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ABSTRACT: Graphs allows us to study the different patterns of inside the data by making a mental image. The aim of this paper is to
develop neutrosophic cubic graph structure which is the extension of neutrosophic cubic graphs. As neutrosophic cubic graphs are
defined for one set of edges between vertices while neutrosophic cubic graphs structures are defined for more than one set of edges.
Further, we defined some basic operations such as Cartesian product, composition, union, join, cross product, strong product and
lexicographic product of two neutrosophic cubic graph structures. Several types of other interesting properties of neutrosophic cubic
graph structures are discussed in this paper. Finally, a decision-making algorithm based on the idea of neutrosophic cubic graph structures
is constructed. The proposed decision-making algorithm is applied in a decision-making problem to check the validity.

INDEX TERMS: Neutrosophic Cubic Set, Neutrosophic Cubic graphs structures, application.

I. INTRODUCTION

Fuzzy sets: The extension of classical set theory in the form of fuzzy sets
was given by Zadeh in 1965 in his seminal paper [1]. Further he introduced
the interval-valued fuzzy sets in 1975 [2]. Atanassov use the notion of
membership and non-membership of an element in a set X and gave the idea
of intuitionistic fuzzy sets. Use of intuitionistic fuzzy sets is helpful in the
introduction of additional degrees of freedom (non-membership and
hesitation margins) into set description and is extensively use as a tool of
intensive research by scholars and scientists from over the so many years.
Various theories like theory of probability, fuzzy set theory, intutionistic
fuzzy sets, rough set theory etc., are consistently being used as powerful
constructive tools to deal with multiform uncertainties and imprecision
enclosed in complex systems. But all these above theories do not model
undetermined information adequately. Therefore, due to the existence of
indeterminacy in various world problems, neutrosophy founds its way into
the modern research. Neutrosophy is a generalization of fuzzy set, where the
models represented by three types concepts that is truthfulness, falsehood
and neutrality. Neutrosophy is a Latin world "neuter" - neutral, Greek
"sophia" - skill/wisdom). Neutrosophy is a branch of philosophy, introduced
by FlorentinSmarandache which studies the origin, nature, and scope of
neutralities, as well as theirinteractions with different ideational spectra.
Neutrosophy considers a proposition, theory, event, concept, or entity, "A"
in relation to its opposite, "Anti-A" and that which is not A, “"Non-A", and
that which is neither "A" nor "Anti-A", denoted by "Neut-A". Neutrosophy
is the basis of neutrosophic logic, neutrosophic probability, neutrosophic
set, and neutrosophic statistics.

Inspiring from the realities of real life phenomenons like sport games
(winning/ tie/ defeating), votes (yes/ NA/ no) and decision making (making
a decision/ hesitating/ not making), Smarandache [3, 4] introduced a new
concept of a neutrosophic set and neutrosophic logic (NS in short) in 1999,
which is the generalization of a fuzzy sets and intutionistic fuzzy set. NS is
described by membership degree, indeterminate degree and non-
membership degree. The idea of NS generates the theory of neutrosophic
sets by giving representation to indeterminates. This theory is considered as
complete representation of almost every model of all real-world problems.
Therefore, if uncertainty is involved in a problem we use fuzzy theory while
dealing indeterminacy, we need neutrosophic theory. In fact, this theory has
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several applications in many different fields like control theory, databases,
medical diagnosis problem and decision-making problems. These sets
models have been studied by many authors. Using Neutrosophic theory,
many mathematicians introduced the concept of neutrosophic algebraic
structures such as neutrosophic algebraic structures, neutrosophic fields,
neutrosophic vector spaces, neutrosophic groups, neutrosophicbigroups,
neutrosophic  N-groups, neutrosophichisemigroups, neutrosophic N-
semigroup, neutrosophic loops, neutrosophicbiloops, neutrosophic N-loop,
neutrosophic groupoids, neutrosophicbigroupoids and neutrosophic AG-
groupoids. In 2012, Jun et al. gave the idea of cubic sets [5]. For more detail
of cubic set one can cite [6, 7, 8, 9, 10, 11]. More recently Jun et al. combine
neutrosophic set with cubic sets and gave the idea of Neutrosophic cubic set
[12] and define different operations [13]. Further interval neutrosophic sets
was introduced by Wang et al. [14]. Fuzzy Graphs: In 1975 Rosenfeld [15]
extended the idea given by Kauffmann in 1973 [16] and initiate the concept
of fuzzy graphs and considered the relations between fuzzy sets. In 1987
Bhattacharya explained some remarks on fuzzy graphs [17]. Mordeson and
Nair explained the study of fuzzy graphs and fuzzy hypergraphs in their
book in 2001 [18]. Akram et al. gave the idea of interval valued fuzzy graphs
[19, 20], intuitionistic fuzzy graphs and bipolar fuzzy graphs [21, 22, 23].
Strong intuitionistic fuzzy graphs were presented by Akram and Davvaz
[24]. Intuitionistic fuzzy sets were further generalized by Smarandache [4].
Cayley interval-valued fuzzy threshold graphs were studied by Borzooei and
Rashmanlou [25]. Buckley gave the concept of self-centered graphs [26].
Further characterized g-self-centered fuzzy graphs was given by Sunitha et
al. [27]. Mishra et al. [28] introduced the idea of coherent category of
interval-valued intuitionistic fuzzy graphs. Pal et al. [29] and Pramanik et
al. [30, 31] discussed some results to the theory of interval-valued fuzzy
graphs. Parvathi et al. [32] defined operations on intuitionistic fuzzy graphs.
The idea of product of intuitionistic fuzzy graphs was introduced by Sahoo
and Pal [33]. Gulistan et al. [32] presented the idea of neutrophic cubic
graphs with real life application in industry. The main role of neutrosophic
cubic graph structure theory in computer application is the development of
graph algorithms. These algorithms are used to those problems that are
modeled in the form of graphs and the corresponding computer science
applications problems. Theoretical concept of the neutrosophic cubic graphs
structures are highly utilized by computer science application. Especially in
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research area of computer science such as data mining, image segmentation,
clustering, image capturing and networking. The neutrosophic cubic graphs
structures are more flexible and compatible then fuzzy graphs due to the fact
that they have many applications in networks.

Our approach: In this paper we initiate the idea of neutrosophic cubic graph
structures which is extension of neutrosophic cubic graphs. Neutrosophic
cubic graphs are defined for one set of edges between vertices while
neutrosophic cubic graphs structures are defined for more than one set of
edges. We also defined basic operations like Cartesian product,
composition, union, join, cross product, strong product and lexicographic
product of two neutrosophic cubic graph structures. At the end we discuss
the application of neutrosophic cubic graphs in decision making problems.

Il.  Preliminaries
We briefly describe few fundamental concepts, ideas and preliminaries of
neutrosophic sets, neutrosophic cubic sets and neutrosophic cubic graphs.
Definition 2.1 [34] Neurosophics set is define as:

A = {{x, Fy(x), Tp(x), 4 (x)): x € X}
where X is a universe of discoveries and A is characterized by a truth-
membership  function T,:X —]07,1*[,an indeterminacy-membership
function I,:X —-]07,1*[ and a falsity-membership function F,:X —
107, 1*[. There is not restriction on the sum of T,(x), L, (x),, Fa(x).

Definition 2.2 [35] A single valued neutrosophics set is define as:
Ays = {{x, Fp(x), Ty (x), [4(x)): x € X}
where X is a universe of discoveries and Ay is characterized by a truth-
membership function T,: X — 0,1],an indeterminacy-membership function
I,:X - 0,1] and a falsity-membership function F,: X — 0,1]. There is not
restriction on the sum of T, (x), I, (x), F4 (x).
Definition 2.3 [35]Let us consider two single valued neutrosophic sets
Ays = {{x, Fp(x), Ty (x), [4(x)): x € X}

Bys = {{x, Fg(x), Tp(x), I5(x)): x € X}

then set theoretical operations for these two single valued nurtrosophic sets
are given as;

(i)Ays € Bys if and only
I5(x), F4(x) = Fg(x).

(ii)Ays = Bys if and only if T,(x) = Tz(x),[,(x) =
Iz(x),Fy(x) = Fg(x), forany x € X.

(iii) The complement of Ay is denoted by A§ ¢ and is defined

and

it Ty(x) < Tg(x), [(x) =

by
Afys = {(x, Fa(0),1 = Li(x), T, ())/x € X}
(iv) The intersection
ANSBNS
= {{x, min{T} (x), T (x)}, max{l, (x), Iy (x)}, max{F, (x), Fg (x)}): x € X}
(v) The Union
ANSBNS
= {(X, max{TA(x), TB (X)}, min{IA(x)l IB (X)}, min{_FA(x)' FB (x)}> X € X}
Definition 2.4 [2, 36] Let A; = (T, I, F;) and A, = (T,, 15, F,) be two
single valued neutrosophic number. Then, the operations for NNs are
defined as below;
A =(1-QA-TPYIL FY),
A =(Th1-(1-1)"1- (1= F)Y),
A1 + Az =(Ty+ T, = T1T3, 115, F1 Fy)
A A, =T\ Ty, I, + ,_1,I,,F, + F, — F,F,) where 1 > 0.

Definition 2.5 [8]Let X be a non-empty set. A neutrosophic cubic set (NCS)
inX isapair A = (4, A) where A = {{x, A7 (x), 4,;(x), Ap(x))|x € X} isan
interval neutrosophic set in X andA = {(x, A7 (x), 4;(x), Az (x))|x € X} isa
neutrosophic set in X. Also [0,0] < Ay + 4, + Az <[3,3] and 0 < A, +
A+ A <3

Definition 2.6 [24] Let G* = (V,E) be a Graph. By neutrosophic cubic
graph of G*, we mean a pair G = (M, N) where

M = (A, B) = (T4, Ts), Un, Ip), (Fa, Fg))
is the neutrosophic cubic set representation of V and

N = (C,D) = ((T¢, Tp), Uc, Ip), (F¢, Fp))
is the neutrosphic cubic set representation of E such that;
(i?(T_C(uiVi) = rmin{?A(“i):TA(”i)}r Tp (uvy) < max{Tp(u;), Te(v,)})
(iU (wvy) = rmin{l, (w), (v}, Ip (wivy) < max{lz(w;), Iz (W)}
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(i) (Fe (uvy) < rmax{Fy(w), Fy(v)}, Fp (w;v;) < min{Fg(wy), Fp(v)})

Definition 2.7 [24] Let G* = (V,E) be a graph and G = (M,N) be a
Neutrosophic Cubic Graph on V is said to be truth-internal (T-internal) if
the following conditions hold
Ty(x) € T (%), Ti (x)], Vx €V, Tp(e € Te (), TF (e)], Ve € E
indeterminacy-internal (l-internal) if the following conditions hold
Ig(x) € I (), I ()], Vx € V,I,(e) € I; (e),If (e)], Ve EE
falsity-internal (F-internal) if the following conditions hold
Fg(x) € Fr (%), Fi (x)],Vx € V,Fp(e) € Fz (e),FF(e)], Ve EE
truth-external (T-external) if the following conditions hold
Tp(x) € Ty (), T3 (1)), ¥x € V, Tp(e) & Tz (e), T (e)], Ve € E
indeterminacy-external (I-external) if the following conditions hold
Ip(x) € I (0, I} ()], Vx €V, Iy (€) & I (e), [ (e)), Ve € E
falsity-external (F-external) if the following conditions hold
Fy(x) & Fy (), Ff ()], Vx €V, Fy(e) & F¢ (e), F£ (e)],Ve € E

Definition 2.8 [24] Let G* = (V,E) be a graph and G = (M,N) be a
neutrosophic cubic graph on V is said to be internal if the following
conditions hold ~
T (x) € Ty (0), T4 (%)),
Ip(x) € ; (), [ (0)], |Vx€V,| Ir(e) € Iz (e) £ (e)],
Fs(x) € Ey (%), Ff (%)] Fy(e) € Fg (e), FE (e)]
A neutrosophic cubic graph is said to be internal neutrosophic cubic graph
if it is truth-internal, indeterminacy-internal and falsity-internal.

