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Neutrosophic deductive filters on BL-algebras
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Abstract. In this paper, we introduce the notions of neutrosophic deductive filter, Boolean neutrosophic deductive filter (BNDF)
and implicative neutrosophic deductive filter (INDF) on BL-algebras as generalizations of the fuzzy corresponding versions. We
also investigate some properties of these filters and drive some characterizations of them. The relation between BNDF and INDF is
investigated and it is proved that every BNDF is an INDF, but the converse is true when certain condition is satisfied. Furthermore,

we construct a quotient structure related to the neutrosophic deductive filter and prove certain isomorphism theorems.
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1. Introduction

Fuzzy set theory was introduced by Zadeh in 1965
[11]. A fuzzy subset A of a set X is a function w4 :
X — [0, 1], where for each x € X, pa(x) represents
the grade of membership of the element x € X to A.
In [1], Atanassov introduced the intuitionistic fuzzy
sets as a generalization of fuzzy sets. The intuition-
istic fuzzy sets consider both membership degree and
nonmembership degree.

In 1998, neutrosophy has been proposed by Smaran-
dache [9] as a new branch of philosophy in order to
formally represent neutralities. The fundamental thesis
of neutrosophy is that every idea has not only a cer-
tain degree of truth and a certain degree of falsity but
also an indeterminacy degree that have to be consid-
ered independently from each other. In neutrosophic set
theory, indeterminacy is measured explicitly and inde-
pendently. This assumption is very important in many
applications such as information fusion in which we try
to combine the data from different sensors. As an exam-
ple, suppose there are 10 voters during a voting process.
One possible situation is that there are three yes votes,
two no votes and five undecided ones. We note that this
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example is beyond the scope of intuitionistic fuzzy set
theory.

In 1960 Abraham Robinson introduced non-standard
analysis as a formalization of analysis and a branch of
mathematical logic. In non-standard analysis a nonzero
number ¢ is said to be infinitely small, or infinitesi-
mal if and only if for all positive integers n, |g| < 1/n.
In this case the reciprocal § = 1/¢ will be infinitely
large, or simply infinite, meaning that for all positive
integers n, we have |§| > n. The set of hyper-real num-
bers is an extension of the set of real numbers which
includes the class of infinite numbers and the class of
infinitesimal numbers. The non-standard unit interval
is]0~, 1T[= 0~ U [0, 1]U 1T. Here 0 is the set of all
hyper-real numbers 0 — &, and 17 is the set of all hyper-
real numbers 1 + A, where ¢ and A are infinitesimal.

If U is a set, a neutrosophic set defined on the
universe U assigns to each element x € U, a triple
(T(x), I(x), F(x)), where T'(x), I(x)and F(x) are stan-
dard or non-standard elements of 10, 1T[. T is the
degree of membership in the set U, I is the degree of
indeterminacy-membership in the set U and F is the
degree of nonmembership in the set U. In this paper
we work with special netrosophic sets that their neutro-
sophic elements are standard real numbers in [0,1].

Neutrosophy has laid the foundation for a whole fam-
ily of new mathematical theories, such as neutrosophic
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set theory, neutrosophic probability, neutrosophic
statistics and neutrosophic logic. In recent years neutro-
sophic algebraic structures have been investigated (see
(3,5D.

BL-algebras provide an algebraic semantics for
Hajek’s Basic Logic [2]. The main example of a BL-
algebra is the unit interval [0,1] endowed with the
structure induced by a continuous t-norm. M V-algebras,
Godel algebras and Product algebras are the most
known classes of BL-algebras. Filter theory plays an
important rule in studying these algebras. From the
logical point of view, various filters correspond to var-
ious sets of provable formulas. In [4] and [7], the
notions of fuzzy prime filter, fuzzy Boolean filter, fuzzy
implicative filter and fuzzy positive implicative filter on
BL-algebras were introduced and some of their prop-
erties and characterizations were investigated.

In this paper we generalize the concept of fuzzy
filer on a BL-algebra and define the concept of neutro-
sophic deductive filter. We define Boolean neutrosophic
deductive filter and implicative neutrosophic deductive
filter and investigate some of their properties. We drive
several characterizations of these filters. Also, we inves-
tigate relation between BNDF and INDF and prove that
every BNDF is an INDF, but the converse may not be
true. Furthermore, the condition under which an INDF
is BNDF is established. Finally, we construct a quotient
structure related to the neutrosophic deductive filter and
prove some isomorphism theorems.

2. Preliminaries

In this section, we give some definitions and results
from the literature.

Definition 2.1. [9] Let X be a set. A neutrosophic sub-
set A of X is a triple (T4, 14, F4) where T4 : X —
[0, 1] is the membership function, 14 : X — [0, 1] is
the indeterminacy function and F4 : X — [0, 1] is the
nonmembership function. Here for each x € X, T4(x),
I14(x) and F4(x) are all standard real numbers in [0,1].

Note that there is no restrictions on the values of
Ta(x), Ia(x)and F4(x) and we only have the obvious
condition

0 < Ta(x)+ Ia(x) + Falx) <3.

Definition 2.2. [9] Let A and B be two neutrosophic
sets on X. Define A < B if and only if

Ta(x) < T(x), 1a(x) > Ip(x), Fa(x) > Fp(x).
forall x € X.

Definition 2.3. [9] Let A and B be two neutrosophic
sets on X. Define

ANB=((Ts NTp, 1oV Ip, FaV Fp)
AV B=(TyVv Tg, IonNIg, Fs A Fp)

where, A is the minimum and Vv is the maximum
between real numbers.

Definition 2.4. [2] The axioms of propositional Hajek
Basic Logic in the Hilbert-style system are as the
following:

(AD) (¢ = V) = (¥ — x) = (@ = X))

(A2) (p&Y) — @,

(A3) (p&Y) — (V&p),

(Ad) (p&(¢ — V) — (Y& — @),

(AS) (9 = (¥ — x) = (p&V) — x

(A6) (p&Y) — x) = (¢ = (¥ — X)),

A7) (¢ = V)= ) = (Y= 9) = )= X)
(A8) 0 — ¢,

The only inference rule is modus pones (MP). We show
the consequence relation of BL in the Hilbert-style
axiomatization by Fpr. If a formula ¢ is provable in
BL, we write g1 .

