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The  presence  of  noise  results  in  quality  deterioration  of  magnetic  resonance  (MR)  images  and  thus  limits
the  visual  inspection  and influence  the  quantitative  measurements  from  the  data.  In  this  work,  an  effi-
cient  two  stage  linear  minimum  mean  square  error  (LMMSE)  method  is  proposed  for  the enhancement
of  magnitude  MR  images  in  which  data  in the presence  of  noise  follows  a Rician  distribution.  The  con-
ventional  Rician  LMMSE  estimator  determines  a closed-form  analytical  solution  to  the aforementioned
inverse  problem.  Even-though  computationally  efficient,  this  approach  fails  to  take  advantage  of  data
redundancy  in the 3D  MR  data  and  hence  leads  to a  suboptimal  filtering  performance.  Motivated  by  this
observation,  we  put  forward  the  concept  of nonlocal  implementation  with  LMMSE  estimation  method.
To  select  appropriate  samples  for the nonlocal  version  of the  LMMSE  estimation,  the  similarity  weights
are  computed  using  Euclidean  distance  between  either  the  gray  level  values  in the  spatial  domain  or
the coefficients  in  the  transformed  domain.  Assuming  that  the  signal  dependent  component  of the  noise
ician distribution is  optimally  suppressed  by this  filtering  and  the  rest  is  a white  and  uncorrelated  noise  with  the  image,
we  adopt  a  second  stage  LMMSE  filtering  in the  principal  component  analysis  (PCA)  domain  to further
enhance  the  image  and  the noise  variance  is  adaptively  adjusted.  Experiments  on both  simulated  and
real  data  show  that  the  proposed  filters  have  excellent  filtering  performance  over  other  state-of-the-art
methods.

©  2015  Elsevier  Ltd. All  rights  reserved.
. Introduction

Magnetic resonance imaging (MRI) is an invaluable diagnostic
ool and an essential noninvasive imaging modality that provides

 vast amount of anatomical and functional information useful
or diagnosis and patient treatment. It is often the case that the
oise in the magnitude MR  images follows Rician distribution when
cquired with single coil. Consideration of how noise affects the
rue signal is important for proper interpretation and analysis of

R images [1].
Noise filtering plays an important role in the enhancement of

R images. A plethora of different denoising methods have been
roposed in last two decades [2]. Many authors directly applied

raditional smoothing filters and conventional classical denoising
echniques to treat the noise in MR  images with an assumption
f the Gaussian distributed noise model. However, those attempts

∗ Corresponding author. Tel.: +91 9944589569.
E-mail address: spvnitt@gmail.com (P.V. Sudeep).

ttp://dx.doi.org/10.1016/j.bspc.2015.04.015
746-8094/© 2015 Elsevier Ltd. All rights reserved.
have been failed to minimize the bias due to Rician noise. The
bias becomes particularly important in low SNR MR  images and
it increases with decreasing SNR.

As a solution to the aforementioned problem, numerous meth-
ods have been proposed in the literatures that can be mainly
classified into those based on partial differential equations (PDE)
[3–8], wavelet based methods [9–11], nonlocal means (NLM)
[12–16] or nonlocal maximum likelihood (NLMl) methods [17–21].
Wavelet-based filters are rooted in the processing of images in
a transformed domain. Bao and Zhang [22] reduced the noise
in MR  images based on an adaptive multiscale products thresh-
old which incorporates the merits of interscale dependencies
into the thresholding technique for denoising. Other transforms
that have been applied to denoise images include principal com-
ponent analysis (PCA) [23] and discrete cosine transform (DCT)
[24]. Many transform domain filters have derived based on the

transform-threshold-inverse transform principles. An adaptive dif-
fusion method for magnitude MR  data was  proposed by Sijbers et al.
[4]. Also, the authors in [5] proposed a noise adaptive nonlinear dif-
fusion technique to denoise MR  images with spatially varying noise

dx.doi.org/10.1016/j.bspc.2015.04.015
http://www.sciencedirect.com/science/journal/17468094
http://www.elsevier.com/locate/bspc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.bspc.2015.04.015&domain=pdf
mailto:spvnitt@gmail.com
dx.doi.org/10.1016/j.bspc.2015.04.015
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evels. The limitations of the above mentioned techniques are that
hey usually tend to remove the useful high frequency details of
he image and generate unnatural structures due to the undesirable
stimations at edges.

