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In this paper, the notion of single-valued neutrosophic proximity Received 5 December 2018
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introduced and some of their properties were investigated. Then, it proximity space; initial

was shown that a single-valued neutrosophic proximity on a set X structure; product
induced a single-valued neutrosophic topology on X. Furthermore,
the existence of initial single-valued neutrosophic proximity struc-
tureis proved. Finally, based on this fact, the product of single-valued
neutrosophic proximity spaces was introduced.
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1. Introduction

In 1998, F. Smarandache [1] introduced the concept of neutrosophic set which is a mathe-
matical tool for handling problems involving incomplete, indeterminate and inconsistent
information in real world. The neutrosophic sets are characterised by three membership
functions independently: truth, indeterminacy and falsity, which are within the real stan-
dard or nonstandard unit interval 170, 17[. Therefore, this notion is a generalisation of the
theory of fuzzy sets [2] and intuitionistic fuzzy sets [3]. Salama and Alblowi [4] introduced
and studied neutrosophic topological spaces and its continuous functions.

The neutrosophic set generalises the sets from a philosophical point of view. But, from
a scientific or an engineering point of view, the neutrosophic set operators need to be
specified. Because, it is not convenient to apply neutrosophic sets to practical problems
in the real-life applications. So, Wang et al. [5] introduced the single-valued neutrosophic
sets (SVNSs) by simplifying neutrosophic sets (NSs). SVNSs are also a generalisation of intu-
itionistic fuzzy sets, in which three membership functions are independent and their value
belong to the unit interval [0, 1].

Neutrosophic set theory is widely studied by many researchers. It is used in many
real application area, such as medical diagnosis [6], image processing [7], fault diagnosis
[8] and multi-criteria decision making [9], which are over-cited research topics in various
fields.

Proximity spaces were introduced by Efremovich during the first part of 1930s and later
axiomatised [10, 11]. He characterised the proximity relation ‘A is near B’ for subsets A and
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B of any set X. Efremovich [11] defined the closure of a subset A of X to be the collection of
all points of X ‘close’ A. In this way, he showed that a topology (completely regular) can be
introduced in a proximity space. This theory was improved by Smirnov [12]. He was the first
to discover relationship between proximities and uniformities.

In 2007, Peters [13] extended the standard spatial proximity space to a descriptive prox-
imity space that examined the descriptive nearness of objects. The concept of descriptive
proximity is useful in identifying, analysing and classifying the parts of a digital image. In
recent years, several practical applications in many fields such as cytology (cell biology),
criminology, digital image processing have been published [14, 15].

The most comprehensive work on the proximity spaces theory was done by Naimpally
and Warrack [16]. All preliminary information about proximity spaces can be found in this
source.

The main objective of this paper is

(1) tointroduce the concept of single-valued neutrosophic proximity spaces and investi-
gated some of their properties,

(2) toshow thata single-valued neutrosophic proximity on a set Xinduced a single-valued
neutrosophic topology on X, and

(3) to define the initial single-valued neutrosophic proximity structure and the product of
single-valued neutrosophic proximity spaces.

2. Preliminaries

The following are some basic definitions and notations which we will use throughout the
paper.

Definition 2.1 ([4]): Let X be a nonempty fixed set. A neutrosophic set (NS for short) A
is an object having the form A = {(x, Ta(x), la(x), FA(x)): x € X} where the functions Ty, I
and F4 which represent the degree of membership (namely T4(x)), the degree of indetermi-
nacy (namely /4(x)) and the degree of nonmembership (namely F4(x)) respectively, of each
element x € X to the set A with the condition

70 < Ta() + 1a(0) + Falx) < 3T

A neutrosophic set A = {(x, Ta(x), la(x), Fa(x)): x € X} can be identified to an ordered
triple (Ta, la, F4) in 170, 17[ (nonstandard unit interval) on X.

Remark 2.1 ([4]): Every intuitionistic fuzzy set (IFS for short) A is a nonempty set in X is
obviously on NS having the form A = {{x, Tao(x), 1 — (Ta(x) + Fa(x)), Fa(x)): x € X}.