Proposition 2.5. [2] In BL the following statements
hold:

(1) FpL (9 = (¥ — ¢)),
(2) FL (@AY —> Y A @),
(3) FaL (@AY — ),
4) FpL o — —o,
(5) FaL (@ = ¥) > (=Y = —¢),
(6) FpL —¢ — (9 = ¥),
(7) FpL (@ = (Y — ) < Y = (¢ = )
) FaL (9 = (Y = X)) < (p&Y) — X)),
9 FaL (@ = ¥) = (X = @) = (X > V),
(10) FpL (9 = ¥) = (¢ = ) = (¥ — X))
(1) Fpr (¢ = —=¢) = —¢) < (¢ > =),
(12) FpL oV =) —> (¥ = )] < (¢ —> (¥ —
PN A (= = (¥ — )],

(13) Fpr ¥ =g (9 = (¢ = V),

(14) Fpr (¢ = V), FpL (x = 6) =>FprL (&) —
Y&0),

Definition 2.6. [2] A BL-algebra is an algebra
(L,V, A, ©,—,0,1)of type (2,2,2,2,0,0) such that
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(BL1) (L, Vv, A,0,1)is a bounded lattice,

(BL2) (L, ®, 1) is a commutative monoid,

(BL3) x ®y <z if and only if x < y — z, for all
x,y,2 €L,

BL4) xAy=x0(x —y),

BLS) x> y»yVv(y—x)=1

If a BL-algebra L satisfies ——x = x, foreach x € L,
it is called an MV-algebra.

Proposition 2.7. [2, 6] In any BL-algebra L, the fol-
lowing properties hold:

R x<y&x—>y=1,

RY)1—->x=x,x—>1=1,x—->x=1,0—>
x=lLx—>@H-—->x)=1,

RI) x<y—z&y<x—z

RY) x> —>2)=x0y >z=y—>(x—

2),

RS) x<y=@EZ—->x<z—>y and y—>z<
X — 2),

R6) z—>y=<(x—>2)—> (x—=>Y), z—>y<

O —x) = (z—x),

R7) (x> DO —> ) <x—> 2,

(R8) —x = =—=—x,x < —=—x,when —x =x —> 0,

R9) =x A=y =—=(xVYy),

RI0) xVux=1=xA—-x=0,

MI) xOy=<xAYy,

M2) x<y=>x0z=<=y0z,

M3) y—>z<xVvy—>xVgzg

M4) —x Vv oy ==(xAy),

MS) xVvy) > z=x—=>2)A(— 2),

M6) xVy=(x—y) = Ay —x)—> x),

M7) x > (yVvz)=(x—y)Vx—2),

M8) xA(yvz) =AYy V(xAz),

B1l) ==(xAYy) =(—x A==y, —=@xVy) =
(mmx vV oY), oo (x O y) = (4 © —y),

B2) (—x—>x)=0, —-—(x—>y)=(C——x—>
—y).

Definition 2.8. [2, 10] Let F be a nonempty subset of
a BL-algebra £ such that 1 € F. F is called:

(i) afilter on L, if

Vx,ye L)x,ye F=x0Oye€F) and
Vx,yeL)YxeF, x<y=yeF),

(ii) a Boolean filter on L, if it is a filter and moreover
we have

Vx e L)(xV —x € F),

(iii) animplicative filter on L, if it is a filter and more-
over for all x, y, z € £ we have

x>y, x—>(—>2€eF=(x—>2ze€F]

Proposition 2.9. [10] A nonempty subset F of a BL-
algebra L is a filter if and only if

(DS1) 1 € F,
(DS2) (Vx, yeL)x€eF, x—>ye F=yeF).

Theorem 2.10. [2] Let F be a filter on a BL-algebra L.
Define the binary relation ~ g on L by

X~y & (x—>yeFandy—>xeF)

Then ~ is a congruence on £, and the set of all congru-
ence classes L/ F = {[x]F : x € L} with the following
operations form a BL-algebra:

[x]e [yl =[xOyl, [x] = [y] =[x — yl],
[(xlulyl =[x Vvyl, [xIN[yl =[x Ay]

Lemma 2.11. [6] Let F| and F, be two filters on BL-
algebra L which Fy C F,. Then F| is afilter on F) and
F,/Fy is a filter on L] Fy.

Definition 2.12. [6] The neutrosophic set F of a BL-
algebra £ has Sup-Inf Property if for any nonempty
subset S of £, there exist xg, x1, xo € S, such that

sup Tr(x) = Tr(xo), inf Ir(x) = Ir(xy),
xes xeSs

inf Fr(x) = Fr(x).
xes

From now on, we use the same notations for corre-
sponding logical and algebraic notions. Also, if there
is no confusion, we use A and Vv for minimum and
maximum for real numbers.

3. Neutrosophic deductive filters on
BL-algebras

In this section, we define the neutrosophic deductive
filters and prove some properties of them. Furthermore,
we characterize the neurosophic decuctive filter gener-
ated by a neutrosophic deductive set.

Definition 3.1. Suppose that I" and A be two subsets of
[0, 1]3. We define the relation = as follows:

FTEA & AT<AA

If ' = @, then we define AT = (1,0, 0), and if A = @,
then we define AA = (0, 1, 1).
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Fromnow on,if ' = Aand A = T',wewrite " = A.

Definition 3.2. Let £ be a BL-algebra and + be a
consequence relation on the set of BL-formulas. A
neutrosophic subset F of L is called a neutrosophic
filter with respect to b, if for each assignment v
into £ and for every set I' U {¢} of BL-formulas, if
I' F ¢, then {F(v(I")} &= F(v(p)), where F(v(I")) =
(F(): yeT)

In particular, if - is presented by a Hilbert-style sys-
tem, for example if - is Fp , then it is enough to check
the above condition for the inference rules (I", ¢) and
the axioms (4, ¢) of the proof system.

Definition 3.3. A neutrosophic subset F of a BL-algebra
L is called a neutrosophic deductive filter (briefly,
NDF), if F is a neutrosophic filter with respect to -p;. .

Lemma 3.4. A neutrosophic subset F of a BL-algebra L
is a NDF iff for all formulas ¢, ¥ and each assignment
vinto L:

(NDFI) F(v(p)) = F(1),
(NDF2) {F(v(9)), F(uv(g — ¥)} = Fuy)).

Proof. This can be easily obtained from the fact that in
a BL-algebra, all axioms of BL are evaluated to 1 under
all assignments and (MP) is the only inference rule.

Corollary 3.5. A neutrosophic subset F of a BL-algebra
L is a NDF iff

(NDF1) (Ya € L)( F(a) E F(1)),
(NDF2) (Ya,b € L)({F(a), F(a — b)} = F(b)).

Corollary 3.6. Let F be a NDF. Then we have

(i) (Ya € L)(F(a) < F(1)),
(ii) (Ya,b € LY F(a) A Fla — b) < F(b)).