Apart from the above discussed methods, another category of
ethods has been proposed for MR  denoising that relied on the

tatistical estimation theorem. Sijbers et al. [25,26] estimated the
oise variance from Rician distributed MR  data and carried out sig-
al estimation using a maximum likelihood (ML) method [19,27].
ther customized versions of the ML  method have been addressed

n [17,28,29]. He et al. proposed a nonlocal ML  (NLML) estima-
ion method to overcome the disadvantages of local ML  method
uch as blurring of edges and the distortion of fine structures in
he image. In that method, the samples for the ML  estimation are
elected in a nonlocal way  based on the intensity similarity mea-
urement of the pixel neighborhoods using the Euclidean distance.
n 2014, Rajan et al. [20] presented a new NLML estimation method,
or noise reduction in MR  images that follows Rician distribution, in
hich the samples are selected in an adaptive and statistically sup-
orted way using the Kolmogorov–Smirnov test. Wong et al. [30]
roposed a novel stochastic noise reduction method for MR  data
hich utilizes Quasi-Monte Carlo estimation (QMCE) approach for

stimating the noise-free signal. The QMCE approach learns the sta-
istical characteristics of the underlying noise distribution, as well
s taking into account the regional statistics of the observed signal,
n a data-adaptive manner.

Recently, Aja-Fernández et al. [31,32] suggested a computation-
lly efficient noise-driven anisotropic diffusion filtering based on a
losed-form Rician LMMSE estimator for the large 3D MR  images.
his method estimates the noiseless signal value using local statis-
ics of the observed image contents, i.e., by selecting a set of pixels
rom a local neighborhood. So, the high frequency components of
he image like edges and fine details where the different underlying
ray levels in a local neighborhood lead to the different realiza-
ions of its Rician nature; as a result of which, adverse estimation
ill be obtained. In an attempt to avoid the problem, Sudeep et al.

33] proposed a hybrid algorithm by incorporating the goodness
f LMMSE estimation approach with Split-Bregman TV denoising
ethod through 3D wavelet-subband mixing method to improve

he quality of the denoised image. Since the MR  data intrinsically
ontain many similar samples (patches) that can be used to improve
he estimation results, Golshen et al. [34] addressed this difficulty
y developing an SNR adapted nonlocal LMMSE  method that takes
he advantage of the high degree of redundancy in the contents of

R images and using a similarity measure based on the local sta-
istical moments of the image. In [35], a filter based on nonlocal
eutrosophic set (NLNS) approach was proposed. Filter bank based
onlocal means [36], iterative bilateral filtering [37], MR  denoising

n the wavelet packet transformed domain [38] are the other latest
rends of the research area.

In this paper we proposed an improved LMMSE method for
enoising magnitude MR  images in which the data (in the presence
f noise) follows Rician distribution. The rest of the paper is struc-
ured as follows: Section 2 presents the relevant background on
he noise characteristics in MRI. Section 3 elaborates the proposed

ethod. Section 4 deals with the experimental results, compara-
ive evaluation and discussion, followed by the conclusions and
emarks in Section 5.

. Noise in MRI
.1. Noise characteristics in MRI

The real and imaginary part of the raw complex valued MRI data,
ith mean values AR and AI respectively, are corrupted by white
sing and Control 20 (2015) 125–134

Gaussian noise with variance �2
n . Since the computation of magni-

tude image, as the root of the sum of squares (SoS) of the real and
imaginary part of the complex signal, is a nonlinear operation, the
distribution of the observed magnitude MR  data with noise will be
Rician distributed and is given by [39]:

pM (M|A, �n) = M

�2
n

e−(M2+A2/2�2
n )I0

(
AM

�2
n

)
H (M) (1)

where I0 is the 0th order modified Bessel function of the first
kind. Here, M denotes the Rician distributed random variable,
A =
√

(A2
R + A2

I ) and H(·) represents the Heaviside step function.
The shape of the Rician distribution depends on the signal to noise
ratio (SNR), which is here defined as the ratio A/�n. At high SNR, i.e.,
when A/�n→ ∞,  the Rician distribution approaches a Gaussian dis-
tribution and its probability density function (PDF) can be written
as [39]:

pM(M,  �n) = 1√
2��2

n

e−((M−A)2/2�2
n )H(M) (2)

In the image background, where A equals zero, the Rician PDF sim-
plifies to Rayleigh distribution [40]:

pM (M, �n) = pM (M|A = 0, �n) = M

�2
n

e−(M2/2�2
n )H(M) (3)

2.2. Noise estimation

Although all information is contained in the real and imaginary
parts of the complex data acquired by an MRI system, the usual
output of the scanners are magnitude images. The straight forward
and most reliable approach to estimate noise from the magnitude
images is to use a double acquisition method. When two images
of the same subject are acquired under identical imaging condi-
tions, noise variance can be estimated using the averaged and single
images. Many methods have been proposed in the literature to
estimate the noise from magnitude MR  images [41]. A survey of
those methods are given in [42]. However most of the methods
proposed in the literature exploit the Rayleigh distributed back-
ground region for noise estimation. These methods may  not work
properly when the background is very less. Recently some object
based methods are proposed in literature [43,44] and these meth-
ods doesn’t depends on the background for noise estimation. In
this paper, we followed [44] for estimating the noise from the MR
images.

