

acrox

> Nr
(Vz,y € H) | ,inf Ni(b) = Ni(y) (3.16)
< Np

bExox
sup N (c)

cexox

and

Nea) 2 min { sup N a) Neo)

(Vz,y € H) | N;(xz) > min< sup N;(b), N[(y)} : (3.17)

bezoy

Np(z) < max<q inf Np(c),NF(y)}

cexoy

Theorem 3.21. Every reflexive neutrosophic hyper BC' K -ideal is a neutrosophic strong
hyper BC'K -ideal.

Proof. Straightforward. [
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Theorem 3.22. [f N = (N, Ny, Np) is a reflezive neutrosophic hyper BCK -ideal of H,
then, the nonempty sets U(Np;er), U(Nr;er) and L(Np;er) are reflexive hyper BCK -
ideals of H for all ey, €;, ep € [0, 1].

Proof. Assume that U(Nr;er), U(Nr;er) and L(Np;ep) are nonempty for all ep, e,
ep €10,1]. Let a € U(Npser), b € U(Np;er) and ¢ € L(Np;ep). If N = (Np, Ny, Np) is
a reflexive neutrosophic hyper BC' K-ideal of H, then, N = (N, N;, Ng) is a neutrosophic
strong hyper BC K-ideal of H by Theorem 3.21, and so it is a neutrosophic hyper BC' K-
ideal of H. It follows from Theorem 3.4 that U(Np;er), U(Nr;er) and L(Np;ep) are
hyper BC K-ideals of H. For each = € H, let ag, by, co € x o x. Then,

Nr(ap) > inf Np(u) > Np(a) > ep,

uexox

N[(bg) > inf N[(U) Z N[(b) Z €1,

veEToT

Np(co) < sup Np(w) < Np(c) < ep,

weTow

and so ag € U(Np;er), by € U(Ny;er) and ¢y € L(Np;er). Hence, x o x C U(Np;er),
xox CU(Ny;er) and x ox C L(Np;ep). Therefore, U(Nr;er), U(Ny;er) and L(Np;er)
are reflexive hyper BC K-ideals of H. 0

We consider the converse of Theorem 3.22 by adding a condition.

Theorem 3.23. Let N = (Np, Ny, Np) be a neutrosophic set in H satisfying the condition
(3.14). If the nonempty sets U(Nr;er), U(Ny;er) and L(Np;ep) are reflexive hyper BCK -
ideals of H for all e, 1, ep € [0,1], then, N = (Nr, Ny, Np) is a reflexive neutrosophic
hyper BC' K -ideal of H.

Proof. If the nonempty sets U(Nr;er), U(Ny;er) and L(Np; ep) are reflexive hyper BO K-
ideals of H, then, they are strong hyper BC'K-ideals of H by Lemma 1.20. It follows
from Theorem 3.11 that N = (Nr, N;, Ng) is a neutrosophic strong hyper BC K-ideal
of H. Hence, the condition (3.17) is valid. Let x,y € H. Then, the sets U(Nr; Nr(y)),
U(Ny; Ni(y)) and L(Np; Np(y)) are reflexive hyper BC'K-ideals of H, and so z o x C
U(N7; Nr(y)), xox C U(Ny; Ni(y)) and z o x C L(Np; Np(y)). Hence, Nr(a) > Nr(y),
Ni(b) > Ny(y) and Np(c) < Np(y) for all a,b,c € xox. It follows that inf Np(a) >

acxox
Nr(y), binf Ni(b) > Ni(y) and sup Np(c) < Np(y). Therefore, N = (Np, N;, Np) is a
cxox cExox
reflexive neutrosophic hyper BC' K-ideal of H. O

We provide conditions for a neutrosophic strong hyper BC' K-ideal to be a reflexive
neutrosophic hyper BC K-ideal.

Theorem 3.24. Let N = (Np, Ny, Np) be a neutrosophic strong hyper BCK -ideal of H
which satisfies the condition (3.14). Then, N = (Np, N;, Ng) is a reflexive neutrosophic
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hyper BCK -ideal of H if and only if the following assertion is valid.
inf NT(CL> > NT(())

(Vo e H) | nf Ni(b) 2 Ni(0) | (3.18)
sup Np(c) < Nr(0)
cexox
Proof. 1t is clear that if N = (Np, N;, Np) is a reflexive neutrosophic hyper BC K-ideal
of H, then, the condition (3.18) is valid.
Conversely, assume that N = (N, N, Ng) is a neutrosophic strong hyper BC' K-ideal
of H which satisfies the conditions (3.14) and (3.18). Then, Nz (0) > Nr(y), N (0) >
Ni(y) and Ng(0) < Np(y) for all y € H. Hence,

inf Np(a) > Nr(y), inf N;(b) > N;(y) and sup Ng(c) < Ng(y).

ac€xox bexox cEzox

For any =,y € H, let

cr = min { sup Vo) Vi) }.

acxoy

£7 = min { sup N7(b), NI(y)} :

bexoy

Ep 1= max{ inf Ng(c), Np(y)} :
cExoy

Then, U(Nr;er), U(Ny;er) and L(Np; ep) are strong hyper BC K-ideals of H by Theorem

3.10. Since N = (Np, Ny, Np) satisfies the condition (3.14), there exist ag, by, co € oy

such that

Nr(ag) = sup Np(a), Ni(by) = sup Ny(b), Nr(cy) = inf Ng(c).
a€xoy bExoy cexoy
Hence, Np(ag) > er, Ni(bo) > er and Np(cy) < ep, that is, ag € U(Np;er), by €
U(Nr;er) and ¢y € L(Np;ep). Hence, (x oy) NU(Nrser) # 0, (xoy) NU(Ny;er) # 0
and (zoy)NL(Np;ep) # 0. Since y € U(Np;er) NU(Np;er) N L(Np;er), it follows from
(1.18) that x € U(Nrp;er) NU(Np;er) N L(Np;ep). Thus,

Ni(a) 2 ex = min { sup N (o), o (1) |

aExoy

Ni(z) > e; = min { sup N;(b), Nf(y)} ,

bexoy

Np(z) < ep = max { inf Np(c), Np(y)} .

cexoy

Therefore, N = (Np, Ny, Ng) is a reflexive neutrosophic hyper BC K-ideal of H. ]
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3.2 Commutative neutrosophic hyper BC K-ideals

Definition 3.25. Let N = (Np, N;, Ng) be a neutrosophic set N = (Np, Ny, Nr) is called
a commutative neutrosophic hyper BCK -ideal

e of type (C,C) over H if for all z,y,z € H and for all ar,ay,ap € zo (yo (yox)),

Nr(ar) > min {

Ni(ar) > min

inf - N (b), Nl(z)}

be(zoy)oz

Np(ar) < max

sup Ng(c), Np(z)

c€(zoy)oz

inf  Np(a), NT(z)}

a€(zoy)oz

}

, (3.19)

e of type (C, <) over H if for all z,y,z € H, there exist ar,a;,ar € zo (yo (yox))

such that

Ny(ar) > min {

Ni(ay) > min

inf  Ny(b), Nj(z)}

be(zoy)oz

Np(ap) < max {

sup Ng(c), Np(z)

c€(zoy)oz

inf  Np(a), NT(z)}

a€(zoy)oz

}

, (3.20)

e of type (<, C) over H if for all z,y,z € H and for all ap, ay,ar € z 0o (yo (yox)),

Nr(ar) > min {

Ni(ay) > min

sup Nr(a), Np(z)

a€(zoy)oz

sup Nl(b),NI(z)}

be(zoy)oz

Nr(ar) < maX{

inf  Np(c), Np(2)

c€(zoy)oz

}
|

, (3.21)

e of type (K, <) over H if for all z,y,z € H, there exist ar,a;,ar € ro (yo (yox))

such that

Nr(ar) > min {

Ni(ar) > min

sup Nr(a), Np(z)

a€(zoy)oz

sup N[(b),NI(z)}

be(zoy)oz

NF(OCF) S max

inf  Np(c), Np(z2)

c€(zoy)oz
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It is clear that every commutative neutrosophic hyper BCK-ideal of type (C,C)
(resp., type (<, Q)) is of type (C,<) (resp., type (<, <)), and every commutative
neutrosophic hyper BCK-ideal of type (<, C) (resp., type (<, <)) is of type (C,Q)
(resp., type (C, <)).

The following example shows that there is a commutative neutrosophic hyper BC' K-ideal
of type (C, Q) (resp., type (C, <)) which is not of type (<, C) (resp., type (<K, <)).

