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Abstract
In recent year, the mathematics of three-way fuzzy concept lattice is introduced to characterize the attributes based on its 
acceptation, rejection and uncertain part. One of the suitable example is descriptive analysis of opinion of people in a demo-
cratic country. This became complex for the country like India where opinion (i.e. vote) of people to choose the particular 
leader is based on 29 independent states and their distinct issues. Adequate analysis of these type of 29-valued data based 
on its acceptation, rejection and uncertain part is major issue for the government and private agencies. To resolve this issue 
current paper introduces n-valued neutrosophic context and its graphical structure visualization for descriptive analysis. In 
the same time an another method is proposed to some of the similar three-way n-valued concepts. To zoom in and zoom out 
the n-valued neutrosophic context at user required information granules with an illustrative example.

Keywords  Cognitive learning · Concept lattice · Formal concept analysis · m-polar fuzzy graph · m-polar fuzzy set · 
n-valued neutrosophic set · Three-way fuzzy concept lattice

1  Introduction

There are several data sets which contains n-valued logic [26, 
31].1 Handling these types of data sets is one of the crucial 
tasks for the researcher communities for knowledge discovery 
and representation tasks. One of the crucial problem arises 
with their precise mathematical representation. The reason 
is most of the mathematical functions provides their outputs 
beyond the binary values.2 One of the suitable example is 
nth roots of any number includes n-values. Similarly, a func-
tion can contains maximum, minimum or saddle point for the 
given gradients. These types of multi-polar informations exists 
generally in human cognitive thought while taking multi-
decision process [3, 39].3 It may contain micro-expressions 
to represent the pleasure, sorrow, pain, fear, anger, surprise 
and many more. To deal with these types of multi-polar infor-
mations recently, the mathematical algebra of m-polar fuzzy 
sets [10] is introduced in applied lattice theory for knowledge 
processing tasks [26]. The graphical structure visualization 
of multi-polar fuzzy contexts [28] is considered as one of 

the generalization of fuzzy concept lattice [6, 21] beyond the 
unipolar space [5] to handle the heterogeneous context [4]. 
The most interesting part is its mathematical foundation laid 
down on the applied abstract algebra [12] and lattice theory 
[33]. In which, the set of objects (X) and their corresponding 
attributes (Y) used to represented by row and column of a 
matrix (X, Y, R) whereas entries represented by the corre-
sponding relationship among them. Sometime the correspond-
ing relationship among them may contains multi-polar valued 
which can be represented by n-valued context [26, 32]. One 
of the suitable example for m-polar fuzzy context is opin-
ion of people in a democratic country like India depends on 
multi-polar informations [14, 28]. In this process, a problem 
arises when the condition of NOTA is used to determine the 
uncertainty beyond acceptance and rejection.4 Dealing with 
this three-way attributes exists in n-dimensions (i.e. 29 states 
while considering the context of India) is a crucial problem for 
the researchers [17, 35, 37]. In this regard recently, Singh [22, 
25] introduced the concept of three-way fuzzy concept lat-
tice with its applications in various fields [26, 28].5 However, 
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the current paper focuses on introducing the three-way fuzzy 
concept lattice for handling n-valued neutrosophic context 
at its navigation at user defined �-granulation to refine some 
interesting or useful pattern.

Analysis of multi-polar data sets attracted several 
researchers recently for knowledge discovery and representa-
tion tasks [2, 23, 31]. One of the empirical analysis for these 
types of data sets is given in [28] that, the voting of people 
in a democratic country depends on multi-polar informa-
tion. Afterward this study a problem is addressed that how 
to characterize them based on its acceptation, rejection and 
uncertain part [22]. This problem used to exists often in a 
democratic country where elections happens at each interval 
of time. It is a major issue for the democratic country like 
India where people of 29 states used to vote for the particular 
party based on their given parameters. This creates a prob-
lem with political as well as governing party to characterize 
this 29-valued data sets based on their acceptation, rejection 
and uncertain part. To deal with these types of issue math-
ematical algebra of neutrosophic set is developed [30] which 
is recently utilized for three-way fuzzy concept lattice rep-
resentation [22] to navigate it at given threshold [25]. Some 
other researchers also focused on three-way decision space 
[36, 38] for analysis of uncertainty exists in the given deci-
sion attributes [15, 16]. The current paper focuses on precise 
analysis of n-valued data sets based on its acceptation, rejec-
tion and uncertain part. Table 1 shows that, the properties 
of n-valued neutrosophic set provides more generalize way 
to deal with these types of data sets when compared to any 
other approaches. It distinct the proposed methods when 
compared to any of the available approaches in three-way 
decision space as shown in Table 2. Some of the notable 
point which distinguish the proposed method from each of 
the available approaches are as follows:

1.	 The proposed method introduces a mathematical way 
to characterize the n-valued neutrosophic based on its 
n-valued truth, n-valued falsity and n-valued indetermi-
nacy, independently.

2.	 The proposed method provides a granular based comput-
ing paradigm to find some �-equal n-valued neutrosophic 
concepts.

3.	 The proposed method also provides a multiple ways to 
convert the given n-valued neutrosophic context into 
binary context at user required level of granulation.

The motivation of the current paper is to introduce a math-
ematical model for precise analysis of n-valued neutrosophic 
context with its graphical structure analytics for knowledge 
processing tasks as shown in Fig. 1. The objective is to 
extract some meaningful information from the given three-
way n-valued neutrosophic data sets based on user required 
�-granulation to solve the particular problem. To fulfil this 
objective current paper focuses on introducing three meth-
ods to deal with three-way n-valued neutrosophic contexts 

Table 1   Some basic advantages of using fuzzy, neutrosophic, m-polar or n-valued neutrosophic sets

Fuzzy set Neutrosophic set m-polar fuzzy set n-valued neutrosophic set

Domain Universe of discourse Universe of discourse Universe of discourse Universe of discourse
Co-domain Single-valued member-

ship in [0, 1]
Three-valued member-

ship in [0, 1]3
m-valued membership in [0, 1]m n-valued in three-way space [0, 1]3

Uncertainty Yes Yes Yes Yes
Truth-membership Yes Yes Yes Yes
False-membership No Yes No Yes
Indeterminacy No Yes No Yes
n-valued No No Yes Yes
Lattice Yes Yes Yes Yes
Partial order Yes Yes Yes Yes
Graph Yes Yes Yes Yes
Granulation Yes Yes Yes Yes

Table 2   Some innovative researches on set theories discussed in 
Table 1

* Research gap where less attention has been paid by researchers

Fuzzy set Neutrosophic 
set

m-polar 
fuzzy 
set

n-valued 
neutrosophic 
set

Matrix [6] [8, 29, 30] [14] [2, 31]
Formal context [4] [24] [32] [1] ∗
Formal concept [5] [25] [26] ∗

Lattice [12] [22] [28] ∗

Interesting 
pattern

[11] [20, 35, 37] [10] [7]

�-granulation [18, 34] [24] [17] [7]
Applications [21] [13] [3] [7, 27]

Author's personal copy
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with an illustrative example. The significant output of the 
proposed method is that it announces a first mathematical 
model for dealing with n-valued neutrosophic context and its 
navigation at user required granulation. It opens a door for 
knowledge processing researchers to utilize the mathemati-
cal paradigm of n-valued contexts in various fields. To solve 
the complexity of particular problem more precisely when 
compared to its numerical representations.