Example 3.7. Let £ ={0,a, b, 1}. For all x,y € L,
we define x A y = min{x, y}, x Vy = max{x, y} and
® and — as follows:

Then (L, A, V,®,—,0,1) is a BL-algebra. The
neutrosophic subset F of £ defined by F(0) = F(a) =
(t1, 13, 13), F(b) = (12, ta, 1), F(1) = (t3, 11, 11), where
0<1t <t <t3 <1 are three fixed real numbers in

[0,1], is a NDFE.

Theorem 3.8. Let F be a neutrosophic subset of L.
Then F is a NDF if and only if for all formulas ¢,
and all assignment v into L, if Fpr (¢ = (¥ — X))

then {F(v(@)), F(u(¥)} = F(u(x).

Proof. Let F be a NDF on £, v be an assignment
into £ and Fpp (¢ - (Y — x)), for some for-
mulas ¢, . By Lemma 3.4, we have {F(v(p —
Y — x), F)} EF@ — x) and {Fu(y
= X)),  FW)} E F(x). Then {F(v(p)),
Fle = (¢ — x), F@)} E F(u(x). Now,
sincet-pL (¢ = (¥ — x)),s0 F(v(p — (¥ — x)) =
JF(1). Thus, we obtain that {F(v(¢)), Fw(¥))} E=
Fw(x))-

Conversely, assume that the condition holds.
We know if Fpp ¢, then Fpr ¢ — (¢ — ) and
so {F(v((p), F(p)} E F(u(y)) = F(), there-
fore {F(v((¢))} &= F(1). Now, since F-pr. ¢ — ((¢ —
¥) — ), by the condition we get {F(v(¢)), F(v(p —
¥)} = F(v(y¥)), which completes the proof.

Corollary 3.9. Let F be a neutrosophic subset of L.
Then F is a NDF if and only if for all formulas ¢, ¥
and all assignments v into L, if -pp (9& ) — x, then

{Fu(@), Fu@)} = F@Oo).

Theorem 3.10. Let F be a neutrosophic subset of L.
Then F is a NDF if and only if for all formulas ¢, ¥
and all assignments v into L

(i) FpL (9 = V) = {(F(@)} E Fu@)),
(i) {F (@), F@)} = Fu(p&y)).

Proof. Suppose that F is a NDF. Since Fpg
(p&p — @)andbpr (¢ — ), wehave g (& —
¥). So, by Corollary 3.9, it follows that for all
assignments v, {F(v(p)), F(v(p))} = F(v(y)), there-
fore {F(v(p))} = F(v(y¥)) which proves (i). Since
FpL (&Y — p&¢), by Corollary 3.9 we have
{Fu(g)), Fw@)} E F(v(p&y)), proving (ii).

Conversely, assume that (i) and (ii) hold and Fp1,
((p&r) — x), for some formulas ¢, v, x. Then by (i)
we have {F(v(p&y))} = F(v(x)) and since by (ii)
we have {F(v(p)), F(¥)} E Fulp&ky)), we get
{F(v(p)), F(v())} E F(x)). Therefore, the result
is obtained by Corollary 3.9.

By (NDF2), Theorem 3.10 and (R1)-(R6), we get the
following corollary.

Corollary 3.11. For a NDF F on L, we have:
(D) FaL (9 = V) = {Fwe)} E Fu(e),
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2) & Fulp — ) = {Fu(p)} E F@)),
(3) {F(u(p&y)} = {(F(v(p), F(u(¥)},
@) {Fle Ay} = {Fu(e), F®)},
() {F(u(g")} = F(v(p), where ¢" = p&...&¢p
(n times),
©6) {F(w(p), Flu(—p))} = (0,1, 1),
(N {Fwlp = ¥} EF{(x = 9) = (X = V),
@) {(Fwl@ — v} EF(W — x) = (@ = X)),
) {(Fule — v} B Fu(p&x) = (¥&x)),
(10) {(Flvp — ¥)), F@ — )} = Flulp —
),
(1) {Fle — & — 0,
{Fu(g = (¢ = N}

Flp — ¥} =

Corollary 3.12. For a NDF F on L, the following hold:

(1) x<y=Fx < FQ),
@) Fx—>y=F1) = Fx) =F),
(3) F(xOy)=Fx)AF(y),
@) Fxny)=Fx)AF(y),
B) F(x") = F(x), where
x (n times),
6) F(x)AF(—x) =F(0)=(0,1,1),
7N Fx—y) <=Flz—>x)—> (z—> y)
@) Flx—=>y) =F(y—>2— (x—2),
QO Fx—->y»=<FxoOz—>y0O2),
(10) Fx » 2) = F(x = A F(y — 2),
(I Fx—> @ —=>DAF(x—>y) <
(x = 2)).

M=x0x.0

F(x —

Proposition 3.13. Let A be a nonempty set and F; be
a NDE for each i € A. Then |\, Fi is a NDF.

Definition 3.14. Let F be a neutrosophic subset of £
and G be aNDF. G is said to be generated by F,if F < G
and for any NDF ‘H, F < 'H implies that G < H. The
NDF generated by F will be denoted by (F).

Theorem 3.15. Let F be a neutrosophic subset
of L. Then for each formula + and assign-
ment v we have (F)(w()) = \{Fw(@))A ...A
Fulgn)) | FarL (pi1&...&¢p) — ), for some n €
N, o1, ..., on € Fm}.

Proof. We first prove that (F) is a NDF. Obviously,
(FY(w(y)) = F(1), for each formula v». Now, consid-
ering the formulas ¢, v, we observe that if there exist
n,m € N and formulas ¢y, ..., ¢, ¥1, ..., ¥, such that
FprL (01&...&py — @), FpL (U1&..& Yy — (0 —
Y¥)), then we get Fpr (p1&..&p &Y &...& Yy —
(p&(p — ¥))). Hence, since by Proposition 2,

FpL (p&(p — ) — V), we get
FaL (01&... &0, &Y &...&Ym — )

Thus
F(@)) A oo AF@W(@n)) A F @D A o A
FWrm)) < (F)w@)),

and then
(FYw(@) A (F)(u(g — )
= (V{Fl@)) A ... AF(u(gn)) | FaL
(p1&...&¢n) — @), for some n € N,
@1, -es Yn € Fm})

ANM{F@@)) A oo AF(m)) | FBL
(Y1&...&Y) — (@ — V), for some m € N,

Y1y ooy Y € Fm})
= (V{F (@) A ... A F(v(gn))
AFWD) A o A F(rm))} |
Far (g1 &...&pn) — @),
FaL (V1&...&Ym) — (@ = ),
for some n,m € N, ¢1, ..., O, V1, ..., Yy € Fm})
= (F)w())

Therefore, (F) is a NDF.