Example 3.26. Consider a hyper BC'K-algebra H = {0, a, b} with the hyper operation
“o” which is given in Table 26. We define a neutrosophic set N = (Np, N;, Ngp) on H

Table 26: Tabular representation of the binary operation o

o 0 a b

0 {0} {0} {0}

a {a} {0,a} {0, a}
b {b} {a, b} {0,a,0}

by Table 27. Then, N = (Nr, N;, Np) is a commutative neutrosophic hyper BCK-ideal

Table 27: Tabular representation of N = (Np, Ny, Np)

H Np(z) Ni(x) Np(z)
0 0.82 0.68 0.08
a 0.51 0.45 0.57
b 0.16 0.33 0.69

of type (C,C) and (C,<). But if we take z = b, y = a and z = 0, then, it is not a
commutative neutrosophic hyper BCK-ideal of type (<, C), since b € bo (a0 (aob)) and

Nr(b) < Nr(a) = min{ sup  Nr(ao), NT(O)} )

ag€(boa)o0

Ni(b) < Ni(a) = min{ sup Nl(b0>7NI(O)}
bo € (boa)o0

and Ne(b) > Nela) = max{ in NF(CO),NF(O)}.

co€(boa)ol
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Also if we take z = b, y = 0 and z = a then N = (Nr, N7, Nr) is not a commutative
neutrosophic hyper BCK-ideal of type (<, <), since b€ bo (00 (00b)) and

Nr(b) < Nr(a) = min { sup  Nr(ao), NT(@)} :

ap€(bo0)oa

Nr(b) < Ni(a) = min{ sup NI(bO)vNI(a)}

bo€(bo0)oa

and

co€(bo0)oa

Np(b) > Np(a) = max{ inf NF(CO),NF(a)} :
Theorem 3.27. Every commutative neutrosophic hyper BCK -ideal of type (C,C) is a

neutrosophic weak hyper BC K -ideal.

Proof. Let N = (Np, Ny, Ng) be a commutative neutrosophic hyper BC K-ideal of type
(C,C) over H. For any z,y € H, we have x € xo (0o (0ox)). It follows from (3.19) that

Np(z) > min{ inf  Nr(a), NT(Z/)}

a€(xo0)oy

M)z win{_mt NN} | (329

Np(z) < max sup NF(C),NF(y)}

c€(zo0)oy

Combining (3.3) and (3.23) induce (3.15). Therefore, N = (N, N;, Ng) is a neutrosophic
weak hyper BC K-ideal of H. [

The converse of Theorem 3.27 is not true in general as seen in the following example.

Example 3.28. Consider a hyper BC K-algebra H = {0, a,b} with the hyper operation
“o” which is given in Table 28. We define a neutrosophic set N = (Nr, Ny, Ng) on H by

Table 28: Tabular representation of the binary operation o

0 a b
{0} {0} {0}

{a} {0} {0}
{b} {a} {0,a}

@)

QO

Table 29.
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Table 29: Tabular representation of N = (N, Ny, Np)

H Nr(z) Ni(x) Np(x)
0 0.93 0.88 0.18
a 0.62 0.78 0.41
b 0.36 0.45 0.72

Then, N = (N, Ny, Np) is a neutrosophic weak hyper BCK-ideal. But if we take x = b,
y = 0 and z = a then it is not a commutative neutrosophic hyper BCK-ideal of type
(C,Q),sincebebo (0o (00b)) and

V() < Nefa) =min{ | int Nrao) Nefa) .

ap€(bo0)oa

N (b) < Ni(a) = min{ inf Ny (bo), Nj(a)}

bo€(bo0)oa

and

Np(b) > Np(a) = max{ sup Np(co),NF(a)} :

co€(bo0)oa

Now we provide a condition for a neutrosophic weak hyper BC'K-ideal to be a com-
mutative neutrosophic hyper BC K-ideal of type (C, C).

Theorem 3.29. If N = (Nr, Ny, Ng) is a neutrosophic weak hyper BCK-ideal of H
which satisfies the following condition

inf NT((I) > inf NT(b),

a€xo(yo(yox)) T bewxoy

(Vx,y c H) inf N[(CL) > inf N[(b), : (3.24)

a€zo(yo(yos)) beaoy
sup  Np(a) < sup Np(b)
a€zo(yo(yox)) bexoy
Then, N = (Nr, N1, Ng) is a commutative neutrosophic hyper BC K -ideal of type (C, Q).

Proof. Let z,y,z € H and d € x oy. By (3.15) we have

Nr(d) > min{ inf Nr(a), NT(Z)} > min{ inf  Np(a), NT(Z)} ,

a€doz a€(zoy)oz

Ni(d) > min{ inf N;(b), Nl(z)} > min {be(inf Ni(b), NI(Z)}

bedoz zoy)oz
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and

c€doz (zoy)oz

Np(d) < max { sup NF(C),NF(Z)} < max{ esup Np(c),NF(z)} :

Then, (3.24) implies that for all ar, oy, ap € x o (yo (yox))

dexoy a€(zoy)oz

Nr(ag) > inf NT(d)zmin{ inf NT(a),NT(z)},

Ni(a;) > inf Ni(d) > min{ _inf Nl(a),NI(z)}

dexoy a€(zoy)oz
and

Np(ar) < sup Np(d) < max{ sup NF(a)aNF(z)} :

dexoy a€(xoy)oz

Therefore, N = (N, N7, Nr) is a commutative neutrosophic hyper BC K-ideal of type
(g;ag;)' []
Proposition 3.30. Every commutative neutrosophic hyper BCK -ideal N = (N, Ny, Np)
of type (<, C) over H satisfies (3.1) and

Ne) 2 min { sup No(a). N () |

acxoy

Ni(z) > min ] sup N;(b), N[(y)} : (3.25)

bexoy

cExoy

Np(z) < maxq inf NF(C),NF(y)}

Proof. Let N = (Np, Ny, Np) be a commutative neutrosophic hyper BC K-ideal of type
(<, C) over H. For any x,y € H, we have x € zo (0o (0ox)). It follows from (3.21) that

Np(z) > min{ sup Nr(a), NT(y)} = min{ sup Nr(a), NT(y)} :
a€(zo0)oy a€xoy

Ni(z) > min{ sup Nl(b),N[(y)} = min{ sup N[(b),NI(y)}

be (xo0)oy bexoy

and

V(o) < max{_int Ne(e). Ne(s) | = mae{ inf Ne(e) Vo) |

c€(xo0)oy cezoy
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Hence, (3.25) is valid. Let z,y € H such that x < y. Then, 0 € z oy. Thus, by (3.25)
and (3.3), we have,

Mmmm&wmwmwﬁmmmmmthm,

aExoy

Mmzm{wMWM@ﬁmmwwwmzww

bexoy

and

Np(z) < max{ inf Np(c),Np(y)} < max{Np(0), Np(y)} = Np(y).

cExoy

]

Theorem 3.31. Every commutative neutrosophic hyper BC K -ideal of type (<, C) is a
neutrosophic strong hyper BC' K -ideal.

Proof. Let N = (Np, Ny, Np) be a commutative neutrosophic hyper BC K-ideal of type

(<,C) over H. For any z € H, let a € z oz. Then, a < z, and so by (3.1), Ny(a) >

Np(x), Ni(a) > Ni(z) and Np(a) < Np(z). Hence, ienf Nr(a) > Np(x), binf Ni(b) >
acrox cxrox

Ni(x) and sup Np(c) < Np(z). Therefore, N = (Np, N, Nr) is a neutrosophic strong

cexrox

hyper BC' K-ideal of H. ]

In the following example, we show that the converse of Theorem 3.31 may not be true,
in general.

Example 3.32. Let N = (Nr, N;, Ng) be the neutrosophic set as in Example 3.28. Then,
it is easy to see that N = (N, N7, Nr) is a neutrosophic strong hyper BC K-ideal of H.

But if we take x = b, y = b and z = 0, then, it is not a commutative neutrosophic hyper
BCK-ideal of type (<, C), since a € bo (bo (bob)) and

Nr(a) < Nr(0) = min{ sup NT(ag),NT(O)} ,

aop€(bob)o0

Ni(a) < Ni(0) = min{ sup NI(bO)aNI(O)}
bo € (bob)o0

and/or

Ne(o) 2 Ne0) = max{ int Neleu), Ne(0)}.

co€(bob)o0
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Theorem 3.33. If N = (Nr, N;, Ng) is a commutative neutrosophic hyper BCK -ideal
of type (K, C) over H which satisfies the following condition

NT(xo) = ;glf‘{NT(.T)

(VK C H)(Jro, 0,20 € K) | Nilwo) = InfNi(y) (3.26)
Np(20) = supNg(z)
zeK

Then, N = (Nr, Nr, Ng) is a neutrosophic s-weak hyper BC'K -ideal of H.

Proof. Let N = (Np, N;, Ng) be a commutative neutrosophic hyper BC K-ideal of type
(<, C) over H satisfying the condition (3.26). Then, by Proposition 3.30, we have

V(o) 2 min { sup N(a), No(y) > win{ inf V(o). Nelo)},

aczoy acxoy

Vi) 2 i { sup N5(0) 33(9) | = i { i, 800, i)}

bEzoy bexoy

and

V(o) < ma { i Ne(e), Ne(o) < max { sup Ne(c), Ne(o) }.

cexoy cexoy
Now, by (3.26), for every =,y € H, there exist ag, by, co € x oy such that

NT(CL0> = inf NT((Z)

acxoy

Nt = N0
Np(co) = sup Np(c)

cExoy
Then,
Nr(x) > min{Nr(ao), Nr(y)}
(Va,y € H)(Fag,by,co € xoy) | Ny(x) > min{N;(bo), N;(v)}
Np(z) < max{Nr(co), Nr(y)}
Therefore, N = (Np, Ny, Ng) is a neutrosophic s-weak hyper BC' K-ideal of H. 0

The following example shows that there exists a neutrosophic s-weak hyper BC K-ideal
which is not a commutative neutrosophic hyper BC K-ideal of type (<, C) over H.