3. Theory and method

3.1. Signal estimation using LMMSE estimator

The most extensively used estimator to obtain a closed-form
solution for a signal that obeys a Rician PDF is the LMMSE esti-
mator. Closed form estimation methods are more efficient with
computations than optimization based solutions like maximum
likelihood (ML) and expectation maximization (EM) techniques.
Aja-Fernández et al. have shown that A2 instead of A can be used to
achieve a closed form expression whereby all moments to be used
will be even. The LMMSE  estimator for Rician distributed data, that
is simplified for point wise estimation, is defined as [34]:

Â2 = 〈M2 〉 − 2�2 + (M2 − 〈M2 〉)
× max

(
1 −

4�2
n (〈M2

i,j,k
〉 − �2

n )

〈M4
i,j,k
〉 − 〈M2

i,j,k
〉 , 0

)
(4)
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here the notation 〈 · 〉 is the sample estimator of the expectation,
ˆ

i,j,k is the estimated value of the original noiseless intensity value
i,j,k in the voxel (i, j, k) and Mi,j,k the observed intensity value.

.2. Overview of PCA domain shrinkage technique

PCA is a classical decorrelation technique that uses factoriza-
ion to transform data according to its statistical properties. It has
een widely used in signal processing, pattern recognition, dimen-
ionality reduction, etc. Often the directions in which the input
ataset have largest variances called principal components (PCs)
re regarded as important whereas the minor components (MCs)
i.e., those components with the smallest variances) are regarded
s unimportant or associated with noise. Therefore, the signal and
oise can be better distinguished in the PCA domain. By transfor-
ing the original dataset into PCA domain and preserving only the

Cs, the noise and trivial information can be removed [45].
In this brief presentation of the LPG-PCA technique, we  closely

ollow [46], which the reader can refer for more details. A pixel in
he noisy input image and its nearest neighbors are modeled as a m-
omponent vector variable uv and perform noise reduction on the
ector instead of the single pixel in order to preserve the edges. The

 training samples of uv are selected by grouping the pixels with
imilar local spatial structures to the underlying one in the local
indow and forms the m × n dataset matrix Uv.Those local statis-

ics of the variables is accurately computed using the local pixel
rouping (LPG) technique so that the image edge structures can be
ell preserved after shrinkage in the PCA domain for noise removal.

he LPG-PCA method is a spatially adaptive image representation
o that it can better characterize the image local structures.

The PCA domain shrinkage procedure is as follows: let us denote
he noisy vector uv = [uv

1, . . .,  uv
m]T of u = [u1, . . .,  um]T by uv = u + v.

f the dataset of noise variable v = [v1, . . .,  vm]T is V = [VT
1 , . . .,  VT

m]
T

nd U = [UT
1 , . . .,  UT

m]
T

is the decorrelated dataset of vector u, the

oise corrupted data set Uv = [(Uv
1)T , . . .,  (Uv

m)T ]
T

can be modeled
s Uv = U + V. Also, Uk denotes the row vector containing the n sam-
les of uk and Vk is the row sample vector of vk. The dataset Uv is
he sample matrix of uv and its kth row, denoted as Uv

k
, is the vector

f u(v)j
k

s with j is varying from 1 to n.
Let the mean value of sample vector Uv

k
is �k. Then, it can be

entralized as Ūv
k
= Uv

k
− �k and the centralized matrix of Uv can be

epresented as,

¯ v = Ū + V (5)

ince the covariance matrix ˝Ū of the centralized dataset Ū  is sym-

etrical, it can be decomposed as ˝Ū = ˚Ū�Ū˚T
Ū, where ˚Ū is the

rthonormal eigenvector matrix and �Ū is the diagonal eigen value
atrix of ˝Ū respectively.
In practical implementation, we can set the orthonormal trans-

ormation matrix PŪ = ˚T
Ū to decorrelate Ūv i.e., S̄v = PŪŪv. The

ovariance matrix of noisy dataset ˝S̄v
can be represented in terms

f covariance matrix of decorrelated dataset ˝S̄ and the covariance
atrix of the noise dataset ˝vs as [46]