Tp(e) € Tz (e), T (e)],
Ve €EE

I1l. Neutrosophic Cubic Graph Structures

In this section we define the extension of neutrosophic cubic graphs to
neutrosophic cubic graph structures

Definition 3.1 Let G* = (V, E;, E,, ..., E,) be a graph structure. Then G =
(M,Ny,N,,...,Ny,) is said to be neutrosophic cubic graph structure of
G*,where
M = (A,B) = (T, Ts), (U4, 1), (Fa, Fp))
is the neutrosophic cubic set representation of V and
Ny = (G, Dy) = ((Tcl'Tnl)'(Iclﬂfnl)v (Fclvful)) B
NZ = (.'CZf DZ) = S(TC2'TD2)~' (I(,‘zf IDZ)! (FCZ! FDZ))
Nn = (Cru Dn) = ((TC,,'TD,,)' (ICn' IDn)' (FCn' FD,,))
are the neutrosphic cubic set representations of E;, E,, ..., E, respectively,
if the following conditions are satisfied:
(i) M is a neutrosophic cubic set on V such that Vx € V
0<Ty+I,+F,<3310<Ts+I;+F;<3
(if) N,, is a neutrosophic cubic set on E, such that vxy € E,,,i € 1,2,...,n
0<Te +1I, +F,<3310<Ty, +1p, +Fp <3
(iii) Alsovxy € E,,i €1,2,...,n
Te, (ey) < rmin{T, (20, T, (1)}, Tp, (xy) < max{Tp (x), T (1)},
I, Gey) < rmin{Ty (), T}, I, (ey) < maxi{lp (), 1 ()},
Fe, (xy) = rmax{F,(x), Fa()}, FD,[(X)’) < min{F,(x), Fz ()}

Example: Let G* = (V, E,, E,) be a graph structure where
V={ab,cd},
E, = {ab,ac,},
E, = {ad, bc, bd}
defined as
{a, ([0.4,0.5],0.6), ([0.2,0.3],0.2), ([0.6,0.7],0.1)},
_ [{b,([0.5,0.6],0.4), ([0.4,0.5],0.5), ([0.1,0.2], 0.7)},
~ \{c, ([0.3,0.4],0.9), ([0.9,1.0],0.2), ([0.7,0.8],0.3)},
{d, ([0.8,0.9],0.7), ([0.4,0.5], 0.3), ([0.5,0.6], 0.4)}
_ <{ab, ([0.4,0.5], 0.6), ([0.2,0.3],0.5), ([0.6,0.7], 0.1)},)
~ Vac, ([0.3,0.4],0.9), ([0.2,0.3],0.2), ([0.7,0.8], 0.1)} /'
{ad, ([0.4,0.5],0.7), ([0.2,0.3],0.3), ([0.6,0.7],0.1)},
N, = {{bc, ([0.3,0.4],0.9), ([0.4,0.5],0.5), ([0.7,0.8],0.3)}, ).
{bd, ([0.5,0.6],0.7), ([0.4,0.5],0.5), ([0.5,0.6],0.4)}

=
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N, {ab,([0.4,0.51,0.6),([0.2,0.3),0.5),
(10.6,0.7),0.1)}

{b,([0.5,0.6),0.4),([0.4,0.5),0.5),
([0.1,0.21,0.7)}

{2,([0.4,0.5],0.6),(10.2,0.3],0.2),
(10.6,0.71,0.1)}

{(ro'loosoli(s

(10.3,0.41,0.9),((0.2,0.3],
0'1s°0°0))'(£°0°(9°0'50)) PA}*N

{,(10.8,0.91,0.7),([0.4,0.51,0.3),
([0.5,0.61,0.4)}

{¢,(0.3,0.4],0.9),({0.9,1.0,0.2),
((0.7,0.81,0.3)}

Figure:1 Neutrosophic cubic graph structure

Definition 3.2 Let Gg; = (My,Ny1,Nyy,...,Nyy)  and Gy, =
(M3, Ny3, Ny, ..., Nyp) be two neutrosophic cubic graph structures defined
on G = (Vi By, Bz, Eng) f‘nd VGz* = (Vo,E12,Epz,- ., Ena)
respectively. The cartesian product of G; and G is defined as
Gsy X Gsz = (M, Ny1, Nay, ..., Ny ) X (Mg, Nyg, N, .., Nip)

= (My X My, Nyy X Ny3, Ny X Ny, ..., Npy X Npg)

= ((A1,By) X (42,B3), (C11, D11) X (Cy2,D13),
(€21, D21) X (G2, D32), -+, (Cuyy Dny) X (Crz, D))

= ((4; X A3, By X By,), (Cy1 X Cy3,D14 X Dyy),
(€21 X C32,D31 X Dy3),..., (Cuy X Cpa, Dy X D))

((Tayxay Toyx,) Tayxag I, x5, (Fayxas Foyxs,))s
((TCuXL‘lz'TanDlz) (Icnxcu'IanDlz) (FC11><C12:F011><012)
(T621><L‘22' TD21><Dzz) (1C21><C22’ IDZIXDZZ) (FCUXCZZ'FDUXDZZ)
(TmeanvTDmenz) (IcmxcnszDmem) (FCn1><an'FDn1><Dn2))
and is defined as follow:

() TAlez (x,y) =rmin (TA1 ), T‘Az ), T, xp, (%, ¥) =
max(Ty, (), T5, ), o

(i) IA1><A2 xy) = rmin(lAl ), IA2 (D) IleBz (xy) =
max(ly, (¥), 15, ), _ o

(iii) FA1XA2 o,y = Tmax(FA1 ), FA2 o), FleBz xy) =
min(Fp, (x), Fg,(¥))

(V) Teyen, (6 71) (3%, ¥2)) = rmin(Ty, (%), Te,,, (0152))
~ T 3Dy, (6 Y1) (%, ¥2)) = maX(?)B1 (%), Tp,,, 132))
(v) L%, (C6 Y1) (%, Y2)) = rmin(ly, (%), I¢,, 312))
_ IDmenz((xr Y1) ¥2)) = I})ax(131~(x), IDn2 01y2))
(vi) Fpixcnn (6 1) (6, 32)) = Tmax(Fy, (), Fe,, 1Y2))
B Fpixpp, (671 (%, ¥2)) = ~min(F51(x)~,FDn2 1y2))
(ViDT¢,,, xcp, (1, ¥) (x2,¥)) = Tmin(Te,, (x1x2), T4, )
B TDmenz((XpY)(xz:Y)) = fnaX(TDm ({13‘2)' TBZ (62)]
Vi), xcp, (01, ¥) (x2,¥)) = rmin(Ic,, (x1%2), 14, (¥))
_ IDmenz((Xp}’)(sz’)) = IP‘?‘X(IDn1 (x1~x2), I5,(¥))
(ix) Fepixcnn (01, ¥) (62, ¥)) = rmax(Fe,, (x1%3), Fs, (7))
Fppyixpg, (X1, ¥) (x2,¥)) = min(Fp,, (x1x3), Fp, ()
V(x,y) € (V,,V,) =V for (i) —(iii),vx €V, and y,y, EE,,; (i €
1,2,...,n) for (iv) — (vi),Vy €V, and x,x, € E,;; (i € 1,2,...,n) for
(vi) — (ix).

Example: Let Gy, = (My, N;1, N1, N3y) and G, = (MZ,le,NZZ) be two
neutrosophic cubic graph structures defined on G; and Gj respectively,
where
{a, ([0.3,0.4],0.1), ([0.5,0.6],0.2), ([0.4,0.5],0.3)},
_ [{b,([0.1,0.2],0.5), ([0.7,0.8],0.6), ([0.5,0.7],0.4)3},
17 1{c, ([0.8,0.9],0.3), ([0.2,0.3],0.5), ([0.3,0.4],0.5)},
{d, ([0.2,0.3],0.5), ([0.9,1.0],0.4), ([0.6,0.7],0.2)}
N = {ab, ([0.1,0.2],0.5), ([0.5,0.6],0.6), ([0.5,0.7],0.3)},
e <{cd, ([0.2,0.3],0.5), ([0.2,0.3],0.5), ([0.6,0.7],0.2)} >
_ f{ad, ([0.2,0.3],0.5), ([0.5,0.6],0.4), ([0.6,0.7],0.2)},
Ny = <{bc, ([0.1,0.2],0.5), ([0.2,0.3],0.6), ([0.5,0.7],0.4)} >
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{2,((0.3,0.4],0.1),([0.5,0.61,0.2),
([0.4,0.5,03)}

1b,(10.1,0.21,0.5),([0.7,0.8],0.6),
[0.5,0.7],0.4)}

N fab, ([0.1,0.2],0.5),([0.5,0.61.0.6),
([0.5,0.71,0.3)}

{lzo'lcogolrivo

‘leozoll(solzo'rol) 9N

g
T
e
Gl
B
e
&
e
&
3
in
e
a

Ny, {ed,([0.2,0.3],0.5),([0.2,0.3],0.5),
1[0.6,0.7),0.2)}

{c.(10.8,0.9],0.3),(10.2,0.31.05).
((03,0.4,0.5)}

{d.{[0.2,0.31,0.5),([0.9,1.0],0.4),
([0.6,0.7),0.2)}

Figure: 2 Neutrosophic cubic grarh structures Gu |

and
{x, ([0.4,0.5],0.2), ([0.2,0.3],0.7), ([0.5,0.6],0.1)},
M, = ({y,([0.2,0.3],0.4), ([0.7,0.8],0.4), ([0.1,0.2],0.5)},
{z, ([0.4,0.5],0.8), ([0.5,0.6],0.3), ([0.8,0.9],0.4)}
Ny, = {{xy, ([0.2,0.3],0.4), ([0.2,0.3],0.7), ([0.5,0.6],0.1)})
N = <{xz, ([0.4,0.5],0.8), ([0.2,0.3],0.7), ([0.8,0.9],0.1)},>
22 = \fyyz, ({0.2,0.3],0.8), ([0.5,0.6],0.4), ([0.8,0.9],0.4)}

{x[0.4,0.5],0.2),([0.2,0.3],0.7),
{[0.5,0.61.0.1)}

{%.([0.2,0.3],0.4){[0.7,0.8],0.4),
(10.1,0.2,0.5)}

Nz, (y2,([0.2,0.3],0.8),([0.5,0.61,0.4),
([0.8,0.8).0.4)}

{2.([0.4,0.5),0.8),(0.5,0.6],0.3),
([0.8,0.510.4)}

Figure: 3 Neutrosophic cubic grarh structures Ga: ‘

Then Gy x G, will be

{(a,x), ([0.3,0.4],0.2), ([0.2,0.3],0.7), ([0.5,0.6],0.7)},
(@), ([0.2,0.3],0.4), ([0.5,0.6],0.4), ([0.4,0.5],0.3)},
((a,2), ([0.3,0.4],0.8), ([0.5,0.6],0.3), ([0.8,0.9],0.3)},
{(b,x), ([0.1,0.2],0.5), ([0.2,0.3],0.7), ([0.5,0.7],0.1)},
((b,), ([0.1,0.2],0.5), ([0.7,0.8],0.6), ([0.5,0.7],0.4)},
(b, 2), ([0.1,0.2],0.8), ([0.5,0.6],0.6), ([0.8,0.9],0.4)},
{(c,x), ([0.4,0.51,0.3), ([0.2,0.3],0.7), ([0.5,0.6],0.1)},
((c,), ([0.2,0.3],0.4), ([0.2,0.3],0.5), ([0.3,0.4],0.5)},
((c,2), ([0.4,0.5],0.8), ([0.2,0.3],0.5), ([0.8,0.9],0.4)},
{(d, %), ([0.2,0.3],0.5), ([0.2,0.3],0.7), ([0.6,0.7],0.1)},
{(d,y),([0.2,0.3],0.5), ([0.7,0.8],0.4), ([0.6,0.7],0.2)},
((d, 2), ([0.2,0.3],0.8), ([0.5,0.6],0.4), ([0.8,0.91,0.2)}

M, X M, =

Ny; X Ny
{((a,x)(a,)),([0.2,0.3],0.4), ([0.2,0.3],0.7), ([0.5,0.6],0.1)},
= ({((b,x)(b,¥)),([0.1,0.2],0.5), ([0.2,0.3],0.7), ([0.5,0.6],0.1)},
{((c,x)(c,¥)),([0.2,0.3],0.4), ([0.2,0.3],0.7), ([0.5,0.6],0.1)}
Ny1 X Nap
{((a,2)(b, 2)), ([0.1,0.2],0.8), ([0.5,0.6],0.6), ([0.8,0.9],0.3)},
= ({((¢,2)(d, 2)), ([0.2,0.3],0.8), ([0.2,0.3],0.5), ([0.8,0.9],0.2)},
{((d,x)(d,¥)),([0.2,0.3],0.5), ([0.2,0.3],0.7), ([0.6,0.7],0.1)}
Nz1 X Ny

_ <{((b, )€ ¥)), ([0.1,0.2],0.5), ([0.2,0.3],0.6), ([o.5,o.7],o.4)},>
{((a,%)(d, x)), ([0.2,0.3],0.5), ([0.2,0.3],0.7), ([0.6,0.7],0.1)}
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Np1 X Ny,

{((a,9)(a,2)), ([0.2,0.3],0.8), ([0.5,0.6],0.4), ([0.8,0.91,0.3)},
{((b, ) (b, 2)), ([0.1,0.2],0.8), ([0.2,0.3],0.7), ([0.8,0.9],0.1)},
{((c, (¢, 2)), ([0-4,0.5],0.8), ([0.2,0.3],0.7), ([0.8,0.9],0.1)},
(((d,y)(d, 2)), ([0.2,0.3],0.8), ([0.5,0.6],0.4), ([0.8,0.9],0.2)}

NixMNe,{((2.x)(a,y)).([0.2,0.3),0.
4),([0.2,0.3),0.7),{[0.5,0.61,0.1}}

{(b,2),([0.1,0.2],0.8),([0.5,0.6],

{ld,¥){[0.2,0.3],0.5),(10.7,0.8],
0.6),(10.8,0.91,0.4))

Nup<Nzz,{({2,2){b,2))([0.1
10.2],0.8),{(0.5,0.6],0.6),
(10.8,0.8,0.3)}

NaxNza{{(dx)dov]),
(10.2,0.3,0.5),([0.2,
0.3),0.7)(10.6,0.7,0
A}

NaicNua ({(b.1) b2y (0.1
,0.21,0.5),([0.2,0.310.7),
(10.5,0.61.0.1)}

NowxNaz {(le,2){d 2)(0
0.2,0.3,0.8),((0.2,0.3
1,0.5),([0.8,0.9),0.2)}

{zolsogolro

"0 Tol)(xa))

‘Ioo'sol¥ieoleazal) '}

Ny {({cx)(e.y)).100.2,0.3],
0.4),(10.2,0.3],0.7).((0.5,0.6],
0.1}

Figure:4 Cartesian product of Gs, and Gs,

Proposition 3.3 The cartesian product of two neutrosophic cubic graph
structures is also a neutrosophic cubic graph structure.