The rest of paper is organized as follows: Sect. 2 con-
tains a brief background about FCA with three-way fuzzy 
settings. Section 3 demonstrate the steps of the proposed 
methods for extracting n-valued neutrosophic concepts with 
its illustration in Sect. 4. Section 5 contains discussions fol-
lowed by conclusions and references.

2 � Formal concept analysis with three‑way 
fuzzy setting

Definition 1  (Three-way fuzzy context) [22, 29, 30] A 
three-polar fuzzy contexts can be written as � = (X, Y , R̃) 
where X represents set of objects, Y represents set of three-
polar attributes and R̃ represents three-polar relationship 
characterized by truth ( TR̃(x, y) ), indeterminacy ( IR̃(x, y) ) 
and falsity ( FR̃(x, y) ) membership-value at which the 
object x ∈ X has the attribute y ∈ Y  in three-polar fuzzy 
space [0,1]3 where ( TR̃(x, y)),(IR̃(x, y) ) and ( FR̃(x, y) ) are 
real standard or non-standard subsets of ]0−, 1+[ . It means 
R̃ = {((x, y),TR̃(x, y), IR̃(x, y),FR̃(x, y) ∶ ∀x ∈ X, y ∈ Y} 
where 0− ≤ TR̃(x, y) + IR̃(x, y) + FR̃(x, y) ≤ 3+ . It should be 
noted that 0− = 0 − � where 0 represents its standard part 
and � represents its non-standard part. Similarly, 1+ = 1 + � 
( 3+ = 3 + � ) where 1 (or 3) represents standard part and � 
represents its non-standard part. In this case, the real stand-
ard format (0,1) or [0,1] can be also used to represent the 
relationship among objects and attributes set using neutro-
sophic set.

Example 1  Let us suppose, an expert wants to character-
ize the opinion of people in a democratic country based on 
their acceptation, rejection and uncertain part. In this case 
the expert can consider each of the political parties as a 
set of objects whereas the corresponding parameters as set 
of attributes. The corresponding three-way relationship to 
accept, reject or uncertain about the given political party 
based on chosen parameters can be written using the neutro-
sophic relations. The Table 3 represents a three-way fuzzy 
contexts where 

{
x1, x2, x3

}
 represents the political parties and 

y1 represents attributes. The relation ̃R(x1,y1)
= (0.6, 0.3, 0.2) 

represents that 60% people voted the political party x1 . Due 
to its, stand against the corruption, 30% people uncertain 
about their stand on corruption whereas 10% people disa-
greed about their stand on the corruption. Similarly, other 
entries can be described. However a problem arises with 
expert while characterizing the opinion of people comes 
from 29-states of a democratic country like India (or USA) 
based on their the acceptation, rejection and uncertain part. 
To deal with this problem, a n-valued neutrosophic context 
representation is shown in the next definition.

Definition 2  (Three-way neutrosophic graph) [13] Let 
G = (V ,E ) is a neutrosophic graph in which the ver-
tices (V) can be characterized by a truth-membership 
function TV (vi) , a indeterminacy-membership function 
IV (vi) and a falsity-membership function FV (vi) where {
(TV (vi), IV (vi),FV (vi)) ∈ [0, 1]3

}
 for all vi ∈ V  . Similarly 

the edges (E) can be defined as a neutrosophic set:{
(TE(V × V), IE(V × V),FE(V × V)) ∈ [0, 1]3

}
 for all 

V × V ∈ E such that:

The single-valued neutrosophic graph is complete iff:

TE(vivj) ≤ min[TE(vi), TE(vj)],

IE(vivj) ≥ max[IE(vi), IE(vj)],

FE(vivj) ≥ max[FE(vi),FE(vj)].

TE(vivj) = min[TE(vi), TE(vj)],

IE(vivj) = max[IE(vi), IE(vj)],

FE(vivj) = max[FE(vi),FE(vj)].

Fig. 1   Understanding the necessity of n-valued Neutrosophic concept 
lattice

Table 3   A three-way fuzzy 
context for Example 1

Corruption ( y1)

x1 (0.6, 0.3, 0.1)
x2 (0.3, 0.4, 0.3)
x3 (0.8, 0.2, 0.0)

Author's personal copy
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It is noted that 
{
(TE(vivj), IE(vivj),FE(vivj))

}
= (0, 0, 0)

∀(vi, vj) ∈ (V × V ⧵ E ). Recently, one of the tool is devel-
oped for drawing the neutrosophic graph and its shortest 
path using Matlab [9]. Hence it is easier for any researchers 
to build the neutrosophic graph. This paper aimed at uti-
lizing this property for handling the n-valued neutrosophic 
contexts for knowledge processing tasks.

Example 2  Let us suppose, an expert wants to visualize 
the opinion of people towards any given political parties {
x1, x2, x3

}
 shown in Table  3. In this case, the political 

parties can be considered as vertices 
{
v1, v2, v3

}
 of a neu-

trosophic graph. The corresponding relationship among 
their acceptance, rejection and uncertain part can be rep-
resented using the three-way neutrosophic set based edges {
v1v2, v2v3, v3v1

}
 as shown in Table 4 based on neutrosophic 

relations. Fig.  2 represents the three-way neutrosophic 
graphs visualization of Table 3 and 4 in more descriptive 
way for further processing.

Definition 3  (n-valued neutrosophic context) [31, 32] An 
n-valued neutrosophic context provides a way to analyze the 

three-way fuzzy context based on n-types of truths mem-
bership-values ( T1, T2,… , Tn ), n-types of indeterminacy 
membership-values ( I1, I2,… , In ) and n-types of falsity 
membership-values ( F1,F2,… ,Fn ). It means the n-valued 
neutrosophic relation ( ̃R ) on the set X and Y can be repre-
sented as follows:

R̃ =
�
((x, y),

∑n

i=1
TR̃i

(x, y),
∑n

j=1
IR̃j

(x, y),
∑n

k=1
FR̃k

(x, y) ∶

∀x ∈ X, y ∈ Y} where 0− ≤
∑n

i=1
TR̃i

(x, y) +
∑n

j=1
IR̃j
(x, y)+

∑n

k=1
FR̃k

(x, y) ≤ n+ where n = i + j + k.