S̄v
= ˝S̄ + ˝vs (6)

n the PCA transformed domain, the noise in S̄v is suppressed by
sing the LMMSE technique. The LMMSE  of kth row of S̄,  denoted

s
⇀

S̄ k, can be achieved through the multiplication of the S̄v (i.e.,
⇀

S̄

k

v)
ith the shrinkage coefficient wk. i.e.,
ˆ
S̄

k

v = wk ·
⇀

S̄

k

v (7)

here wk = ˝S̄(k, k)/(˝S̄(k, k) + ˝vs (k, k))
sing and Control 20 (2015) 125–134 127

Assume the matrix ˆ̄S contains all
⇀̂

S̄

k

v . Then, we can find the

denoised result ˆ̄U  of Ūv as,

ˆ̄U = PT
Ū

ˆ̄S (8)

Adding the mean values �k back to ˆ̄U gives the denoised dataset
Û. Applying the above procedure to all the pixels leads to the full
denoised image of the noisy image.

3.3. Proposed approach

The non-local principle exploits the fact that similar neigh-
borhoods can occur anywhere in the image and is able to yield
high-quality denoising results. So, the nonlocal version of LMMSE
(NLLMMSE) estimation for Rician noise model is proposed in this
paper for MR denoising. In this non-local method, the center voxel
of two  similar volumes in the magnitude MR  data have a simi-
lar meaning for the image and thus similar gray values. They can
be understood as two  noisy measurements of the same noise-free
patch.

The common way for the measurement of similarity is by using
the Euclidean distance between the two vectors formed by the
neighborhood voxels in the similarity volume of the voxel i and
j (i.e., in the spatial domain). Let (Ai)p and (Aj)p

be the pth elements
in the vectors Ai and Aj respectively. Then, the Euclidean distance
is defined as,

‖Ai − Aj‖2 =
P∑

p=1

((Ai)p − (Aj)p
)2 (9)

Algorithm for NLLMMSE filter to denoise the Rician affected noisy
image is provided in Algorithm 1.

It was  shown that the noise in MR  images can adversely affect
the selection of samples with similar underlying gray value and a
restricted local ML  (RLML) estimation method has been presented
in [19] by creating a reference image using NLM method to address
it. More recently, calculation of similarity weights in DCT subspace
were proposed for improving the performance of 2D NLM filter [47].
This DCT based NLM filter computes the similarity accurately and
with less computational burden.

We  can extend this concept of similarity weight calculation in
DCT domain with 2D NLLMMSE Filter to get 2D NLLMMSE-DCT
Filter. Since the availability of appropriate samples for LMMSE  esti-
mation is higher in the near neighborhood of 3D MR  data points and
hence an explicitly better performance for 3D filtering over 2D fil-
tering, we have preferred to work with 3D NLLMMSE-DCT Filter
and is summarized as in Algorithm 2. Notice that, the above men-
tioned 3D NLLMMSE-DCT filter have chosen the parameters such
as search volume size, similarity volume size and the number of
DCT coefficients to find the distance measure as same as that of
NLLMMSE filter to ensure a similar experimental setup for both the
filters. We  can further improve the performance of 3D NLLMSE-
DCT filter by selecting a very large search volume and a lesser DCT
subspace.

The DCT transform for 3D data can be defined as,

Cdi = C(i)
l,m,n

(10)

Cdi = ˛(l)˛(m)˛(n)
r−1∑
x=0

r−1∑
y=0

r−1∑
z=0

Ai cos
[

�(2x + 1)l
2r

]

× cos
[

�(2y + 1)m
2r

]
cos
[

�(2z + 1)n
2r

]
,

l, m, n = 0, 1, . . .,  r − 1
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here Cdi represents the coefficients in DCT subspace of Ai, r is the
ength, breadth or height of Ai and ˛(�), � = l, m,  n is defined as,

(�) =

⎧⎪⎪⎨
⎪⎪⎩

√
1
r

for � = 0,√
1
2r

for � /= 0.

(11)

n the first dimension and followed by second and third dimensions.
otice that this way of 3D DCT computation will increase time
omplexity tremendously. Hence, we used a much faster multi-
imensional DCT implementation of Andriy Myronenko [48] which
tilizes the advantage of Fast Fourier Transform (FFT), fast permu-
ation through indices and persistent pre-computation.

In order to obtain the DCT coefficient vector for the similarity
heck, we convert the input volume of size r × r × r around each
oxel into the DCT volume of similar size [48]. Here, we  fixed the
alue of r = 3 to achieve better computational efficiency. The first
lement in the (1,1,1) position of the DCT coefficient matrix is the
C coefficient and most of the energy will be compacted in this
oefficient. The second layer of the DCT volume, i.e., the 2 × 2 ×2
lock except the DC coefficient, corresponds to the mid-frequency
ange signal and the rest of the coefficients correspond to the high
requency layer. In case of NLLMMSE-DCT filter, each of these sub-
ands of two DCT volumes are compared in terms of the distance
Cd(Ni) − Cd(Nj) ‖ 2, i.e., the samples are selected by comparing the
nergy in each subband of the DCT volumes. Those volumes having
maller value for the difference in sub-band energies will produce

 small value (approximately zero) for the similarity measure. The
esults in the following sections will validate the effectiveness of
his method.