Now, Since Fpr (p&¢) — ¢, then by definition
of (F), it follows that (F)(v(p)) > F(v(p&e)).
Also,  F(v(p&e)) = {F(v(9), F(v(@)} = F(v(e)),
by Corollary 3.11. So, (F)(v(¢)) = F(v(p)). There-
fore, 7 < (). Finally, suppose that H is a NDF such
that 7 < 'H and ¢ is a formula. Then,

(F)(w(p) = \/{f(v(<p1)) Ao AF(u(gn)) |
Far (p1&...&pn) — @), n €N,
Oly oo, Op € Fm}
< \/H@@) A .. A H(en)) |
Fpr (p1&...&pp) — @), n €N,
Oly e, Op € Fm}
< \/{Hw@)} = Hp)),
Therefore, (F) < H, which completes the proof.

Example 3.16. Suppose that (£, A, Vv, ®, —,0, 1) be
the BL-algebra defined in Example 3.7. Define the
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neutrosophic subset F of £ by F(0) = (11, 11, t1),
Fla)=F(b) = (1,12,10), F(1) =(t2,12,12) (0 =1,
< 1 < 1)and the neutrosophic subset G of L by G(0) =
G(a) = G(b) = (t1, 11, 11), G(1) = (12, 11, t1). One can
easily check that G = (F).

4. Boolean neutrosophic deductive filters

In this section we define and study the notion of
Boolean neutrosophic deductive filter on BL-algebras.

Definition 4.1. Let 7 be a NDF on L. F is called a
Boolean neutrosophic deductive filter (briefly, BNDF)
if F(1) = F(v(p v —g)), for all formula ¢ and all
assignments v.

Example 4.2. Let £ =1{0,a, b, 1} be a chain with
cayley tables as follow:

Define A and VvV on £ as min and max, respec-
tively. Then (L, A, V,®,—,0,1) is a BL-algebra.
The neutrosophic subset F of £ defined by F(0) =
(t1, 12, ), F(a) = F(b)=F()=(tr,t1,1), where
0<1t <t <1 are two fixed real numbers in [0,1],
is a BNDF.

Proposition 4.3. Let F be a NDF on L. F is a BNDF
if and only if F(x vV —x) = F(1), forall x € L.

Sincep vV = ((¢ = ¥) = V) A (Y — ¢) = @),
by Corollary 3.11, we have the following proposition.

Proposition 4.4. Let F be a NDF on L. Then, F is a
BNDF if and only if for all formula ¢ and all assign-
ments v:

Fw((p = =) — =) = F({(—¢ — ¢) = ¢)))
= F().

Proposition 4.5. Let F be a NDF on L. Then, F is a
BNDF if and only if for all x € L,

F((x = —x) > —x) = F((—x = x) = x) = F(1).

Definition 4.6. Let F be a NDF on L. Then, for each
t € [0, 1] we define F; = (Tx,, If,, Fr,), where T, =
xel : Tr>th, Ir;,={xe Ll : Ir<t}, Fr; =
{(xel : Fr <t}

Theorem 4.7. Let F be a NDF on L. Then, F is a BNDF
if and only if for each t € [0, 1], & # Tr,, B+ 17y,
# + Fr; and all of them be Boolean filters on L.

Proof. Suppose that F is a BNDF, and ¥ #+ Tr,,
B + Ir; and @ #+ Fr,, for some ¢ € [0, 1]. Then, there
exist xo € Tr;, x1 € Ir; and x2 € Fr,. So, for each
xe L, Tr(x Vv —x) = Tr(l) > Tr(xg) >t and hence
xV —x € Tr;. Similarly, x V—x € Ir, and x V —x €
Fr,. Thus, T'r,, Ir, and Fr, are Boolean filters on L.

Conversely, suppose that @ =+ Tr,, ¥ & Ir; and
) + Fr; are Boolean filters on L, for each ¢ € [0, 1].
Then, T7,(1), 111y and Fr,(1) are Boolean filters and so
xV —x € Trpq),x V—x € I yandx VvV —x € Fre).
This implies that F(x vV —x) = F(1), forallx € £, and
then F is a BNDF, by Proposition 4.3.

Corollary 4.8. Let F be a NDF on L. Then F is a BNDF
if and only if Try1), I1-0) and Fryq) are Boolean
filters.

Theorem 4.9. Let F and G be two NDFs on L, which
F <G, F)=GQ).If Fisa BNDE, then G isa BNDF
too.

Proof. Use Definition 4.1.

Theorem 4.10. Let F be a NDF on L, ¢, ¥, x be for-
mulas and v be an assignment on L. Then the following
are equivalent:

(i) {Flp — (=x = V),
Fwlp — x)
(ii) {F(v(p — (=x = )} = Fule = )
(iii) F(v(p — (—x — X)) = Fu(g — X))
(V) {F — (0 > —x—> 0)), F) =
Fu(p — X))

F — 0} =

Proof. (i) = (ii) It is enough to let ¥ = x in (i).

(i) = (iii) It follows from g7 (¢ — x) — (—x —
(= x), bFpL(=x—>(@—>x)<@—>(x—
x)) and Theorem 3.10.

(iii) = (iv) Since F is a NDF, {F(v(¢y — (¢ —
(=x—=0)),  F@)tE Fule = (=x = x)).
Then the result is obtained by F(¢ — (—x — x)) =
Fle = x).

(iv) = (i) By Corollary 3.11, we have {F(v(¢ —
(=x—=>¥)), F— )} ={Fl(ego—x) —
¥), F@ — )} EFl(eO—x) — x) and
since F(v((p © —x) = x)) = Fu(g = (—x = x))),
we have {F(v(ig = (=x = ¥)), F¥ — )} E
Fu(p = (—=x = X))
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On the other hand for each BL-provable formula
¥ we have F(v(g = (=x = x)) = {Fu(y — (¢ —
(=x = 0)), F@)} = F(vip — x)) by (iv). Thus
we get {F(v(ig = (=x = ¥), F¥ — )} E
F(v(p — x)), which proves (i).

Definition 4.11. Let F be a NDF on £. We say F has
Implicative Property, if for all formulas ¢, ¥, x and all
assignments v, it satisfies:

{(Fv(p = (=x = ¥)), F@ = X))}
= Fle = x)

Theorem 4.12. A NDF F on L is a BNDF if and only
if it satisfies the Implicative Property.