Definition 2.2 ([4]): The neutrosophic set Oy in X may be defined as

(01) Oy ={{(x,0,0,1): x € X}
(02) Oy ={{x,0,1,1): x € X}
(03) Oy ={(x,0,1,0): x € X}
(04) Oy = {{x,0,0,0): x € X}.
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The neutrosophic set 1y in X may be defined as

(11) v ={{x,1,0,0): x € X}
(12) Iw={{x,1,0,1):x € X}
(13) Iv={{x,1,1,0): x € X}
(1a) Iw={{x.1,1,1):x € X}

Definition 2.3 ([4]): Let A = (x,Ta,la, Fa) be a NS on X, then the complement of the set A
(C(A) for short) may be defined as three kinds of complements:

(@) CA) ={(T=Ta0), 1 = Ia(), 1 — Fa(¥)): x € X}
(@) CA) = {(Fa(), Ia(¥), TaX)): x € X}
(G) CA) = {6 Fa(¥), 1 = 1a(x), TA(¥)): x € X}.

One can define several relations and operations between neutrosophic sets follows:

Definition 2.4 ([4]): Let X be a nonempty set, and neutrosophic sets A and B in the form
A={{x,Ta(x),la(x), Fa(x)): x € X} and B = {{x, Tg(x), Ig(x), Fg(x)): x € X}. Then we may
consider two possible definitions for subsets.

A C B may be defined as

(1) ASB <= Ta(x) = Tp(X),Ia(x) < Ig(x) and Fa(x) = Fa(x), ¥ x € X
(2) ASB <= Talx) =Tg(X),la(x) = Ig(x) and Fa(x) = Fp(x),V x € X.

Proposition 2.5 ([4]): For any neutrosophic set A, then the following conditions hold:

(1) Oy S A Oy SOy
(2) AC Ty InC N

Definition 2.6 ([4]): Let X be a nonempty set, A= (x,Ta(x),la(x),Fa(x)) and B =
(x, Tg(x), Ig(x), Fg(x)) are neutrosophic sets. Then

A N B may be defined as

(1) ANB = (X, Ta(x) ATg(x),Ia(x) A lg(x), Fa(x) V Fa(x))
(2) ANB = (X, Ta(x) ATg(x),1a(x) V Ig(x), Fa(x) V F(x))

A U B may be defined as

(1) AUB = {x,Ta(x) v Ta(x), Ia(x) Vv Ig(x), Fa(x) A Fg(X))
(2) AUB = (X, Ta(x) v Tg(x), Ia(x) A Ig(x), Fa(x) A Fa(x))

where v and A denote the maximum and minimum, respectively.

Since it is not convenient to apply neutrosophic sets to practical problems in the real
applications, Wang et al. [5] introduced the concept of single-valued neutrosophic sets
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(SVNSs for short), which is an instance of a neutrosophic set. SVNSs can be used in real
scientific and engineering applications.

Definition 2.7 ([5]): Let X be a space of points (objects), with a generic element in X
denoted by x. A single-valued neutrosophic set (SVNS) A in X is characterised by three
membership functions, a truth-membership function T3, an indeterminacy-membership
function /3, and a falsity-membership function F;. For each point x € X, Tz, I, Fz € [0, 1].

A SVNS A can be denoted by

A = {(x, T300, (0, Fx(x)): x € X}.

Remark 2.2: For the sake of simplicity, we shall use the symbol A = (T, Iz, F5) for the
single-valued neutrosophic set A = {(x, T5(x), Iz (x), F(x)): x € X}.

Remark 2.3: In SVNSs, we consider the neutrosophic set which takes the value from the
subset of the classical unit interval [0, 1] to apply neutrosophic set to science and technol-
ogy. But the neutrosophic set generalises the sets from a philosophical point of view to deal
with incomplete, indeterminate and inconsistent information in real world. Therefore, some
neutrosophic components are off the interval [0, 1], i.e. some neutrosophic components
> 1 and some neutrosophic components < 0.

Example 2.8: In a factory a full-time worker works 40 hours per week. Considering the
period of last week, worker A worked only 32 hours part-time, worker B worked full time
40 hours, and worker C worked 48 hours, working 8 hours overtime. So the degrees of
membership of workers A, Band C are 32/40 = 0.8 < 1,40/40 =1and 48/40 = 1.2 > 1,
respectively. We need to make distinction between workers who work overtime, and those
who work full-time or part-time. That's why we need to associate a degree of membership
greater than 1 to the overtime workers. Similarly, worker D was absent without pay for the
whole week, and worker E did not come to work last week, but also caused damage which
was estimated at a value half of the weekly salary. The membership degree of worker E
has to be less than the worker D's. So the degrees of membership of workers D and E are
0/40 = 0 and —20/40 = —0.5 < 0, respectively. Consequently, the membership degrees
can be off the interval [0, 1]in NSs.