Most of the initial noise will be removed in the first stage of the
lgorithm and its output F̂  = NLLMMSE[G]  is an image with good
SNR. Even though the quality is much improved, there is still visu-
lly unpleasant noise residual in the denoised image F̂. Although
nce the image G is filtered with the Rician estimator in nonlo-
al way, the output model is no longer Rician. Hence, applying
he recursive version of the filter can not handle the noise effec-
ively. One another consequence of this recursive approach is the
nnecessary computational burden. In order to reduce this noise
esidual, F̂ can be applied to the LPG-PCA denoising procedure[46]
ith adaptively adjusted noise standard deviation.

The underlying assumption for second stage filtering is that the
rst stage removes the signal dependent component (Rician) of the
oise in the image effectively and the rest of it in F̂ can be treated
s a white Gaussian noise. The LPG-PCA filter is a good choice to
emove such noises in images. But, it is important that the noise
evel must update to work the LPG-PCA filter properly. The noise
tandard deviation estimate �̂s of second stage can be calculated
rom the local variance distribution as [31],

2̂
s = mode{�2

Ni
} (12)

here �2
Ni

represents the local variance distribution obtained by
sing the neighborhood N around each pixel i. We  used the neigh-
i
orhood window of size 7 × 7.

lgorithm 1. Signal estimation using NLLMMSE filter
sing and Control 20 (2015) 125–134

1: Input:  G ⇐ Noisy MR Data
2: Noise standard deviation estimation: Find standard deviation �n from G

[followed the method in [44]]
3: for each voxel g(i) of G do
4: Select a R × R × R SearchVolume around the voxel
5:  Ni⇐ Similarity volume of size r × r × r around the voxel
6: Nj , j = 1 · · · (R3 − 1) ⇐ Neighbourhood volumes in the SearchVolume

other than Ni

7: Compute the distance
∥∥g(Ni) − g(Nj)

∥∥2
and create a list D

8:  O = sort(D) i.e., rank D in ascending order.
9:  Choose the first l elements of O for applying next step.

10: Compute f̂i
2 ← LMMSE  estimation of the samples using (4).

11: Find f̂i ← square root of f̂i
2

12: end for
13: Output: F̂⇐ Denoised MR Data

Algorithm 2. Signal estimation using NLLMMSE-DCT Filter
1: Input:  G ⇐ Noisy MR Data
2: Noise standard deviation estimation: Find standard deviation �n from G

[followed the method in [44]]
3: for each voxel g(i) of G do
4: Select a R × R × R SearchVolume around the voxel
5:  Ni⇐ Similarity volume of size r × r × r around the voxel
6: Nj , j = 1 · · · (R3 − 1) ⇐ Neighbourhood volumes in the SearchVolume

other than Ni

7: Transform Ni and Njs using 3D-DCT as in (10) to obtain Cd(Ni) and
Cd(Nj)s respectively.

8: Compute the distance
∥∥Cd(Ni) − Cd(Nj)

∥∥2
and create a list D

9:  O = sort(D) i.e., rank D in ascending order.
10: Choose the first l elements of O for applying next step.

11: Compute f̂i
2 ← LMMSE  estimation of the samples using (4).

12: Find f̂i ← square root of f̂i
2

13: end for
14: Output: F̂⇐ Denoised MR Data

Consider a central block of size K × K and a training block of size
L × L, where K < L, around a pixel to be denoised. Let uv

0 be the col-
umn  sample vector containing the central K × K block and uv

i
, i = 1,

2, . . .,  � and � = (L − K + 1)2− 1 of length K2 be the sample vectors
corresponding to the other blocks in the training window. Since
the training window contains very different blocks from the given
central block, usage of all the K × K blocks as the training samples of
uv = [uv

1, . . .,  uv
i
, . . ., uv

K2 ]T will be directed to an inaccurate estima-
tion of the PCA transformation matrix and deteriorates the quality
of denoised output. To guarantee an efficient selection of train-
ing samples and the accuracy of the results, the LPG mechanism
is implemented as in Eq. (13).

Ei =
1

K2

K2∑
k=1

(uv
0(k) − uv

i (k))2 (13)

For a preset value of � , we  will check whether Ei < � + 2�̂2
s . All the

uv
i
’s that satisfies this criteria including the central vector uv

0 form
the sample vector of uv, i.e., the training data set Uv. In practice, we
will use at least n = c · K2 training samples of uv in denoising, where
c is a constant, to ensure the number of samples to find the PCA
transformation matrix PŪ. The top n samples are robust to estimate
the image local statistics, and this operation makes the algorithm
more stable to calculate PŪ.