Proof. Suppose that F is a BNDF on L. From Fpp
xVv=x—=>@@—=>x0cx—>@> )N (X~
(=)o x> @—> 00> (x—> 0, it
follows that

Fwle — (=x — ) =Fwl(x Vv —x) —(@— x))
={F((x Vv —x) = (@ = 1)), F(xV—x)}
= F(ule — x)

which proves that F satisfies the Implicative Property,
by Theorem 4.10 (i), (ii).

Conversely, suppose that F satisfies the Implica-
tive Property. By Theorem 4.10 (iii), replacing ¢ by
—¢ — @and x by ¢, we have F(v((—¢ — ¢) — ¢)) =
F((—=¢ = @) = (m¢ — ¢)) = F(1)

and replacing ¢ by ¢ — —¢ and x by —¢, we get

Fl(e = —¢) = =) = F(u((gp = —¢) =
(=9 = —9) = F((¢ > —¢) > (¢ > —9))) =
F(@). Then F(u(eV =) ={Fp— —¢) —
=), Fw({(=¢ = ¢) = @)} = F(1). Thus F is a
BNDF on L.

Theorem 4.13. Let F be a NDF on L, ¢, ¥, x be for-
mulas and v be an assignment on L. Then the following
are equivalent:

(i) F is a BNDF,
(i) F(u(p)) = F(u(—=p — ¢)),
(iii) F(u((¢ = ¥) = ¢)) E F(v(p)),
iv) Fu((@ = ¥) = ¢)) = F(v(p)),
V) {F(x— (=)= ), F OO} EF(v(@).

Proof. (i) = (ii) Since Fp; ¢ — (—¢ — @), then by
Corollary 3.11 we have F(v(p)) E F(u(—¢p — ¢)).
The other direction follows from Theorem 4.12, replac-
ing ¢ by a BL-provable formulas and ¥, x by ¢ in
Definition 4.11.

(i) = (ii) From Fpr —¢ — (¢ — ¥), we get
Fr (9 = ¥) = @) = (=@ — ¢). Thus, F(v((¢ —
V) = 9) E Fu(—¢ — ¢)) = F(v(p)).

(iii) = (iv) It is enough to prove that F(v(p)) &=
Fw({(¢p — ) = ¢)) and this follows from Fp; ¢ —
(¢ = ) = ¢).

iv) = (v) Since F is a NDF then
{Fw(x = (g = ¥) = 9)), Fw())} E Fu(p —
V) — ) = F(v(p)).

(v) = (i) Let F be a NDF. In order to verify that F
is a BNDF, by Theorems 4.10 and 4.12, it is enough
to prove that F(v(g — (—x — x))) = F(v(g — X)),
for all formulas ¢, x and all assignments v. Since,
FpL x = (¢ — x) we have Fpr (=(¢ = x)) = —x
and then Fpr (—x — (@ — x) = (=g = x) —
(¢ — x)). From (v), replacing ¢ by ¢ — x, x by a
BL-provable formula 6 and v by a contradiction (In this
case the formulap — isequivalentto —(p — x)), we
get  Fu(p = (=x—=>x))N=F(—x—>(@—>x)) E
Fu(=(p = x) = (= )N ={F (O — (=(¢ = x)
— (9 = ), Fw®)} &= Fule — x)).

Therefore, F is a BNDF on L.

5. Implicative neutrosophic deductive filters

In this section we define and study the notion of
implicative deductive filter on BL-algebras. Also, we
investigate some relations between BNDFs and INDFs.

Definition 5.1. A neutrosophic subset F of L is called
an implicative neutrosophic deductive filter (briefly,
INDF) if for all formulas ¢, ¥, x and all asignments v

{(Fulp = (¥ = 0),
Fulg = )} = Fulg = X)).
As an immediate result we have:
Theorem 5.2. Every INDF is a NDF.

Proof. Let 7 be an INDF on L. Then for each
BL-provable formula 6, we have {F(v(@ — (Y —
X)), Fw@ — )} E F@ — x)), so {F(v®) —
v — x),  F®) — v} E F@®) — v(x),
then {F(1 — v(¥ — X)), F(1 - v(¥)} = F(1 —
v(x)), which implies that

{Fu(y — x0)), Fo@)} E F@()
Thus F is a NDF on L.

Proposition 5.3. A neutrosophic subset F of L is a
INDF if and only if for all x, y, z € L
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Fax—=>20=>2Fx—-> Y= DAFlx—y).

Proof. It can be easily verified by Definition 5.1.

Theorem 5.4. Let F be a NDF on L, then the following
statements are equivalent:

(i) Fis an INDF,

(i) Fu(p = (¢ = V) = Fu(g = ¥)),

(i) F(u(p — ¥)) = Fu(p — (9 — V),

iv) Flulp > (& — ) = Fole - ¢) —
(¢ = ),

V) Fluig = (¥ = ) = F(p = ¢) = (p —>
x0))s

vi) Fw((@ ©¥) — x) = Fw(ep A¥) = X))

Proof. (i) = (ii) It is enough to put ¥ = g and x = ¥,
in the definition.

(i) = (iii) It follows from g1 (¢ — ¥) — (¢ —
(o = ¥)).

(iii) = (i) Using Corollary 3.11, we have
{Flulp > W — x)), Fulg = )} = {Fulp —
(= 0N} = Flulg = X))

(i) = (v) Suppose that F is an INDF on L.

Then, {F(up — (¥ — 1),  Flulg > (¥ —
x) = (¢ = ¥) = O} E {Fulp — (¢ —
V) — N} = {Fwl(g = ¢¥) = (¢ —> x))}.  Since
Fer (Y — x) = (9 > ¥) = (¢ = X)), then
{(Fulp = @& — ), FOYE{Fule—>¥) —
(0 = x))}.  Therefore, F(vip —> (¥ = ) =
{Fu(p = ¥) — (9 = 0N}

@iv) = (v) It is easy.

v) = (vi) We have Flp&y — )=
Flp = (¢ = ) = Fwlp = ¢) = (¢ >
) = F(¢ > ¥&p) = X)) = Fu((p&lp —
V) = x) = F@le Ay — x).

(vi) = (i) By Corollary 3.11, we have F(v(¢ —
X)) =Fw(gAp) = x) = F(p&ke) = x) =
F(p = (p — %)), also by Corollary 3.11
{Flulp = ¥), Flulp = (¢ — N} = {Fvlp —
V), F@ — (¢ = )} E Fle — (@ = X)),
therefore {F(v(p = ¥)), Flp — (¥ — N} E
Fw(e — (¢ — x))). Hence, F is an INDF on L.