Example 3.34. The neutrosophic set N = (Np, Ny, Ng) in Example 3.26 is a neutro-
sophic s-weak hyper BC'K-ideal of H by Remark 3.18. But it is not a commutative
neutrosophic hyper BC'K-ideal of type (<, C) over H.
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Theorem 3.35. A neutrosophic set N = (Np, N;, Np) is a commutative neutrosophic
hyper BCK-ideal of type (C,C) over H if and only if for all ep, e;, ep € [0,1], the
nonempty sets U(Np;er), U(Ny;er) and L(Np;erp) are commutative hyper BC K -ideals
of type (C, Q).

Proof. Assume that N = (Np, N, Np) is a commutative neutrosophic hyper BC K-ideal
of type (C,C) over H. Leter, e, er € [0, 1] such that U(Nr;er), U(Ny;er) and L(Np;er)
are nonempty subsets of H. Obviously, 0 € U(Nr;er) N U(Ny;er) N L(Np;ep). Let
x,y, 2z € H such that (xoy)oz C U(Nrp;er) and z € U(Nrp;er). Then, for all a € (xoy)oz,
Np(z) > er and Np(a) > ep. Thus, by (3.19), for any ar € z o (yo (y o x)) we obtain

Nr(ar) > min{ E(inf) NT(a),NT(z)} > erp.
ac(xzoy)oz
Hence, ar € U(Np;er), and so z o (yo (yoz)) C U(Np;er). Therefore, for all
er € [0,1], U(Nr;er) is a commutative hyper BC'K-ideals of type (C, Q).
Similarly, we can verify that U(Ny; ;) is a commutative hyper BC K-ideals of type (C,
C) for all e; € [0,1]. Let x,y, 2z € H such that (zoy)oz C L(Np;ep) and z € L(Np;erp).
Then, Np(z) < ep and Np(c) < ep for all ¢ € (z oy) o z. It follows from (3.19) that

Np(ap) < max{ sup Np(c),NF(z)} <ep
ce(zoy)oz
C L(Np;er).

for all ap € xo(yo(yox)). Hence, ap € L(Np;er), and so zo (yo (yox))
,Q) for all ep €

Consequently, L(Ng;er) is a commutative hyper BC K-ideals of type (C
[0, 1].

Conversely, suppose that for all e, e;, ep € [0,1], the nonempty sets U(Nr;er),
U(Nr;er) and L(Np;ep) are commutative hyper BC K-ideals of type (C, C). Let z,y,2 €
H. If we put

or = min{ inf  Np(a), NT(z)} ,

a€(zoy)oz
oy = min{ inf NI(b),Nl(z)}
be(zoy)oz
and
OF = max sup  Np(a), Np(2) ¢,
c€(zoy)oz

then z € U(NT;(ST) N U(N];(SI) N L(NF;(SF), a € U(NT;(ST), b e U(N[;d]) and ¢ €
L(Np;op) for all a,b,c € (xoy)oz. Hence, (xoy)oz CU(Nr;dr), (roy)oz C U(Ny;dr)
and (zoy)oz C L(Np;dp). Thus, zo(yo(yox)) € U(Nr;dr), zo(yo(yox)) € U(Ny;dr)
and z o (yo (yox)) C L(Np;0,T). It follows that for all ar,ar,ar € xo (yo (yox)),

Nr(ar) > o7 = min{ (inf) Nr(a), NT(z)} ,
ac(xoy)oz
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Ni(ay) > 6 = min{ inf  Ny(b), Nl(z)}

be (zoy)oz

and
Np(ap) < 0p = max{ sup Nr(a), NF(Z)} :
cE(zoy)oz

Obviously, N = (Nr, Ny, Np) satisfies the condition (3.3). Therefore, N = (Ng, Ny, Np)
is a commutative neutrosophic hyper BC'K-ideal of type (C, C) over H. 0

Corollary 3.36. If a neutrosophic set N = (Nr, Ny, Np) is a commutative neutrosophic
hyper BC K -ideal of type (<, C) over H, then, for all e, g1, ep € [0, 1] the nonempty sets
U(Nr;er), U(Nrp;er) and L(Np;ep) are commutative hyper BCK -ideals of type (C, C).

Corollary 3.37. If a neutrosophic set N = (Np, Ny, Ng) is a commutative neutrosophic
hyper BC K -ideal of type (<, C) over H, then, for all e, g1, ep € [0, 1] the nonempty sets
U(Nr;er), U(Nr;er) and L(Np;er) are commutative hyper BCK -ideals of type (C, <).

Theorem 3.38. If a neutrosophic set N = (Np, Ny, Ng) is a commutative neutrosophic
hyper BC K -ideal of type (<, C) over H, then, for all e, e1, ep € [0, 1] the nonempty sets
U(Nr;er), U(Np;er) and L(Np;ep) are commutative hyper BCK -ideals of type (<, C).

Proof. Assume that N = (N, N;, Ng) is a commutative neutrosophic hyper BC K-ideal
of type (<,C) over H. Let ep, ¢, ep € [0,1] such that U(Nr;er), U(Ny;er) and
L(Np;ep) are nonempty sets. Obviously, 0 € U(Np;er) N U(Ny;er) N L(Np;er). Let
x,y,z € H such that (xoy)oz < U(Nr;er) and z € U(Np;er). Then, Np(z) > er and
for all a € (z oy) o z there exists b € U(Np;er) such that a < b. It follows from (3.1)
that Np(a) > Np(b) > ep, and so for all ap € z o (yo (yox)) by (3.21),

Nr(ar) > min{ sup NT(a)aNT(Z)} > er.

a€(zoy)oz

Hence, ap € U(Np;er), and so xo(yo(yox)) C U(Nr;er). Consequently, U(Np;er) is a
commutative hyper BC'K-ideals of type (<, C) for all ez € [0, 1]. Similarly, we can verify
that U(Ny;er) is a commutative hyper BC K-ideals of type (<, C) for all ; € [0,1]. Let
x,y,z € H such that (xoy) oz < L(Np;ep) and z € L(Ng;ep). Then, Np(z) < ep and
for all ¢ € (xoy)oz there exist b € L(Np;ep) such that ¢ < b. Hence, Np(c) < Np(b) < ep
by (3.1). Then, ¢ € L(Np;ep) for all c € (zoy)oz and inf Np(c) < ep. It follows

a€(zoy)oz
from (3.21) that

Np(ap) < maX{ inf NF(c>aNF(Z>} <ep

c€(zoy)oz

for all ap € xo(yo(yox)). Hence, ap € L(Np;er), and so zo(yo(yox)) C L(Np;ep).
Therefore, L(Np;ep) is a commutative hyper BC'K-ideals of type (<, C) for all ep €
[0, 1]. O
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In the following example, we show that the converse of Theorem 3.38 may not be true,
in general.

Example 3.39. Consider a hyper BC K-algebra H = {0, a,b} with the hyper operation

W”

o” which is given in Table 30. We define a neutrosophic set N = (Nr, Ny, Ng) on H by

Table 30: Tabular representation of the binary operation o

o 0 a b
0 {0} {0} {0}
a {a} {0,a,b} {a}
b {b} {0,b} {0,b}

Table 31. Then, U(Nz;er), U(Np;er) and L(Np;ep) are commutative hyper BC K-ideal

Table 31: Tabular representation of N = (N, N, Np)

0 0.88 0.91 0.12
a 0.43 0.45 0.68
b 0.76 0.53 0.37

of type (<, C) for all e7, g7, ep € [0, 1]. But if we take x = a, y = a and z = 0, then, it is

not a commutative neutrosophic hyper BCK-ideal of type (<, C), since b € ao(ao(aca))
and

Nz (b) < Np(0) = min{ sup NT(ao)aNT(())} :

ap€(aoa)ol

Ni(b) < Nr(0) = min{ sup  Np(bo), NT(O)}

bo€(aoa)o0

and

Np(b) > Np(0) = max{ sup  Nr(co), NT(O)} :

co€(aoa)ol
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We present the following open problem.
Open problem. Let N = (Ny,N;, Ng) be a neutrosophic set of H such that the
nonempty sets U(Np;er), U(Nr;er) and L(Np;ep) are commutative hyper BC K-ideals
of type (<, Q) for all ey, ¢;, ep € [0,1]. Then, by what condition N = (Np, N;, Ng) is a
commutative neutrosophic hyper BC' K-ideal of type (<, C) over H?

Given a nonempty subset K of H, let N(K) = (N(K)r, N(K);, N(K)r) be a neu-
trosophic set in H defined by

. Er lfIEK,
N(K)r:H—=[0,1], z— { 07  otherwise,
‘ €1 lfIE K,
N(K);: H—=10,1], z— { 0; otherwise,
ifrve K,

. EF
N(K)p: H = [0,1], z— { 0p otherwise,

where e, €, €r, 07, 01, 0p € [0,1] with er > 07, 7 > 07 and ep < 0p.