An empty SVNS 6, a full SYNS T and the operators such as complement, containment,
union, intersection in the single-valued neutrosophic sets can be defined in different forms
as given in the above definitions for neutrosophic sets. We use the following definitions for
these concepts:

Definition 2.9: LetA = (Tx, 14, F3) and B= (T, k3, F3) be SYNSs on a nonempty set X. Then
Empty SVNS 0 and full SVNS 1 are defined as

e 0=1{(x,001):x€X}
1={(x1,1,0): x € X}
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Complement of the SVNS A (C(Z) for short) is defined as

C(z) ={061T=T700,1 = l(X), 1 = F7(0): x € X}

A C Bis defined as
o A - B = Tz(x) < Tz(Xx), ) < 50 and Fz(x) > F500,VYx € X.
Union and intersection operators are defined as

AU E = {06 Tz00 Vv T3, Iz 00 V XD, F00 A Fg(x)): x € X}
ANB= {06 T700 AT, 00 A B0O, Fz00 v Fz(x)): x € X}.

Example 2.10: LetX = {x1,xz},z = {(x7,0.3,1,0.6), (x2,0.8,0.3,0.5)} andB = {{x1,0.4,0.5,

0.9), (x2,0,0.7,0.2)} be SVNSs on X. Then,

C(A) = {(x1,0.7,0,0.4), (x2,0.2,0.7,0.5)}
C(B) = {(x1,0.6,0.5,0.1), (x2,1,0.3,0.8)}
AUB = {(x1,0.4,1,056), (x,0.8,0.7,0.2)}
ANB = {{x1,03,0.5,0.9), (x2,0,0.3,0.5)}.

Proposition 2.11: Forany SVNSs A and B, then the following conditions hold:

N
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cC Cin
W >
C ™
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Definition 2.12: Let X and Y be two nonempty sets and f: X — Y afunction.

(i) IfB= {y, Tz, (), Fg(y)): y € Y}isan SVNS in Y, then the preimage of B under f is

defined by

F1B) = ((x F 1 (T ), 1 () 00, F 1 (Fa) () : x € X},

where f(x) = y and 1T x) = T(Fe)), F1 () (%) = B(F(x)), F! (F3) (x) = F(f(x)).
(i) If A= {{x,Tz00, (%), F(x)): x € X} is a SYNS in X, then the image of A under f is

defined by

FA) = Ly, FTD W), F) ), (1 —

fO—F)Wy):y e}
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where
SUD,cr—1n T2(X), ifF N (y) #0
F(To)(y) = Pxef-1(y) TX (y. # ,
0, otherwise
SUPycr—1 oy l(X), TfFN(y) # 0
F) () = xef-1(y) 12 (y. #
0, otherwise
and

infuer—1(y) FA(), ifF1(y) # 0
0, otherwise.

=fO-F)y = {

The concept of single-valued neutrosophic topological space is defined as follows:

Definition 2.13 ([17]): A single-valued neutrosophic topology (SVNT for short) on a
nonempty set X is a family T of SVNSs in X satisfying the following axioms:

@) 0,1e7
(72) GiNGyeTforanyGy,Ga €T

(13) Ua,- € T for every {5,-: ie)ycr.

In this case, the pair (X,7) is called a single-valued neutrosophic topological space
(SVNTS for short). The elements of T are called single-valued neutrosophic open sets
(SVNOSs for short).

Example 2.14: Let X = {x7,x2,x3} and

(x1,0.4,0.2,0.5), (x,0.5,0.8,0.3), (x3,0.7,0.5, 1)}
(x1,0.8,0.8,0.3), (x2,0.7,1,0.1), (x3,0.9,0.9,0.7)}
( ) ) )
( ) ( )

x1,0.2,0.1,0.6), (x2,0.3,0.7,0.4), (x3,0.6,0.3, 1)}

{
{
{
{(x1,0.6,0.4,0.4), (x2,0.5,1,0.2), (x3,0.8,0.7,0.8)}

Ol Al @ ™

~ A~ A~~~ A~

Then the family T = {0, 1, A, B, C, D} of single-valued neutrosophic sets in X is SYNT on X.

Definition 2.15: The complement of A of SYNOS is called a single-valued neutrosophic
closed set (SVNCS for short) in X.

Definition 2.16: Let (X,7) and (Y,5) be SVNTSs. Amap f: X — Y is said to be continuous
if F~1(B) is an SVNOS in X, for each SVNOS Biin Y, or equivalently, =" (B) is an SVNCS in X, for
each SVNCS BinY.