Example 3  Now merge the Examples 1 and 2 as the expert 
wants to characterize the opinion of people from 29 states 
of a democratic country like India based on its accepta-
tion, rejection and uncertain part about the political par-
ties 

{
x1, x2, x3

}
 in case of their stand against corruption ( y1 ). 

This three-way context can be written using 29-truth mem-
bership-values, 29-indeterminacy membership-values and 
29-falsity membership-values using the extensive properties 
of n-valued neutrosophic context as shown in Table 5. It can 
be considered as one of the first kind of representation in 
field of knowledge processing tasks when compared to three-
way fuzzy context [22, 24] as well as m-polar fuzzy con-
text [26, 28]. Furthermore, the central analysis of this paper 
is investigation of some interesting and useul knowledge 
from the given three-way n-valued neutrosophic context for 
knowledge processing tasks as given in further section.

Definition 4  (n-valued Neutrosophic graph) [7] Let us sup-
pose, G = (V ,E ) is a neutrosophic graph in which the verti-
ces (V) can be characterized by n-valued truth-membership 
function T1,…,n(vi) , n-valued indeterminacy-membership 
function I1,…,n(vi) and n-valued falsity-membership function 
F1,…,n(vi) where 

{
(T1,…,n(vi), I1,…,n(vi),F1,…,n(vi)) ∈ [0, 1]n

}
 

for all vi ∈ V  . Similarly, the edges (E) can be defined as 
n-valued neutrosophic set:{

(T1,…,n(V × V), I1,…,n(V × V),F1,…,n(V × V)) ∈ [0, 1]3
}
 

for all V × V ∈ E such that:

Table 4   A three-way 
neutrosophic edges E for the 
Example 1

Three-way 
decision edges 
(E)

v1v2 (0.3, 0.4, 0.3)
v2v3 (0.3, 0.4, 0.3)
v3v1 (0.6, 0.3, 0.2)

Fig. 2   A neutrosophic graph representation of context shown in 
Tables 3 and 4

Table 5   A representation of Example 3 using three-way 29-valued 
context

Corruption ( y1)

x1 R̃(x1, y1)((T1,T2,… ,T29), (I1, I2,… , I29), (F1,F2,… ,F29))

x2 R̃(x2, y1)((T1,T2,… ,T29), (I1, I2,… , I29), (F1,F2,… ,F29))

x3 R̃(x3, y1)((T1,T2,… ,T29), (I1, I2,… , I29), (F1,F2,… ,F29))

Author's personal copy
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The n-valued neutrosophic graph is complete iff:

It is noted that 
{
(T1,…,n(vivj), I1,…,n(vivj),F1,…,n(vivj))

}
 = (0, 

0, 0) ∀(vi, vi) ∈ (V × V ⧵ E).

Example 4  Let us suppose, the expert wants to visualize the 
vote of people given from 29 states to each of the politi-
cal parties. In this case, the opinion can be characterized 
based on its 29 acceptation, 29 rejection and 29 uncertain 
parts, resepectively for each political party. To represent 
these types of data sets the expert can utilize the three-way 
29-valued context shown in Table 5 for descriptive analysis. 
The graphical structure visualization of given context can 
be resolved using the mathematical algebra of three-way 
n-valued graph where the the political parties can be con-
sidered as vertices of a defined three-way 29-valued neutro-
sophic graph 

{
v1, v2, v3

}
 and their corresponding three-way 

29-valued relationship can be considered as edges (E). The 
compact representation of this context is shown in Fig. 3. 
In the next section, three methods are proposed to discover 
some useful information from the three-way n-valued neu-
trosophic context.

Definition 5  (Three-way fuzzy concepts) [24, 25] For any 
L-set A ∈ LX of objects an L-set A↑ ∈ LY of attributes can be 
defined using UP operator of Galois connection as follows:

T1,…,n(vivj) ≤ min
[
T1,…,n(vi), T1,…,n(vj)

]
,

I1,…,n(vivj) ≥max
[
I1,…,n(vi), I1,…,n(vj)

]
,

F1,…,n(vivj) ≥ max
[
F1,…,n(vi),F1,…,n(vj)

]
.

T1,…,n(vivj) = min[T1,…,n(vi), T1,…,n(vj)],

I1,…,n(vivj) = max[I1,…,n(vi), I1,…,n(vj)],

F1,…,n(vivj) = max[F1,…,n(vi),F1,…,n(vj)].

Similarly, for any L-set of B ∈ LY of attributes an L-set 
B↓ ∈ LX of objects set can be defined using down operator 
of Galois connection as given below :

A↑(y) is interpreted as the L-set of attribute y ∈ Y  shared 
by all objects from A. Similarly, B↓(x) is interpreted as the 
L-set of all objects x ∈ X having the same attributes from 
B in common. This can be computed similarly for truth, 
indeterminacy and falsity membership values for the given 
neutrosophic set of attributes. The pair (A, B) is called as 
formal neutrosophic concept iff B↓ = (A, (TA, IA,FA)) and 
A↑ = (B, (TB, IB,FB)) . The ↓ is applied on three-way fuzzy 
set of attributes as follows:

It provides the covering objects set as follows:

The obtained object set have maximal membership with 
respect to integrating the information by the given attrib-
utes set. Now apply the ↑ on these constituted objects set 
which provide the three-way fuzzy attribute set with its 
membership value being maximal with respect to integrat-
ing the information from the constituted objects set. If the 
obtained pair make the three-way fuzzy concepts then any 
extra attribute (or object) cannot be discovered which will 
make the maximum membership value of the obtained set 
of attributes (objects). Similarly, it can be used for n-valued 
context as shown in [1, 7].

Figures 2 and 3 approves that any given n-valued neutro-
sophic context can be hierarchically analyzed using graph 
based lattice for cognitive concept learning as it is done in 
three-way [22, 25] and multi-polar fuzzy space [26, 28]. To 
accomplish this task, a method is proposed, in the next sec-
tion for discovering all the n-valued neutrosophic concepts 
and their display in the concept lattice.

3 � Proposed methods

In this section, three methods are proposed to extract some 
of the interesting information from the n-valued neutro-
sophic context. The first method provides a way to discover 
n-valued neutrosophic concepts and their concept lattice 
visualization whereas the second method provides a way to 
find some of the closest n-valued concepts at defined thresh-
old. The third method given a multiple ways to zoom in and 
zoom out the given n-valued neutrosophic contexts at micro 

A↑(y) = ∧x∈X(A(x) → R̃(x, y)).

B↓(x) = ∧y∈Y(B(y) → R̃(x, y)).

B↓ =
{
yj, (TB(yj), IB(yj),FB(yj)) ∈ [0, 1]3 ∶ ∀yj ∈ Y

}
.

A =
{
xi, (TA(xi), IA(xi),FA(xi)) ∈ [0, 1]3 ∶ ∀xi ∈ X

}
.