Theorem 3.40. Let («,3) be any one of (C,C), (C, <), (K, Q) and (K,<). A
nonempty subset K of H is a commutative hyper BC' K -ideal of type («, B) if and only if
the neutrosophic set N(K) = (N(K)r, N(K);, N(K)g) is a commutative neutrosophic
hyper BCK -ideal of type (c, B) over H.

Proof. Let a nonempty subset K of H be a commutative hyper BC'K-ideal of type (C, C).
Let x,y,2 € H and ar,a;,arp € zo(yo (yox)).
(1) If (xoy)ozC K and z € K, then, zo (yo (yox)) C K by (1.26). Hence, for all

ar,ar,ap €ro(yo(yox)),

N(K)T(OJT) =E&r Z I'Illll{ inf N(K)T(CL), N(K)T(Z)} = €T,

a€(xoy)oz

be(zoy)oz

N(K);(ar) =e; > min¢  inf N(K)I(b),N(K)I(z)} =ey,

N(K)p(ar) = ep < max sup N(K)F(c),N(K)F(z)} <0p

cE(zoy)oz

and the neutrosophic set N(K) = (N(K)r, N(K);, N(K)F) is a commutative neutro-
sophic hyper BC K-ideal of type (C, C).

(2) If (roy)oz € K and z € K, then, there exist ag,by,cy € (z 0y) o z such that
N(K)7p(ag) = dr, N(K)r(bg) = 6y and N(K)p(cy) = ép. Hence, for all ar,ar,ar €
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o(yo(youx)),

N(K)r(ar) > min{ inf N(K)r(a), N(K)T(z)} = min {or,er} = or,

a€(woy)oz

N(K)r(ar) > minq inf N(K)I(b),N(K)I(z)} =min{dr,e;} = ;

be(zoy)oz

N(K)p(ap) < maxg sup N(K)F(c),N(K)F(z)} =max {ep,ep} = ep

c€(zoy)oz

and the neutrosophic set N(K) = (N(K)r, N(K);, N(K)F) is a commutative neutro-
sophic hyper BC K-ideal of type (C, C).

B) If (roy)oz C K and z ¢ K, then, N(K)r(z) = dr, N(K);(z) = d§; and
N(K)p(z) = dp. Hence, for all ar,ar,ar € xo (yo (yox)), we get that

N(K)r(ar) > min{ inf N(K)T(a),N(K)T(Z)} = min{er,or} = or,

a€(xoy)oz

N(K)r(ar) > minq inf N(K)I(b),N(K)I(z)} =min{e;,6;} = s

be(zoy)oz

c€(zoy)oz

N(K)r(ar) < max sup  N(K)r(c), N(K)F(z)} = max {er,0p} = €F

and the neutrosophic set N(K) = (N(K)r, N(K);, N(K)F) is a commutative neutro-
sophic hyper BC' K-ideal of type (C, )

(4) If (roy)oz € K and z ¢ K, then, there exist ag,by,co € (x o y) o z such
that N(K)T(a()) = (5T, N(K) ( ) = 5] and N(K)F(Co) = 5}7‘. Also N(K)T(Z) = 5T7
N(K);(z) = 6y and N(K)p(z) = ép. Hence, for all ar, ar,ar € xo (yo (yox)),

N(K)r(ar) > min{ inf N(K)T(a),N(K)T(z)} = min {07, 7} = Ir,

a€(xoy)oz

N(K);(ar) > ming  inf N(K)](b),N(K)I(z)} = min {d7,07} = ¢y,

be(zoy)oz

N(K)r(ar) < max sup N (K)r(c), N(K)F(Z>} = max {er,0p} = €F

c€(zoy)oz

and the neutrosophic set N(K) = (N(K)r, N(K);, N(K)f) is a commutative neutro-
sophic hyper BC K-ideal of type (C, C).
Conversely, suppose that the neutrosophic set N(K) =

(N(K)r, N(K)r, N(K)r) is
a commutative neutrosophic hyper BC'K-ideal of type (C, C).

It follows from (3.3) that
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0€ K. Let (xoy)ozC K and z € K. Hence, for all ap,ar,ar € xo (yo (yox)),

N(K)r(ar) > min{ inf N(K)r(a), N(K)T(z)} = min{er,er} = er,

a€(zoy)oz

N(K)r(ay) > min< inf N(K)[(b),N(K)I(z)} =min{es, e;} = ¢y,

be(zoy)oz

N(K)p(ap) < maxs sup N(K)F(c),N(K)F(z)} =max{ep,ep} = ep.

cE(zoy)oz

Therefore, x o (yo (yox)) C K and K is a commutative hyper BC K-ideal of type (C, Q)
over H.
The proof of the other types are similar with some modifications. [

Theorem 3.41. If N = (Nr, N;, Ng) is a commutative neutrosophic hyper BCK -ideal
of type (C, C) over H, then, the set

is a commutative hyper BC K -ideal of type (C,C).

Proof. 1t is clear that 0 € K. Assume that N = (Nr, N7, Np) is a commutative neutro-
sophic hyper BC'K-ideal of type (C,C) over H. Let x,y,z € H such that (xoy)oz C K
and z € K. Then, NT(Z) = NT(O), N](Z) = N[(O), NF(Z> = NF<O), NT(G) = NT(O),
Ni(a) = N;(0) and Np(a) = Np(0) for alla € (zoy)oz. Let b€ xzo(yo(yox)). Then,

Nr(b) > min{ inf  Np(a), NT(Z)} = Ny (0),

a€(zoy)oz

Ni(b) > min{ inf Ny (b), NI(Z)} = N;(0),

be (zoy)oz

c€(zoy)oz

Np(b) < max{ sup NF(C),NF<2)} = Np(0)

and so Nr(b) = Np(0), Ny(b) = N;(0) and Np(b) = Np(0). Hence, b € K, and thus,
zo(yo(yox)) C K. Therefore, K is a commutative hyper BC K-ideal of type (C,C). O

Corollary 3.42. If N = (Nr, N;, Ng) is a commutative neutrosophic hyper BCK -ideal
of type (&, C) over H, then, the set K in (3.27) is a commutative hyper BC'K -ideal of
type (C, C).

Corollary 3.43. If N = (Nr, Ny, Ng) is a commutative neutrosophic hyper BC K -ideal
of type (C,C) over H, then, the set K in (3.27) is a commutative hyper BCK -ideal of
type (C, <).
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Corollary 3.44. If N = (Nr, N;, Ng) is a commutative neutrosophic hyper BC K -ideal
of type (K, C) over H, then, the set K in (3.27) is a commutative hyper BC' K -ideal of
type (C, ).

Lemma 3.45. Fvery commutative neutrosophic hyper BCK-ideal N = (Np, Ny, Ng) of
type (K, C) over H satisfies the condition (3.1).

Proof. By using Theorems 3.31 and 3.9, the proof is clear. [

Theorem 3.46. If N = (Np, N;, Nr) is a commutative neutrosophic hyper BC K -ideal
of type (&, C) over H, then, the set K in (3.27) is a commutative hyper BC K -ideal of
type (<, C).

Proof. 1t is clear that 0 € K. Assume that N = (Np, N;, Ng) is a commutative neutro-
sophic hyper BC K-ideal of type (<, C) over H. Let z,y,z € H such that (zoy)oz < K
and z € K. Then, for all a € (z oy) o z, there exists ¢ € K such that ¢ < ¢ and
Lemma 3.45 implies that Nr(a) = Nr(0), Ni(a) = N;(0) and Np(a) = Np(0). Suppose
bexo(yo(yox)). Then,

Nr(b) > min{ sup Nr(a), NT(Z)} = N7(0),

a€(zoy)oz

Ni(b) > min{ sup Nl(b),NI(z)} = N;(0)

be(zoy)oz

and

Nr(b) < max{ inf  Np(c), NF(Z)} = N#(0).

c€(zoy)oz

Hence, b € K, and so z o (yo (yox)) C K. Therefore, K is a commutative hyper
BC K-ideal of type (<, C). O

Corollary 3.47. If N = (Nr, N;, Ng) is a commutative neutrosophic hyper BCK -ideal
of type (&, C) over H, then, the set K in (3.27) is a commutative hyper BC' K -ideal of
type (K, <K).
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Chapter 4.

Neutrosophic soft hyper BCK-ideals

4 Abstract

The aim of this chapter is to apply neutrosophic soft set for dealing with several kinds
of theories in hyper BCK-algebras. The notions of neutrosophic soft hyper BCK-ideal,
neutrosophic soft weak hyper BCK-ideal and neutrosophic soft strong hyper BCK-ideal
are introduced. Some relevant properties and their relations are indicated. Also, the
notion of (strong, weak) neutrosophic soft hyper p-ideal is introduced, and their relations
are investigated. Relations between (strong, weak) neutrosophic soft hyper BCK-ideal
and (strong, weak) neutrosophic soft hyper p-ideal are discussed. Characterizations of
neutrosophic soft hyper BCK-ideal and neutrosophic soft hyper p-ideal are considered.

In what follows, let H and F be a hyper BC K-algebra and a set of parameters,
respectively, and A be a subset of E unless otherwise specified.