Proof. Condition is obvious for M; x M,. Therefore we verify for N,; x
Np;n=1,2,...,n, where
_ Npy X Ny = {((Tcmxan-TDmenz)' (icmxcnszDme,lz)'
(FenxCuzr Fopaxops))3
Let x € V; and x,y, € E,,. Then
Tcmxcnz((x xz)(x, ) = 7””’”'71{(7111 (x),Tan (x2¥2))}
=< Tmin{(TAl ), Tmin((TAz (x2), (TA2 2))}

rmingrmin((T, (), (T, (), rmin((Ty, (), (Ta, 07200}
= rmin{(Ty, X Ty,) (%, x2), (Ta, X T4,)(x,¥2)}
Ty x0ny (6 %2) (%, ¥2)) = max{(Ts, (x), Tp,,, (x2¥2))}
< max{(Tp, (x), max((Tp, (x2), (Ts, (¥2))}

max{max((Tp, (x), (Ts, (x2)), max((Ts, (x), (Ts,(¥2))}
B = max{(Tp, X TBZ)(x:xz)' ((~T31 X Tg,) (X%, ¥2)}
Icmxcnz((x- x2)(%,¥7)) = 7”77’lin{(1,cx1 (x),Ian (2520}
< rmin{(ly, (x), rmin((Iy, (x2), (I, (v2))}

rmin{rmin((Iy, (), (I, (x2)), rmln((lAl(x) (lAz(yZ))}
= Tmln{(1A1 X IAZ)(X x2), ((IA1 X IAZ)(X y2)}
Ipyxpy (6, %2) (%, ¥2)) = max{(I, (x), Ip,,, (x22))}
< max{(Ip, (x), max((Is, (x2), (Is,(y2))}

max{max((Ig, (x), (s, (x2)), max((Ip, (x), Us,(¥2))}
= max{(l, X I,)(x,%;), (g, X Ip,)(x,¥2)}

ﬁcmxcnz (6 x)(x,¥2)) = 7”771619‘{(;}11 ), ﬁcnZ (2320}
< rmax{(Fy, (x), rmax((Fa, (x2), (Fa, (72))}

rmax{rmax((F,, (x), (Fa, (x2)), rmax((Fa, (), (Fs, (v2))}
= rmax{(ﬁAl X I‘:Az)(xr X2), ((ﬁA1 X I‘:Az)(xr )}
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FDmen2 (6 x) (%, y2)) = min{(FBl ), FD,,2 (2520}
< min{(Fp, (x), min((Fp, (x2), (Fp,(2))}

min{min((Fg, (x), (Fp, (x2)), min((F, (x), (Fg,(y2))}
= min{(Fp, X Fg,)(x,x;), (Fg, X F5,) (%, ¥y2)},
similarly we can prove it for z € V, and x,y, € E,,;. O

Definition 3.4 Let Gg = (My, Ny, Npp,...,Nyy)  and G, =
(M, Ny, Ny, ..., Ny, ) be two neutrosophic cubic graph structures defined
on G =V, E11:E12'---'E1n)v andv G; = (Vz,Ezvazzv,---,Ez,,)
respectively. The composition of G; and G; is denoted by G,[G,] and is
defined as

G1[Go] = (My, Nyy, Nay, o, Npy ) [(Ma, Nig, N, ..., No2)]

i {M1[M2], N11[N12], Na1 [Noz], - Npa [Nz ]}

{(A1'31)[(A2: B)1, (€11, D10)[(Ci2, D12)], }
(Cz1: DZl) [(sz; Dzz)]; e (Cnlv Dnl) [(CnZ’ Dnz)]
— Al [AZ]'Bl[BZ])' (611[612],D11[D12]), }
(C21[C22], D21 [D22]), - -5 (Cua[Crz], Dna [Drz])

<((TA °T,), (Tp, ° TBZ)) (T, © Ib,). U, © 1), >

((FA1 ° FAZ) (F31 ° FBZ))

{((Tcu °Te,,), (Tpy, © To,, ) (Uey, 0 ey, Upy, © Inu)),}
((FC11 ° ﬁcu)r (FD11 ° FDH)) '
{((Tcn ° Te,,), (Tny, © Tn,,)), (U, 0 Iy, Upy, © 1022)),}
((Fey, © Fe,)s (Fp,, © Fp,,))

{((Tcn1 ° 7~wcnz)r (TDM ° Tunz))v ((ic,,1 ° icnz)v (ID,,1 ° ID,,Z)):}
((ch ° ﬁcnz)’ (an ° FDnz))

where () V(x,y) € (V, Vo) =V

(Tay © T, ) (%, y) = rmin(Ty, (), Ta, ), (T, © Tp,) (%, ¥)

= max(Tp, (x), T, ()

(0, © 1)) = rminly, (9, 1p, ), Us, * 15,) (%,7)
= max(Ip, (x), I5,())

(ﬁA1 ° ﬁAz)(xr y) = rmax(ﬁAl(x)lﬁAz o), (F31 ° FBZ)(xl y)
= min(Fy, (x), Fs,, (7))
(iiyvx €V, and y,y, € E,;
(Tcm Tcnz)((x' Y1) (x,¥2)) = rmln(TAl (), Tc,12 1y2))
(7:Dn1 TDnz)((x y1)(x,¥7)) = maXU:Bl (), 7:1),[2 (7152))
(cyy © 1, ) (6, y1) (x,¥2)) = rmin(ly, (%), I, (1Y2))
SIDnl °~1Dn2)((x' y1)(x,¥2)) = max(llil (x)vlul12 (71y2))
(Feyy © Fe, ) (2, 1) (6, 7)) = rmax (Fy, (%), Fe,,, (01Y2))
(Fpy, © Fp,, )((6, 1) (%, ¥2)) = min(Fp, (x), Fp,,, (1Y2))
(iii) vy € V, and x;x, € Ep;
(Teny © Te,,) (G2, Y) (2, 9)) = rmin(Te,, (x1x5), Ty, ()
(TDM ° TDnz)((Xv}’) (x2,¥) = maX(TDm (x1%2), TBZ (6)))

(icm ° icnz)((xl,y)(xz,y)) = Tmin(icnl(xﬂz)’iAz (62))
Up,, © Ip,, ) ((x1,¥) (x2,¥)) = max(lp,, (x1%2), I, (¥))

(ch ° Fcnz)((xl'J’)(xz:J’)) = Tmax(ﬁ‘cm (951752)1132 (62))
(Fp,, ° FDnz)((xv)’)(va)’)) = min(Fp,, (x1x,), Fp, (¥))
(V) Y(x1, y1) (x2,¥2) € E°-E
(Tc 1 Tcnz)((xp%)(xzjh)) = 7"mm(TA2 o), TA2 ), Tcm (x1%2))
(Tgm TDnz)((xlryl)(xZ’yZ)) = max(’I:Bz(%) 7_132(372) _TDnl(xle))
(e, © Ic,,) (e, 1) (X2, 7)) = rmin(ly, V1), 1a, (2), Ic,,, (X1%2))
~(IDM °~1Dn2)((x1,y1)(xz,yz)) = max(l,zz (}’1):133 2), 1021 (x1%2))
(Fe,, © Feop ) (1, ¥1) (X2, ¥2)) = rmax(Fa, 1), Fa, V2), Fe,, (61 %2))
(Fz)n1 ° FDM)((XDJ’l)(xz:}’z)) = min(FBz o), Fp, 2 FDn1 (x1%2))
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Example: Let Gy = (My,N;;) and Gy, = (My,Nyp Nyy) be  two
neutrosophic cubic graph structures defined on G; and G; respectively,

where
1. = ({@([0:3,041,0.7),([05,0.6],0.2), ([0-4,0.5],0.4)},
My = <{b, ([0.5,0.6],0.4), ([0.6,0.7],0.3), ([0.1,0.2],0.5)} >N“
= ({ab, ([0.3,0.4],0.7), ([0.5,0.6],0.3), ([0.4,0.5],0.4)})
and
{x, ([0.4,0.5],0.2), ([0.6,0.7],0.4), ([0.2,0.3],0.6)},
IM, = ({y, ([0.1,0.2],0.7), ([0.8,0.9],0.5), ([0.3,0.4],0.3)}, | N,
{z, ([0.3,0.4].0.6), ([0.5,0.6],0.2), ([0.7,0.8],0.4)}
_ [{x,([0.1,0.2],0.7), ([0.6,0.7],0.5), ([0.3,0.4],0.3)},
B <{xz, ([0.3,0.4].0.6), ([0.5,0.6],0.4), ([0.7,0.8],0.4)} > 22
= ({yz,([0.1,0.2],0.7), ([0.5,0.6],0.5), ([0.7,0.8],0.3)})

{a,(10.3,0.4),0.7),{[0.5,0.6],0.2),
([0.4,0.51,0.4)}

{x,([0.4,0.5],0.2),([0.6,0.7],0.4),
([0.2,0.3),0.6)}

Nzz,{yz,([0.1,0.2),0.7),([0.5,0.6],0.5),
([0.7,0.81,0.3)}

{b,([0.5,0.6],0.4),([0.6,0.7],0.3),
([0.1,0.21,0.5)}

{24103,0.4].06),([0.5,0.61,0.2),
([0.7,0.8),0.4)}

{v.([0.1,0.2],0.7),([0.8,0.9],0.5),
([0.3,0.41,0.3)}

Figure: 5 Nuetrosophic cubic graph
structures Gs, and Gss

Then Gy [Gs,] will be
M, [M,]
{(@ %), ([0.3,041,0.7), ([0.5,0.6],0.4), ([0.4,0.5],0.4)},
{(a, ), ([0.1,0.2],0.7), ([0.5,0.6],0.5), ([0.4,0.5,0.3)},
_ (@ 2),([03,0.410.7),(10.5,0.6102), ([0.7.08104)}|
=1, 2, ([0.3,0.41,0.6), ([0.5,0.6],0.3), ([0.7,0.8],0.4)}, | V11 [N12]
(b, ), ([0.1,0.2],0.7), ([0.6,0.7],0.5), ([0.3,0.41,0.3)},
{(b, %), ([0.4,0.5],0.4), ([0.6,0.7],0.4), ([0.2,0.3],0.5)}
{Ca. %) (@ y), ([0-1,0.21,0.7), ([0.5,0.61,0.5), ([0.4,0.5],03)},
{(a,%)(a, 2), ([0.3,0.4,0.7), ([0.5,0.6],0.4), ([0.7,0.8],0.4)},
{(a, x)(b, 2), ([0.3,0.4],0.7), ([0.5,0.6],0.4), ([0.7,0.8],0.4)},
((@,x)(b,y), ([0.1,0.21,0.7), ([0.5,0.6],05), ([0.4,0.5],0.3)},
_ (@ )., (103,041,07), (10.5,06104), ([0708,04}| .
= 1@ y)(b,v), ([0.1,0.21,0.7), ([0.5,0.6],0.5), ([0.4,0.5],0.3)}, | V11 [Nz2]
((a,y)(b, ), ([0.1,0.21,0.7), ([0.5,0.6],0.5, ([0.4,0.5],0.3)},
{(a, 2)(b, ), ([0.3,0.4],0.7), ([0.5,0.6],0.4), ([0.7,0.8],0.4)},
{(b, 2)(b, x), ([0.3,0.4],0.6), ([0.5,0.6],0.4), ([0.7,0.8],0.4)
(b, x)(b, ), ([0.1,0.21,0.7), ([0.6,0.7],0.5), ([0.3,0.41,0.3)}
(Cay)(a ), ([0.1,0.2.0.7). ([0.5,0.6],0.5), ([0.4:0.5].0.3)},
((a,y)(b, 2), ([0.1,0.2],0.7), ([0.5,0.6],0.5), ([0.7,0.8],0.3)},
= (@, 2)(b, 2), ([0.3,0.41,0.7), ([0.5,0.6],0.3), ([0.7,0.8],0.4)},
{(@, 2)(b,), ([0.1,0.2],0.7), ([0.5,0.6],0.5), ([0.7,0.8],0.3)},
((b,y)(b, 2, ([0.1,0.2],0.7), ([0.5,0.6],0.5), ([0.7,0.8],0.3)}
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Proposition 3.5 The composition of two neutrosophic cubic graph
structures is again a neutrosophic cubic graph structure.

Proof. Condition is obvious for M; o M,. we will prove it for N,,; o
Npz;n=1,2,...,n, where
Npy 0 Ny = {((Tcmacnz:TDmonnz)’ (icmecnz’lnmonnz)’ (ﬁcmecnz'FDmonnz))}
(i) Let x € V; and x,y, € E,,. Then
Tcilociz ((x, x2) (%, ¥2)) = rmin{(TAl (Ji). Tciz (ng’z))}

= rmin{(Ty, (x), rmin((Ty, (x2), (Ta, (v2))}
rmin{rmin((Ta, (), (Ta, (), rmin((T, (), (Ta, 020}

= rmin{(TAl ° TAZ)(xv x2), (TA1 ° TAZ)(x: y2)}
Tp, op;, ((x,x2)(x, ¥2)) = max{(Tg, (x), Tp,, (2520}

< max{(Tp, (x), max(Tg, (x2), (Tp, (¥2))}
max{max((Tp, (x), (Tg, (x2)), max((Tp, (x), (Ts, (¥2))}
B = maX{(’I:Bl ° TB{)(XI X2) (T31 ° TBZ)(xv y2)}
Icyecs, ((x, x2) (x, y2)) = rmin{(Iy, (%), Ie,, (25203

< rmin{(Iy, (), rmin((Iy, (x2), (In, (72))}

rminfrmin((Ts, 0, 0, (), rmin((h, (), (T, 0200}
rmin{(IAl ° IAZ )(x, x2), ((IAl ° IAZ )(x,¥2)}
max{(Ig, (x), Ip, (252))}

max{(Ip, (x), max((Is,(x2), (s, (¥2))}

max{max((Ip, (x), (I, (x2)), max((Ip, (x), (I5,(¥2))}
_ = maX{(131~° 132)(3519‘2); ((131 ° 132)(xr3’2)}
Feoc ((x,x2) (%, ¥2)) = rmax{(li'Al(x),FCiz (xzyE))} _

= rmax{(Fy, (), rmax((Fa, (x2), (Fa, (v2))}

Ip,1opys (%, x2) (%, ¥2))

1A

rmax(rmax((Fy, (), (Fy, (), rmax((Fy, (), (Fr, 02))}

= rmax{(Fy, © Fs,)(x, %2), (Fy, © Fa,) (%, ¥2)}
Fpopi, (2, %2) (%, ¥2)) = min{(F, (x), Fp,, (x2¥2))}