Theorem 5.5. A NDF F on L is an INDF if and only if
foreacht € [0,1), 0 + Tr,, @+ 15, ¥ + Fr,and all
of them are implicative filters on L.

Proof. Suppose that F is an INDF, @ # Tr;, @ #+ Ir,
and @ #+ Fr,, for some t € [0, 1]. Let xg € Ty, x1 €
Ir, and xp € Fr,. Then, Tr(xg) >t, Ir(x1) <t and
Fr(x)) =t

Since F is an INDF, Tx(1) > Tr(xg) > t, Ir(1) <
Ir(x;) <tand Fr(l) < Fr(xp) <t,ie. 1 e€Tr, 1€
Ir; and 1 € Fr;. Now, suppose that x - y, x —
y—=>2€eTr,x—y, x—> (y—2z)€lr;and x —
vy, x > (y > z) € Fr;, for some x, y, z € L. Then,

Fx—->20>Fx—>NDAFx—>Q—>2)>t

Thus x > ze€ Try, x > z€ lr; and x — z € Fry.
This implies that T, [ r, and Fr, are implicative filters
on L.

Conversely, suppose that for each ¢ e [0, 1],
W+Tr, O+1r, and ¥ # Fr, are implicative
filters on L. Obviously, ¥ # Try(x), ¥ # li;( and
@ #+ Frr(x), for any x € L. Then, Try(x), I1-x) and
Frr(x are implicative filters on £ and so 1 € Trz(y),
1e II}‘(X) and 1 € FF]—‘(X)? ie. F(1) > F(x). Let tp =
Tr(x > ATr(x > (y —> 2)), th=Ir(x—> y)V
Irx—> (y—>12) and Hh=Fr(x —> y)V Fr(x —
(y — z)), for some x,y,z€ L. Then, x - y, x —
O—>2e€Tlry, x—>y, x—> @y —>z2€lr and
xX—y, x—>((y—2)€Fr, and so x — z € Try,
x — z € Ir; and x — z € Fry,. Hence,

Tr(x > 2) > 1o

=Tr(x > (y > D ATr(x = y),
Ir(x > z) <11

=Ir(x > (y > )V Ir(x = ),
Frx > 2) <t

=Fr(x > (y > 2)) V Fr(x — y).
Thus, F is an INDF on L.
Theorem 5.6. Every BNDF is an INDF.

Proof. Let 7 be a BNDF on L. From Fpg
(pV=9)—= (¢ —> x) < [((g—> (- )A (g
= (@ = N < (@ > (¢ = x)) it follows that
{Flulp = (9 = )N} = {Fw(p V —¢) > (¢ —
N} ={F (@ vV —=p) = (¢ = X)), Fule V =)}
= F(u(p — x)). Therefore, F is an INDF on L, by
Theorem 5.4 (ii).

Example 5.7. Let £ ={0,a,b, 1} be a chain with
cayley tables as follows:

O] 0 ab1 -] 0abl
0 0000 0 1111
a 0 a a a a 0111
b 0 abbd b 0all
1] 0 ab 1 1 0abl
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Define A and Vv on £ as min and max, respectively.
Then (Z, A, V, ®, —, 0, 1) is a BL-algebra. The neu-
trosophic subset F of £ defined by F(0) = F(a) =
Fb) = (11,2, 1), F(1) = (t2, 11, 11), where 0 <11 <
t» < 1 are two fixed real numbers in [0,1], is an INDEF,
but it is not a BNDF.

Theorem 5.8. Let F be an INDF on L. F is a BNDF
if and only if for all formulas ¢, V¥ and all assignments
v:

Fwl(e = ) = ¥) = F((¥ = ¢) = ¢) G.1)

Proof. Suppose that F is a BNDF. From Fp; ¢ —
(Y = @) = @), it follows that Fp; (—=((y —
Q) — Q) > —@ and since by Proposi-
tion 2, Fpr—p— (¢ — ¥)), then we have
Fer (=((¥ — @) = ¢)) = (¢ — V), sobpL (9 —
Y) = ¥) = (—(¢ = ¢) = ¢) = ¥). In addition,
since Fpr ¥ — (@ V) and g (@ V ¥) — (Y —
@) = @) we have Fpr ¥ — (Y — ¢) = ¢). Thus
Fer (=((¥ — @) > ¢) = ¥) = (=(¥ = ¢) = ¢)
— (Y — @) = ¢)). Therefore, Fpr (¢ — ¥) —
Y) > (~((¥ = ¢9) > ¢) > (¥ > ¢) > ¢)) and
hence  F(v((¢ = ¥) — ¥)) E Fu(—~((¢¥ — ¢) —
©) = (Y — @) = ¢))), by Corollary 3.11.

Since by Theorem 4.13 (i), F(v((¢ = ¢) = ¢))
=Fw(—(({ = @) > ¢) > (¥ = ¢) = ¢))), then
Fle — ¥) > ) E Fl(¥ — ¢) = ¢)). Simi-
larly, we can prove that F(v((¢y — ¢) = @) E
F((¢ = ¥) — ¥)). Then, F(v((p — ¥) —> ¥)) =
F(( = ¢) = ).

Conversely, Let F be an INDF on £ and (5.1) holds.
Then, in order to prove that F is a BNDF, it is enough
to show that F(v((¢p — —¢) = —¢)) = F(1), by
Proposition 2. Since by Proposition 4.4, Fp1 (¢ —
—¢) > —¢) < (¢ > =) and  FpL ¢ > g,
then it follows that F(v((¢ = —¢) — —¢)) =
Fw(p — ——@)) = F(1), which completes the
proof.

Theorem 5.9. Let F be an INDF on L. F is a BNDF if
and only if F(v(——¢)) = F(v(¢)), for each formula ¢
and each assignment v.

Proof. Assume that F(v(——¢)) = F(v(¢)). Then,
Fw(—p — ——¢)) = F(v(——¢)), by Theorem 5.4
(iii). Also we have F(v(—¢ — ¢)) = F(v(—¢p —
—=g)). Hence F(v(—¢ — ¢)) &= F(v(p)). Obviously,
F(p)) E F(v(—¢ — ¢)). Thus F is a BNDF on L,
, by Theorem 4.13. The converse is obtained by using
Theorem 5.8.