4.1 Neutrosophic soft hyper BCK-ideals

Definition 4.1. Let e € A be a parameter. A neutrosophic soft set (/v ,A) over H is
called a neutrosophic soft hyper BC'K -ideal of H based on e if the following assertions are
valid.

Ni(x) = Ni(y), Ni(z) > Ni(y), Ni(z) < Ni(y) (4.1)

for all z,y € H, such that r < y, and

N&(z) > min?{ inf Kf;(a),ﬁ;(y)}

a€zxoy
o )| Npo) 2 mind it G005} | (4.2
N}?(:ﬁ) < max { sup ﬁﬁ(c),ﬁﬁ(y)}
cexoy
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Table 32: Cayley table for the binary operation “o”

0 a b c
{0} {0} {0} {0}
{a}  {0,a}  {0,a}  {0,a}
{o} {o} {0,a}  {0,a}
{c} {c} {c} {0,a}

o e OO0

Example 4.2. Consider a hyper BC K-algebra H = {0, a, b, ¢} with the hyper operation
“0” which is given by Table 32. Let (N, A) be a neutrosophic soft set in H which is
described in Table 33. It is routine to verify that (N, A) is a neutrosophic soft hyper

Table 33: Tabular representation of (./\7 JA)

H Ni (@) Ni () Ni(x)
0 0.98 0.85 0.02
a 0.98 0.85 0.02
b 0.56 0.43 0.32
c 0.34 0.21 0.44

BCK-ideal of H.

Proposition 4.3. Every neutrosophic soft hyper BCK -ideal (N, A) of H satisfies:

Ni(0) 2 Ni(x), N5 (0) 2 Ni(2), Ni(0) < Ni(x) (4.3)
forallz € H and e € A.
Proof. Straightforward. ]

Given a neutrosophic soft set (J\Nf ,A) over H and a parameter e € A, we consider the
following sets:

UNfser) i={o € H | Ni(x) > er},
UWNFier) = {w € H| Ni(x) > er},
L(Ng;er) = {z € H| Ng(z) < er},
which are called neutrosophic soft level sets based on e of (/\7, A) where ep, er,ep € [0,1]

which are related to the parameter e. In this case, we say that e, e; and ep are parameter
e-numbers.
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Theorem 4.4. Let H be a hyper BCK-algebra and e € A be a parameter. If a neutro-
sophic soft set (N, A) over H is a neutrosophic soft hyper BCK-ideal of H based on e,

then the non-empty neutrosophic soft level sets of (N, A) based on e are hyper BCK -ideal
of H for all parameter e-numbers.

Proof. Assume that (N A) is a neutrosophic soft hyper BCK-ideal of H, e € A be a
parameter and er, er,ep € [0,1] be such that U(NE: er), UNE; e;) and L(NF,eF) are
nonempty. It is easy to see that 0 € U(NE; er), 0 € U( Ve:er) and 0 € L(N& ep). Let
x,y € H such that z oy < U(NT,eT) and y € U(N7;er). Then, for any a € z oy, there
exists ag € U(NE; er) such that a < ag and N&(y) > er. We conclude from (4.1) that
N&(a) > N&(ag) > e for all a € x o y. Hence, aiergy./cf:?(a) > ep, and so

Rste) 2 win{ int Fs() M) | 2 er,

acxoy

that is, © € U(N% er). Similarly, we can prove that if z 0y < UN¥e;) and y €

(/\7},61) then x € U(/Vl,ef) Hence, U( ~T,€T) and U(NI,GI) based on e are hyper
BCK-ideals of H for all parameter e-numbers. Let z,y € H such that zoy < L(NF, er)
and y € L(N%; ep). Then, N&(y) < ep. Let b € x oy. Then, there exists by € LNE; ep)
such that b < by, thus, by (4.1), N&(b) < N&(by) < ep. Hence, sup N&(b) < ep, and so

bexoy

Ni(z) < max { supﬁ?(b)aﬁﬁ(y)} <ep.

bexoy

Then, # € L(N&; ep). Therefore, L(N&;ep) based on e is a hyper BCK-ideal of H, for

all parameter e-numbers. O

Theorem 4.5. Given a hyper BCK-algebra H and a parameter e € A. Let (N A) be
a neutrosophic soft set over H such that the non-empty neutrosophic soft level sets based

on e of (N, A) are hyper BCK -ideal of H for all parameter e-numbers. Then, (N, A) is
a neutrosophic soft hyper BC K -ideal of H based on e.

Proof. Suppose that the non-empty neutrosophic soft level sets based on e of (N’ ,A) are
hyper BC' K-ideal of H for all parameter e-numbers. Let x,y € H such that + < y. Then,

y € UNENE() NUWNFNF(y) N LN NE(y)),

and so {z} < UWNjN: ( ), {z} < U( Ni(y)) and {z} < L( 5 Ni(y). By
Lemma 1.20, x € g( Ni(y)), = € UWNT (y)) and r € LINE Ne( )). Hence,
NE(x) > Ni(y), Nf(x ) Ni(y) and Ne < Ng&( Now, for any z,y € H,
let er = min{aTlgchyNe(aT),N (y)} { inf NI (br), N¥(y )} and ep :=
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max{ sup ./%?(CF),/VE(y)}. Then, y € UNE er) N UWNE er) N LINE; er), and for

CFrEToY
any ar, by, cp € x oy we have,

/\N/'f«(aT) > inf J\N/'fi(aT) > min{ inf /\N/';(aT),/\N/';(y)} = ey,

" ar€xoy arExoy

brexoy brexoy

./\N/}e(bf) > inf Kfle(b[) > min{ inf K/;(bf),ﬁff(y)} =er
and

Rster) < sup Npler) <max{ sup Myter) M)} = e

CrEToYy cCrExoy

Hence, ar ey(ﬁf;ﬁ;eT), by € U(Kff;ei) and ¢y € L(N&; ep), and so z oy C U( :;;eT),
zoy C UWNFier) and z oy C L(Ngiep). By (1.12), we have z oy < U(NF;er),

roy K U(NFer) and x oy < L(NE;er). However, by (1.16), we get that

v € UNg er) NUNF; er) N LINE er).

Then,
Rita) 2 er =min{ int Rar) N50)}.
Rjto) 2 er =win{, inf 500, 5(0)}
and

Np(w) < e = ms{ sup Ag(en). gt}

CcpExoy

Therefore, (./\7 , A) is a neutrosophic soft hyper BC K-ideal of H based on e.

O

Definition 4.6. Let e € A be a parameter. A neutrosophic soft set (./\7 , A) over a hyper

BCK-algebra H is called

e a weak neutrosophic soft hyper BCK -ideal of H based on e if it satisfies:

R0 2 A (o) 2 win { inf 5(a). V50) }

oy € ) | N700) 2 Ryte) = win{ iut 570057 |

R2(0) < R5te) < mas{ swp K500 K50}

cexoy
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e a strong neutrosophic soft hyper BCK -ideal of H based on e if it satisfies:
it V(o) 2 N5(0) 2 min { sup 500, V50 |
a€xox bEzoy

(Vo,y € H) | inf N¢(a)

acxox

v

Ri) 2 win{ s M0 50 | | 49

bexoy

sup 7 (0) < N (o) < e { st W51, 5 )}

a€xox cexoy

If a neutrosophic soft set (N, A) over H is a (weak, strong) neutrosophic soft hy-

per BCK-ideal of H based on all parameters, then (N, A) is called a (weak, strong)
neutrosophic soft hyper BC K-ideal of H.

Example 4.7. Consider a hyper BC'K-algebra H = {0, a,b} with the hyper operation

W ”

o” which is given by Table 34. Let (N, A) be a neutrosophic soft set in H which is

Table 34: Cayley table for the binary operation “o”

0 a b

{0} {0} {0}
{a} {0,a} {0,a}
{b} {a} {0,a}

> Q OO0

described in Table 35. It is easy to check that (/iv/’ , A) is a weak neutrosophic soft hyper

Table 35: Tabular representation of (./\7 JA)

H Ni(x) Ni () Ni(x)
0 0.98 0.85 0.12
a 0.48 0.35 0.82
b 0.67 0.48 0.32

BCK-ideal of H. But it is not strong neutrosophic soft hyper BC'K-ideal of H, since
inf NVé&(z) < N&(D), inf Nf(y) < NE(b) and sup Nf(z) > NE(D).

xebob y€bobd z€bob

Proposition 4.8. Every strong neutrosophic soft hyper BCK -ideal of H based on a
parameter e is a neutrosophic soft hyper BCK-ideal of H. Also, every neutrosophic

soft hyper BCK-ideal of H based on a parameter e is a weak neutrosophic soft hyper
BCK-ideal of H.
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Proof. The proof is straightforward. ]

Example 4.9. Consider a hyper BCK-algebra H = {0,a,b} and the soft hyper BC'K-
ideal (N, A) in Example 4.2. Then, it is a strong neutrosophic soft hyper BC'K-ideal of
H.

Theorem 4.10. Let H be a hyper BCK-algebra, e € A be a parameter and (/\7, A) be a

neutrosophic soft set over H. Then, (1\7, A) is a weak neutrosophic soft hyper BC K -ideal
of H based on e if and only if the non-empty neutrosophic soft level sets based on e of
(N, A) are weak hyper BCK -ideal of H for all parameter e-numbers.