< min{(Fp, (x), min((Fg, (x2), (Fs, (¥2))}

min{min((Fz, (x), (Fp, (_xz))' min((Fg, (x), (Fs,(v2))}

= min{(Fp, ° F5,) (%, x;), (Fp, ° F5,) (%, ¥2)}
for (x1, %), (x,y,) €Vy o Vs
(ij) Let~y €V,and x,y, € Ej; B ~
(Teyy © Te ) (L, ) 01, ¥)) = Tmin(TCL.I (xlyl)LTAz (62)) _

=< rmin(rmin(TAl (x1), Ty, o)) Ty, (62))
rmin{rmin(T'Al (x1), TA:(y))v rmin(TAl 1), TAZ (y))}

= rmin{(TAl ° TAZ)(XDY)’ (TA1 ° TAZ)()’vJ/)}
(Tpy, ° Tp, ) (X1, ¥) 1, ¥)) = max(Tp,, (x11), T, ()

< max(max(Tg, (x1), Tg, (1)), Ts, ()
max{max(TBl (1), Tg, (¥)), max(Tg, (¥1), Ty, (}’)}

= max{(Tp, © Tg,) (x1,¥), (Tp, ° Tg,) 1, ¥)

(ici1 ° iciz)((xp}’)(}’pJ’)) = Tmin(icil (o y1), iAz (62)]
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=< rmin(rmin(iAl (x1), iA1 o), 1~A2 (62)]

rmin{rmin(iAl (1), iAz (6))] Tmitl(iAlpﬁ)r iAz (Y))} B
= rmin{(lAl ° IAZ)(xlry)r (1A1 ° IAZ)(Yvy)}
(Iz)l-1 ° IDiz)((pr/)(Yp)’)) = maX(IDil(xlyl), Ig,()
< max(max(Ip, (x1), Is, 1)), I, ()
= max{max(lp, (x,), Ig, (), max (I, (¥1), I, )}
= max{(IBl o Ig,)(x1,¥), (g, © Ip,) V1, ¥)

(Fe,, ° Fe,) (1, ) (00,9)) = rmax(Fe, (x131), Fa, ()
=< rmax(rmax(FAl (x1), FA1 o)) FA2 (62)]

rmax{rmax(Fy, (x;), Fy, (0)), rmax(Fy, (), Fa, 00}
= rmax{(FAl ° Fp,) (%, ¥), (Fa, © FAZ)(YDY)}
(FDl-1 ° FDiz)((pr/)(%vY)) = min(FDi1 (x1y1), Fp, @)
< min(min(Fp, (x,), F, 1)), Fg, (¥))
min{min(FBl (1), FB2 (62)] min(F31 1) FBZ (}’)}
= min{(F31 ° Fg,)(x1,¥), (Fp, © FBZ)(}H»)’)}
for (x1,¥), 1, ¥) EVy o Vs
(iii) Let (xy, 1) (x5, ¥,) € E® — E
(Tcil ° Tciz)((xp }’1)(952'3’2))~: Tminfiqz o), T‘Az (y~z)» Tc“ (951952))
=< Tmin{T,lz ), T,gz »2), Tmin(TAl (xg)» Ty, (x2)}
= rmin{(Ty, (60, Ta, 00), (Ty, (), T, 02200}
= rmin{(TA1 ° TAZ)(X1'}’1)r (TA1 ° TAZ)(xZ'yZ)}
(Tp,, © Tp,,)((x1, Y1) (X2, ¥2)) = max(Tp, (1), Tp, (¥2), Tp,, (x1%2))
< maX{TBz o) TBZ ), malX(T)B1 (x1), T)B1 (x2)}
= max{(TB1 (x1), TBZ o), (T131 (x2), TBZ 02))}
= max{(TB1 © T, ) (1, ¥1), (T, © T, ) (X2, ¥2)}

(ici1 ° iciz)((xv%)(xz'yz))_: rmi’}(iAz o), iAz (}iz)ric,-l (iﬁxz))
< rmin{l,, (1), I, (), rmin(, (e), T, ()
= rmin{(l_A1 (xl)' IA2 o) (1:41 (x2~), IA2 o2}
= rmin{(l, ° l4,) (1, Y1), (a, © 1s,) (%2, ¥2)}
(]Di1 ° Ip,) (%1, ¥1) (X2, ¥2)) = max(lg,(¥1), I, (¥2), IDil(xl'XZ))
maX{IBz ()’1)-132 2 maX(IBl (x1)'131 (x2)}
max{(Ig, (x1), Ip, V1)), Up, (x2), 15, (¥2))}
max{(I, ° Ig,)(x1,y1), (g, © Ip,) (%2, ¥2)}

IA

(ﬁci1 ° Fciz)((xlﬂ}ﬁ)(xz:}’z)) = rmaxEFAz (J’1):FA2 (Y2~): ﬁc,-l(xlxz))
< rmax{Fy, 1), Fa, (v2), rmax(Fy, (1), Fi, (%)}
= rmax{(Fy, (¥1), Fa, 010, (Fa, (2), Fa, (720)}
= rmax{(FAl ° FAZ)(xlryl)r (FA1 ° FAZ)(eryZ)}
(Fp, © FDiZ)((prﬁ)(xZJ’z)) = min(Fg, (y1), F, (¥2), Fp,, (x1%2))
< min{FBz 1) F)B2 2 min(ﬂ;1 (x1), F31 (x2)}
= min{(FBl (xl)rFBz ) (FBl (xz)rFBz o2}
= min{(Fg, © Fp,)(x1,¥1), (Fp, © F,)(x2,¥2)}
for (xq,y1), (x1,y,) €V, oV, fori € 1,2,...,n. This proves the result.
Definition 3.6 Let Gg; = (My, Ny1, Noy, ..., Npy) and G, =
(M3, N3, Ny, ..., Ny, be two neutrosophic cubic graph structures defined
on Gi = (Vy, E1y, Erp, ..., Ery) and G:; = (V2 E21,Ezpy oo Epp)
respectively. P-union is denoted by Gg, U, G, and is defined as
GSl UP 652 = (Mlv Nlll N21, e an) UP (MZI N121 N221 e NnZ)

(My Up My, Nyy Up Nyg, Nay Up Noy, ..., Ny Up Nyp)
= ((A1, By) Up (43, B2), (C11, D11) Up (C1z, D12),
(C21,D21) Up (Ca2,D33), - .., (Cuy, Dnt) Up (Crz, D))

((Ay Up Az, By Up By,), (C11 Up Cip, D14 Up Dyy),

(C21 Up C32,D21 Up Dy3),..., (Cuy Up Crz, Dy Up Dip))
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((Tayupay Toups,)s (iA1UpA2' Ip,upB, ) (FA1UPA21 Fg,0p8,))s

((TCuUPClz' TD11UPD12)' (1511UPC12' ID11UPD12)’ (FCuUPClz’ FD11UPD12)' ¥
| (TCnUPsz’ TDz1UPDzz)' (1C21UP522' ID21UPD22)' (F521UP522’ FDlePDzz)’ e ’J

(TCmUPan ’ TDn1UPDnz )' (ICn1UPan ’ IDnl UpDn» )’ (FCnl UpCnz’ FDn1UPDnz ))
where

Ty, (ifx €V, — 1,
(’T'Al Up TAZ)(x) = TAz ifx eV, =V,
rmax{TAl(x), TAz )}ifxevynV,
T, (O)ifx €V, =V,
(Ts, Up Tg,) (%) = { T, (Difx €V, =V,
max{Tg, (x), T, (x)}ifx €V NV,

L, (®ifx eV, — 1,
(Ta, Up ) () = { Lo, @)ifx €V, =V,
rmax{iAl(x), iAz(x)}ifx eEv,ny,
I, ()ifx €V, =V,
(Ip, Up Ip,)(x) = I, (®)ifx €V, =V
max{lp (x),1p,(x)}ifx €V, NV,

Fy, ()ifx €V, =V,
(F'Al Up F'AZ)(x) = F'Az(x)ifx eEV,-V;
rmax{F, (x),F,,()}ifx eV, nV,
Fp, ()ifx € V; =V,
(Fg, Up Fp,)(x) = { Fp,(0ifx €V, =V,
max{Fp (x), F,(x)}ifx €V, NV,

Tc,,1 Cy)ifx,y, €V, =1,

(T Up Te,, ) (252) = 3 Te,, (23)ifxoy, €V, = V3
Tmax{Tcm(XZJ’z)vTcnz (x2¥7)ifx,y, € E; N E,
Tp,, (2¥2)ifx,y, € VL =V,

(To,y YUp Tp,, ) (X212) = § Tp,, (X2¥2)ifX2y, €V, =V,
max{Tp,, (x2¥2), Tp,, (x2¥2)ifx,y, € E; N E,

icnl(x23’2)ifx2y2 eV,
(icn1 Up icnz)(xz}’2) = ic,,;("z)’z)ifxzyz EV, -V,
rmax{icnl(xzyz)’icnz (x2y2)ifx,y, € Ey N E,
(Upy, Yp Ip,, ) (x2y2) =
Ip,, (x2¥2)ifx,y, €V, =V,
Ip,, (x2¥2)ifx,y, €V, =V,
max{lp,  (%2¥2), Ip,, (X, ¥2)ifx,y, € E; N E,

FCnl(nyZ)ifoyZ eV, -V,
(Fe,, Yp Fe, ) (0y,) = Fe,, (6yy)ifx,y, €V, — V)
rmax{ﬁcm(xzyz),ﬁcnz (x2y2)ifx,y, € E; N E,
(Fp,, YUp Fp,, ) (x2y2) =
FDm(xZJ’z)ifxz}’2 eV, -1,
FDnz(xzyz)ifxz)’Z eV, -V,
max{Fp,, (x2¥2), Fp,, (leiz)ifxz)iz EEINE,
and R-union is denoted by Gg, Uy Gs, and is defined as
Gs1 Ug Gsy = (M4, Nyg, Ny, ..., Ny ) Ug (Mg, Ny, N, .., Niy)

(M3 Ug M3, Nyy Ug Nyig, Noy Ug Na, ..., Ny Ug Nyo)
{(Aerl) UR (AZVBZ)V(Cll’Dll) UR (CIZvDIZ)’ }
(C21,D21) Ug (€22, D32), - .., (Cuyy Dnt) Ug (Cz, Di2)

{(A1 Ug Az, By Ug By,), (€11 Ug Ci3, D14 Ug Dy3), }
(C21 Ug Cy2,D31 Ug D33), ..., (Cuy Uk Crz, Dy Ug Dipa)
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((TAIURAZITBIURBZ) (iAIURAleBIURBZ) (FAIURAzﬁFBIURBz))

((TCuURClz' TD11URD12) (1C11UR(312’1D11URD12) (F511UR512'FD11URD12 $
(TCuURsz' TD21URD22) (ICZIURCZZ' IDzluRDzz) (FCUURsz’FDnURDzz) ’J

(TCmURan’ TDnlURDnz) (ICn1URCn2' IDn1URDnz) (FCnlURan' FDn1URDn2))

T, (ifx €V, -V,
(’I~"A1 Ug TAZ)(x) = T'Az(x)ifx eV,-V;
rmax{TAl(x), TAz x)}fx evynV,
Tg, ()ifx €V, =V,
Tg,()ifx €V, = V3
min{Tp, (%), Tp,(X)}ifx €V, NV,

(T, Ur Tg,)(x) =

L, (0ifx €V, — 1,
(I, Ug In,)(x) = L, (ifx €V, =V,
rmax{iAl(x), iAz ®)}ifx eV, nV,
I, )ifx €V, =V,
(I, Ur Ip,)(x) =I5, ()ifx €V, =V,
min{lp, (x),Ip, (x)}ifx €V, NV,

Fy, (ifx €V, =V,

(Fa, Ur Mz, )(x) = Ey,()ifx €V, =V
rmax{F, (x),F,,()}ifx eV, NV,
(Fp, Ug F,)(x) =

Fp, ()ifx €V; =1,
{FBZ ®)ifx eV, = V;
min{Fp (x), Fs,(X)}ifx €V, NV,
(Tcnl Ur Tcnz)(xzyz) =
7~"cm (y2)ifx,y, €V, =1,
7~"cnz (ey2)ifx,y, €V, =1y
Tmax{f‘cm(xzh)jcnz (y2)ifx,y, € E; NE,
(Tp,,, Ur Np, ) (x2¥,) =
Tp,, (X2¥2)ifx,y, €V, =V,
{Tunz(xzyz)ifxz)’2 EV, -1
min{Tp, , (%2,), Tp,, (x2¥2)ifx,y, € E; N E,

(ic,u Ur icnz)(sz’z) =
icm(xZJ’z)ifxz}’Z eV, -V,
ic,12 (e2y2)ifx,y, €V, =V
rmax{icm (xzyz)ricnz (x2y2)ifx,y, € E; N E,
(Upy, YUr Ip,, ) (x2Y2) =
Ip,, (X232)ifx;y, €V =V,
{IDM (e2y2)ifx,y, €V, =V
min{lp  (%;¥,), Ip,, (X:¥,)ifx,y, € E; N E,

(ﬁcm Ur ﬁcnz)(xﬁ’z) =
ﬁcm(xz}’z)ifxz)’Z eV,—-V,
ﬁcnz(xz}’z)ifxz)’Z ev,-"
Tmax{ﬁcm(xzh)’ ﬁcnz (y2)ifx,y, € E; NE,
(Fpyy YUr Fp,, ) (%22) =
Fp,, (x2y2)ifx,y, €V, =V,
{Fonz(xz)’z)ifxzh ev,-1;
min{Fp (), Fp,, (X2¥2)ifx,y, € E; N E,