Single-valued neutrosophic interior and closure operations in SVNTSs are defined as
follows:
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Definition 2.17 ([17]): Let(X,7) beanSVYNTSand AbeanSVNSinX.Thenthe single-valued
neutrosophic interior and closure of A are defined by

int(A) = | J{G: GisanSVNOSinX and G C A}

c/(Z):ﬂ{F:Fisan SVNCSinX and A CF}.

It can be also shown that int(A) is an SYNOS and c/(A) is an SVNCS in X.

(1) Ais SVNOS if and only if A = int(A)
(2) AisSVNCSifand onlyif A = cl(A).

Proposition 2.18: For any SVNSA in (X,7), we have

(1) int(C(A)) = C(cl(A))
) c(C(A)) = C(int(A)).

Proof: Let A be an SVNS in (X, 7).

(1) int(C(A)) = | J{G: GisanSVNOSinX and G < C(A))
=|J(G: GisanSVNOSinX and 4 C C(G))
= J{CH: CF)isanSVNOSinX and ACF)
=|J{Cc(F:FisanSYNCSinX and ACF}
=C(()(F:FisanSVNCSinX and ACF)
= C(cl(A)).

(2) Similarly to (1). [ |

Definition 2.19 ([16]): A proximity (Efremovich proximity) space is a pair (X, §), where X is
a setand § is a binary relation on the power set of X such that

(P1) ASBIffBSA;

(P2) AS(BUCQ)iffASBorAsC;

(P3) A BimpliesA,B # ¢;

(P4) ANB#PimpliesA$ B;

(P5) AS Bimpliesthereisan £ C X suchthat A8 Eand (X — E) § B,

where A § B means it is not true that A § B.

Afunctionf: (X,8) — (Y,8") between two proximity spaces is called a proximity mapping
(orap-map) if and only if f(A) 8’ f(B) whenever A § B. It can easily be shown that f is a p-map
if and only if, for subsets C and D of Y, f~1(C)  f~'(D) whenever C 8 D.
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3. Single-Valued Neutrosophic Proximity Spaces

In this section, we introduce the concept of neutrosophic proximity spaces as a generalisa-
tion of fuzzy proximity spaces [18] and intuitionistic fuzzy proximity spaces [19].

Definition 3.1: Let X be a nonempty setand t,i,f € [0, 1]. The single-valued neutrosophic
set Xt ¢ is called a single-valued neutrosophic point (SVNP for short) in X given by

- i f)y ,ifx=X
Xt,if (ip) = e ~p

0,0,1) ,ifX#X,
forxp € X is called the support of X; ;r, where t denotes the degree of membership value, i
denotes the degree of indeterminacy and f denotes the degree of non-membership value
Of’)‘(t,i,f'

Theorem 3.2 ([17]): Let (X, T) be an SVNTS, SVNS(X) denote the set of all single-valued neu-
trosophic sets in X and cl: SVNS(X) — SVNS(X) the SVN closure in (X,T). Then for any A, B €
SVINS(X) the following properties hold:

(1) cl©) =0

) ACd@A)

3) d(cl(A)) = cl(A)

@) cd(AUB) = cl(A) Ucl(B)
(5) IfA C B, then cl(A) C cl(B).

Theorem 3.3 ([17]): Let (X,T) be an SVNTS and the single-valued neutrosophic operator
cl: SVNS(X) — SVNS(X) satisfies the properties (1) —(4) in Theorem 3.2. Then there exists a
single-valued neutrosophic topology T on X such that clz,, = cl.

Definition 3.4: Let X be a nonempty set and SVNS(X) denote the set of all single-valued
neutrosophic sets in X. A single-valued neutrosophic proximity space (SVNPS for short) is a
pair (X, 8), where § is a relation on SVNS(X) such that

ASBiffBs A;

ASBUC)iffAsSBorAsC;

Z(SEimpliesZ * OandB * 0;

ANB #* 5imp|iesZ8§;

A S Bimplies there is an E € SVNS(X) such that A8 E and C(E) § B,

gzgzgzgzgz

~ —

where A 3 B means it is not true that A § B.

Definition 3.5: Amapf: (X,8) — (Y,8’) between two single-valued neutrosophic proxim-
ity spaces is called a single-valued neutrosophic proximity mapping (or a p-map) if and only if
f(A) §' f(B) whenever A § B.
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It can easily be shown that f is a p-map if and only if, for each E,B € SVNS(Y),
f~1(C) 5 f~1(D) whenever C 5§ D.

We have easily the following lemma, which follow directly from axioms (P~1 ), (52) and (ﬁ:l)
of Definition 3.4.

