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Abstract

In this paper, we investigate some new characterizations in the algebraic nature of neutrosophic submodule defined over a
classical module using single valued neutrosophic set. We additionally characterized the neutrosophic point and determined
the algebraic properties of neutrosophic point using the operations defined on neutrosophic submodule. Finley we examined

a neutrosophic set as a generator of a neutrosophic submodule and derived some related concepts.
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1 Introduction

A fuzzy set represents vague concepts and contexts expressed in natural language by means of graded mem-
bership of elements in [0, 1] which is introduced by Lotfi A. Zadeh in 1965 [14,25]. In 1986, Attanassov put
forward intuitionistic fuzzy set hypothesis as a delineation of a set in which every segment is corresponding
with a participation grades and non enrollment [3]. In 1995, Smarandache outlined neutrosophic set in which
each element of a set is represented by three differing types of membership values and objective is to narrow the
gap between the vague, ambiguous and inexact real world situations [5—7,23]. Neutrosophic set theory gives a
thorough scientific stage in which wispy and uncertain hypothetical phenomena can be managed by hierarchal

membership of components.

The algebraic structure in pure mathematics cloning with uncertainty has been studied by some authors.
In 1971, Azriel Rosenfield bestowed a seminal paper on fuzzy subgroup and W.J. Liu developed the idea of
fuzzy normal subgroup and fuzzy subring. Consolidating neutrosophic set hypothesis with algebraic structures
is a rising pattern in the region of mathematical research. In 2011, Isaac.P, P.PJohn [12] recognized some
algebraic nature of intuitionistic fuzzy submodule of a classical module. Neutrosophic algebraical structures
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and its properties provide us a solid mathematical foundation to clarify connected scientific ideas in designing,
information mining and economics. In this paper we discuss about the generators of a neutrosophic submodule
and some related results.

2 Preliminaries

Definition 2.1. [2] Let R be a commutative ring with unity. A module M over R, denoted as My is an abelian
group with a law of composition written ‘+’and a scalar multiplication R x M — M, written (r,v) ~> rv, that
satisfy these axioms

1. lv=v

2. (rs)v=r(sv)

3. (r+s)v=rv+sv

4. rv+vV)=r+nr' VrseRandv,v' € M.

Definition 2.2. [2] A submodule N of My is a nonempty subset of My that is closed under addition and scalar
multiplication.

Definition 2.3. [21,24] A neutrosophic set P of the universal set X (NS(X)) is defined as

P={(n,tp(n),ir(n),fr(n)) :n €X}

where tp,ip, fp : X — (70,17). The three components p,ip and fp represent membership value (Percentage of
truth), indeterminacy (Percentage of indeterminacy) and non membership value (Percentage of falsity) respec-
tively. These components are functions of non standard unit interval (~0,17) [18].

Remark 2.1. [10,21]If the components of a neutrosophic set P, tp,ip, fp : X — [0, 1], then P is known as single
valued neutrosophic set(SVNS).

Remark 2.2. In this paper, we discuss about the algebraic structure Mz-module with underlying set as SVNS.
For simplicity SVNS will be called neutrosophic set.

Remark 2.3. U* denotes the set of all neutrosophic subset of X or neutrosophic power set of X.

Definition 2.4. [17,21,22] Let P, Q € UX. Then P is contained in Q, denoted as P C Q if and only if P(1) <
Q(n) V n € X, this means that

tp(n) <to(n), ir(n) <io(n), fr(n) > fo(n), vneX

Definition 2.5. [13,19,21] The complement of P = {(x,tp(x),ip(x), fp(x) : x € X} € U¥ is denoted by P¢ and
defined as P¢ = {x, fp(x), 1 —ip(x),tp(x) : x € X}.