Example: Let Gy = (My,N;1,Nyp) and G, = (Mz,le,sz) be two

neutrosophic cubic graph structures defined on G; and G; respectively,
where
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IM, =
{a, ([0.3,0.4],0.8), ([0.5,0.6],0.2), ([0.4,0.5],0.4)},
{b, ([0.6,0.7],0.2), ([0.1,0.2],0.8), ([0.5,0.6],0.5)}, | N;, =
{c, ([0.4,0.5],0.3), ([0.7,0.8],0.4), ([0.2,0.3],0.3)}
{ab, ([0.3,0.4],0.8), ([0.1,0.2],0.8), ([0.5,0.6],0.4)},
<{bc, ([0.4,0.51,0.3), ([0.1,0.2],0.8), ([0.5,0.6],0.3)} >
({ac, ([0.3,0.4],0.8), ([0.5,0.6],0.4), ([0.4,0.5],0.3)})

{a,([0.3,0.4],0.8),([0.5,0.6],0.2),
(10.4,0.51.0.4)}

N {be,([0.4,0.5],0.3),([0.1,0.2),0.8),
([0.5,0.6],0.3)}

{b,([0.6,0.7],0.2),([0.1,0.2],0.8), {c,([0.4,0.5],0.3),{[0.7,0.8],0.4),

(10.2,0.31,0.3)}

[05,0.610.5)}

Figure: 7 Neutrosophic cubic graph structure Gs,

and
M, =

{a, ([0.2,0.4],0.7), ([0.4,0.5],0.3), ([0.7,0.8],0.4)},

{b, ([0.5,0.6],0.3), ([0.2,0.31,0.6), ([0.5,0.6]),0.2)}, | Ny,
{c, ([0.4,0.5],0.4), ([0.1,0.2],0.8), ([0.6,0.7],0.1)}

{ab, ([0.2,0.4]07),([0.2,0.3],06),([0.7,0.8],02)}\ \, ~ _
<{bc, ([0.4,0.5],0.4), ([0.1,0.2],0.8), ([0.6,0.7],0.1)} > 2=
{{ac, ([0.2,0.4],0.7), ([0.1,0.2],0.8), ([0.7,0.8],0.1)})

{2.110.2.0.41,0.7).(10.4,0.51.0.3),
110.7.0.81,0.4)}

Now{be.([0.4.0.51.0.4).((0.1.0.21.0.8).
(10.6.0.71,0.1}1

| Figure: 8 Neutrosophic cubic graph structure Ga: |

Then Gy, Up Gs, Will be
M, Up M, =
{a, ([0.3,0.4],0.8), ([0.5,0.6],0.3), ([0.7,0.8],0.4)},
{b, ([0.6,0.7],0.3), ([0.2,0.3],0.8), ([0.5,0.6],0.5)},
{c, ([0.4,0.5],0.4), ([0.7,0.8],0.8), (][0.6,0.7],0.3)}
Ny Up Nyp =
{ab, ([0.3,0.4],0.8), ([0.2,0.3],0.8), ([0.7,0.8],0.4)},
<{bc, ([0.4,0.5],0.4), ([0.1,0.2],0.8), ([0.6,0.7],0.3)} >
Nz1 Up Npp =
({ac, ([0.3,0.4],0.8), ([0.5,0.6],0.8), ([0.7,0.8],0.3)})
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{2.([0.3,0.4],0.8),([0.5,0.6].0.3),
([0.7,0.8),0.41}

NNz, {be,([0.4,0.5),0.4),{[0.1,0.2],
0.81.(10.6,0.71.0.31}

Figure: 9 P-union of two Neutrosophic cubic
graph structures

and Gy, Ug Gy, will be
My Up M, =
(a, ([0.3,0.41,0.7), ([0.5,0.6],0.2), ([0.7,0.8],0.4)},
(b, ([0.6,0.7],0.2), ([0.2,0.3],0.6), ([0.5,0.6],0.2)},
(¢, ([0-4,0.5],0.3), ([0.7,0.81,0.4), ([0.6,0.7],0.1)}
Ny Ug Ny =
<{ab, (10.3,0.41,0.7), ([0.2,0.3],0.6), ([0.7,0.8],0.2)},>
{be, ([0.4,0.51,0.3), ([0.1,0.2],0.8), ([0.6,0.7],0.1)}
Npy Ug Npp =
({ac, ([0.3,0.41,0.7), ([0.5,0.6],0.4), ([0.7,0.8],0.1)}).

{a.([0.3,0.4],0.7).([0.5,0.6],0.2),
(10.7.0.81.0.41}

NoyUaNas, {Be,([0.4,0.5],0.3),(10.1,0.2
1.0.8).10.6.0.71.0.11}

Figure: 10 R-union of two Neutrosophic cubic
graph structure

Proposition 3.7 The P-union of two neutrosophic cubic graph structures is
again a neutrosophic cubic graph structure.
Proof.Let Gs; = (My, Nyy, Npy, o, Ny) @nd Gsp = (My, Nig, Nag, o, Noz)
be two neutrosophic cubic graph structures defined on G; =
(Vi,E11,Ev2s ., Exn) @nd G5 = (Vy, Ezq, Eay, ..., Eoy) respectively.Since all
the conditions for M, U, M, are satisfied automatically hence, we only
verify conditions for Ny; Up N,;;i € 1,2,...,n. Let xy € E;; N E,; then
(Te,, Up Te,) (xy) = rmax{Te, (xy), Te, (x3)}

<
rmax{rmin{T,, (x), Tp, )}, rmin{T,, (), Ta,(0)}}
rmin{rmax(Ty, (0, To, (O} rmax{Ty, ), Ta, 0}

= rmin{(Ty, Up Ty,) (x), (T4, Up To,) (N}

(Tp;, Yp Tp,)(xy) = max{Tp, (xy), Tp,, (xy)}

< max{max{Tg, (x), T, (¥)}, max{Tg, (x), T5, (")}}

= max{max{Tg, (x), T, (x)}, max{Ty, (¥), T5,(")}}

B B = mé_‘X{(TB1 U_P Tp,)(x), (Tp, Up T, )N}

¢, YUp Ie,) (xy) = rmax{lc, (xy), Ic,, (xy)}

<
rmax{rmin{ly, (x), o, )}, rmin{ly, (x), L, »)}}

rmin{rmax{l,, (x), I'Azzx)}, rmax{l, ), L, O}
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= rmin{(iA1 Up iAz)(x)' (iA1 Up iAz)(J’)}
(Ip,, YUp Ip,)(xy) = max{lp, (xy),Ip,(xy)}
<

max{rmax{lp, (x), I, ()}, rmax{lg, (x), 15, ()}

max{rmax{lp, (x), Ip, ()}, rmax{ls, (¥), Is,(¥)}}
_ _ = ma}f{(IBl UP!BZ)(x)I (Up, Up 15,) ()}
(Fc,, Yp Fe,)(xy) = rmax{F¢, (xy), F¢,,(xy)}
<
rmax{rmax{F,, (x), F,, 0}, rmax{F,, (%), F,, )}

rmax{rmax(Fy, (), y, (O} rmax(Fy, 00, Fa, 00
= rmax{(Fy, Up Fa,)(x), (Fa, Up F4,) ()}
(Fpy, Yp Fp,,)(xy) = max{Fp, (xy), Fp,, (xy)}
< max(min{Fy, (x), F5, ()}, min{Fy, (x), F5, )}
= min{max{Fy, (x), 5, ()}, max{Fy, (), F5, ()}
= min{(Fp, Up Fp,)(x), (Fp, Up Fp,) (1)}
If xy € E;; and xy € Ej,, then
(Tcil Up Tciz)(x}’) =< rmin{(TAl Up TAZ)(X)I (TA1 Up TAZ)(.V)}
(Tp,, Up TDLZ)(XQ’) = max{(T31 Up TBZ)(X)J (Ts, UP~TBZ)(J{_)}
(¢, Yp Ic,) (xy) = rmin{(Iy, Up 14,)(x), (I, YUp 11,) (1)}
_ (191-1 Up Ip,)(xy) = n}ax{(IBL Up 132)(25): (131~UP 1g,) N}
(Fc,, Up Fe, ) (xy) = rmax{(Fy, Up Fu,)(x), (Fa, Up F4,) ()}
(Fp;, Yp Fp)(xy) = min{(F31 Up Fp,) (%), (Fp, Up FBZ)(J’)}
If xy € E;; and xy € Ej,, then
(Tcil Up Tciz)(x}’) =< rmin{(TAl Up TAZ)(X)I (TA1 Up TAZ)(.V)}
(Tp,, Up TDLZ)(XQ’) = max{(T31 Up TBZ)(X)J (Ts, UP~TBZ)(J{_)}
(¢, Yp Ic,) (xy) = rmin{(Iy, Up 1n,)(x), (I, YUp 11,) (1)}
(191-1 Up Igiz)(xY) = max{(IBl~UP IBZZ(X)I (I, EJP IBZ)S.V)}
(Fc,, Up Fe, ) (xy) = rmax{(Fy, Up Fu,)(x), (Fa, Up Fu,) ()}
(Fp;, Yp Fp)(xy) = min{(F31 Up Fp,)(x), (Fp, Up FBZ)(J’)}
Hence the P-union of two nuetrosophic cubic graphs is a neutrosophic cubic
graph.

Remark 3.8 R-union of two neutrosophic cubic graph structures may not
be a neutrosophic cubic graph structure as in above example
Ip,,urD,, (@b) = 0.8 £ max{0.6,0.4} = max{lp, ,.p,(a), Ip,uzs, (D)}
s0 it is not a neutrosophic cubic graph structure.
Proposition 3.9: Let G* =
(V1 Up Vo, E11 Up Eqp, E1 Up Eygy, ..., Enq Up Epy) be the P-union of G =
(V1,Ei1,Ezq, ... Eny) and  G; = (Vo) E1p) Ezpy ) ). Then every
neutrosophic cubic graph structure Gg = (M, Ny, N,,..., N,,) of the G* is the
P-union of a neutrosophic cubic graph structure Gs; of G; and a
neutrosophic cubic graph structure Gs, of G;.
Proof. We define My, M,, N;; and N;, fori = 1,2,...,n as;
ifxeV,
Ty, (0 =Ty (@)
T31 (x) = Tp(x)

ifxev,

TAz(x) =Ty(x)

Tp, (%) = Tp(x)
ifxy € Ej;

Tcil(xl/) = 7:4:[-(95)’)

Tp,, (xy) = TDi(Xy)
ifxy € Ej,

7jciz (y) = ’chi(x)’)

Tp,, (xy) = TDi(Xy)
so that M;, M,, E;; and E;, are neutosophic cubic sets on V;,V,, E;; and E;,
also M = M, Up M, and N; = N;; Up N, fori = 1,2,...,n. Now for xy €
Ej;j=12andi=12,...,n, we have

Tcij(Xy) =T¢,(xy)

=< rmin{T, (x), T, ()}

= rmin{T,, (), Ta, ()}

Tp,;(xy) = Tp,(xy)
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= rmin{Tg(x), T(¥)}

= rmin{Ty; (x), Tg;(y)}
Similarly we can prove it for (I,I) and (F,F). So G =
(M;,Nyj,Nyj,...,Ny;) is a neutrosophic cubic graph structure of G;;j =
1,2. Thus a nuetrosophic cubic graph structure of G* = G; Up G; is the P-
union of the neutrosophic cubic graph structures G; and G;. This completes
the proof.
Definition ~ 3.10:Let  Gg; = (M;,N;1,Nyq,...,Npy)  and G, =
(M3, Ny3, Ny, ..., Nyp) be two neutrosophic cubic graph structures defined
on Gi = (VyErp Erpe., Ein)_ arld G3 = (V3 Ez1,Ezzy . Ezy)
respectively. P-join is denoted by Gg,+5Gs, and is defined by
Gs1+pGsy = (My, N1, Npy, oo, Ny ) +p (Mg, Nig, Nog, ..., Nipg)

(My+pMa, Ny1+pNig, Noy+pNog, ..., Ny +pNyo)

{(A1:B1)+P(A2v32): (C11,D11)+p(C12,D12), }
(Ca1,D21)+p(Ca2,D23), -+, (Crayy Dnt ) +p(Cra, Di2)

{(A1+PA2'Bl+PBZ!)! (Ci1+pCi2,Dyy+pDy3), }

(Co1+pCa2, Doy +pDa3), - .., (CoatpCuz, Dy +p D)

(((TA1+pAZ' Tp,4pB, ) (iA1+pAz' g +pB,)r (FA1+pA2' Fp1p8,)) 3
((TC11+P512' T911+PD12)’ (I_C11+P512' IDl1+PD12)' (FC11+PC12' FD11+PD12)' }
(TCZ1+)>(:22' Tp,14pDy0) (iC21+p(:22' Ip,,4pDya)s (F021+pczzr FpyitpDyy )i
(Tcn1+PCn2'TDn1+PDnZ)' (icn1+PCn2' 1Dn1+PDn2)' (Fcn1+PCn2'FDn1+PDn2))

where (i) ifx e V; UV,

(TA1+PTA2)(X) = (T'Al Up TAZ)(x)
(T, +pTp,)(x) = (T, Up Tp,)(x)
U, +p1,) () = (I, Up I,) (%)
(Ig,+plp,)(x) = (I, Up Ip,) (%)
(Fay+pFa) () = (Fy, Up ) ()
(Fg,+pFg,)(x) = (Fp, Up Fp,)(x)
(iiyifxy€eE 4 UE;,;i=1.2,...,n
(TCi1+PTCi2)(Xy) = (Tci1 Up Tciz)(x}’)
(Tp,+pTp,)(xy) = (Tp,, Up Tp,) (xy)
(iCi1+PiCi2)(xy) = (icl-1 Up iciz)(x}’)
(Up,, +plp,)(xy) = (Ip, Up Ip,,)(xy)
(ﬁcil"'Pﬁciz)(xy) = (ﬁci1 Up ﬁc,-z)(x}’)
(Fp,,+pFp,)(xy) = (Fp,, Up Fp,,)(xy)
(iii) if xy € E;, where E; is the set of all edges joining the vertices of V; and
Vy, i=12...n
(TCi1+PTCi2)(xy) = rmin{T,, (x), To, )}
(Tp,, +pTp,,) (xy) = min{Tp, (x), T, (¥)}
(e, +ple,) (xy) = rmingly, (%), I, )}
(U, +plp,) (xy) = min{lg, (x),I5,(¥)}
(Fe +pFe,)(xy) = rmin{Fy, (x), By, ()}
(Fp,,+pFp,)(xy) = min{Fy (x), F5,()}