Corollary 5.10. Let £ be a MV-Algebra and F be
a NDF on L. Then, the following statements are
equivalent:

(i) FisaBNDFon L,
(i) F is an INDF,
(i) F(v(p = x)) = F(ulg = (¢ = X)),
(iv) Fu(g — x)) = Fu(g — (=x = X)),
V) Fl(p = ¥) — ) = F(u(p)),
vi) Fwle = (& — ) =Flp - ¥) —
(¢ = X)),
(vii) Fu((@ © ¥) = x)) = Fu((g AY¥) = X))

6. Quotient structures

In this section we define the quotient structure for
neutrosophic deductive filters and study some of its
properties.

Let F be a NDF on £ and x € £. The neu-
trosophic set F* : £ — [0, 1]* which is defined by
Fry) = Tr<(y), Irx(y), Fre(y)), for any y € L,
where Tr:(y) = Tr(x — ) ATr(y = x), Ir(y) =
Ir(x = y)VIr(y = x) and Frx(y) = Fr(x = y) V
Fr(y — x), is called the neutrosophic coset (briefly,
NC) of F. Denote the set of all NCs of F by L/F.

Now, we have the following lemma.

Lemma 6.1. Let F be a NDF on L. Then, F* = F” if
and only if F(x — y) = F(y — x) = F(1).

Proof. Assume that F* = F?, for some x,y € L.
Then (T'rx(x), Irx(x), Frx(x)) = F*(x) = FY(x) =
(Try(x), Iry(x), Fry(x)), s0, Trx(x) = Try(x), Irx(x)
=Iry(x) and Frx(x) = Fry(x). Hence, Tr(l)=
Tr(x »> x) =Tr(y > ) ATr(x — ), I7(1) =
Irx—>x)=Ir(y > x)VIr(x > y) and Fr(l) =
Frx > x)=Fr(y > x)V Fr(x = y) which
implies that Tr(y > x)=Tr(x — y) =
Tr(l), Ir(y > x)=Ir(x > y)=1r(1)  and
Fr(y — x) = Fr(x — y) = Fr(1). Then,
Fx = y)=Trx — y), Ir(x = y), Fr(x —

) = (Tr(1), Ir(1), Fr(1)) = F(1) and similarly,
F(@y — x) = F().

Conversely, assume that F(x — y)=F(y —
x) = F(). Then, Tr(x — y) = Tr(y —> x) = Tr(1),
Irx > y)=I1r(y > x)=I1r(1) and Frx —
y) = Fr(y = x) = Fr(1). Thus, by Corollary 3.12,
for each x,y,z € L, we obtains that F(z — x) >
Fz> WAFy—->x)=F(z—>y) and F(x — 2)
>F(x—> y)AF(y— z)=F(y — z), hence F*(z)
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=F@z=>x)ONFx—=>20=>=2F@z—=>NAFQy—
z) = F¥(z). Similarly, FY(z) > F*(z), therefore,
F*=F.

Suppose that 7 be a NDF on L. Let Fr1) = {x €
L : F(x) = F(1)}, then it is easy to verify that F () =
Tray N Iy N Frqy. Hence Fr(py is a filter on L.

Corollary 6.2. Let F be a NDF on L. Then, F* = F?
if and only if x ~ry,, y, where

X~Fry Y & X—=>y € Fray, y—> x € Frqy.

Let F be a NDF on L. For any F*, FY € L/F,
define FX¥AFY =F"N, FVvFY=F™YY, F*O
FV = F*OY and F* — F¥ = F*7).

Now, we get the following lemma.

Lemma 6.3. Let F be a NDF on L, F*=F*
and F>¥ = FY, for some x,y,z,w € L. Then, F*V
FY=FVF¥ FANF=FANFY FOoOF =
FOFY and F* — F¥ = F°* — Fv.

Proof. Assume that ¥ = F* and F’ = FY, for
some x, y, z, w € L. By Corollary 6.2, x ~z,, z and
Y ~Frq, W- Since, by Theorem 2, ~r, is a con-
gruence on L, then x Ay ~zy ) ZAW, XV Y ~rp,
VW, xOQy ~Fp, zOwandx — y ~ry ) 2 = w.
This implies that F* A FY = F*Y = FAW = F2 A
F¥ and similarly, F* v F¥ = F v FY, F* O F¥ =
FrOFYand F* - FY = F* —» F¥.

We note that the lattice order < on £/F is defined
by F* < FYif and only if F* v F¥ = F7.

Lemma 6.4. Let F be a NDF on L. Then, F* < F” if
and only if F(x — y) = F(1).

Proof. Let x, y € L. Then,
F<FPeFW=FvFF=F«s
Trey = Try, Lpey = Ipy, Fron = Fr

S Tr()=Tr(y = (xVy) =Tr(xVy —=y),
Ir(D) =Ir(y > (xVy)=1r(xVy—>y),
Fr(1) = Fr(y > (xVy) = Fr(xVy—>y)

& Tr(x = y) = Tr(D), Ir(x — y) = I£(1),
Fr(x — y)= Fr(1)

< Flx—y)

= (Tr(x = y), Ir(x = y), Fr(x = y))

= (Tr (D), Ir(1), Fr(1)) = F(D).

Theorem 6.5. Let F be a NDF on L. Then
(L/F, AV, 0, —, F', FO)is a BL-algebra.

Proof. By Lemma 6.3, the operations A, V, © and
— on L/F are well-defined. We only need to prove
L/ F satisfies the axioms of BL-algebras. The axioms
(BL1), (BL2), (BL4) and (BL5) can be easily proved.
Let 7*, FY, F* € L/F, then by Corollary 6.4

(FFOF < F) & (F < F)
< F(xO0y) = 2=F1)
& Fx— (v 2) = F()
& F <Pt
& F < F - F-

7. Isomorphism theorems

In this section we prove three isomorphism theorems
concerning quotients of neutrosophic deductive filters.

We note that, since Fz(y) is a filter on L, then by
Theorem 2.10, £/ FF(1) is a BL-algebra.

Theorem 7.1. Let F be a NDF on L. Then L/F =~

Proof. Define a map &:L/F — L/Fra) by
O(F") = [x]Fz,- We prove that & is an iso-
morphism. Suppose that F*, F¥ e L/F. Then
F*=ZF7 if and only if x ~zz, y if and only if
[X]]-‘}-(l) = [y] Fray which implies that & is an one-
to-one function. Obviously, & is surjective. Now,
O(FF © F¥) = O(FOY) = [x O ylrs, = (X5, @
VFr, = ©(F") @ &(F?). Similarly, it can be
obtained that ®(F* — FV) = O(FF) —~ O(FY).
Thus, ® is anisomorphism and hence £/ F >~ L/F ).

Corollary 7.2. Let f : L —> L' be a homomorphism
of BL-algebras and F be a NDF on L which kerf =
Fray Then, L/F = f(L).