Fig. 3   A 29-valued neutrosophic graph to represent the cognition of 
29 states of India

Author's personal copy
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and macro level. Subsequently, the time complexity for each 
of the proposed method is given to solve the particular prob-
lem based on user or expert requirements.

3.1 � A proposed method for generating the n‑valued 
neutrosophic concepts

In this section, a method is proposed to generate the m-polar 
formal fuzzy concepts using the properties of m-polar fuzzy 
graph and component-wise Gödel residuated lattice. Let us 
suppose, an m-polar formal fuzzy context � = (X, Y , R̃) 
where, |X| = n , |Y| = k and, R̃ represents corresponding 
n-valued neutrosophic relationship among them. The n-val-
ued formal concepts can be discovered as follows:

Step 1 Let us suppose a n-valued three-way fuzzy context 
� = (X, Y , R̃n) where, |X| = k , |Y| = m and, R̃n represents 
a mapping for their corresponding n-valued neutrosophic 
relationship among them as shown in Table 6.

Step 2 Let us choose, any subset of attribute sj with their 
acceptance value based on user requirement.

Step 3 The proposed method considers maximal accept-
ance of truth-membership value i.e. 1.0, minimum indeter-
minacy i.e. 0 and minimum falsity membership-value i.e. 
0 in each component of given n-valued three-way fuzzy 
attributes as follows:

Bsj
= ((1, 1,… , 1), (0, 0,… , 0), (0, 0,… , 0)) i.e. TBn

(yj) =

(1,… , 1)n , IBn
(yj) = (0,… , 0)n , and FBn

(yj) = (0,… , 0)n . It 
should be noted that, the user or expert can change the mem-
bership-values based on his/her requirements to discover the 
n-valued concepts.

Step 4 The maximal covering set of objects for the chosen 
subset of attributes ( sj ) can be investigated using the Down 
operator ( ↓ ) i.e. B↓

sj
= Asi

 of Galois connection.

Step 5 The membership value of the obtained objects set 
can be computed by considering each component of n-val-
ued neutrosophic set as follows:

TAsi

(xi) = minj∈TBsj
𝜇R̃
T
(xi, yj),

IAsi

(xi) = maxj∈IBsj
𝜇R̃
I
(xi, yj),

FAsi

(xi) = maxj∈FBsj

𝜇R̃
F
(xi, yj).

where R̃ is the corresponding three-way n-valued neutro-
sophic relationship among the object and attribute set.

Step 6 In the same time discover the covering attributes 
set i.e. Bsj

 for the constituted objects which are closed with 

Galois connection ( ↑ ) i.e A↑
si
 and their n-valued neutrosophic 

membership-values as follows:

Step 7 Similarly, apply the corresponding Galois connection 
( ↓, ↑ ) to find the maximal closed set of objects and attributes.

Step 8 The obtained set of objects and attributes set ( Asi
 , 

Bsj
 ) is considered as n-valued three-way fuzzy concepts iff 

any extra objects or attributes set cannot make it bigger.
Step 9 Similarly, other existing pattern in the given three-

way n-valued neutrosophic context can be generated.
Step 10 Draw the n-valued three-way fuzzy concept lat-

tice based on their subset. Table 7 summarizes the proposed 
algorithm established above.

Complexity Let, number of objects-|X| = k and the num-
ber of attributes |Y| = m in the given three-way fuzzy con-
text. The proposed algorithm computes subset of attributes-
(Y) which takes 2m complexity to find the maximal pair of 
covering objects k for the n-valued in three-way component 
based on its truth, indeterminacy, and falsity-membership 
value. In this way the proposed method takes O(2m ⋅ 3n ⋅ k) 
time complexity. It can be observed that the proposed 
method provides a way to extract the three-way n-valued 
neutrosophic concepts. However to achieve this goal it 
takes more computational time which may become relevant 
in large context. To deal with this issue another method 
is proposed to decompose the context at user required �
-granulation.

TBsj

(yj) = minj∈TAsi
𝜇R̃
T
(xi, yj),

IBsj

(yj) = maxj∈IAsi
𝜇R̃
I
(xi, yj),

FBsj

(yj) = maxj∈FAsi

𝜇R̃
F
(xi, yj).

Table 6   A three-way n-valued 
neutrosophic context

y1 ⋯ ym

x1 ((T11,… ,T1n), (I11,… , I1n), (F11,… ,F1n) … ((T11,… ,T1n), (I11,… , I1n), (F11,… ,F1n)

⋅ ⋅ …

⋅ ⋅ …

⋅ ⋅ …

xn ((Tn1,… ,Tnn), (In1,… , Inn), (Fn1,… ,Fnn) … ((Tn1,… ,Tnn), (In1,… , Inn), (Fn1,… ,Fnn)
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3.2 � A method for extracting δ‑equal n‑valued 
neutrosophic concepts

In this section, a method is proposed for finding �-equal 
three-way n-valued neutrosophic objects (or attributes) 
based on user defined set of attributes. The acceptance value 
for the chosen subset of attributes can be defined by user or 
expert requirement to solve the particular problem. In this 
way this method discovered all the objects (or attributes) 
having closed relationship with user defined set of attributes 
and its acceptance values. It means the chosen subset of 
attributes can be considered as information granules to finds 
some of the closest �-equal concepts [20, 24]. In this way, 
the proposed method provides multiple ways to investigate 
the �-equal pattern from the given n-valued contexts based 
on its objects and attributes without generating all the con-
cepts. It is one of the significant advantages of the proposed 
method while considering the time constraints. To achieve 
this goal, the properties of granular computing is utilized to 
refine or coarse the obtained pattern based on user or expert 
requirement. The steps of the proposed method is as follows:

Step 1 Let us suppose, a three-way n-valued neutrosophic 
information granules ( C1 = (A1,B1) ) to investigate some of 
the closest pattern.

Step 2 Enter a n-valued neutrosophic concept i.e. 
( C2 = (A2,B2) ) generated from the given data set.

Step 3 Compute the n-valued neutrosophic distance 
among them using their attributes (or object set) as follows:

d(B1,B2) = max(sup|TB1
(y) − TB2

(y)| , sup|IB1
(y) − FB2

(y)| , 
sup|FB1

(y) − FB2
(y)|).

The distance will be computed for each component of 
n-valued neutrosophic set defined for the attributes. Simi-
larly, it can be computed for the extent also.

Step 4 The distance of each attributes can be computed 
similarly using their summation: 

∑
d(B1,B2).

Step 5 The average distance can be computed as follows: 
AV(d) =

∑
d(B1,B2)

m
 where m is total number of attributes in 

the given n-valued neutrosophic data sets.
Step 6 Decide the level of �-granulation for extracting the 

similar information when compared to chosen information 
granules for the knowledge processing tasks.