Lemma 3.6: Let (X, §) be a SVNPS. Then the following properties hold:

CandB < D, thenC 8D
81 foreach A #* 0

Theorem 3.7: Let (X, 5) be an SVNPS and define a map cl: SVNS(X) — SVNS(X) by cI(Z) =
(M{C(B) € SVNS(X) | A5 B} foreach A € SVNS(X). Then the following properties hold:

1(0) = 0

C c(A)

c/(cl(A)) = cI(A)

cl(AUB) = cl(A) U cl(B)

1
2
3
4

)>2f\

)
(2)
(3)
(4)

Proof: (1) cl(a) =0
cl(©) = N{C(B) | B30} = (0,0,1) = 0since T8 0.

(2) Acd@
LetA = (T, 15, Fz) € SUNS(X). Take any B = (T, I3, F5) € SYNS(X) such that A 3 B. Then
ANB=0= (0,0,1) and hence min{Ty3, Tz} = 0, min{l;, Iz} =0 and max{Fy, Fz} =
.50 Tz +Tg=<1, hi+lg=1and Fz+Fz=1. Thus T3 <1—Tp [z <1 -1/ and
Fi > 1 —Fz. Hence C(E) =(1-T31-RB1-F) 2Tk F3) = A. Therefore A C
M{C(B) | A B} = cl(A).

3) d(cl(A)) = cl(A)

It is sufficient to show that c/(A) § B iff A by the definition of closure.

If A 8 B, then cdA) s B obviously.

Conversely, suppose that A8 Band cl(z) 8 B.Then there exists an E € SVNS(X) such that
B3Eand C(E)5A.Sincecl(A) s Band BSE,cl(A) ¢ EandT, iy & Teorlyg) & lzorFya 2 Fe.
So there exists an x € X such that (i) Tz, (x) > Tg(x) or (ii) Iz, (x) > fz(x) or (iii) F iz (X) <
Fz(x).

(i) If Tz () > Tg(x), we choose a € [0,1] such that Tz(x) <a < Tz (x). Define
K: X — [0,1] x [0, 1] x [0, 1] by

~ (1-a,0,1), ifx=x,

Kxp) = ,

(0,0,1), if X # Xp

Then K € SVNS(X) and K < C(E) since Tz(x) < Te@ (), lg(X) < lc@ () and Fr(x) >
Fe@ 0. If K 3 A, then cl(A) < C(K) by the definition of closure and hence T, ,A) (x) <
Tew(¥) = a < Ty (x). This is a contradiction. Thus K 8 A. Since K € C(E), A 5 C(E).
This is a contradiction to the fact that C(F) 5 A. Hence T, g ) = Tg(x).
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(i) If Iy (%) > F(x), we choose b € [0, 1] such that f(x) < b < I (x). Define [:X—
[0,1] x [0, 1] x [0, 1] by

~ 0,1-b,1), ifx=xp
Lixp) = .
(01011)1 |fX#Xp.

Then [ € SVNS(X) and [ C C(F) since Tp(x) < Teg (), 70O < le@ () and Fp(x) >
Fe@ - If L3 A, then c(A) < c() by the definition of closure and hence IC,(A) x) <
leqy®) = b < ey (X)- This is a contradiction. Thus L § A. Since L € C(E) As C(E). This
is a contradiction to the fact that C(E) § A.Hence Ly 0 < ().

(iii) Ii Feg ) < Fg(x), we choose ¢ €[0,1] such that Fjz (x) < ¢ < Fg(X). Define
M: X — [0,1] x [0, 1] x [0, 1] by

/\7/(x)— 0,0,1—0), ifx=xp
"7 1,0,1), if X % Xp.

Then M e SVNS(X) and M < C(E) since T < Te@ 0, () < lc@ (x) and F(x) >
Fe@ 0. If M3S A, then c/(A) C C(M) by the definition of closure and hence FAA) (x) >
Fean ) = ¢ > Fya ). This is a contradiction. Thus M § A. Since M C C(E) Adb C(E)
This is a contradiction to the fact that C(E) 5 A. Hence Feii ) = Fe(x).

(4) cd(AUB) =cl(A) Ucl(B)

Let A = (TA,/A,FA) B= (Tz Iz, F3) € SVNS(X). Since T3 < Ty v TB, h=lzVvig and Fz <
Fz v FB, A C AUB. So, from Theorem 3.2 (5) we have c/(A) - cI(A U B) Similarly, cI(B) C
cI(A U B) and hence cI(A U B) ) cI(A) U cI(B)

On the other hand, suppose cI(Z UE) ¢ cl(A) U cI(E). Then there exists an x €
X such that (i) Tacus) ) > Ty ) Vv Ty () or (ii) L@z OO0 > 1 )V ly@ () or
(iiD) Feyaig) ) < Fag 0 A Fogg) (0.