The methodology as summarized below:

1 In case of real MRI, the noise level in the input image is unknown.
So, estimation of noise standard deviation in the image is a prior
requirement and can be achieved through the technique dis-
cussed in [44].
2 In the first stage, an effective noise removal is attained through
the nonlocal implementation of LMMSE  estimator for Rician
noise using Euclidean distance as the measure for blocks com-
parison. It can be performed either in spatial domain (in case
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Fig. 1. Simulated MR  images used for the experiment: original T1w, T2w images from the BrainWeb Database.

Table 1
Comparison of results based on PSNR.

Method PSNR

� = 5 � = 10 � = 15 � = 20 � = 25 � = 30 � = 35 � = 40

Noisy 35.7466 29.7135 26.2144 23.7541 21.9016 20.2565 18.9671 17.7789
UNLM 40.0682 35.9584 32.8175 30.8298 29.3857 27.9769 27.3820 26.2652
LPG-PCA 39.6340 34.8450 32.0306 30.1946 28.7745 27.1348 26.3585 24.9334
LMMSE  38.2319 33.9380 31.7351 30.0419 28.9346 27.7401 27.0905 26.1110
NLLMMSE 40.4005 35.9696 33.0638 30.9814 29.4659 27.8618 26.7962 25.5443
NLLMMSE+LPG-PCA 41.3806 36.9566 34.1421 32.2871 30.8391 29.4764 28.6867 27.6557
NLLMMSE-DCT 40.5417 36.3399 33.5931 31.7318 30.4230 29.0538 28.0823 26.9783
NLLMMSE-DCT+LPG-PCA 41.0690 37.0018 34.2165 32.5109 31.1776 29.9130 29.0534 28.1059

Table 2
Comparison of results based on mean SSIM.

Method Mean SSIM

� = 5 � = 10 � = 15 � = 20 � = 25 � = 30 � = 35 � = 40

Noisy 0.8773 0.7682 0.6791 0.6134 0.5601 0.5141 0.4771 0.4420
UNLM 0.9528 0.9145 0.8807 0.8408 0.8017 0.7567 0.7299 0.6929
LPG-PCA 0.9478 0.9045 0.8794 0.8433 0.8075 0.7733 0.7409 0.7075
LMMSE  0.9521 0.8912 0.8579 0.8179 0.7890 0.7533 0.7331 0.7109
NLLMMSE 0.9500 0.9053 0.8591 0.8121 0.7681 0.7242 0.6833 0.6451
NLLMMSE+LPG-PCA 0.9725 0.9435 0.9190 0.8898 0.8593 0.8285 0.7938 0.7655
NLLMMSE-DCT 0.9579 0.9221 0.8872 0.8495 0.8186 0.7846 0.7515 0.7200
NLLMMSE-DCT+LPG-PCA 0.9720 0.9513 0.9268 0.9004 0.8788 0.8532 0.8246 0.8075

Table 3
Comparison of results in BC.

Method BC

� = 5 � = 10 � = 15 � = 20 � = 25 � = 30 � = 35 � = 40

Noisy 0.8881 0.8590 0.8391 0.8245 0.8068 0.7957 0.7827 0.7709
UNLM 0.9423 0.9251 0.9088 0.9039 0.8917 0.8821 0.8802 0.8772
LPG-PCA 0.9267 0.9096 0.9008 0.8874 0.8787 0.8592 0.8633 0.8672
LMMSE  0.9306 0.9098 0.8936 0.8836 0.8776 0.8669 0.8622 0.8566
NLLMMSE 0.9364 0.9101 0.8914 0.8810 0.8723 0.8629 0.8597 0.8524
NLLMMSE+LPG-PCA 0.9443 0.9374 0.9226 0.9142 0.9037 0.8953 0.8889 0.8927
NLLMMSE-DCT 0.9434 0.9201 0.9041 0.8934 0.8857 0.8793 0.8706 0.8661
NLLMMSE-DCT+LPG-PCA 0.9479 0.9461 0.9289 0.9170 0.9048 0.9006 0.8954 0.8956
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of NLLMMSE filter) or in the transformed domain (in case of
NLLMMSE-DCT filter).

 The rest of the noise in the denoised image obtained from the first
stage is assumed as a white and uncorrelated one with signal. The
noise standard deviation of the result image is updating by using
(12).

 Local pixel grouping (LPG) in the PCA domain is used for selecting
and grouping the training sample blocks with similar content to
the central block.