Step 7 The chosen subset can be selected iff : 
d(C1,C2) ≤ 1 − �.

Step 8 In similar way other closeness of other objects and 
attributes can be discovered.

Step 9 List out all the discovered set of objects based on 
their covering attributes from the given context.

Step 10 Derive the knowledge to solve the particular 
problem.

Table 7   A proposed algorithm 
for discovery of n-valued 
neutrosophic concepts

Input: a n-valued three-way fuzzy context � = (X,Y , R̃n)

      where |X| = n , |Y| = m and R̃n is n-valued neutrosophic relation.
Output: the set of n-valued three-way fuzzy concepts.

      
{{

xi, (TAn
(xi), IAn

(xi),FAn
(xi))

}
,
{
yj, (TBn

(yj), IBn
(yj),FBn

(yj))
}}

         where i ≤ k and j ≤ m

1. Choose any subset sj.
2.    Decide the acceptance value for the chosen subset as follows:

   TBn
(yj) = (1,… , 1)n , IBn

(yj) = (0,… , 0)n , and FBn
(yj) = (0,… , 0)n

3.    Discover the covering objects for the chosen attribute set :

   

{
yj, (TBsj

(yj), IBsj

(yj),FBsj

(yj))
}↓

 = 

{
xi, (TAsi

(xi), IAsi

(xi),FAsi

(xi))
}

4.    Compute the membership value for each n-valued objects set:

      
TAsi

(xi) = minj∈TBsj
𝜇R̃
T
(xi, yj),

      
IAsi

(xi) = maxj∈IBsj
𝜇R̃
I
(xi, yj),

      
FAsi

(xi) = maxj∈FBsj

𝜇R̃
F
(xi, yj).

5.    Discover the covering attributes for the obtained objects set:

            
{
xi, (TAn

(xi), IAn
(xi),FAn

(xi))
}↑

6. 
��

{
xi, (TAsi

(xi), IAsi

(xi),FAsi

(xi))
}↑

=
{
yj, (TBsj

(yj), IBsj

(yj),FBsj

(yj))
}

7.          Similarly, apply the corresponding Galois connection ( ↓, ↑).
8. The obtained closed pair of objects and attributes ( Asi

 , Bsj
 ) is a concept.

9. Similarly, other concepts can be generated using the chosen subsets.
10. Draw the line diagram among generated concepts based on their subsets.

Author's personal copy



1846	 International Journal of Machine Learning and Cybernetics (2018) 9:1839–1855

1 3

Complexity The proposed algorithm shown in Table 8 
provides a way to find the �-equal n-valued concepts based 
on user required information granules. In this case the pro-
posed method compares each component of n-valued con-
cepts from the chosen information granules for n-valued 
truth, indeterminacy and falsity membership, function. In 
this case, it may take maximally m × n time for truth, inde-
terminacy and falsity membership values to compute the 
distance among them, respectively. Hence, the overall com-
plexity of the proposed method cannot exceed the O(m3

⋅ n3 ) 
computational time. In this way the proposed method 
reduces the complex fuzzy concepts and its computational 
time for knowledge processing tasks when compared to the 
proposed method in Table 6. To measure the interestingness 
the analysis derived from both of the methods are compared 
in this paper with demonstration.

3.3 � A method for decomposition of n‑valued 
neutrosophic contexts

It can be observed that, the above mentioned proposed meth-
ods generates exponential number of n-valued neutrosophic 
concepts. In this case it will be difficult to user or expert 
when they need some of the generalized or specialized con-
cepts to derive the knowledge. To deal with this problem 
generally a method is applied to decomposition of given for-
mal context at user required granulation for further process-
ing. The reason mathematics of granular computing provides 
multiple ways to zoom in or zoom out the context for extract-
ing precise information to solve the particular problem [19]. 

Toward this extension the properties of granular computing 
is applied in formal context [34] as well as neutrosophic 
context decomposition [25] for multi-decision process 
[17, 18]. Recently, the properties of granular computing 
is applied in three-way neutrosophic fuzzy context and its 
interval-valued also [25] to refine the neutrosophic context 
for knowledge processing tasks. In this paper the proposed 
method focuses on decomposing the n-valued neutrosophic 
context at user defined granulation for its n-valued truth, 
indeterminacy and false membership values, independently. 
i.e. ((�T1 ,… , �Tn ), (�I1 ,… , �In ), (�F1

,… , �Fn
))-cut.

Step 1 Let us suppose, a n-valued neutrosophic context 
� = (X, Y, R̃n) where, |X| = k , |Y| = m and, R̃n represents the 
n-valued neutrosophic relationship among them.

Step 2 The n-valued neutrosophic context can be decom-
posed based on user or expert requirements to solve the par-
ticular problem. The level of granulation can be decided 
based on its n-valued truth i.e. (�T1 ,… , �Tn ) , indetermi-
nacy i.e. (�I1 ,… , �In ) , and falsity membership value i.e. 
(�F1

,… , �Fn
).

Step 3 The n-valued context can be decomposed based 
on chosen multi-granulation as follows:

The truth membership value belongs to the same decom-
posed  con t ex t  i f f :  �

T
(𝛼T1

,…,𝛼Tn
)
= {TR̃n(x,y)

|TR̃1(x,y)
≥

𝛼T1 ∧⋯ ∧ TR̃n(x,y)
≥ 𝛼Tn} . The decomposition of context 

provides either 0 or 1 values. The obtained 1.0 values repre-
sents acceptance of truth membership-value for the chosen 
multi-granulation whereas 0 represents unacceptance.

Table 8   A proposed algorithm 
for finding �-similar n-valued 
concepts

Input: A three-way n-valued neutrosophic attributes ( B1)),
Output:�-equal n-valued neutrosophic concepts ( C2 = (A2,B2)).
1. Decide any n-valued neutrosophic concept to find its similar concepts:

      (C1 = (A1,B1))
2. Enter any n-valued neutrosophic concepts :

      (C2 = (A2,B2)).
3. Compute its distance from chosen concept as follows:
d(C1,C2) = max(sup|TC1

− TC2
| , sup|IC1

− IC2
| , sup|FC1

− FC2
|).

4. Sum the distance of each attributes in the intent i.e.:
∑

d(C1,C2).
5. Compute the average distance AV(d) as follows :

AV(d) =
∑

d(C1,C2)

m
 where m is number of attributes.

6. Define a �-equality for selecting the concepts.
7. �� (d(C1,C2) ≤ 1 − �)

            Select the concept.
     else
            remove the concept.

8. Similarly, other concepts can be chosen.
9. Represent the obtain concepts in their order.
10. Derive the knowledge from the obtained concepts.
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The indeterminacy membership value belongs to the 
same decomposed context iff: �I

(𝛽I1
,…,𝛽In

)
= {IR̃n(x,y)

|IR̃1(x,y)

≤ 𝛼I1 ∧⋯ ∧ IR̃n(x,y)
≤ 𝛽In} . In this case, 0 represent 0.0 

acceptance of indeterminacy-value for the chosen multi-
granulation where 1 as unacceptance.