(i) Suppose T,(AUB) ) > Ty ) Vv ,(B)(x) We may assume T,z (X) > ,(B)(x) Let
Tc/(ZUE) (x) =a.ThenT, @ X) <o and hence there existsan ¢ > Osuchthat T, i (X)) <
a — €. Since Tz (X) = N {1 =Tz | cs A} there exists a C € SVNS(X) such that
CsAand 1 — Tz(x) < o — €. Note that 1 — Tx(x) > T () = ,(B)(x) > ,(B)(x)
€/2, and hence T ,(B)(x) <1—=Tzx) +e/2 Since T3 () = A {1 =Tz | Ds B}
there exists a D € SVNS(X) such that D8 B and 1 — TD(x) < 1—Tzx) +€/2. Since
(C N D) 5 A and (C N D) 5 B, we have (C N D) 5 (A U B) So, from the definition of clo-
sure, we have c/(AUB) € C(CND).Also (1 — Tz(x)) vV (1 = Ta(x)) < 1 — Tz(x) + €/2.
Hence, by Proposition 2.11(10), « = T,(AUB)(X) < Tc(mm(x) = TC(C) x) v TC(D) x) =
O=TzNDVA-=T5x) <1-Tegx)+€/2 <a—€e+e€/2=a—¢€/2
This is a contradiction.

(i) Suppose Iz g X) > g ) V lyg ).
We may assume Iy (X) = Iy (X). Let Iz g () = B. Then I (x) < B and Luinfe
there exists an € > 0 such that /3, (x) < B — €. Since Iya, () = A {1 — 200 | CI A},
there exists a C e SVNS(X) such that C § A and 1—/z(x) < B —e€. Note that,
1= () = Iy ) = /C,(‘E)(X) > /c/(E) (x) — €/2, and hence /c/(E) ) <1 —=1Iz00)+€/2
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Since Iy 00 = A\ {1 = I3) | D § B}, there exists a D € SUNS(X) such that D § B
and 1 —/D(X) < 1 —Iz(x) +€/2. Since (Cr)D) 5 A and (Cr)D) 5 B, we have (Cﬂ
D) 5 (A U B) So, from the definition of closure, we have c/(A U B) - C(C N D) Also (1 —
Iz00) v (1 = I5x) <1 —1Iz(x) +€/2. Hence B = /C,(AUB)(X) < lc(mD) x) = lc(g)(x) \Y
le@®) =0 =) V(A —=I5x) <1—lx) +e/2<p—e+e/2=p—¢€/2
This is a contradiction.

Suppose Faug) X) < Foia () A Fo (0.

We may assume Fy iz (X) < Fyg (). Let Fyz 5 () =y. Then Fag ) >y and
hence there exists an € > 0 such that F (x) > y +e€. Since Fyg 00 =\ {1 -
Fz(x) | C § A}, there exists a C € SYNS(X) such that C § A and 1 — Fz(x) >y +
€. Note that, 1T — Fz(x) < Faa ™) = Fye 00 < Fc,(B)(x) + €/2, and hence Fa@ ) >
1T—Fzx) — 5/2 Since F ,(B)(x) V{1 =Fz00 | D3 B} there exists a D € SVNS(X)
such that DS Band 1 — FD(x) > 1 — Fz(x) — €/2. Since (Cr) D) 5 A and (Cﬂ D) 5B,
we have (Cﬂ D) 5 (A U B) So, from the definition of closure, we have c/(A U B) C
C(C N D). Also (1 — Fz(x) A (1 = F5(0)) > 1 — Fz(x) —€/2. Hence y = FC,(AUB)(X) >
FC(ZT)D) x) = FC(E)(X) A FC(B) O =0=FDAQ=F3(x) >1—-Fz(x) —€/2>y
+e—€/2=y+¢€/2.

This is a contradiction. |

Theorem 3.8: Foran SVNPS (X, §), the family

F(8) = {A € SYNS(X) | cl(C(A)) = C(A)}

is an SVN topology on X. This topology is called the SVN topology on X induced by the SVN
proximity é.

Proof: It follows from Theorems 3.3 and 3.7. [ |

Theorem 3.9: Let (X,81) and (Y, 8;) be two single-valued neutrosophic proximity spaces. An
SVN proximity mapping f: (X,81) — (Y, 82) is continuous with respect to the SVN topologies
T(81) and T(8,).