Remark 2.4. (P€)¢ = P where P € UX
Definition 2.6. [8,13,21]1Let P, Q € UX
1. The union C = {n,tc¢(n),ic(n),fc(n) : n € X} of P and Q [17] is denoted by C = P U Q where

te(n) =tp(n) Vig(n)
)

ic(n) =ip(n) Vig(n
fe(m) = fe(n) A fo(n)
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2. The intersection C = {n,tc(n),ic(n),fc(n) : n € X} of P and Q [17] is denoted by C = PN Q where

tc(n) =tp(n) Nto(nN)
ic(n) =ip(n) Nig(n)
fe(m) = fe(n)V fo(n)

Definition 2.7. [17,22]For any P = {(1,tp(n),ip(N), fr(N)) : 1 € X} € U¥, the support P* of P can be defined
as

P*={neX,ip(n) >0,ip(n) >0,fp(n) <1}

Definition 2.8. [1,16] Let P ={(n,tp(n),ir(n),fp(N)): N € R} be an NS(R). Then P is called a neutrosophic
ideal of R if it satisfies the following conditions V 1,6 € R

L. tp(n—6) >1p(n) A1p(6)
2. ip(n—0) >ip(n)Nip(0)
fr(m—0) < fr(n)V fpr(6)
tp(n6) > 1p(n) Vip(0)
5.ip(n6) > ip(n) Vip(0)
6. fp(n0) < fp(n) A fr(0)
Remark 2.4. We denote the set of all neutrosophic ideals of R by U (R)

Ll

3 Neutrosophic submodule

Definition 3.1. [8,9] A neutrosophic subset P € UM is called a neutrosophic submodule of My, if
1. lp( ) =1 lP(O) = l,fP(O) =0

2. tp(n+0) >1tp(n) Ntp(0)
ip(n+6)=>ip(n)Nip(6)
fr(M+6) < fr(n)V fp(6), foralln,® in Mg

tp(Yn) > tp(N)
ip(yn) > ip(N)
fe(yn) < fe(n), for all 0 in Mg, for all yin R

Remark 3.1. We denote neutrosophic submodules over My using single valued neutrosophic set by U (M).

Remark 3.2. If P € U(M), then the neutrosophic components of P can be denoted as (tp(1),ip(n), fr(N)) VN €
Mpg.

Definition 3.2. [8] A neutrosophic subset YP = {1,typ(1),iyp(N), fyp(N) : N € Mg,y € R} of Mg where P € UM
defined as follows

typ(N) = V{tp(0) : 6 € Mg, =76}
iyp(n) = V{ip(0): 6 € Mg, =6}
frp() =M {fp(6): 0 € Mg,n = y6}
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Proposition 3.1. Let P = {n,p(n),ip(n), fp(1n);1 € Mg} € UM%, then 1p(yn) > 1p(N), iyp(yn) > ip(n) and
fre(ym) < fe(n).

Proof. We have
tye(yn) = V{tp(0) : 6 € Mg,yn = y0} > tp(N),Y N € Mg

Similarly iyp(yn) > ip(n) . Also

fyp(yn) = A{fp(0): 6 € Mg,yn =7v0} < fp(n),¥Y N € Mg

Definition 3.3. [8] Let P = {n,tp(n),ip(N), fp(n);N € Mg} € UM%, then

—P={n,t_p(n),i—p(N),f-p(n):N € Mg} € UM

where

t-p(M) =tp(=n), i-p(N) = ir(=1), f-p(N) = fp(=7), ¥ N € Mg
Proposition 3.2. [8]If P = {n,tp(n),ir(n), fr(Nn);N € Mg} € UM*, then 1.P = P and (—1)P = —P

Theorem 3.1. [8] Let P € UMk, then P € U(M) if and only if the following properties are satisfied ¥ 1,0 €
MRa Y7IB €R
l) tP(O) = lalP(O) = 17fP(0) =0

ii) tp(yn+PO) = tp(n) Atp(6), ip(yn+B6) = ip(n) Nip(0), fr(yn+B6) < fp(n)V fp(6)
Theorem 3.2. Let P € U(M). Then P* is a neutrosophic submodule of M.

Proof. Given P € U(M) and P* = {n € Mg,tp(n) > 0,ip(n) >0, fp(n) < 1}. Letn,6 € P*. Then

tp(n) > 0,ip(n) >0, fp(n) <1
tp(0) > 0,ip(0) >0, fp(6) < 1

To prove that yn + 0 € P* where v, €R
= to prove thattp(yn +f0) > 0, ip(yn+6) >0, fr(yn+p6) < 1
Now

tp(yn) Nip(BO)

tp(yn+po) =
> tp(n) Aip(6)
>0

In the same way, we can prove the other two inequalities. Hence the proof.