The falsity membership value belongs to the same decom-
posed context iff: �F

(𝛾F1
,…,𝛾Fn

)
= {FR̃n(x,y)

|FR̃1(x,y)
≤ 𝛾F1

∧

⋯ ∧ FR̃n(x,y)
≤ 𝛾Fn

} . In this case, 0 represent 0.0 acceptance 

of indeterminacy-value for the chosen multi-granulation 
where 1 as unacceptance.

S t e p  4  T h e  d e c o m p o s e d  c o n t e x t s 
�((�T1

,…,�Tn ),(�I1
,…,�In ),(�F1

,…,�Fn )))
 at user defined granulation 

follow an equality given below:
� =

⋃
((�T1

,…,�Tn ),(�I1
,…,�In ),(�F1

,…,�Fn ))
 where, � is a defined 

multi-granulation level for the n-valued neutrosophic truth 
membership-values, � is defined for n-valued indeterminacy 
membership-values, and � is defined for n-valued falsity 
membership-values.

Step 5 The decomposed context also satisfies the follow-
ing properties i. e. ��1,�1,�1

 ⊆ �𝛼2,𝛽2,𝛾2
 when �1 ≤ �2 , �1 ≥ �2 , 

�1 ≥ �2 . It means the size of n-valued neutrosophic concept 
lattice can be zoom in and zoom out using the distinct granu-
lation for the truth, indeterminacy and falsity membership 
value.

Step 7 Similarly, it can be computed for other each entries 
of n-valued neutrosophic context based on user required 
information granules.

Step 8 In last the decomposed context can be written in 
three-way decision space for further analysis of knowledge 
processing taks. The pseudo code for this proposed algo-
rithm is shown in Table 8.

Complexity Table  9 shows the pseudo code for the 
decomposition of a given n-valued neutrosophic con-
text having k number of objects and m number of attrib-
utes. The proposed method decomposed the context 
based on user defined granulation for the n-valued 
truth, indeterminacy, and falsity membership-values i.e. 
((�T1 ,… , �Tn ), (�I1 ,… , �In ), (�F1

,… , �Fn
)))-cut, indepen-

dently. It may take O(m3
⋅ n ) or O(k3 ⋅ n ) time complexity 

in case of considering intent or extent, respectively. In this 
way the proposed method reduces the computational time 
for processing the given n-valued context based on user or 
expert requirement to solve the particular problem.

4 � Illustrations

In this section each of the proposed method is illustrated 
considering one of the n-valued neutrosophic context with 
their comparative study of the obtained results to validate 
the results.

Table 9   A proposed algorithm for ((�T1 ,… , �Tn ), (�I1 ,… , �In ), (�F1
,… , �Fn

)))-cut of n-valued neutrosophic context

Input: A n-valued neutrosophic context � = (X,Y, R̃n)

      where |X| = k , |Y| = m and (R̃n = (TR̃n(x,y)
, IR̃n(x,y)

,FR̃n(x,y)
)).

Output: The set of decomposed context �((�T1
,..,�Tn ),(�F1

,�Fn ),(�F1
,..,�Fn )))

.
1. Let us suppose, a n-valued neutrosophic context � = (X,Y, R̃n).
2. Define the granulation for the n-valued truth, indeterminacy, and falsity membership as follows:

         ((�T1 ,… , �Tn ), (�I1 ,… , �In ), (�F1
,… , �Fn

))).
3. Decomposed the given n-valued context as follows:
4.       if ( TR̃1(x,y)

≥ 𝛼T1 ∧ ... ∧ TR̃n(x,y)
≥ 𝛼Tn)

      then represent 1.0 at the place of truth membership value.
            else 0.0 at the place of truth membership value.

5.       if ( IR̃1(x,y)
≤ 𝛾I1 ∧ ..., IR̃n(x,y)

≤ 𝛾I1)
      then represent 0.0 at the place of indeterminacy membership value.
            else 1.0 at the place of indeterminacy membership value.

6.       if ( FR̃1(x,y)
≤ 𝛾F1

∧ ... ∧ FR̃n(x,y)
≤ 𝛾Fn

)
      then represent 0.0 at the place of falsity membership value.
            else 1.0 at the place of falsity membership value.

7.          The decomposed context follows the equality:
            � =

⋃
((�T1

,…,�Tn ),(�I1
,…,�In ),(�F1

,…,�Fn ))
.

8. Similarly, compute for all entries of n-valued neutrosophic context.
9. Represent the obtained decomposed context.
10. Derive the knowledge.
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4.1 � Three‑way n‑valued neutrosophic concept 
lattice

Recently, several researchers have paid attention towards 
analysis of multi-polar informations [10, 26]. One of the 
suitable example is given in [28] to analyze the opinion of 
people in a democratic country based on some parameters. 
In this process, a problem arises while characterization of 
opinion based on their acceptation, rejection and uncertain 
part, independently [22]. This problem become more com-
plex in case of handling the data from 29 states of a demo-
cratic country like India.6 This analysis is indeed require-
ment for any political scientist or other experts to decide 
the win, loss or neutrality of a given party.7 To deal with 
this problem, the current paper introduces a method based 
on three-way n-valued set in Sect. 3.1. In this section, the 
proposed method is demonstrated with an example as given 
below:

Example 5  Let us suppose, there are three political parties {
x1, x2, x3

}
 participating in a democratic country like India 

to win the particular election. The people from 29 states 
used to participate in the election. In this case people of 29 
states used to vote these parties based on following param-
eters: y1 = Corruption; y2 = Criminals, y3 = Un-education, 
y4 = Control on Terrorism;  y5 = Un-employment; 
y6 = Foreign policy;  y7 = Medical and health policy; 
y8 = Education policy;  y9 = Economical policy; 

y10 = Defense policy; ; or other issues also can be consid-
ered. The problem arises when an expert wants characterize 
the acceptation, rejection and uncertain part from opinion of 
people came from these 29-states. To demonstrate this issue 
the current paper considers three-potential attributes using 
the proposed method shown in Sect. 3.1. Table 10 represents 
the opinion of people from states 1 based on three-decision 
space. Similarly, Tables 11 and 12 represents the opinion of 
people from states 2 and 3. Table 13 represents the combined 
format of Tables 10, 11, 12 and 13 using the introduced 
three-way n-valued neutrosophic contexts.