Proof: Let A € T(8,). Then cl(C(A)) = C(A). We will show that c/(C(f~1(A))) = C(F~' (A)).
Clearly C(f~'(A)) C d(C(f A))).

Conversely, let B 85 C(A). Since f is a p-map, f~1 (B) 81 f~1 (C(A)) = C(f~" (A)). So
c(C(F~' (A)) = (J(CF) F 51 C(F" (A))} € C(F' (B)).

Hence for any B 8, C(A), cl(C(f~'(A))) < C(f~'(B)). Thus we have

cl(C(F(A) < (1€ (B) | B3, CA))
= (" (C(B)) |83, CA))
=f'([J(CB) | B3, C(A)})
= 1 (c(C@Y)) = F(CAY)
= C(fF~ ' (A)).
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So c(C(F~'(A))) = C(F~'(A)).Hence f~'(A) is open. Therefore, f: (X, T(51)) — (Y, T(82)) is
continuous. [ |

4, Initial Structures and Products

We prove the existences of initial single-valued neutrosophic proximity space. Then we
define the product of SVNPSs.

Theorem 4.1: Let X be a set, {(Xy,84) | « € A} be a family of single-valued neutrosophic
proximity spaces, and for each o € A, let f,: X — X, be a p-map. For any Z,§ € SVNS(X),
define

As §iffforevery finite families {Z,- li=1,...,n}and {Ej lj=1,....,m} where A = Uf’:1 A
and B = U}-’L Ej (i.e. finite covers of AandB respectively), there exist an Z,- and a §j such that
fy (Z,-) 8o fa (Ej) foreacha € A.

Then § is the coarsest (initial) proximity structure of single-valued neutrosophic spaces on X
for which all mappings f,: (X,8) — (Xu,8a) (@ € A) arep-map.

Proof: We first prove that § is an SVN proximity on X.

(P1) ASBIffBSA
Since 8, is an SVN proximity structure for each @ € A, itis clear that ASBiffBSA.

(P2) AS(BUC)iffAsBorAsC
IfA S §, then A § D for each D ) B. Because every cover of Dis a cover of B. Therefore,
ASBorAs EimpliesZé (§UE).
Conversely, suppose A 5 Band A 5 C. Then, there exist finite covers {A; | i=1,...,n}
and {Ej |j=1,...,m}of A and B respectively such that £, (A7) 8o fy (Ej) for some
a=sj€ A, wherei=1,...,nand j=1,...,m. Likewise, there are finite covers
{Z/k |k=1,...,p}and {Ej lj=m+1,....,m+q} of Aand C respectively such that
fa(ﬁ’k) S fa(Ej) forsomea =t; € A,wherek=1,...,pandj=m+1,...,m+aq.
Then, {2\‘, U/T’k li=1,...,mk=1,...,p}and {Ej |j=1,...,m+ g} arefinite covers
of AandBUC, respectively. Hence, from the fact that f, (A; U /T’k) S f (Ej) fora = sj
or « = ti;, we conclude that A3 (BU C).

(P3) AsBimpliesA #0andB 0
Itis obvious.

(P4) ANB+0impliesAsB
We will show that if A § B, then AN B = 0. Suppose A § B. Then, there exist finite
covers {Z; |i=1,...,n}and {Ej lj=1,...,m} of A and B respectively such that

fa(Z,-) S fa(Ej) for some o = s € A, wherei=1,...,nandj=1,...,m. Since for
each o € A, &, is an SVN proximity structure on X, f, (Aj) N f(B;) = 0. From this, it
follows that

f\JA) nfu By = fuB) N £u(B) = 0.

i=1 j=1

Sowe have AN B = 0.
(P5) A Bimplies thereis an E € SVNS(X) such that A E and C(E) § B.



FUZZY INFORMATION AND ENGINEERING 13

If A B, then there exist finite covers (Aili=1,...,n} and {Ej |j=1,...,m} of A
and B respectively such that f, (A 8o fa(Ej) for some o =sjj € A, wherei=1,...,nand
j=1,...,m. Since each (Xo,,3 )is a smgle valued neutrosophic proximity space, there
exist E,, such that £, (Aj) 8 E,, and C(E,,) 8¢ fy (Bj) Set E, ﬂf"1 (E,,) and E = U} 1E
ie.E= UL Ny e ‘(E,,) It follows that f,, (E,) =fu (N1 f 1(E,,)) C N2, fufy (E,,)) c
N~ 1E,, C E,, Slncef (E,) - E,j,wehavef (A)S fy (Ej)fora _,SJJ € A;thatis, A3 E.