Definition 3.4. Let P;, i € J be an arbitrary non empty family of U, then
L Dies B = AMstng, 2 ()i, m(M) S, p (M) 1M € Mg} where
ine,p (M) = Atr()
ine, (M) = Aip(n)

fnem(m) =V fr(n)

§ sciendo


https://www.sciendo.com

Some Characterizations of Neutrosophic Submodules of an R-module

2. Uies B =11y, n(M)siy,, n(M), fu., p (M) : 1 € MR} where

t.,p(M) = Vip(N)

ieJ
i, 7, (M) = Vin(M)

fuen(M) = A fr(n)

Proposition 3.3. Let P;, i € J be an arbitrary non empty family of UM%, then y(U;c; B;) = Uie, (YP:) for YER

Proof. Consider YU;c; B = {N,tyy,., (M), iyy., 2(M)s fyu,,p(M) : M € Mg, Y ER}

Now

tYUiejPi(n) = \/{ZU,-E/P,-(Q) 10 eMgp,n = }/9}

= V{-X,’Pi(@) 10 € Mg, =70}
= l.gfm—(”l)
= tUieJYPi(n)

Similarly iy, (1) = i, vr.(N)
Now

FrUep (M) = Mfu.,p(0): 0 € Mg, =70}

= /\{ié\ffﬁ(e) 10 € Mg,m =76}
= Afym(n)
- fUieJYPi (77)

Hence Y(Uie; Bi) = Uiy (YP;) for YER

Theorem 3.3. Let P;, i € J be an arbitrary non empty family of U(M), then (\;c; P, € U(M)

Proof. We have Nic; B ={n,1n,_,n(N).in,n(M), ., n(1N) : 1 € Mg} and
1,7 (0) = At (0) =1
ine,n(0) = Ain(0) =1
fn(0) = Y. f3(0) =0

Now

e, 2 (YN +BO) = Atr (1 +B6)
> A\(tr,(n) A1 (6))
= (A A LA (0)]
=i, n(M) Al £(8)
in the same way we can derive
ine,n(M+6) > in_,r(M)Ain,,r(6)

e (M+8) < fn,r(M)V in, r(6)
Hence ;c; P, € U(M)

O]
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Definition 3.5. [20] Let P,Q € UMk, then the sum

P+Q={n,tpro(N),tp10(N),tp10(N) : N € Mg} € UM

defined as follows
tp+o(M) = V{tp(0) Nig(D)[n =6+ 3,60,0 € Mp}
)

ip.;,.Q(T[) = \/{lp( )AIQ(’& | =0+ 19, 9,19 S MR}
frro(n) = N{fp(8)V f5(¥)|n =6 +0,6,9 € Mg}

Definition 3.6. Let P, i € J be an arbitrary family of U(M) where P, = {n,tp(n),ip.(n),fr.(n) : N € M} for
eachi € J. Then

Y P ={n, sz( )iy p(M),fxr(n):n € Mg}

icJ ieJ ieJ
where
ty r(n) = VAR (M) 1 i € Mk, ) 1 =} VN € M
ieJ icl
iy p () = V{AiR(M:) : i € Mg, } 0 =1} V1 € Mg
ieJ 4 icJ
Fepx) =AY fo(mi): M€ Mg,y M =1} VN € Mg
= ieJ
where, in Y 1);, at most finitely n; # 0.

icJ
Theorem 3.4. IfP,Q € U(M), then P+Q € U(M)
Proof. Tt is enough to prove P+ Q satisfies the properties listed below V1,0 € Mg, v, € R

1. l‘p+Q(0) = 1,ip+Q(0) = 1,fp+Q(0) =0.

2. ta48(YN+BO) = tp1o(M) Np+0(0), ip+o(YN+B0) = ip+o(N) Nir+o(6),
Jass(yn +B6) < fpro(n)V fr+0(0)

From the definition 3.5, property 1 is obvious because P,Q € U(M).
Consider

tpro(M) Npro(8) = \/{tp(m) Atg(m2) : 1 = mi+ M} A\/{tp(61) Nip(62) : 6 = 6, + 65}
< \Hep(ym) Ag(ym2) = yn = ym +yma} A\/{tp(B61) A1g(B6,) : B6 = B 61+ 6.}
= \/{lee(ymi) Atp(BO)] Alro(vn2) Ato(B62)] - yn = ymi + ¥, O = B61 + B}
< \/A{ee(ymi +B61) Aio(yn2+ B62) - yn +BO = ymi + P61 + N2 + B 62}
<tpro(yn+BO) where yn +B6 = y(m +n2) + B(61 +62) V N1,M2, 01,6, € Mg