T h e  t h r e e - va l u e d  n e u t r o s o p h i c  r e l a t i o n 
(x1, y1) = ((0.6, 0.3, 0.2)(0.5, 0.3, 0.2)(0.5, 0.2, 0.3)) shown 
in Table 13 represents that 60% people of state 1 agreed 
that political party x1 stands against corruption, 30% people 
are indeterminant for its stands on corruption whereas 20% 
people disagreed on its stands on corruption. 50% people of 
state 2 agreed that political party x1 stand against corruption, 
30% people are indeterminant for their stand on corruption 
whereas 20% people disagreed on their stand on corruption, 
50% people of state 3 agreed that political party x1 stands 
against corruption, 20% people are indeterminant for their 
stand on corruption whereas 30% people disagreed on their 
stand on corruption. Similarly, other three-way n-valued 
neutrosophic relation shown in Table 13 can be interpreted. 

Table 10   A three-way fuzzy context representation based on the vote 
given in State 1

Political 
parties

Corruption ( y1) Criminals ( y2) Un-educated ( y3)

x1 (0.6, 0.3, 0.2) (0.4, 0.3, 0.3) (0.5, 0.2, 0.2)
x2 (0.5, 0.3, 0.2) (0.4, 0.3, 0.3) (0.6, 0.2, 0.3)
x3 (0.7, 0.2, 0.1) (0.7, 0.1, 0.2) (0.9, 0.1, 0.0)

Table 11   A three-way fuzzy context representation based on the vote 
given in State 2

Political 
parties

Corruption ( y1) Criminals ( y2) Un-educated ( y3)

x1 (0.5, 0.3, 0.2) (0.4, 0.3, 0.3) (0.5, 0.2, 0.2)
x2 (0.4, 0.2, 0.3) (0.4, 0.3, 0.3) (0.6, 0.2, 0.3)
x3 (0.3, 0.4, 0.3) (0.7, 0.1, 0.2) (0.9, 0.1, 0.0)

Table 12   A three-way fuzzy context representation based on the vote 
given in State 3

Political 
parties

Corruption ( y1) Criminals ( y2) Un-educated ( y3)

x1 (0.5, 0.2, 0.3) (0.4, 0.2, 0.3) (0.4, 0.2, 0.2)
x2 (0.3, 0.4, 0.3) (0.4, 0.2, 0.4) (0.3, 0.3, 0.4)
x3 (0.8, 0.1, 0.1) (0.9, 0.1, 0.0) (0.7, 0.1, 0.1)

Table 13   A composed representation of Tables 10, 11 and 12 using 
n-valued neutrosophic set

Political 
parties

Corruption ( y1) Criminals ( y2) Un-educated ( y3)

x1 ( (0.6, 0.3, 0.2), ((0.4, 0.3, 0.3), ((0.5, 0.2, 0.2),
(0.5, 0.3, 0.2), (0.4, 0.3, 0.3), (0.5, 0.2, 0.2),
(0.5, 0.2, 0.3)) (0.4, 0.2, 0.3)) (0.4, 0.2, 0.2))

x2 ((0.3, 0.4, 0.3), ((0.4, 0.2, 0.4), ((0.3, 0.3, 0.4),
(0.4, 0.2, 0.3), (0.4, 0.3, 0.3), (0.6, 0.2, 0.3),
(0.3, 0.4, 0.3)) (0.4, 0.2, 0.4)) (0.3, 0.3, 0.4) )

x3 ((0.8, 0.1, 0.1), ((0.9, 0.1, 0.4), ((0.7, 0.1, 0.1),
(0.3, 0.4, 0.3), (0.7, 0.1, 0.2), (0.9, 0.1, 0.0),
(0.8, 0.1, 0.1)) (0.9, 0.1, 0.0) ) (0.7, 0.1, 0.1))

6  http://kateh​on.com/artic​le/india​-and-multi​polar​ity.
7  http://www.e-ir.info/2013/06/03/towar​ds-a-multi​-polar​-inter​natio​
nal-syste​m-which​-prosp​ects-for-globa​l-peace​/.
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The goal is to find some of the interesting pattern from the 
given three way neutrosophic context which can be achieved 
using the proposed method in Sect. 3.1 as given below:

Step 1: In step 1 write the subset of n-valued neutro-
sophic attribute with their acceptance value to generate the 
concepts. In this paper maximal acceptance of truth-value, 
minimal indeterminacy-value, minimal falsity-value is con-
sidered for each component of n-valued neutrosophic attrib-
ute as given below:

Step 2: Consider the first subset to generate the concepts i.e.

The concept can be generated using the operator ( ↓ ) as 
follows:

Similarly, apply the ↑ on the obtained objects set as follows:

1.
(1.0, 1.0, 1.0), (0, 0, 0), (0, 0, 0)

y1
+

(1, 1, 1), (0, 0, 0), (0, 0, 0)

y2
+

((1, 1, 1), (0, 0, 0), (0, 0, 0)

y3
,

2.
(1, 1, 1), (0, 0, 0), (0, 0, 0)

y1
,

3.
(1, 1, 1), (0, 0, 0), (0, 0, 0)

y2
,

4.
((1, 1, 1), (0, 0, 0), (0, 0, 0)

y3
,

5.
(1, 1, 1), (0, 0, 0), (0, 0, 0)

y1
+

(1, 1, 1), (0, 0, 0), (0, 0, 0)

y2
,

6.
(1, 1, 1), (0, 0, 0), (0, 0, 0)

y1
+

((1, 1, 1), (0, 0, 0), (0, 0, 0)

y3
,

7.
(1.0, 1, 1), (0, 0, 0), (0, 0, 0)

y2
+

((1, 1, 1), (0, 0, 0), (0, 0, 0)

y3
,

8.
(0, 0, 0), (0, 0, 0), (0, 0, 0)

y1
+

(0, 0, 0), (0, 0, 0), (0, 0, 0)

y2
+

((0, 0, 0), (0, 0, 0), (0, 0, 0)

y3
,

1.
(1.0, 1.0, 1.0), (0, 0, 0), (0, 0, 0)

y1
+

(1, 1, 1), (0, 0, 0), (0, 0, 0)

y2
+

((1, 1, 1), (0, 0, 0), (0, 0, 0)

y3
,

(
(1.0, 1.0, 1.0), (0, 0, 0), (0, 0, 0)

y1
+

(1, 1, 1), (0, 0, 0), (0, 0, 0)

y2
+

((1, 1, 1), (0, 0, 0), (0, 0, 0)

y3

)↓

=
(1.0, 1.0, 1.0), (0.0, 0.0, 0.0), (0.0, 0.0, 0.0)

x1
+

(1.0, 1.0, 1.0), (0.0, 0.0, 0.0), (0.0, 0.0, 0.0)

x2
+

(1.0, 1.0, 1.0), (0.0, 0.0, 0.0), (0.0, 0.0, 0.0)

x3

(
(1.0, 1.0, 1.0), (0.0, 0.0, 0.0), (0.0, 0.0, 0.0)

x1
+

(1.0, 1.0, 1.0), (0.0, 0.0, 0.0), (0.0, 0.0, 0.0)

x2
+

(1.0, 1.0, 1.0), (0.0, 0.0, 0.0), (0.0, 0.0, 0.0)

x3

)↑

=
(0.3, 0.4, 0.3), (0.5, 0.4, 0.3), (0.3, 0.4, 0.3)

y1
+

(0.4, 0.3, 0.4), (0.4, 0.3, 0.3), (0.4, 0.2, 0.3)

y2
+

(0.3, 0.3, 0.3), (0.5, 0.2, 0.3), (0.3, 0.3, 0.4)

y3

In this way it provides following three-way n-valued neu-
trosophic concept:

1. The following concept can be generated using the sub-
set number 1:
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This concept represents that all the political parties are not 
acceptable simultaneously as per the opinion of people 
based on given parameters.