Let D,, = C(f; " Ep) =1, (CEp)) and F, = C(Ej) =Ur, Dj. Then CE =N F
ie. C(E) = ﬂj 1U, 1 C(f; 1(E,,)) Since C(Ej) 3y fy (B,) and Dj = f; ' (C(Ej)), we have
f, (C(E,,)) 5 f, (f (B,)) i.e. by P2 of Definition 3.4, D,, 5 Bj for all i and j. This implies F, 5 B/
for all j. Hence C(E) 5 B/ for all j, showing that C(E) 5B.

It is clear that all mappings f,: (X,8) — (Xu,d¢) (@ € A) are p-map. Let §’ be another
SVN proximity on X with respect to which each f, is a p-map. We shall show that §' is finer
than §, which will complete the proof. Suppose A 8’ B and consider any covers (Aii=

.,n} and {Ej lj=1,...,m} of Aand B respectively. Since (Z1 U--- UZ,,) §'B, by P2 of
Definition 3.4, thereisani € {1,...,n} such that A s B. Similarly, A s (§1 u... UEm), by
P2 of Definition 3.4, thereisanj € {1,...,m} such that Z,- 8 Ej. Since each f,, is a p-map with
respect to &', it follows that f, (Z,-) 8o fo (Ej) foreach o € A.Hence, we getZ 8 B,i.e.d isfiner
than é. |

Definition 4.2: Let {(X,,d,) | @ € A} be a family of single-valued neutrosophic proximity
spaces, and X = [ ], X«. The product SVN proximity on X is defined to be the initial prox-
imity structure § = [, 8« on X with respect to which each projection map P, : (X,8) —
(Xx,8e) (@ € A)is ap-map. In that case (X, §) is said to be the product SVNPS.

Corollary 4.3: A mapping f from an SVNPS (Y,8%) to (X = [[,cp Xas0), ice. f: (Y,8%) —
(X, 8), is a p-map if and only if the composition f, o f: (Y,8%) — (Xy,84) is a p-map for every
a € A.

Proof: Let (Y,8%) be an SVNPS and f: (Y,8%) — (X, §). It can easily be shown that if f is a
p-map, then foreach a € A, f, ofisap-map.

Conversely, suppose that f, o f is a p-map for each o € A. We will show that f is a p-
map. Let A, B C X, A 5*B and {A, |i=1,....n} and {Bj 1j=1....m be finite covers of
f(A) and f(B) respectively. Then A= U,-:1 A,, B= U1:1 B, and we have AcC U,L 1A,
BC U}m1 £ (Ej) Since A §*B, we obtain U,” ] _‘(Z) 5* Ujm1 f‘1(§,) and by P2 of
Definition 3.4, there exist /i, j such that f~ VA 8*f! (Bj) Since fyofof~ (A) cf, (A ),
fyofof™ 1(B,) Cfy (B,) andfy ofi |sap map for each & € A, it follows that f, (A)) 8 fy (BJ)
for each o € A.This proves that f(A) § f(B) sothat fis a p-map. |

5. Conclusion

Proximity and uniformity are important concepts close to topology and they have rich topo-
logical properties. For this reason, in recent years, these notions constitute a significant
research area in the field of topological spaces. Also, these concepts have been studied
by many authors on the fuzzy, soft and neutrosophic sets. In this paper, we introduced the
single-valued neutrosophic proximity spaces and presented some of their properties. Then,
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we showed that each single-valued neutrosophic proximity determines a single-valued
neutrosophic topology. Also, we introduced the initial single-valued neutrosophic prox-
imity structure and hence we defined the products. We concluded that all the results of
classical proximity spaces are still valid on the single-valued neutrosophic proximity spaces.
We believe that these theoretical results will help the researchers to solve practical applica-
tionsin various areas, to advance and promote other generalisations and the further studies
on SVNPSs.

In future studies, the single-valued uniform spaces can be introduced and the relation-
ships among the notions of single-valued uniform, proximity and topological spaces can
be investigated. Also, various topological notions such as separation, closedness, connect-
edness and compactness may be characterised in the single-valued topological spaces.
Furthermore, in [20-22], using new types of partial belong and total non-belong relations
on soft separation axioms and decision-making problem were investigated. In a similar way,
these can be used on the domain of single-valued neutrosophic topological spaces and
proximity spaces.
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