Proof. The proof is similar to the proof of Theorems 4.4 and 4.5. 0

Theorem 4.11. Let H be a hyper BCK-algebra and e € A be a parameter. If a
neutrosophic soft set (N, A) over H is a strong neutrosophic soft hyper BCK -ideal of H
based on e, then the non-empty neutrosophic soft level sets based on e of (./\Nf, A) are strong
hyper BC'K -ideal of H for all parameter e-numbers.

Proof. Let (/T/ ,A) over H is a strong neutrosophic soft hyper BC' K-ideal of H based on e.
Then, (/\7 , A) is a neutrosophic soft hyper BC' K-ideal of H. Assume that the neutrosophic
soft level sets based on e of (./\7 , A) are non-empty for all e, ey, ep € [0,1]. Then, there
exist a € UNE; er), b € UNE; er) and ¢ € L(NE; ep), such that N&(a) > er, Ne(b) > ¢;
and N&(c) < ep. It follows from (4.3) that N&(0) > N&(a) > ep, N¢(0) > N¢(b) > e
and N&(0) < Ne(c) < ep. Hence,

0eU( NTe;eT) NU( Nf;e;) N L(J\Nfﬁ;ep).

Let @,y,a,b,u,v € H such that (z o y) ﬂ~U(./\N/7?;€T) # 0,y € U( Ve er), (aob)n
UWNfier) #0,b € UNTser), (uov) N L(Ngsep) # 0 and v € L(Ng;er). Then, there
exist g € (xoy) NUWNF; er), ag € (aob) NU(NF;er) and ug € (wov) N L(NE; er), and
S0

Ne(z) > min{ sup fv’;:(d),ﬁff(w} > min{N&(z0), Na(y)} > er,

dexoy

Ne(a) min{ sup Nf(f)ﬂf(b)} > minf A7 (a0), N ()} > o1

f€zoy

and

Ne(u) < maX{ inf /\75(9),/\75(1})} < max{N¢(up), N&(v)} < ep.

gExoy

Hence, © € U(Kff;eT), a € UNEer) and u € L(N&ep). Therefore, U(NE; er),
U(N¥;er) and L(NE; er) are strong hyper BC'K-ideals of H. O
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We consider the converse of Theorem 4.11.

Theorem 4.12. Let H be a finite hyper BC K -algebra, e € A be a parameter and (1\7, A)
be a neutrosophic soft set over H such that the non-empty neutrosophic soft level sets based
on e of (N,A) are strong hyper BCK -ideal of H for all parameter e-numbers. Then,
(./\7, A) is a strong neutrosophic soft hyper BCK -ideal of H based on e.

Proof. Assume that U(N%; er), UNE; er) and L(NE; ep) are nonempty and strong hyper
BCK-ideals of H for all er, er, ep € [0,1]. For any z,y,2 € H, we get that z €
U Ni()), y € UG NG () and = € L(Wg N3(2)). By (al), 2o < {a}, yo
y < {y} and z 0z < {2z}, and so z oz < UNF;Ng()), yoy < UNF;Nf(y)) and
zoz < LINgNE(2)). By Lemma 1.20, x oz C U(NENE(x)), yoy C UNENE(y))
and z oz C L(N&:N&(2)). Hence, a € UNENE(z)), b € UNENE(y)) and ¢ €
LN&N&(z) foralla € zox, b e yoyand ¢ € zo z. Therefore, alergx./(/'f(a) > Ne(x),

inf N¢(b) > N¢(y) and sup Ne(c) < N&(2). Let ep := min{ sup Nf(p),fvf(y)}, ey =

beyoy c€zoz pExoy

min{ supﬁf(q),ﬂf(y)} and ep := max{ ienf J\~/’§(r),/\~/’§(y)} Then, y € UNE er) N
reroy

q€woy
U(N5;er) N L(Nf;er). Since H is a finite hyper BC K-algebra, then for all z,y € H,
there exist ag, by, ¢y € x oy such that

/\N/'ﬁ(ao) = sup ./\N/;(p) > min{ sup j\N/';(p)J\N/;(y)} =er,

pETOY pExTOoY

N’f(bo) = sup./cff(q) > min { supﬁf(q),ﬁf(y)} =€

q€zoy q€zoy

and

rexoy rexoy

Ne(co) = inf N&(r) < max{ inf ./\N/I?(T),./\N/'ﬁ(y)} =ep.

Thus, ag ENU(./\77?;6T), by € U(./\:/f;el) and ¢, € L(N&; er), and so (roy)N U(./:\ff;eT),
(woy)NU(NF; er) and (zoy)NL(NFE; er) are nonempty. Then, z € U(NF; er)NU(NF;er)N
L(NE;er) by (1.18). Hence,

Rse) 2 ex = i { sup 0. ) .

pETOY

Ni(x) > e = min{ sup /\NfF(Q),/\N/f(y)}

gExoy
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and
Ria) < er = max{ it 50, 850)}.

Consequently, (/V , A) is a strong neutrosophic soft hyper BC' K-ideal of H based on e. [J

Corollary 4.13. Let H be a finite hyper BC K -algebra, e € A be a parameter and (./\N/', A)
be a neutrosophic soft set over H. Then, (/V, A) is a strong neutrosophic soft hyper
BCK-ideal of H based on e if and only if the non-empty neutrosophic soft level sets based
on e of (N, A) are strong hyper BCK -ideal of H for all parameter e-numbers.

Theorem 4.14. Let H be a hyper BC K -algebra and let (/\7, A) be a neutrosophic soft set
over H in which

oo Joer if xeF, e v Joer if xeF, e\ Joer it xEF,
Ni(z) = { 0  otherwise, Niw) = { 0 otherwise, Ni(x) = { 1 otherwise,
for all x € H where F is a subset of H, ep,e; € (0,1] and ep € [0,1). Then, (N, A)
is a (weak, strong) neutrosophic soft hyper BCK -ideal of H if and only if F' is a (weak,

strong) hyper BCK -ideal of H.

Proof. Let (J\N/ ,A) be a weak neutrosophic soft hyper BC'K-ideal of H. Then, for any
z € H and for all er,e; € (0,1] and ep € [0,1), we get that UNE er) = UNE; &) =
L(./\N[}?;EF) = F and so, F' is a weak hyper BCK-ideal of H, by Theorem 4.10.
Conversely, let F' be a weak hyper BC'K-ideal of H. Then, 0 € F' and for any z € H, we
get that N&(0) > N&(z), NE(0) > N¢(x) and NE(0) < N&(z), for all e, e € (0,1] and
er € [0,1). Now, let z,y € H. If oy C F and y € F, then by (1.17), we have x € F
and so,

Ne(z) =ep > min{ inf Kf;(a),/\?;(y)} = min {er, e7} = e,

a€xoy

/\7f(x) =g; > min{ inf /\~ff(b),/\7f(y)} =min{e;, e;} = ¢y,

bexoy

J\7§(:p) =ep < max{ sup/\~/'§(c),/\~/'§(y)} =max{ep,ep} = cp.

cExoy
Also, in the other cases, for all z,y € H, we have

Ne&(z) > min< inf /\7’;(@),/\779(3;)} =0,

a€xoy

N€(z) > min{ inf /\N/;(b),/\?;(y)} =0,

bexoy

Rpa) < max{ sup V5 (). N3 p = 1

cExoy

Hence, for all z,y € H and for any er,e; € (0,1] and ep € [0,1), the condition (4.4)
holds. Therefore, (N, A) is a weak neutrosophic soft hyper BC K-ideal of H. 0
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4.2 Neutrosophic soft hyper p-ideals

Definition 4.15. Let e € A be a parameter. A neutrosophic soft set (/\7 ,A) over H is
called

e a neutrosophic soft hyper p-ideal of H based on e if it satisfies (4.1) and
Rie) zwin{ _ int Nyl K00}
a€(zoz)o(yoz)

oy ze i) | Niw)>wind il Neo) N | (w6

be(woz)o(yoz)

c€(xoz)o(yoz)

./\N/';(x) < max sup ./\N/}?(c),./\N/}?(y)}

e a weak neutrosophic soft hyper p-ideal of H based on e if it satisfies:
7(0) 2 Ni(x) z ming _ inf )Nﬂa)ﬂ%(y)}
ac(xoz)o(yoz

o | K02z we S0 | )

be (wo2)o(yo2)

c€(xoz)o(yoz)

7(0) < Np(r) Smax{  sup Nﬁ(c)ﬁﬁ(y)}
e a strong neutrosophic soft hyper p-ideal of H based on e if it satisfies:

inf N&(a) > Ne(z) > min{  sup  N&(b), Na(y)
a€xrox be(zoz)o(yoz)

(Va,y,2 € H) inf /\~/f(a) > /Vf(x) > min{ sup N]e(b)aﬁle(y)}

acxrox be(woz)o(yoz)

sup Ne(a) < No(e) <maxd  inf Nﬁ(cw;(y)}

a€xox c€(zoz)o(yoz)

(4.8)

If a neutrosophic soft set (N, A) over H is a (weak, strong) neutrosophic soft hyper

p-ideal of H based on all parameters, we say that (N, A) is a (weak, strong) neutrosophic
soft hyper p-ideal of H.