Definition 7.3. Let £| and £, be BL-algebras and f be
a map from L into £,. Also let F be a neutrosophic
subset of L. The neutrosophic subset f(F) of L, is
defined by

F(F)(12)

_ {(Tf(f)(b)v Iir (), Fror), [ () # 0

1, 1,1), otherwise
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for any I, € L5, where

Trr) = Vv{Tr(h) : 1 € Ly, f(h) =D},
Irr () = AMIr(l) t € Ly, f(l) =D},
Frrl) = AMFr() : hh € Ly, f(l) = b}

Let £; and £, be BL-algebras and F; and F,
be neutrosophic sets of £; and L, respectively. A
homomorphism f of £ onto £, is called weak homo-
morphism of Fy into F>, if f(F1) < F>,. In this case,
we say that 7] is weakly homomorphic to 7, and we
write Fi ~/ F, or simply F; ~ F». If f is bijective,
we say that F7 is weakly isomorphic to /> and we write
Fi ~f F or simply Fi ~ F>. A homomorphism f of
L1 onto L5 is called a homomorphism of F| into F>, if
f(F1) = F>. In this case, we say that F| is homomor-
phic to F> and we write F; ~ F or simply Fj ~ F».
If f is bijective, we say that 7 is isomorphic to F, and
we write F; =/ 7, or simply F; = F»(See [8]).

For a neutri)sophic subﬁet Fof L, dgﬁne F*={x¢€
L, Tr(x) >0, Ir(x) <1, Fr(x) < 1}.

Lemma7.4. Let F bea NDF on L, Tr(1) > 0, Ir(1) <
1 and Fr(1) < 1. Then F* is a filter on L.

Proof. The proof is easy.

Recall that F; < 7, means that Tr, (x) < Tr,(x),
Ir,(x) > Ir,(x) and Fr(x) > Fr,(x), for any
xel. Now, if Fi<F and xe F ™", then
0 < Tr (x) < Tr (x), 1> Ir (x) > Ir,(x) and
1> Fr,(x) > Fr,(x) and so x € F>*, which implies
that 71 C 5. Hence F7 is a filter on F; and F5/F}
is a BL-algebra, by Lemma 2.11.

Theorem 7.5. Let F| and F> be two NDFs on L,
F1 < Fp and F» has Sup-Inf property. Define & :
F*F1* —> [0, 1] by

§([xlrr) = (Te(lxlFp), Le(lxlry), Fe(lx]rz)

where Te([x]7r) = VITR ()| ¥ € [xlF ), Ie(lxlrm) =
MIEI y € [x]F:} and Fe(lxlF2) = AM{Fr(n)l v €
[x]fi«}, for all [X]]-‘l* € F*/F1*. Then & is a neutro-
sophic set.

Proof. Since, 7, has Sup-Inf property, there exist
Y0, Y1, y2 € [x]F;  such that  Te([x]rr) = T7(yo)s
Ie([x]F+) = 17, (y) and Fe([x]F) = Fr,(y2). Obvi-
ously, &(Lx]zx) = (Tx,(yo), L7, (Y1), Fr,(y2)) is a neu-
trosophic set, which completes the proof. We call the

neutrosophic set & defined in Theorem 7.5, the quotient
neutrosophic set on JF; relative to F| and denote it by

Fa/F.

Theorem 7.6. Let | and F> be two NDFs on L, F| <
Fo and F, has Sup-Inf property. Then

Fa lmpm Fa/ Fr.

Proof. Let f : 75 — F5/F] be the natural epimor-
phism and [x]zr € F5|Fy. Then f(F> |].';‘)([.x]].'r‘)
=(V{Tr @)z € 3., f@=IxlF}, AMIF()z € 75,
f@ = xlgh MER @)z € 75, f(2) = [xlzh=(v
TR,y € X1z}, AMIRWNY € [xX]F ) MER ()Y
€ [X]]:l* hH= (}'2/.7-"1)([x]f;«). Therefore, F> |].‘;
~ Fa/F1.

Theorem 7.7. Let F| and F> be two NDFs on BL-
algebras L and L, respectively, F| ~ F, and F| has
Sup-Inf property. Then there exists a NDF JF3 such that
F<Frand Fi/F3 = F> |]:;

Proof. Since F| &~ F,, there is an homomorphism f
from £ onto £ such that f(F;) = F,. Define the
neutrosophic set F3 as follows:

(Tr (%), 1r,(x), Fr(x)), x € ker(f)
Fix) =4 — - — )
0,1, 1), otherwise

for any x € L. It is easy to show that F3 is a NDF on
L. Since Fi &~ F, then f(F}) = F5.Letg = f |f1*,
then g is a homomorphism from F} onto F; and
ker(g) = F3. Thus, by the first isomorphism theorem,
there exists an isomorphism  : F1*/F3* — F3 such
that h([x];}*) = g(x) = f(x), for any x € F1*. Now,

h(F1 [ F3)(@) = (VAT 7 (x]Fp) | x € Fi¥,
h((x) ) = 2}, AMIF 7 (X F) | x € Fr, h(xlgy) =
b MFEF 7 (xlF) | x € Fi* h([xlg) = 2D =(V{V
{Tr, () yelxlgtx € Fi, g(0) = 2}, MAUTR (0) -
y€lxlg)lxe A% gx) =zh MAFR () 1y €
[x]Fs} [ x € F1¥, 8(x) = z2}) = ({Tr Wy € F1¥,
8 =z}, ANlIr(Mly € F1*, g =2k MFR (Y €
Fi*, g =2 =MTr Wy € L1, f(») =z}, A
Ur Wy € L1, f) =z}, MFr Wy € L1, f(y) =
7)) = Fa(z) for any z e Fp*. Therefore Fi/F;3
=T g

Lemma 7.8. Let F| and F» be two NDFs on L such
that F1 < F». Then F5 | Ff = (F2/ F1)*.

Proof. The proof is easy.
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Lemma 7.9. Let Fi, F>» and F3 be NDFs on L,
F1 < F2 < Fzand Fo, F3 have Sup-Infproperty. Then
(F2/F1) and (F3/F1) are neurosophic subsets of L
such that (F/F1) < (F3/F1).

Proof. Use Theorem 7.5.

Theorem 7.10. Let Fy, F» and Fz be NDFson L, F| <
For < Fz and F>, F3 have Sup-Inf property, such that
Fs/F1, Fa/F| are NDFs. Then

(F3/F0)/(F2/ F1) = F3/ Fa.

Proof. It can be proved by using Theorem 2 and
Lemmas 7.8, 7.9.
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