Definition 311 Let Gg; = (M, Ny, Nyy,...,Nyy)  and G, =
(M3, Ny3, Ny, ..., Nyy) be two neutrosophic cubic graph structures defined
on Gi = (V1,Eyq, Bz, Ery) - and Gy = (Va, Ez1, Eqa, - .., Eny)
respectively. R-join is denoted by G, +;Gs, and is defined by

Gs1+Rlsy =
(Mll N11! N21, RN Nn1)+R(M2: N12, N22r ey NnZ)

(M1+RM2vN11+RN12vN21+RN22:---:Nn1+RNn2)

{(A1'31)+R(AZ'BZ)' (C11,D11)+r(C12,Dy), }
(C21,D21)+Rr(Ca2,D22), -+, (Cpyy Dy ) +r(Crzy Dr2)

{(A1+RA2vBl+RBZv)v (C11+rCi2, D11 +gDyy), }
(C21+RrC22 Da1+rD22), -, (Cri+RrCn2 Dny+rDn2)
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((Tay+ga0 T 428, (iA1+RA2' I, 4zBy)» (FA1+RA21 Fg 4z8,))

((TC11+R512' TD11+RD12)' (1011+RC12’ 1D11+RD12)’ (F511+R(512’ FD11+RD12)’ ¥
| (T521+RC22' TDz1+RD22)’ (1521+RC22’ 1D21+RD22)’ (F521+RC22’ FD21+RD22)’ s ’J

(Tcm‘*'Ran' TDn1+RDn2)' (iCn1+RCn2' IDn1+RDnz)’ (Fcnl"'Ran’ FDn1+RDn2))
where (i) ifx eV, UV, ~ ~ ~
(T, +rTa,)(x) = (Ta, Ug Ty,) (x)
(7:131 +R~TBZ)(x) = (~TB, Ur Tg,) (%)
(Ta, +r1a,)(x) = (s, Ug Ly,)(x)
(1131+RI§2)(x) = (153 Ug 133)(35)
(Fa,+rFa,) (x) = (Fy, Ug Fa, ) (%)
(Fg,+rFg,)(x) = (Fp, Ug Fp,)(x)
(i)yifxy€eEyUE;;i=1.2,...,n
{(Tci1+RTCi2)(xy) = (T¢,, Ur Tc,) (xy)
(TDi1+R_TDi2)(xy) = ETDil Ur Tp,)(xy)
{(Ici1+R1ciz)(xy) = (¢, Ur I, ) (xy)
(1~Di1+RIBi2)(XJ’) = (1131-1 Ur Iqiz)(XJ’)
{(FCi1+RFCi2)(Xy) = (F¢,, Ug Fe,)(xy)
(Fp;,+rFp,)(xy) = (Fp,, Ug Fp,)(xy)
(iii) if xy € E;, where E; is the set of all edges joining the vertices of ; and
Vas i=12,...,n
{(TCi1+RTCi2)(Xy) = rmin{T,, (x), T4, )}
(Tuil‘f'RTDiz)(xY) = maX{TBl(x)v:TBz (62);
{(Ic“‘f'RIciz)(xY) = rmin{ly, (x), L1, )}
(19i1+R19i2)(xY) = maX{IBL(x)vIBZ~(y)}
{(Fci1+RFci2)(xY) = rmin{F,, (x), F,, ()}
(FDi1+RFDi2)(Xy) = maX{FB, ), FBZ (62);

Proposition 3.12 The P-join of two neutrosophic cubic graph structures is
again a neutrosophic cubic graph structure.

Proof. Straightforward.

Definition 3.13 Let Gg; = (M, Nyq, Ny, ..., Nyy) and G, =
(M,, Ny3, Ny, ..., Nyp) be two neutrosophic cubic graph structures defined
on Gy = (Vy,Eq1,Eqz,-.., Erp) and G = (V2,€21,E2V2, o Exp)
respectively. The cross product is denoted by G, * G, and is defined by
Gsy * G = (My, Ny1, Npyq, .o, Nypp) % (M, Nyg, Nog, ..., Nypo)

= (My * My, Ny * Nip Npy % Ny, ..., Ny % Nppp)

{(Aerl) * (A2, B2), (C11,D11) * (C12,D12), }
(C21,D21) * (C22, D22), - -+, (Cryy D) * (Crzy Diz)

{((A1 #* Az, By * By,), (C1q * C12, D11 * Dy3), }
(€21 % Ca2, D31 % Dg2), .., (Cpa * Gz, Dy * Diz)

((TAl*Azr TBl*BZ)J (iAl*Azr 131*32)1 (ﬁAl*AZJ Fsl*Bz)): )
{ ((Tcn*clz' TDn*Dlz)' (icu*clz' 1D11*Dlz)' (ﬁcn*cn' FDH*DIZ)v }
(Tcu*czzj TD21*D22)I (7521*522, 1021»«1)22): (ﬁcn*cn: FD21*D22)J e
(Tcm*cny TDnl*Dnz)' (iCnl*an' IDM*D,.LZ)’ (FCm*an' FDnl*Dnz))
where (i) if xy € V; X V,
(TA1 * TAZ)(X)’) = rmin{TAl ), TAZ (62);
(Tsl * TBZ)(X}’) = maX{Tsl ), T, (62);

(iA1 * iAz)(Xy) = Tmin{iAl ), iAz (62);
(g, * Ig,) (xy) = max{lp, (x),15,(¥)}

(FN‘A1 * ﬁAz)(Xy) = rmax{ﬁAl(x)lFAz 62);
(F3, * F,)(xy) = min{Fp, (x), Fs,(»)}
(ii) if x,x, € E;; and y,y, € Epp,i = 1,2,...,n
(Tcil * TCiz)(xlyl)(nyZ) = Tmin{Tcil (x1%2), Tciz 01y2)}
(TDH *Tniz)(xﬂ’l)(xz}’z) = max{_TDil(xle)l_TDiz 01y2)}
(Icil * Iciz)(xllh)(xzh) = Tmin{[c,-l (xlxz)’lciz 0ny2)}
(ID“ * IDiz)(xﬂ/l)(sz/z) = max{IDil (xlxz),IDiz 0ny2)}
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(ﬁc,»l * ﬁCiz)(xlyl)(nyZ) = rmax{ﬁcil (x1xz)'ﬁciz (1y2)}
(FDil * FDiz)(X1Y1)(XZYZ) = min{FDil(xlxz)rFDiz 0n1y2)}

Example: Let Gy = (My,N;q,N,;) and G, = (M,,Ny,) be two
neutrosophic cubic graph structures defined on G; and G; respectively,
where
{a, ([0.4,0.5],0.3), ([0.3,0.4],0.6), ([0.6,0.7],0.5)},
IM = ({b, ([0.2,0.3],0.6), ([0.4,0.5],0.2), ([0.1,0.2],0.3)}, | N,
{c, ([0.4,0.6],0.3), ([0.5,0.6],0.3), ([0.7,0.8],0.2)}
= ({ab, ([0.2,0.3],0.6), ([0.3,0.4],0.6), ([0.6,0.7],0.3)}) N,
= ({bc, ([0.2,0.3],0.6), ([0.4,0.5],0.3), ([0.7,0.8],0.2)})

and
M. = {x, ([0.2,0.3],0.5), ([0.6,0.7],0.1), ([0.5,0.6],0.4)},
M, = <{y. ([0.5,0.6],0.2),([0.7,0.8],0.3),([0.1,0.2],0.5)}>N12
= ({xy, ([0.2,0.3],0.5), ([0.6,0.7],0.3), ([0.5,0.6],0.4)})

{x,([0.2,0.3),0.5),([0.6,0.7),0.1),
([0:5,0.610.4)}

{6,(10.2,0.31,0.6),([0.4,0.51,0.2),
(10.1,021,0.3)}

{c.([0.4,0.6],0.3),([0.5,0.6),0.3),
((0.7,0.8),0.2)}

Figure: 11 Two neutrosophic cubic
graph structures Gy; and Gs;

{a,([0.4,0.51,0.3),(10.3,0.41,0.6),

1.([0.5,0.61,0.2),([0.7,0.81,0.3),
([0.1,0.2,0.5)}

([06,0.7),0.5)}

Then Gg, * Gg, will be
IM; * M,
{(ax), ([0.2,0.3],0.5), ([0.3,0.4],0.6), ([0.6,0.7],0.4)},
((a,y), ([0.4,0.5],0.3), ([0.3,0.4],0.6), ([0.6,0.7],0.5)},
_ |®.),(102,031,06),([0.4,0510.2), ([050.6103)}|
=\1(b,v), ([0.2,0.31,0.6), ([0.4,0.5],0.3), ([0.1,0.2],0.3)}, [ 11 * 12
{(c,x),([0.2,0.3],0.5), ([0.5,0.6],0.3), ([0.7,0.8],0.2)},
(¢, ), ([0.4,0.6],0.3), ([0.5,0.6],0.3), ([0.7,0.8],0.2)}
(@ xX)(b,y), (10.2,0.31,0.6), ([0.3,0.4],0.6), ([0.6,0.7],0.3)},
= <{(a, Y)(b, %), ([0.2,0.3],0.6), ([0.3,0.4],0.6), ([0.6,0.7],0.3)} > 21
e o (B ),(10:2,031,06),(10:4,0.510.3), (107,081,0.2);
12 = <{(b, (¢, x), ([0.2,0.3,0.6), ([0.4,0.5],0.3), ([0.7,0.81,0.2)} >

{{ay)([0.4,0.5],0.3),([0.3,0.4],
0.6),([0.6,0.71,0.5)}

{{e.x),([0.2,0.31,0.5),((0.5,0.6],
0.3),([0.7,0.8],0.2)}

{(b,y),([0.2,0.3),0.6),([0.4,0.5),0.3),

{(b.x),([0.2,0.3],0.6),([0.4,0.5],0.2),
([0.5,0.6),0.3)}

Figure: 12 Cross product of two

neutrosophic cubic graph structures

Proposition 3.14 The cross product of two neutrosophic cubic graph
structures is again a neutrosophic cubic graph structure.

(10.1,0.21.0.31}

Proof. Let Gs; = (M, Ny1,Nay, ..., Nyy) and Gy, = (Mz'N1z'sz'---'1jInz)
be two neutrosophic cubic graph structures defined on G; =
(Vi,E11,E9r. o Ery)  and  Gi = (Va, Ey1,Eap,..., Eay)  respectively.
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Condition is obvious for M, * M,. Therefore we verify for N,; * N,,;n =
1,2,...,n, where

Npy * Ny, - 5

= {((TCn1*an' TDnl*Dnz)' (ICn1*Cn2' IDn1‘Dn2)' (FCn1*an’ FDn1*Dn2))}
We consider for x,y; € E;; and x,y, € Ej»,i =1,2,...,n

(Tz:i1 * Tciz)(x1xz)(3’13’2) = rmin{Tcil (x1%2), Tciz (1y2)}
<

rmin(rmin{TAil (1), TAH ()} Tmin{TAiz (1), TAiz ()’2)})

rmin(rmin{TAil (1), TAiz (6707 tmin{TAil (2), T:Aiz ()’2)})
= rmin{TCm‘an oy, Tcmtc,,z (e2y2)}
(TDL-1 * TDiz)(x1x2)(Y13’2) = maX{TDi1 (1), Ty, 1y2)}

max(maX{TDu (1), Tp, (x2)} maX{TDiz O Tp,, (J’z)})

max(maX{TDu (1), Tp, (C79)F maX{TDi1 (x2), Tp,, (J’z)})

= maX{Tgm*Dnz (131, Tp, 14Dy, ({ZYZ)]
Similarly we can show it for (I¢,,.c,, Ip,,«p,,) @A (Fe,, oy Fpysbng)-
This completes the proof. O

Definition 315 Let Gg; = (My, Ny, Npq,...,Nyy)  and G, =
(M,, Ny, Ny, ..., Ny,) be two neutrosophic cubic graph structures defined
on Gi = (V,E11,E5, .. Ery) and vG; = (yz' E1 Bz, Egn)
respectively. The strong product is denoted by Gg; X Gg, and is defined by
GSl g GSZ = (M11N111N21l e an) g (MZINIZ' N22' e NnZ)

= (My X4 My, Ny 4 Nygy Npg B Nog, ., Ny
Nyz)

<((A1' B)K (AZrBz))'Z(CuvDu) X (C12,D12)), >
((Cz1: DZl) g (sz; DZZ))' e ((Cnlf Dnl) g (anv Dnz))

<(A1 X 43, By X By,), (C11 X Cy3, D11 X Dyyp), >

(Cz1 g C22fD21 & DZZ)I' R (Cnl g CnZvDrLl g Dnz)

((Taymay Toy5,)» (T a0 15,8, )» (Faymay Fo,m5,))s

{((TC11|Z|Clz’ TD11|ZD12)' (1511&(:12’ 1D11|XD12)’ (FC11|XC12’ FD11|XD12))’
((TCZ1|ZC22’T021|2022)' (1521|Z522' ID21|ZD22)' (FC21|Z522' FD21|ZD22))‘ T
((Tepymacnz Topa®0nz)» Ucny 0enzr 1opy5005)» FepaRnyr Fonampn,0)3
where (i) if xy € V; X V,

TA1IZIA2 (xy) = (TA1 X TAZ)(x}’) = rmin{TAl(x), TA2 (62);