Example 4.16. Consider a hyper BC K-algebra H = {0, a,b} with the hyper operation
“o” which is given by Table 36. Let (N, A) be a neutrosophic soft set in H which is

described in Table 37. It is easy to check that (Jiv/' , A) is a neutrosophic soft hyper p-ideal
of H.
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Table 36: Cayley table for the binary operation “o”

0

o a b

0 {0} {0} {0}
a {a} {0,a} {a}
b {o} {v} {0,0}

Table 37: Tabular representation of (/\7 JA)

H Ni (@) Ni () NE (@)
0 0.97 0.85 0.09
a 0.77 0.65 0.43
b 0.61 0.48 0.76

Example 4.17. Consider a hyper BC' K-algebra H = {0, 1,2, ...} with the following hyper
operation:

_J {0z} =<y
rey= { {z}  otherwise

Let (./\7 , A) be a neutrosophic soft set in H which is described by

N&:H = [0,1], z :

2 +1
N¢:H = 0,1], z—

x4+’

Ne:H = 1[0,1], z—

20 + 1’

where k,r € N. If # <y, then 0 € z oy, that is, z < y. Thus, /Vfi(x) > ./iv/’f?(y),
Ni(z) > Ni(y) and Np(x) < Ng(y). Hence, (N, A) satisfies (4.1). In order to check
that (N, A) satisfies (4.6), we consider the following cases:

Ho<z<y<z (2)J0<z<z<y, (()0sy<z<z,
<z, (5)0<z<x <y, (6)0<z<y<uz.
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For the first case, we have (x o0 z)o (yoz) = {0,z,y}. Then,

Nﬁ(w)zmin{ inf /T/;(a),/\?;(y)}:nlin{ﬁf;(y),/\?;(y)}:/\7;(3/),

a€(woz)o(yoz)

Nf<x>zmm{ inf Nf(aWﬂw}:min{ﬁfﬂy),ﬁfﬂy)}:ﬂﬂw,

a€(zoz)o(yoz)

Ni(z) < max{ sup N;(aw;(y)} = max{Ng(y, Na(y)} = Ni(y).

a€(zoz)o(yoz)

Similarly, we can verify that (A, A) satisfies (4.6) for other cases. Therefore, (N, A) is a
neutrosophic soft hyper p-ideal of H.

Theorem 4.18. Fvery (weak, strong) neutrosophic soft hyper p-ideal is a (weak, strong)
neutrosophic soft hyper BCK -ideal.

Proof. Let e € A be a parameter and (./\Nf ,A) be a neutrosophic soft hyper p-ideal of H
base on e. By taking z = 0 in (4.6), for all x,y,2 € H, we have

Rie) zmin{_int W) Nj(0) | =min{ int Vi) A |

a€(z00)o(yo0) a€xoy

be(x00)o(yo0) bexoy

Rjto)zmind int K70, 7000 p = win{ int 570 8500 .

Ne(e) <max{  sup Nﬁ(c)ﬂ?(y)} _ max{ sup ﬁf?(c)ﬁ?(y)}-

c€(x00)o(yo0) cE€xoy

Therefore, (/\7 , A) is a neutrosophic soft hyper BC'K-ideal base on a parameter e. The
proof of other cases is similar. [

The converse of Theorem 4.18 is not true as seen in the following example.

Example 4.19. In Example 4.2, it is easy to check that (/\7 , A) is a weak neutrosophic
soft hyper BC K-ideal of H. But it is not a weak neutrosophic soft hyper p-ideal of H.
Because if we take x = b, y = a and z = b, then

Rp0) <win{ | int - Niao) Nj(a) b = min {0, Vi) } = Np(a
Ni(b) <min{ inf )Kf;(bo),ﬁf;(a)} — min { N (), Nf (o)} = N (a)

bo€(bob)o(aodb

co€(bob)o(aod)

/V?(b) < max sup Nﬁ(co),ﬁﬁ(a)} = max {K/ﬁ(O),Nﬁ(a)} :J\~/§(O)

Theorem 4.20. Every strong neutrosophic soft hyper p-ideal is a neutrosophic soft hyper
p-ideal, and every neutrosophic soft hyper p-ideal is a weak neutrosophic soft hyper p-ideal.
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Proof. Let (K/' ,A) be a strong neutrosophic soft hyper p-ideal of H based on e. By
Theorem 4.18 and Proposition 4.8, imply that the condition (4.1) is valid. Also, for all
x,y,z € H, we have

Nf(m) > min sup Xff(b),ﬁ%(y) > min{ inf ﬁf(b),ﬁ%(y)} ,
be(woz)o(yo2) be(woz)o(yos)

Nf(iﬁ) > min sup Nf(b),ﬁf(y) > min{ inf ,/\N/'Ie(b),ﬁf(y)} ,
be (zoz)o(yoz) be(zoz)o(yoz)

Ng(x)gmax{ inf Ng(c),ﬁf;@)}gmax{ sup /\N/;(c),/(/;(y)}.

c€(woz)o(yoz) c€(xoz)o(yoz)

Therefore, (./\7 , A) is a neutrosophic soft hyper p-ideal of H based on e. Now, let (./\~/' JA)
be a neutrosophic soft hyper p-ideal of H based on e. In every hyper BC' K-algebra H,
for all z € H we have 0 < x. Then, by combining (4.1) and (4.6) we can conclude that

the condition (4.7) holds. Therefore, (N, A) is a weak neutrosophic soft hyper p-ideal of
H based on e. [

In the following example, we show that the converse of Theorem 4.20 may not be true,
in general.

Example 4.21. In Example 4.17, (N , A) is a neutrosophic soft hyper p-ideal of H. But
it is not a strong neutrosophic soft hyper p-ideal of H. Because if we take x = b, y = a
and z = b, then

Ng(b) <min{  sup ﬁ;(ao),ﬁf;@} = min {N;(O),Kf;(a)} = Ni(a),

ap€(bob)o(aob)

/\N/}e(b) < min sup Nf(bo),/\fo(a)} = min {/\N/}Q(O),/\N/f(a)} :/\N/}e(a),

bo€(bob)o(aobd)

co€(bob)o(aod

Ne(v) < max{ inf )/\”/g(co),ﬂfg(a)} — max { N5 (), Ni(a) } = N5 ()
Lemma 4.22. Fvery (weak, strong) hyper p-ideal of H is a (weak, strong) hyper BCK -
ideal of H.

Proof. Let I be a hyper p-ideal of H. Taking z =0 in (1.31). Then,
(x00)o(yol)=zoy<x I, yel = zel,
for all x,y € H. Therefore, I is a hyper BC K-ideal of H. [

Theorem 4.23. Let H be a hyper BC’[f-algebm, e € A be a parameter and (/\7, A) be a

neutrosophic soft set over H. Then, (N, A) is a (weak) neutrosophic soft hyper p-ideal
of H based on e if and only if the non-empty neutrosophic soft level sets based on e of
(N, A) are (weak) hyper p-ideal of H for all parameter e-numbers.
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Proof. Let (N A) be a neutrosophic soft hyper p-ideal of H based on e and er,er,ep €
[0,1] such that U(Ng er), UNE e;) and L(N&; ep) are nonempty. Obviously, 0 €
UNE er)NUNE e) N LN er). Let x,y, z € H such that (zo0z)o(yoz) < UNE er)
and y € U(N%: er). Then, for any a € (zoz)o(yoz) there exists ag € U(N%; er) such that
a < ag and N&(y) > ep. Now, by Theorem 4.18, we conclude that Né(a) > N&(ag) > er
for all a € (x 0 z) o (yoz). Hence,

Ni(z) > min{ inf ./V;(a),./vf«(y)} > er.
a€(xoz)o(yoz)

So, x € U(/\~/'f; er). By the similar way, we can prove that if (zoz)o(yoz) < U(J\~/f; er) and
y € UNE; ep), then z € UNE; er). Thus, U(NE; er) and U(NE; e;) based on e are hyper
p-ideal of H for all parameter e-numbers. Let z,y,z € H such that (xoz)o (yoz) <
L(N&:ep) and y € L(N& ep). Then, N&(y) < ep. Suppose b € (z 0 z) o (yo 2).
Then, there exists by € L(N fyer) such that b < by, which implies from (4.1) that
Ng(b) < Ng(by) < ep. Thus,

Ne(z) < max{ sup ./C/}?(b),/v;(y)} <ep.

be (woz)o(yo2)