Similarly, ip+o(yn +B8) > ir+0(N) Air+0(6), fr+o(YN +B6) < frro(N) A fr+0(0)
= P+ eUM). 0

Corollary 3.4.1. Let P, i € J be a family of neutrosophic submodules of an Mg. Then Y P, € U(M).
=

Definition 3.7. For any 1 € X, the neutrosophic point N{n} is defined as

Ny () = {(s: 1 By fity)) 25 € X3

. 1,1,0) n=s
S0 ={gan) 1.

where
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Remark 3.3. Let X be a non empty set. The neutrosophic point N{O} in X is defined as N{o}(x) =
{(Xafﬁ{o},iﬁ{o},f,(,{o}) :x € X} where

b {510 =0

Theorem 3.5. Let P € U(M). P =Ny, < P* = {0}

Proof. If P = Ny, and P* = {n € Mg,tp(n) > 0,ip(1) >0, fp(n) < 1} = {0}.
Conversely, if P* = {0} = 1p(0) > 0,ip(0) >0, fp(n) <1 andtp(n) =0, ip(n) =0and fp(n) =1V n #0.
Therefore

4 Neutrosophic Submodule Generated by Neutrosophic Set

In this section we study about the U (M) of Mg generated by single valued neutrosophic set defined over a
classical module .

Definition 4.1. Let p = {n,tp(n),ip(n), fp(N) : N € Mg} € UM. Then the U(M) of Mg generated by neutro-
sophic set P can be denoted and defined as

(P)=n{QIPCQ:0€UM)}
Remark 4.1. If Q = (P), then P is called generator of Q.

Theorem 4.1. Let P, = {(n,tp.(Nn),ip(N), fp.(N) : i € J, N € Mg} be an arbitrary non empty family of NS(Mp).
Then <Ui€jPi> = ZieJPi

Proof. By a corollary 3.4.1,we can write

ZB = {nJE,JH(n)?iEJPi(n)vf):Pi(n) i € Mp} € U(M)

icJ ieJ

where, for all 1 in Mg
tyr(n) = V{ AR (M) M € Me, ) =1}

it =

iy (M) =V{Nin(m): M € Mg, } 1 =n}

il ic]
Fre()=A{V fo(n):mi € Mg, ) mi=1n}
icJ ieJ =y

where, in Y ;c; 1); finitely 1;'s # 0
So we can conclude for all 1 in Mg

L 1p(n) <typ(n),vn € Mg

iceJ

2. ip(n) <iyp(n),VN € Mg

ieJ
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3. fr(n) zf_sz,-(n),\fn € Mg

Hence P, C Yo, P, Vie J.
Now to prove that ) ,;; P; is the least neutrosophic submodule and } ;. ; P; contains all Pl-’s.
Let O ={n,t0(n),io(n),fo(n) : n € Mg} € U(M) and P; C Q,Vi € J, which means that

tr(n) <to(n), ir(n) <ig(n), fr(n) = fo(m) VieJ

Let 1 € Mg where Y ;c;; = 1 and only finitely n/s # 0, then
ty..,p(M) = V{Nicstp(ni) : M € MR,ZTIi =n}

ieJ
< V{Aiesto(ni) :mi € MY mi=n}
ieJ
<V{ip(}mi) : mi € Mg, Y _mi=n}
iceJ ieJ
=to(N)

In the same way, iy, () < io(N), fy,.,r(N) = fo(N).
= YicsP. C Q. Hence Y,;c; P, € U(M) is the smallest one and contains all P/s. Therefore Y ;c; P; is the smallest