Tg,mp, (xy) = (T, X Tp,) (xy) = max{Tp, (x), Tg, ()}

iAﬂZlAz (xy) = (iA1 X iAz)(xJ’) = rmin{iAl(x)'iAz M}
Ig, 5, (xy) = (I, M Ip,) (xy) =
max{lg, (x),15,(¥)}

ﬁAlez(x}’) = (ﬁA1 X FAZ)(X}’) = rmax{ﬁAl(x):FAz(}’)}
Fp,mp,(xy) = (Fp, X Fp,) (xy) = min{Fp, (x), Fg,(y)}
(iiyifxeV,andy,y, €Ep;i=12,...,n
Tcillzciz Cey ) (xy,) = (Tcil X T:ciz)(x}’j)(x}’z)

= rmin{T,, (x), Te, Oy2)}
Tp, i, (X¥1) (xy2) = (Tp,, W Tp,,) (xy1) (xy2)

= max{Tyg, (X)ITDiz 0ny2)}

icuIZICiz (xy)(xy2) = (ici1 X iCiz)(Xyl)(XyZ) = 7'"”'71{1.,41 ), iciz 0y2)}
1Di1|ZDiz(Xy1)(xy2) = (Iz)i1 X IDiz)(xYl)(xYZ) = max{lp, (x)rIDiz()’ﬂ’z)}

Fcilgciz(x}ﬁ)(x}’z) = (ﬁcil X ﬁfiz)("y{)("yz)

= rmax{F,, (x), Fe, Ony2)}
Fp,mpy, (1) (xy2) = (Fp,, & Fp,,) (xy1) (xy2)

= min{FBl(x),FDiz 0ny2)}
(iii) if x,x, EEyandy € V,;i=1,2,...,n
Tcmzciz (x1y)(x2y) = (Tci1 X T:ciz)(xﬂ’)(’fzw

= rmin{T¢, (x1%,), Ta, ()}
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TDilxlniz(x1Y)(sz’) = (TDi1 X TDiZ)(xly)(xzy)
= maX{Tcil (1%2), TA2 3}

icillzciz (1) (x2y) = (ici1 X iciz)(xﬂ)(xzy) = rmin{icil (x1%2), iAz 62},
Ip, b, (1) (x2y) = (IDi1 X IDiz)(XJ)(xzy) = maX{Icu (x1%2), Ly, ()}

ﬁcilxciz Cay)(xy) = (ﬁci1 X ﬁfiz)(xﬂ)(x_ﬁ’)

= rmax{Fc, (x1%x2), Fa,(¥)}
Fpmp, 1Y) (02y) = (Fp,, X Fp,, ) (1Y) (x2))

= min{FCu (e1%2), Fa, ()}
(iv) ifx;x, €Ejyand y,y, €EEpp,i=12,...,n
Tculzciz(%%)(xzh) = (Tci1 zlfciz)(xﬂl_)(xﬁ’z)

= rmin{TCil (x122), T, 01y2)}
TDuXIDiZ(xlyl)(XZyZ) = (TDi1 X TDiz)(xlyl)(xZYZ)

= maX{TDil (x1%2), TDiz 01y2)}

iculzciz(xﬂﬂ(xzh) = (icil IZI~I~Ci2)(x1y1)~(x2y2)

= rmin{lcil (x1x2)rlci2 01y2)}
IDuXID,-z(xlyl)(nyZ) = (IDil X ID,-Z)(X1Y1)(X23’2)
_ = rn~ax{1,)h~(x1x2),lniz (1y2)}
Fe, e, (1Y) (22) = (F,, |E~Fciz)(x1}’11(x23’z)

= rmax{FCl.l(xlxz),FCiz 01y2)}
Fpumpy, (1Y) (x2Y2) = (Fp,, B Fp,, ) (x1y1) (%22)

= min{FDil(x1x2)rFDi2 01y2)}

Example: Let Gy = (My,N;i,No;) and Gy, = (My,Nyp) be  two
neutrosophic cubic graph structures defined on G; and G; respectively,
where
{a, ([0.4,0.5],0.3), ([0.3,0.4],0.6), ([0.6,0.7],0.5)},
IM = {{b, ([0.2,0.3],0.6), ([0.4,0.5],0.2), ([0.1,0.2],0.3)}, ) N,
{c, ([0.4,0.6],0.3), ([0.5,0.6],0.3), ([0.7,0.8],0.2)}
= ({ab, ([0.2,0.3],0.6), ([0.3,0.4],0.6), ([0.6,0.7],0.3)})N,,
_ <{bc. ([0.2,0.3],0.6), ([0.4,0.5],0.3), ([0.7,0.8],0.2)},>

{ac, ([0.4,0.5],0.3), ([0.3,0.4],0.6), ([0.7,0.8],0.2)}

and
i, = (0 ([02,031,0.5),([0.6,0.71,0.1), ([0.5,0.6],0-4)};
2 <{y, ([0.5,0.6],0.2),([0.7,0.8],0.3),([0.1,0.2],0.5)}> 12
= ({xy, ([0.2,0.3],0.5), ([0.6,0.7],0.3), ([0.5,0.6],0.H)})

{x,([0.2,0.31,0.5),([0.6,0.7),0.1),
([0.5,0.6],0.4)}

{b,([0.2,0.3),0.6),([0.4,0.51,0.2),
([0.1,0.21,0.3)}

N21,{ac,([0.4,0.5],0.3),([0.3,0.4],
0.61.(10.7.0.81.0.21}

{c,([0.4,0.6],0.3),{[0.5,0.61,0.3),
(10.7,0.8,0.2)}

{a.([0.4,0.5),0.3),([0.3,0.4],0.6),

{v.([0.5,0.6],0.2),([0
(10.1,0.2,0.5)}

([0.6,0.71,0.5)}

graph structures Gs; and Gs

Figure: 13 Two neutrosophic cubic |

Then Gs; X Gs, will be
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IM, X M,

{(a,x), ([0.2,0.3],0.5), ([0.3,0.4],0.6), ([0.6,0.7], 0.4)},

{(a,v), ([0.4,0.5],0.3), ([0.3,0.4],0.6), ([0.6,0.7], 0.5)},
_ [{(b,x),([0.2,0.3],0.6), ([0.4,0.5],0.2), ([0.5,0.6],0.3)},
=\, y), ([0.2,0.3],0.6), ([0.4,0.5],0.3), ([0.1,0.2], 0.3)},
{(c,x), ([0.2,0.3],0.5), ([0.5,0.6],0.3), ([0.7,0.8], 0.2)},
{(c,y), ([0.4,0.6],0.3), ([0.5,0.6],0.3), ([0.7,0.8], 0.2)}
{(a,x)(b, y), ([0.2,0.3],0.6), ([0.3,0.4], 0.6), ([0.6,0.7],0.3)},
{(a,y)(b, %), ([0.2,0.3],0.6), ([0.3,0.4], 0.6), ([0.6,0.7],0.3)},
{(a,x)(a,), ([0.2,0.3],0.5), ([0.3,0.4], 0.6), ([0.6,0.7], 0.4)}
Np1 X Ny,

(b, x)(c,y), ([0.2,0.3],0.6), ([0.4,0.5],0.3), ([0.7,0.8],0.2)},
= {{(b,x)(c, ©)}, ([0.2,0.3],0.6), ([0.4,0.5],0.3), (0.7,0.8],0.2)},

{(b, x)(b,y), ([0.2,0.3],0.6), ([0.4,0.5],0.3), (0.5,0.6],0.3)}

Nll X N12

t(2.%),10.2,0.31,0.5),(10.3,0.41.0.5),
(10.6,0.7.0.4)}

e x)A[0.2,0.31,0.5).4[0.5,0.61,0.3),
(10.7,0.81.0.21}

Ue.¥).(10-4,0.61,0.3),(10.5,0.61,0.3),
(10.7,0.81.0.2)}

Proposition 3.16 The strong product of two neutrosophic cubic graph
structures is again a neutrosophic cubic graph structure.

Proof. Let Gs; = (M, Ny1, Nay, ..., Nyy) and Gy, = (My, N121N221---11VVn2)
be two neutrosophic cubic graph structures defined on G; =
(Vi,E11, vy Ern)  and  Gj = (Vo, Epy,Ea,..., Epy)  respectively.
Condition is obvious for M; X M,. Therefore we verify for N,; X N,;n =
1,2,...,n, where
an Ei_NnZ . -
= {((Tcnlgcnz' TDnﬂanz)’ (Icnlgcnz’ IDnlgDnz)’ (FCMXIanJ FDm&Dnz))}
(i) Letx eV, and y,y, € E;p;i =1,2,...,n
Teme, (ey) (xy2) = rmin{Ty, (0, T, (01y2)} .
= rmin{(T,, (), rmin((T, (1), (T, (v2))}
rmin{rmin(Ty, (0, T, 0)) rmin(Ta, 00, T, 020}
= rmin{(TAl X TAZ)(XJ Y1) ((TA1 X TAZ)(XI v2)}
TDnlllenz((Xyl)(XyZ)) = maX{(T31 (), TD,lz y2))}
< max{(T, (x), max((Ts,(y1), (T, (¥2))}

max{max((Tg, (x), (Ts,(¥1)), max((Ts, (x), (T, (¥2))}

= maX{(TBl X TBZ)(XJ i) (Tel X TBZ)(xr v2)}
(ii) Let x;x, EEyandy € Vysi=12,...,n

Tcuxciz (1) (ng’) = ijn{Tcil (xgxz), T‘A2 62);

= rmin{rmin((Ta, (x1), Ta, (x2)), Ta, )}
rmingrmin(Ty, (), T, ), rmin((Ty, (), (T, )}

= rmin{(TAl X TAZ)(xly)J (TA1 X TAZ)(ny)}
T, ®0n, (1Y) (x2¥)) = max{(Tp,, (x1x2), Tp, (¥))}

< max{max(Tg, (x,), Tp, (x2)), Tp,(¥)}
max{max(Tg, (x,), Tg, (¥)), max(Tg, (x;), Tg, ()}

= maX{(TBl X TBZ)(xﬂ’)J (Tsl X TBZ)(ny)}
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(iii) Let x,x, € E;; and y,y, € Ejp;i =1,2,...,n
_ _ Tcuxciz ey (x2y2) =
rmin{TCil (%), Ty, (1Y2)}
<
rmin{rmin(TAl (x1), TAl (x2)), Tmin(TAz 1), TAZ o2}
rmin{rmin(TAl (1), TAZ ), TT’iin(TAl_(xz)' T’A2 (}’2))} _
= rmin{(TAl X Ty, ) (11, (Ta, B Ty, ) (x232)
TDuXIDiZ (o y)(x2y2) = maX{TDil (x1x2), TDiz 0ny2)}
< max{max(TBl (1), T, (x2)), (T, (1), T, €)))
= max{maX(TBl (1), T, (¥1)), (T, (x2), T, 20}
= max{(TBl X TBZ)(X1}’1):(T31 X TBZ)(XZYZ)}
Similarly we can also show this for (I¢,,xc,, Ip,,=p,,) and
(ﬁcmxcm- Fp,.mpy,)- This completes the proof.

Definition 3.17 Let Gg = (My,N;1,Nyq,...,Nyy)  and G, =
(M3, Ny3, Ny, ..., Ny,) be two neutrosophic cubic graph structures defined
on G = (V1vE11vE12: - Ein) and G; = (V2. Ez1, Ezp, .., Eap)
respectively. The IeX|c0graph|c product is denoted by Gg, - Gs, and is
defined by
Gy * Gsy = (My, Nyg, Nag,. o, Ny ) - (Mg, Nyg, Nog, .., Nipg)

= (My - My, Nyy - Nygy Noy - Npg, oo, Ny - Nyg)

= ((41,B1) - (A2, B3), (€11, D11) - (€12, D13),
(C21,D31) - (C22,D23), -, (Co1, Dyy) + (Crzy Di2))

= ((4y - A3, B, - By,), (€11 - €13, D15 - D),
(Ca1 - C2, D31+ Dg3),-.., (G * Gz Dy * D)

((TAl AZ!TBl Bz) (IA1 AZ!IBI Bz) (FAl AszBl Bz)) ]
((TC11 C1Z'TD11 D12) (IC11 -C12? ID11 D1z) (FC11 -C12? D11 D12 $
| (TCZI “Ca2’ TDz1 Dzz) (ICz1 “C22’ IDz1 022) (FC21 sz'FDn Dzz) K
T Tows on ) Uy 000 oy s Py 10 P ) )
where (i) if xy € V; X V,
TAl«AZ(Xy) = (TA1 ' TAZ)(XJ’) = rmin{TAl ), TAZ (62},
Tp,.5,(xy) = (Tg, - Tp,) (xy) =
max{Tp, (x), Tp, ()}

iArAZ (xy) = (iAl : iAz)(xy) = Tmin{iAl x), iAz (62}
131~32(x3’) = (131 '132)(’0’) = maX{IBl(x),IBZ (62);

FA1~A2 (xy) = (ﬁAl : ﬁAz)(xy) = rmax{ﬁAl ), FAZ (62);
Fg,.5,(xy) = (Fp, - F5,)(xy) = min{Fg, (x), Fz, )}

(iiyifxeV,andy,y, €EEp;i=12,...,n
Tcil»ciz(x%)(xh) = (Tcil Te,) ey (xy2) = rmin{Ty, (x), Te, 0ny2)}
TDirDiz(xyﬂ(x}’z) = (TDil : TDiz)(X}ﬁ)(x}’z) = max{T, (x)rTDiz 01y2)}

ici1~ci2 (xy1) (xy,) = (icil ~ici2)(xy1)(xy2) = rmin{iAl (x)riciz (r1y2)}
IDi1~Di2(xy1)(xy2) = (IDi1 ~1Di2)(xy1)(xy2) =
max{lp, (x),Ip,, 12)}

Fcil«ciz ey (xy,) = (Fci1 : Fciz)(x}ﬁ)(xJ’z) = Tmax{FAl(x): ﬁciz 1y2)}
Fppiy ey (xy2) = (FDi1 : FDiZ)(xJﬁ)(xYZ) = min{Fg, (x), Fp,, 0ny2)}
(iii) if x,x, € E;;y and y,y, € Ejp, i =1,2,...,n
Tcil»ciz(xllﬁ)(xzh) = (Tci1 'Tgiz)(xﬂﬂ(?fﬁ’z)

= rmin{TCil (1%2), T, 0ny2)}
TDirDiz(x1Y1)(XZYZ) = (TDi1 : TDiz)(xlh)(xz}’z)

= maX{TDh (x1x2)rTDi2 0ny2)}

(ici1 : iciz)(xﬂﬁ)(x_ﬂ’z)
= rmin{lcil (xlxz),lciz 01y2)}
IDil«Diz(x1Y1)(x2YZ) = (IDH : IDiz)(x1J’1)(sz’2)
= maX{IDil(xle)'lDiz 01y2)}

icil‘ciz (e y1)(x2y2) =

ﬁcil«ciz(xﬂﬁ)(xz}’z) = (ﬁci1 'ﬁciz)(xlﬂ)(x}h)
= 7”"1‘13‘{1:@'1 (x1x2)chi2 0ny2)}
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FDil-Diz(xlyl)(xzyZ) = (FD“ : FDiz)(x1y1)(x2)’2)
= min{FDi1 (x1%2), Fp,, (y1y2)}

Example: Let Gy, and G,be two neutrosophic cubic graph structures as
shown in figure:13. Then their lexicographic product will be
M, - M.