 After the LPG block matching, the LMMSE  based shrinkage is
applied to the coefficients in the PCA domain for the removal
of noise in the image.

 As the last step, the inverse PCA (IPCA) transformation is per-
formed to obtain the final denoised image.

. Experiments and results
In this section, we report the experimental results on synthetic
atasets generated by the BrainWeb [49] simulator, real MR image
f a kiwi fruit and real clinical brain MR  images.
 (Rician noise of �n = 20). (a) Denoised image and (b) residuals image (in the range

The parameters used for the various filters in this article are
given below:

1  LMMSE  [31] method: the LMMSE  estimator used a fixed filter size
of 3 × 3 ×3.

2 Unbiased NLM (UNLM) [50]: The UNLM filter used a search win-
dow of size 11 × 11 and similarity window of size 5 × 5.

3 Two  stage Local Pixel Grouping PCA (LPG-PCA) denoising: the
LPG-PCA uses the size of the variable block as K = 5 and the size
of training block L = 41. The threshold � in the LPG grouping is set
to 25.

4 NLLMMSE filter or NLLMMSE-DCT filter: The search window
size is 11 × 11 × 3 and similarity window has a size of 3 × 3 ×3
for each voxel under processing. The number of samples (l)
used for the LMMSE  estimation is fixed as 100 for all values of

�n.

5 NLLMMSE + LPG − PCA filter/NLLMMSE − DCT + LPG − PCA filter:
the default parameters for the NLLMMSE or NLLMMSE-DCT fil-
tering stage are used as in step 4. The second stage filter, i.e.,



P.V. Sudeep et al. / Biomedical Signal Processing and Control 20 (2015) 125–134 131

F lume
o

4

e
o
v

s
t
N
N
s
o
m
d
s
r

ig. 3. Qualitative comparison of experimental results on the synthetic T2w MR vo
f  [0, 25]).

LPG-PCA filter, used the size of the variable block as K = 5 and the
size of training block as L = 41.

.1. Visual quality comparison with synthetic images

Fig. 1 shows the slices of the synthetic test images used in our
xperiments. We  have used T1-weighted(T1w) and T2w volumes
f 181 × 217 × 181 voxels with 1 mm3 voxel resolution (intensity
alues in the range [0, 255]).

It is clear from the denoised results in Figs. 2 and 3 that the two
tage filtering achieves much closer result to the original image
han the image filtered with other proposed techniques such as
LLMSE filter and NLLMMSE-DCT filter. Qualitatively, the proposed
LLMMSE-DCT+LPG-PCA filter provides better preservation of fine

tructures, good contrast between tissues and fewer oscillations
ver homogeneous areas and better noise removal over the other

ethods under considerations. Notice that the residual images vali-

ate that the LPG-PCA filter acts well as the refinement stage in two
tage filtering method and contributes significantly in the noise
emoval as well as in the image structure preservation.
 (Rician noise of �n = 20). (a) Denoised image and (b) residuals image (in the range

4.2. Validation on real MR data

In order to test the proposed filters over real data, we  carry out
experiments using real 2D MR  data of a kiwifruit and clinical 2D
MR  data set.

In the experiment discussed in Fig. 4, we  applied various Rician
noise model based filtering algorithms on MR  image of a kiwi fruit of
size 227 × 206 with estimated noise standard deviation �n = 27.5.
The visual results are much better for our proposed methods in
terms of image contrast. The NLLMMSE-DCT+LPG-PCA filtering
method particularly performs well and removes the noise success-
fully.

The first columns of Figs. 5 and 6 display a typical axial cut of
size 512 × 360 with �n = 27 and the sagittal cut of the real brain
T1w image of size 512 × 512 with �n = 15 respectively. For a better
visual comparison, we presented the results of proposed filters on
a zoomed region of the image portion marked by a red rectangular

box in the upper left hand images. It can be observed from these
images that most of the noise have been suppressed without blur-
ring the edges or by preserving the useful high frequency details of
the image.
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.3. Quantitative analysis

The synthetic images were artificially corrupted with Rician
oise generated for a range of noise standard deviations and
he denoising efficiency of the algorithm were evaluated quan-
itatively. Our quantitative evaluation relies on the objective

easures such as peak signal to noise ratio (PSNR)[51], mean
tructural similarity index matrix (SSIM) [52] and Bhattacharya
oefficient (BC)[53]. The PSNR is the simplest and most widely used
mage quality measure evaluated in decibels (dB) and is inversely
roportional to the mean squared error (MSE) after denoising. Nev-

rtheless, it is too rough a measure of similarity because it does
ot account for the similarity between image structures; only for
he similarity between gray levels. Hence, we used another quality

ig. 5. Denoising results of the proposed methods on a typical axial slice of the real brain T
agnification of the red rectangular region in the bottom. Second column from top to bo

o  the magnified rectangular region of the noisy MR image respectively. The third column
CT+LPG-PCA filters. (For interpretation of the references to color in this figure legend, th
 MR image of a kiwi fruit.

measure called Mean SSIM that is more consistent with the human
visual system. The Mean SSIM takes into account the similarity of
the edges (high frequency content) between the denoised image
and the ideal one. The BC is a measure of divergence and is used in
this paper to determine the relative closeness of the two  samples
being considered.