U (M) which contains U;c;P;, C Y;c; P,. Hence (Ui P,) =Y/ P; O
Definition 4.2. Let C € U(R) and P € NS(Mg) . Define the operations C® P and C® P as NS(Mg) as follows
1. CeP (n) = (n,tcor(N),icor(N), fcor(n)) ¥V N € M where
tcor() = V{tc(Y) Atp(8) : YER, 0 € M,y0 =1}
icor(n) = Vd{ic(y) Nip(0) : Y €ER,0 € M,y6 =1}
Jeor(M) =N fc(r)V fr(8) : YER,0 € M,¥0 =n}
2. CoP(n)=(ntcer(N)icer(N), fear(nN)) ¥ 1 € M where

tcep(M) = VAN (tc(h) Atp(Mi) : i ERM €M) ymi=n,1<i<nneN}
i=1

icea(n) = VAN (ic(W) Nia(ni) e y,m e M,y ¥imi=n,1<i<nneN}
i=1

feea(m) = MV (fe(W) vV fa(mi) s i€ vmi €M, Y ¥imi=n,1 <i<n,neN}

i=1
Theorem 4.2. Let P € UME, then
I.YVYER, Nyyp@P=yP

2.VYER, nE M7N{Y}®P(n) = {n7tN{y}®P(n)vi}i/{y}@P(n)?fN{y}@P(n)} where
1<i<nneN

IN{V}@@P(TI) =V{ALtp(Mi) 1M € M,}/Z N, =1}
i=1
i,y 0p(M) = VAN ip(M:) : 1 € M, y; n=n

fN{ﬂ@P(”) = /\{\/:’lzlfp(n,) nie MR”}/Z ni= TI}
i=1
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Proof. (1) The neutrosophic point N{y}, for any y € R, is defined as N{y}(g) = {(g,tﬁ{y},iﬁ{y},fﬁ{y}) :G ER}
where

N _J(1,1,0) y=¢
N{y}(g)_{(O,O,l) Y#¢

Consider Ny © P(n) = {(N. 15, 0p(M), 5, 0p (M) fiy,,0p(M))} ¥ 1 € Mg, ¥ € R, we have

tg,,0p(M) = Vitg,, () Nip(0) : g €R,0 € Mg, 66 =N}
= V{tp(0): 0 eM,y=n}
= typ(N)

Similarly we get, i, op(1) = ip(M), fi, 0p(M) = frp(M)
(2) Now consider, forany ye R,n € Mg, 1 <i<n,neN

ti,ep(M) = VAN (g, () Atp(i) s ri € R, € M, Y vmi=n}
=

1

= V{ALitp(N;) : M € MR, Yy Mi =1}

i=1

Similarly we get

n

i, ep(M) = V{NL ip(M:) 1 M € Mg,y Y, M =N}
i=1

=

fN{y}®P(n) =NV fe(ni) i mi € MR,}/Z ni=n}
i=1

Theorem 4.3. If Pc U(R) and Q € U(M), then P® Q € U(M)

Proof. From the definition of P® Q, we can write, forall 1 <i<n, neN

trog(0) = V{AL, (tp(%) A tg(Mi) : % € R,Mi € M, ) %imi =0, }
i=1

=1 when ¥, =m;=0V i, sincetp(0) > tp(y) VYER

Similarly ipso(0) =1 and frep(0) = 0.
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Then prove that tpgo (N +0) > tpgo(N) Atpeo(0) forn,0 € Mg, 1 <i<n,neN

tp®Q(T[ +0)= \/{A?:l(tp(%) AtQ(Zi) Y ERZEM, Z Yizi=n+ 9}
i=1

> VAL (tp(G) Np(Mi+6) G ER, M, 6, €M, Gi(ni+6;) =n+6,Vi}
=1

=

> V{NL (tp(6i) A (tg(Mi) Nip(6:))) - G €R, i, 6, € M, Y Gi(Ni+6) =n+6,V i}

i=1

= V{NL1 (tp(&) A (to(ni)) A (tp(Gi)) A to(6:)) :

GER, M, 6;,EM,) G(ni+6)=n+6}
i=1

> VAL (tp(G) No(M) s G ERM €M, Y gmi=n} A

i=1

VAL (p(6) A10(6:) 1 G €R, 6, € M, )" Gi6; = 6}
i—1

=

= trap(N) N trap(0)

Similarly we can prove that ipg(1 +0) > ipso(N) Nipeo(0) 1,0 € M and

frao(N+0) < frao(N)V frop(6) N,0 € M.
Now forall 1 <i<n,neN

tpoo (Y1) = VANL (1p(%) Ato(Mi)) = % € R, i € Mg, Y yimi = v}
i=1

1

> VAN (tp(v6) A o(6)) : G € R, 6 € MY Y 6i6 =y} when y = 1]