1{(a,zx), ([0.2,0.3],0.5), ([0.3,0.4],0.6), ([0.6,0.7],0.4)},
{(a, ), ([0.4,0.5],0.3), ([0.3,0.4],0.6), ([0.6,0.7],0.5)},
{(b,x), ([0.2,0.3],0.6), ([0.4,0.5],0.2), ([0.5,0.6],0.3)},
{(b,¥),([0.2,0.3],0.6), ([0.4,0.5],0.3), ([0.1,0.2],0.3)},
{(c,x),([0.2,0.3],0.5), ([0.5,0.6],0.3), ([0.7,0.8],0.2)},
{(¢,y),([0.4,0.6],0.3), ([0.5,0.6],0.3), ([0.7,0.8],0.2)}
{(a,x)(b,y),([0.2,0.3],0.6), ([0.3,0.4],0.6), ([0.6,0.7],0.3)},
{(a,y)(b,x),([0.2,0.3],0.6), ([0.3,0.4],0.6), ([0.6,0.7],0.3)},) N, - Ny,
{(a,x)(a,y),([0.2,0.3],0.5), ([0.3,0.4],0.6), ([0.6,0.7],0.4)}

_ [{(b,x)(c,¥),([0.2,0.3],0.6), ([0.4,0.5],0.3), ([0.7,0.8],0.2)},

~ <{(b,x)(b, ¥), ([0.2,0.3],0.6), (]0.4,0.5],0.3), (0.5,0.6],0.3)} )

{la,%),{10.2.0.3],0.5).([0.3,0.41,0.6),
(10.6,0.7),0.4)}

Ny; - Ny

{lsoleo'yol)

fooTroeallleo]so'yol) el

)
=
5
°
)
Y
=

{(b,%),([0.2,0.3],0.6),{[0.4,0.5],0.2),
(10.5.0.61.0.31}

{lcx),([0.2,0.3),0.5),([0.5,0.6),0.3),
([0.7,0.8).0.2)}

{(<.v).([0.4,0.6],0.3),([0.5,0.6].0.3),

(10.7,0.81,0.21}

Figure:15 Laxicographic product of two
neutrosophic cubic graph structures

Proposition 3.18 The lexicographic product of two neutrosophic cubic
graph structures is again a neutrosophic cubic graph structure.

Proof. Let Gg; = (My, Nyg, Npy, ..., Nyp) and G, = (Mg, Nyz, Npg, ..., Nyo)
be two neutrosophic cubic graph structures defined on G; =
(Vi,E11,Evzre o Ern)  and  Gj = (Vo, Epy,Eag,..., Epy)  respectively.
Condition is obvious for M, - M,. Therefore we verify for N, - Ny,;n =
1,2,...,n, where
Npy - Npp = {((TcnrcnerDm«Dnz)' (icm.cnzvln,,rn,,z)v (ﬁcm«c,,yFDm«Dnz))}

(i) Letx € V,; and y,y, € E;p;i =1,2,...,n
Tcil-ciz (xy)(xy,) = rmin{TAl (x} Tciz 1y2)} _ _

= rmin{(Ty, (), rmin((Ty, (1), (Ta, (v2))}
rmin{rmin(Ty, (), To, ), rmin(Ty, 00, T, 02))}

= rmin{(Ty, - To,) (%, ¥1), (T4, - Ta,) (%, ¥2)}
T,y -0y ((X¥1) (xy2)) = max{(Ts, (%), Tp,,,(¥1¥2))}

< max{(Ts, (x), max((Tp, (y1), (T, (¥2))}
max{max((Tp, (x), (Ts, ¥1)), max((Tp, (x), (T, (¥2))}

= max{(T31 ' TBZ)(XJ Y1) (T31 : TBZ)(XI y2)}
(ii) Let x,x, € E;; and y,y, € Ejp;i = 1,2,...,1n
Tcil-ciz Cay)(xy,) = rmin{’f"cil (xlxz)’Tciz 0ny2)}

<
7”"”'71{7”"”'71(T'A1 (1), TAl (e2)), Tmin(TAz o), TAZ r2))}
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rmingrmin(Ty, (), Ta, 02)), rmin(Ty, (06, T's, 20)}
= rmin{(TAl ' TAZ)(xlyl)l (TA1 : TAZ)(xzyz)
Tp,,.p, (1) (X2y2) = maX{TDil (x1%2), Tp,, (y1y2)}
< max{max(TBl (x1), T31 (x2)), (TB2 62)] TB2 o2}
= max{max(TBl (x1), TB2 o), (T31 (x2), TB2 O2))}
= max_{(TBl - T, ) (x1y1), (TB~1 ) TBZ)(XZyZ)}
Similarly we can show it for (I, ,.c,.,» Ip,,-pn,) @Nd (Fe,.,.cppr FDpy-Dyy)- THIS
completes the proof.

1V. Application in Multiple Attribute Group Decision Making
Problem

In this section we discuss a multiple attribute group decision making
problem and developed an algorithm.

Graphs are very important in daily life and allow us to study the behavior of
something quickly. Graphs allow us to make a mental image of the data, so
we can say that graphs help us to build a bridge between the abstract and the
real. For too long we as humans have taken too much work upon our
shoulders, its time to simplify our life and to use the best tool for the job.
Graphing is one of these tools that might be used in such circumstances.
Graphs are used in everyday life, from the local newspaper to the magazine
stand. In computer science graphs are used to represent the flow of
computation, used to measure the trafficking to a site, also used in fraud
detection etc. So it is one of these skills that you simply cannot do without
the help of graphs. Graphs can help us and make our life simpler from
student to professionals. Fuzzy graph theory has been used in the world of
Mathematics due to its effective applications.

We first provide an algorithm and then we discuss an example.

Algorithm:

1. Select the set V = {4,,4,, ..., A, } of alternatives as a vertex set from the
problem which is under study and select the membership grade for each
element in the vertex set based on certain attributes.

2. Select the set E = {E,,, E,q, E5q,..., En,} Of attributes or criteria as the
set of edges.

3. Use the Definition 3.1 of neutrosophic cubic graphs structures for finding
the membership grade of each E;; fori = 1,2,3....n.

4. After having the values of V and E, draw the graph.

5. Find the strength of each edge using the following definition and comapre
them,

Definition 4.1 Let E = {N,,} be a edge having neutrosophic cubic value
and we define strength of edge as
S(E) = [{(Ty + Iy — FR) + (T + Iy — F{)} + Ty + Iy — Fiyl
where S € [-3,3].
This is same as the score of a neutrosophic cubic numbers. Here we used it
for the graphs instead of numbers in terms of neutrosophic cubic sets.
Example: Neutrosophic cubic graphs have vast applications in industries as
discussed in [24]. Neutrosophic cubic graph structures have more vast
applications in daily life, industries, economy and in foreign policy etc. The
foreign policy of a country is influenced by so many factors. Some of them
are listed as, "Geography, Size, Culture and History, Economics
Development, Technology, Social Structure, Public Mood, Political
Organization, Role of Press, Political Accountability,Leadership, Military
Relation, Economic and trade policy, Diplomacy, Alliance, Membership of
International Institute in Country, Religious Relation, Religious Festivals,
Intelligence agencies and Boundaries etc". Here we discuss some of the
above mentioned factors effecting the foreign policy for presenting an
application of our developed mathematical procedure. We apply the
algorithm as under:
1. Let us consider a vertex set V = {A,B,C,D} of countries. Find the
membership grade of each element of V' using the Neutrosophic cubic sets
as under:

{4, ([0.3,0.4],0.6), ([0.1,0.2],0.1), ([0.6,0.7],0.3)},
_ [{B,([0.4,0.5],0.2), ([0.7,0.8],0.4), ([0.1,0.2],0.5)},
~\{¢, ([0.5,0.6],0.4), ([0.2,0.3],0.6), ([0.4,0.5],0.2)},

(D, ([0.1,0.2],0.5), ([0.3,0.4],0.9), ([0.5,0.6],0.4)}
2. These countries are interlinked with each other by some relations given
by
E = {E11,Ey, Bz}

= {religiousrelations, traderelations, securityrelations}

M
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where
Eiq = (€11, Du)~ B
= {(Tcuj Tpy,) Ueyyo Ip, s (Feyys FDH)}
= {religious beliefs, religious festivals, effects of religion on society}

Ep = (C21:D21)~ B
= {(Tcu' TDH)' (1521, 1D21)' (F021: FD21)}
= {import, export, exchange}

E3y = (C31:D31)~ B
= {(Tcu' TD31)' (163111D31)' (Fcalr FD31)}
= {Army, boundaries, intelligenceagencies}

As the above given factors highly effect the relations among countries.
These factors are responsible for the peace or war between two countries.
3. Using the Definition 3.1 we have

N = ({AB, ([0.3,0.4],0.6),([0.1,0.2],0.4),([0.6,0.7],0.3)],) N

117 \{¢D, ([0.1,0.2],0.5), ([0.2,0.3],0.9), ([0.5,0.6],0.2)} / "2

3 <{AD, ([0.1,0.2],0.6), ([0.1,0.2],0.9), ([0.6,0.7],0.3)},) N

~ \{BC, ([0.4,0.5],0.4), ([0.2,0.3],0.6), ([0.4,0.5],0.2)} / 3!

_ {AC,([0.3,0.4],0.6), ([0.1,0.2],0.6), ([0.6,0.7],0.2)},

- <{BD, ([0.1,0.2],0.5), ([0.3,0.4],0.9), ([0.5,0.6],0.4)}>

4.Draw the graph as under;
5. Strength of edges is as under using the Definition 4.1, we have

S(AB) = 0.4,
S(AC) = 0.6,
S(AD) = 0.5,
S(BD) = 0.9,
S(DC) = 0.9,
S(BC) =13.

It is shown in the following figure

S{BC) S({BD) S{DC) S{AC) S(AD) S(AB)

S(BC) > S(DC) = S(BD) > S(AC) > S(AD) > S(AB).

Thus we can concluded that the countries B and C have strong relations
between each other.

N, [AB,([0.3,0.4),0.6),([0.1,0.2),0.4),
([0.6,0.7,0.3)}

M, {CD,([0.1,0.2),0.5),{[0.2,0.3].0.9).

(10.5,0.6),0.2)}

| Figure: 16 Neutrasophic cuble graph structure J
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V. Comparative Analysis and Conclusions:

All versions of neutrosophic sets like, single valued neutrosophic set,
interval valued neutrosophic set and neutrosophic cubic set are used in
literature so far for the applications of neutrosophic sets. But neutrosophic
cubic sets are a more generalized tool to handle imprecision and vagueness
and all other versions of neutrosophic sets are the special cases of it. On the
other sides we have the comparison between the different types of graphs as
shown the following table:
Type of Graph

Crisp Graphs

Advantages and Limitations
These can handle only exact
information
These can handle imprecise and
vague information but only can
handle only the positive aspects.
These can handle both positive
and negative aspects, but it is not
always possible to assign a single
membership and non-membership

Fuzzy Graphs

Intuitionistic Fuzzy Graphs

value.
Single  values  Neutrosophic | These can handle positive,
Graphs negative and hesitant

information’s in a much better
way as compared to previous
ones. But like intutionistic fuzzy
graphs it is not always possible to
assign a single membership and
non-membership value.

It can handle many problems as
compared to previous. Yet have
some limitations which can be
handle through the hybrid version
of neutrosophic cubic graphs.
This is the most generalized
version of fuzzy graphs and it can
handle many imprecise and vague
problems. But in Neutrosophic
Cubic Graphs the number of the
set of edges is the only one. When
the number of edges is more than
one then we need the concept of
neutrosophic cubic structures.

Interval-valued
Graphs

Neutrosophic

Neutrosophic Cubic Graphs

So, we used the concept of neutrosophic cubic sets in this paper with the
concept of neutrosophic cubic structures.

We have observed that by increasing the set of edges we can find more
insight of the problem which is not possible through a single set of edges.
In this paper we discussed the idea of neutrosophic cubic graph structures,
and different operations on it such as Cartesian product, composition, P-
union, R-union, P-join, R-join, cross product, strong product and
lexicographic product. We provided different examples and results related
to these operations. We also observed that R-union of two neutrosophic
cubic graph structures may not be a neutrosophic cubic graph structure.
Further we provided applications of neutrosophic cubic graph structures. In
future we will try to different kinds of neutrosophic cubic graphs structures
and will explore more results related with the application in real life.
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