Hence, z € L(N&; ep). Therefore, L(N&;ep) based on e is a hyper p-ideal of H for all
parameter e-numbers. B
Conversely, suppose that the non-empty neutrosophic soft level sets based on e of (N, A)
are hyper p-ideal of H for all parameter e-numbers. Let z,y € H be such that r < y.
Then,

y € UNF; Ni(y) NUWNF; N () N LNE Ni(y)),

and Thus, {r} < UWN&N4(®y)), {2} < U(~€-/\7€( )) and {2} < L(Ne&:Nea(y)).
By Lemmas 4.22 and 1.20, we have z € UN%NE(y)), 2 € UWNT /\/e( )) and z €
L(Ng Ng(y)). Hence, Ni(z) > Ni(y), Ni(z) > Ni(y) and Ng(z) < Né(y). Now, for
any x,y,z € H, let

er = min{ . inf ﬁﬁ(a),ﬁf(y)} ,

a€(zoz)o(yoz)
er = mjn{ inf /iv/'f(b),J\N/}e(y)}
be(zoz)o(yoz)

and

ep := max sup  Na(e), Na(y) v .
c€(202)o(yoz)

Then,
y € UNF;er) NUNT; er) N L(NE; ep),
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and for any a,b,c € (z o z) o (yo z) we have

Né(a) > inf  Ng(a) > min{ inf /\N/;(a),J\foi(y)} = er,

a€(xoz)o(yoz) a€(xoz)o(yoz)

T be(woz)o(yoz) be(zoz)o(yoz)

Ne(b) > inf ﬁ;(b)zmin{ inf Kfﬁ(b),ﬁff(y)}:e,
and

Ni(e) < sup  Ni(e) < maX{ sup /\7?(0)71\75(?;)} = er.

c€(zoz)o(yoz) c€(zoz)o(yoz)

Hence, a € U(N;;€T>, b € UN¢e;) and ¢ € LINE ep), and so (z 0 z) o (yoz) C
UNFser)NU (N7 er)NL(NE; er). Then, (1.12) implies that (zoz)o(yoz) < U(Ng;er)N
UNE er)NL(NE; er). Tt follows from (1.31) that x € UNE; er) NU(N¢; er) NLNE; er).
Thus,

Rio) zer—min it M. i)},

a€(xoz)o(yoz)

J\~/f(x)2€1:min{ inf ﬁ,@(b),/\?f(y)}

be(zoz)o(yoz)
and
Ni(z) < ep=max{ sup  Ne(e), Nay) ¢ -
c€(woz)o(yoz)
Therefore, (./\7 , A) is a neutrosophic soft hyper BC'K-ideal of H based on e. 0

Theorem 4.24. Let H be a finite hyper BC K -algebra, e € A be a parameter and (K/’, A)
be a neutrosophic soft set over H. Then, (/\7, A) is a strong neutrosophic soft hyper p-ideal
of H based on e if and only if the non-empty neutrosophic soft level sets based on e of
(N, A) are strong hyper p-ideal of H for all parameter e-numbers.

Proof. The proof is similar to the proof of Theorem 4.12 with some modification. [

Theorem 4.25. Let H be a hyper BCK -algebra and consider the neutrosophic soft set
(N, A) over H in Theorem 4.14. Then, (N, A) is a (weak, strong) neutrosophic hyper
p-ideal of H if and only if F is a (weak, strong) hyper p-ideal of H.
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Proof. Let (K/ ,A) be a strong neutrosophic soft hyper p-ideal of H. Then, for any x €
H and for all ep,e; € (0,1] and ep € [0,1), we get that UN&er) = UNEe) =
L( N;; er) = F and so, by Theorem 4.24, F' is a strong hyper p-ideal of H.

Conversely, let F' be a strong hyper p-ideal of H and z € F. By (al), x oz < {z} and
so v ox < F. Then, by Lemmas 4.22 and 1.20, v ox C F. Thus, for all a € z oz,
a € F, and so, aiergz/\/'f?(a) = Ni(z) = er, alergm./\/'f(b) = N¥¢(x) = ¢ and Sup Ni(c) =

Ne(z) = ep. Also, if z ¢ F, then for all a € z o z, we have ienf Ne(a) > N&(z) = 0,

a

inf /(/}e(a) > Nf(x) = 0 and sup Kf;(a) < /\7;(95) = 1. Now, for any z,y,2 € H, we

acxox acxox

consider the following cases:
If (xzoz)o(yoz)NF #0and y € F, then by (1.32), we get that 2 € F and so

/\7761(@ =éer 2> min{ sup Nf(a),ﬁfﬁ(y)} =min {ep,er} = e,

a€(woz)o(yoz)

be(zoz)o(yoz)

/vf(x) =¢; > min sup ./C/’f(b),./\ﬂff(y)} =min{e;, e/} = ¢y,

J\~/§(x) = e < max ( ir;f( )/Vﬁ(c),/\?ﬁ(y)} =max{ep,ep} = €p.
ce(xoz)o(yoz
In the other cases, for all z,y € H, we get that
Nj(x) > min{  sup ﬁ;<a>m7;<y>} — min {0,0} =0,

a€(xoz)o(yoz)

N¢(z) > min sup N}e(b),./vf(y)} = min {0,0} =0,

be(zoz)o(yoz)
Ne(z) < max{ inf Kfﬁ(c),ﬁfﬁ(y)} =max{l,1} = 1.

c€(wo2)o(yo2)

Therefore, (/\7 , A) is a strong neutrosophic hyper p-ideal of H. [
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Chapter 5.

Conclusion

In the paper [50], Maji introduced the concept of fuzzy soft sets and presented some
definitions, oprations and properties of this concept. In Chapter 2, we have applied the
notion of fuzzy soft sets to the theory of hyper BCK-algebras. We have introduced
the notion of fuzzy soft positive imlicative hyper BC K-ideal of type (C, C, C), and have
investigated several properties. We have discussed the relation between fuzzy soft positive
implicative hyper BC' K-ideal of type (C, C, C) and fuzzy soft hyper BC' K-ideal, and have
provided characterizations of fuzzy soft positive implicative hyper BC K-ideal of type
(C, C,C). We have established a fuzzy soft weak (strong) hyper BC' K-ideal by using the
notion of positive implicative hyper BC K-ideal of type (<, C, C).

Also, we have introduced the notions of fuzzy soft positive implicative hyper BC' K-
ideal of types (<, C, Q), (K, <, C) and (C, <, C), and have investigated their relations.
We have discussed the relations among fuzzy soft strong hyper BC' K-ideal and fuzzy soft
positive implicative hyper BC K-ideal of types (<, C, C) and (<, <, C). We have proved
that the level set of fuzzy soft positive implicative hyper BC'K-ideal of types (<, C, C),
(<, <, Q) and (C, <, Q) are positive implicative hyper BC'K-ideal of types (<, C, C),
(<, <, Q) and (C, <, Q), respectively. We have given conditions for a fuzzy soft set to
be a fuzzy soft positive implicative hyper BC' K-ideal of types (<, C, C), (<, <, C) and
(C, <, ), respectively, and have provided conditions for a fuzzy soft set to be a fuzzy
soft weak hyper BC K-ideal.

Additionally, in Chapter 3, we have introduced the notions of neutrosophic (strong,
weak, s-weak) hyper BCK-ideal and reflexive neutrosophic hyper BC'K-ideal. We have
considered their relations and related properties. We have discussed characterizations of
neutrosophic (weak) hyper BC'K-ideal, and have given conditions for a neutrosophic set
to be a (reflexive) neutrosophic hyper BC K-ideal and a neutrosophic strong hyper BC K-
ideal. We have provided conditions for a neutrosophic weak hyper BC K-ideal to be a
neutrosophic s-weak hyper BC' K-ideal, and have provided conditions for a neutrosophic
strong hyper BC'K-ideal to be a reflexive neutrosophic hyper BC K-ideal.

Moreover, we have introduced the notions of neutrosophic commutative hyper BCK-
ideal of types (C,C), (C, <), («,C) and (<, <) and have indicated some relevant
properties and their relations. We have discussed relations among commutative neutro-
sophic hyper BCK-ideal of types (C, C), (<, C), neutrosophic weak hyper BC K-ideal
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and neutrosophic strong hyper BC' K-ideal. We have provided a condition for a neutro-
sophic weak hyper BC'K-ideal to be a commutative neutrosophic hyper BC K-ideal of
type (C,C) and a condition for a commutative neutrosophic hyper BC'K-ideal of type
(<, Q) to be a neutrosophic s-weak hyper BC K-ideal. We have considered characteriza-
tion of a commutative neutrosophic hyper BC K-ideal of types (C, C), (C, <), (<, <) and
(<, <). Fainally, we have discussed relations among commutative neutrosophic hyper
BCK-ideal of types (C,C), (C, <), («,<C) and (<, <) and a spesial subset of H.

In the paper [49], Maji introduced the concept of neutrosophic soft set and presented
some definitions, oprations and properties of this concept. The aim of Chapter 4, was
to apply neutrosophic soft set for dealing with several kinds of theories in hyper BCK-
algebras. We have introduced the notions of neutrosophic soft hyper BCK-ideal, neutro-
sophic soft weak hyper BCK-ideal and neutrosophic soft strong hyper BCK-ideal and have
indicated some relevant properties and their relations. Also, we have introduced the no-
tion of (strong, weak) neutrosophic soft hyper p-ideal and have investigated their relations
and relations among (strong, weak) neutrosophic soft hyper BCK-ideal and (strong, weak)
neutrosophic soft hyper p-ideal. We have considered characterizations of neutrosophic soft
hyper BCK-ideal and neutrosophic soft hyper p-ideal.
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