=
i=1

> \/{/\?:l(lp(gi) /\Z‘Q(G,‘)) :GER G € MRngiei =n,1<i<nne N}
i=1

[ since P € U(R) = tp(yg) > tp(y) Vip(g) > tp(c) |
= tpap(N)

Similarly, ipeo(rn) > ireo(N) and frao(rn) < frao(N)-
Hence P® Q € U(M). O

Theorem 4.4. Let P € UMk and corresponding to P, define Q € UMr such that Q = {n,to(n),io(N), fo(N) :
N € Mg} where

1 n=20
I =
ot {V{A?_ltp(ni) (XL %M =N,Mi € MR, % €R}  otherwise

io(m =1 | n=o
otn VAL ip(Ni) : X ¥Mi =N,ni €M,y €R}  otherwise

0 n=0
fo(n) = . e _ .
MV (i) s Xy ¥imi = n,Mi € Mg, Y € R} otherwise

where 1 <i<n,né&N. Then Q € UM) and (P) = Q.
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Proof. From the definition of Q, 1p(n) <to(n), ir(N) <ip(n) and fr(N) > fo(n) YN € Mg, then P C Q..
We know 79(0) = 1,ip(0) = 1 and fp(0) =0. Let y € R,n) € M.
If yn = 0 then

to(yn) =1>1o(n), ip(yn) =1 > ip(n) and fo(yn) =0 < fo(n)

Suppose yn #0thenn #0and V1 <i<nneN

to(yn) = V{ALtp(N;) : Z%m—yn,nieMR,%eR,}

=

> V{ALtp(M;) : Z YGiMi = YN, Mi € Mg, G € R}

i=1

> VAL tp(Mmi) : YZ GMi = YN, Mi € Mg, € R}
i=1

> V{AL tp() - Y 6mi = 1,1 € Mg, G € R}
i=1

(Wheny = 1)
=10(n)

In the same way we can show that ig(yn) > ip(n) and fo(yn) < fo(n)
Suppose 1,0 and N+ 6 # 0,V 1 <i <n,n € N, then

to(n+0) = V{NL 1a(zi) Z%z, =1N+0,z € Mg, Y € R}
> VAN tp(zi) s =M+ 6, Y %(Mi+6;) =n+6,1;,6, € M,y € R}
i=1
> VLNt (M) AN 2p(67) sz =i+ 6, Y ¥imi+ Y %6i=n+6,
i=1 i=
M, 6; € Mg, % € R}

> V{(ALp(n Z%nz—n,nieMR,%eR}A

V{(NL tp(6, Z%G,—G@EM}/,ER}

= 1o(1) Ng(8)

Similarly, ip(1 + 8) > ip(1) Nig(8) and fo(n +6) < fo(n)V fo(6).
= QeU(M)and PC Q.
Now consider S = {n,t5(n),is(n), fs(n) : 1 € Mg} € U(M) and which contains P. Now to prove that Q C S.
From the assumption, P C S,
=

tp(n) <ts(n), ir(n) <is(n) Pnd fp(n) = fs(n)-
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Now forall 1 <i<n,néeN

-

to(n) = VAN tp(Mi)  }_¥imi =N, Mi € Mg, Y; € R}

1

Y =n,M; € Mg, % €R}

-

I
—_

< VAL ts(mi)

[we know ts(n) = ts(zn: Vi) = Nimits(Vimi) = Nigts(n) = ts(n) < V(AL ts(1)]

i=1
<ts(n)

We can derive in the same pattern, ip(n) < is(n) and fo(n) > fs(n). = Q C C. Thus we can conclude
(P)=0. O

5 Conclusion

Neutrosophic submodule is one of the generalizations of a classical algebraic structure, module. The study
of neutrosophic submodule give extra promptitude to the classic algebraic structures rather than fuzzy or intu-
itionistic fuzzy sets because of the investigation of three different level graded functions of each element in [0, 1].
This paper has developed a method to identify generator of U (M) and derived algebraic results with the help
of some algebraic operators as neutrosophic sets. This work are often extended to the generators of arbitrary
nonempty family of neutrosophic submodules and structure preserving properties like isomorphism of neutro-
sophic submodules. Neutrosophic submodules provide us a solid mathematical foundation to clarify connected
scientific ideas in image processing, control theory and economic science.
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