To avoid any bias due to background, these three quality meas-
ures are only applied to those areas other than background. For the
quantitative analysis, a repeated experiment with various values of
�n varying from 5 to 40 has been performed. All the experiments
described in this section are conducted in T1w MR  data shown in

Fig. 1.

In Table 1, we can observe that the NLLMMSE based methods
shows a better performance over the state of the art methods like

1w MR images. First column top row shows the original image with �n = 27 and the
ttom shows the NLLMMSE and NLLMMSE+LPG-PCA filtered results corresponding

 from top to bottom shows the denoising results of NLLMMSE-DCT and NLLMMSE-
e reader is referred to the web version of this article.)
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Fig. 6. Denoising results of the proposed methods on a typical sagittal slice of the real brain T1w MR images. First column top row shows the original image with �n = 15 and
the  magnification of the red rectangular region in the bottom. Second column from top to bottom shows the NLLMMSE and NLLMMSE+LPG-PCA filtered results corresponding
to  the magnified rectangular region of the noisy MR  image respectively. The third column from top to bottom shows the denoising results of NLLMMSE-DCT and NLLMMSE-
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CT+LPG-PCA filters. (For interpretation of the references to color in this figure lege

NLM, LPG-PCA and LMMSE  based on the objective measure PSNR.
t should be noted that the NLLMMSE filter, that estimates the true
ntensity with samples obtained through a similarity calculation
n the spatial domain, did not produce noticeable improvement in
SNR than the conventional LMMSE  filter at high noise standard
eviation. This problem is addressed in the NLLMMSE-DCT filter by
electing samples through a similarity measurement in the trans-
ormed domain using DCT. With the LPG-PCA refinement stage, the
LLMMSE-DCT+LPG-PCA filter gives the best result among the four
roposed filters.

To study the behavior of the NLLMMSE-DCT filter in relation
ith parameters like number of coefficients for similarity calcu-

ation, size of similarity volume and search volume size, a new
xperiment is carried out by fixing the noise standard deviation at
n = 20. The PSNR value for NLLMMSE-DCT filter with DC coefficient
nly gives a PSNR value of 31.5787 dB and the complete trans-
ormed matrix gives a PSNR value of 31.7318 dB. Experiments also
howed that variation in the size of similarity volume can affect the
enoising performance. The PSNR value of the NLLMMSE-DCT filter
or a similarity volume of size 3 × 3 ×3 is 31.7318 dB and 30.7921 dB
or a similarity volume of size 5 × 5 ×5. The result of experiments
n T1w MR  Data by varying the search volume size indicates that a
arger search volume can improve the denoising performance, i.e.,
or a search volume of size 11 × 11 × 11 gives a PSNR of 31.7318 dB,
hich is higher than that of a search volume size of 7 × 7 ×7 (i.e.,

1.2274 dB).
We  compared filters such as UNLM, LMMSE, LPG-PCA and

LLMMSE based filters in terms of variation in Mean SSIM values
t different noise standard deviation ranging from 5 to 40 as shown
n Table 2. The range of the MSSIM value is [0, 1] and it approaches
 when the denoised image Â moves closer to original image A.
ecause of its relevance to the image contrast, we  also used the
hattacharya coefficient to compare the methods quantitatively as
hown in Table 3.
e reader is referred to the web version of this article.)

5. Conclusion

In this paper, four filtering methods have been proposed to
remove noise from the Rician distributed MR  data. All these filters
used the nonlocal version of the LMMSE  filtering to achieve a signif-
icant quality improvement in the MR image in terms of PSNR, Mean
SSIM and BC. The NLLMMSE filter with sample selection in the spa-
tial domain has a better performance than the state of art methods
such as UNLM and LMMSE  filters at low SNRs. The NLLMMSE-DCT
filter finds the best samples for LMMSE  estimation from the DCT
domain and performs well at all SNRs. The LPG-PCA filter refines
and further improves the quality of the output of NLLMMSE filter
as well as NLLMMSE-DCT filter. The performance of the proposed
methods are well demonstrated by experiments on both simulated
and real MR  data.
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