Step 3 Similarly, other concepts can be generated using 
the subsequent set of attributes as given below:

2. The following concept can be generated using the sub-
set number 2:

This concept represents that the political party 
(0.8,0.1,0.1),(0.3,0.4,0.3),(0.8,0.1,0.1)

x3
 has maximal acceptance among 

people of given states based on their stand against corruption 
y1.

3.The following concept can be generated using the sub-
set number 3:

Extent-
(1.0, 1.0, 1.0), (0.0, 0.0, 0.0), (0.0, 0.0, 0.0)

x1

+
(1.0, 1.0, 1.0), (0.0, 0.0, 0.0), (0.0, 0.0, 0.0)

x2

+
(1.0, 1.0, 1.0), (0.0, 0.0, 0.0), (0.0, 0.0, 0.0)

x3

Intent-
(0.3, 0.4, 0.3), (0.5, 0.4, 0.3), (0.3, 0.4, 0.3)

y1

+
(0.4, 0.3, 0.4), (0.4, 0.3, 0.3), (0.4, 0.2, 0.3)

y2

+
(0.3, 0.3, 0.3), (0.5, 0.2, 0.3), (0.3, 0.3, 0.4)

y3

Extent-
(0.6, 0.3, 0.2), (0.5, 0.3, 0.2), (0.5, 0.2, 0.3)

x1

+
(0.3, 0.4, 0.2), (0.4, 0.2, 0.3), (0.3, 0.4, 0.3)

x2

+
(0.8, 0.1, 0.1), (0.3, 0.4, 0.3), (0.8, 0.1, 0.1)

x3

Intent-
(1.0, 1.0, 1.0), (0.0, 0.0, 0.0), (0.0, 0.0, 0.0)

y1

+
(0.4, 0.3, 0.4), (0.4, 0.3, 0.3), (0.4, 0.2, 0.3)

y2

+
(0.3, 0.3, 0.3), (0.5, 0.2, 0.3), (0.3, 0.3, 0.4)

y3

This concept represents that the political party 
(0.9,0.1,0.4),(0.7,0.1,0.2),(0.9,0.1,0.0)

x3
 has maximal acceptance among 

the people of given states based on their stand against crimi-
nals y2.

4. The following concept can be generated using the sub-
set number 4:

This shows that the political party (0.7,0.1,0.1),(0.9,0.1,0.0),(0.7,0.1,0.0)
x3

 

has maximal acceptance among the people of given states 
based on their stand against un-educated leaders y3.

5. The following concept can be generated using the sub-
set number 5:

Extent-
(0.4, 0.3, 0.3), (0.4, 0.3, 0.3), (0.4, 0.2, 0.3)

x1

+
(0.4, 0.2, 0.4), (0.4, 0.3, 0.4), (0.4, 0.2, 0.4)

x2

+
(0.9, 0.1, 0.4), (0.7, 0.1, 0.2), (0.9, 0.1, 0.0)

x3

Intent-
(0.3, 0.4, 0.3), (0.5, 0.4, 0.3), (0.3, 0.4, 0.3)

y1

+
(1.0, 1.0, 1.0), (0.0, 0.0, 0.0), (0.0, 0.0, 0.0)

y2

+
(0.3, 0.3, 0.3), (0.5, 0.2, 0.3), (0.3, 0.3, 0.4)

y3

Extent-
(0.5, 0.2, 0.2), (0.5, 0.2, 0.2), (0.4, 0.2, 0.2)

x1

+
(0.3, 0.3, 0.4), (0.6, 0.2, 0.3), (0.3, 0.3, 0.4)

x2

+
(0.7, 0.1, 0.1), (0.9, 0.1, 0.0), (0.7, 0.1, 0.0)

x3

Intent-
(0.3, 0.4, 0.3), (0.5, 0.4, 0.3), (0.3, 0.4, 0.3)

y1

+
(0.4, 0.3, 0.4), (0.4, 0.3, 0.3), (0.4, 0.2, 0.3)

y2

+
(1.0, 1.0, 1.0), (0.0, 0.0, 0.0), (0.0, 0.0, 0.0)

y3

Extent-
(0.4, 0.3, 0.3), (0.4, 0.3, 0.3), (0.4, 0.2, 0.3)

x1

+
(0.3, 0.4, 0.4), (0.4, 0.3, 0.3), (0.3, 0.4, 0.4)

x2

+
(0.8, 0.1, 0.1), (0.3, 0.4, 0.3), (0.8, 0.1, 0.1)

x3

Intent-
(1.0, 1.0, 1.0), (0.0, 0.0, 0.0), (0.0, 0.0, 0.0)

y1

+
(1.0, 1.0, 1.0), (0.0, 0.0, 0.0), (0.0, 0.0, 0.0)

y2

+
(0.3, 0.3, 0.3), (0.5, 0.2, 0.3), (0.3, 0.3, 0.4)

y3

Fig. 4   Three-way n-valued 
neutrosophic concept lattice 
generated from Table 13
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This shows that the political party (0.8,0.1,0.1),(0.3,0.4,0.3),(0.8,0.1,0.1)
x3

 

has maximal acceptance among the people based on their 
stand against corruption y1 and criminals ( y2).

6. The following concept can be generated using the sub-
set number 6:

This shows that the political party (0.7,0.1,0.1),(0.3,0.4,0.3),(0.7,0.1,0.1)
x3

 

has maximal acceptance among the people based on their 
stand against corruption y1 and un-educated leaders ( y3).

7. The following concept can be generated using the sub-
set number 7:

Extent-
(0.5, 0.3, 0.2), (0.5, 0.3, 0.2), (0.4, 0.2, 0.3)

x1

+
(0.3, 0.4, 0.4), (0.4, 0.3, 0.3), (0.3, 0.4, 0.4)

x2

+
(0.7, 0.1, 0.1), (0.3, 0.4, 0.3), (0.7, 0.1, 0.1)

x3

Intent-
(1.0, 1.0, 1.0), (0.0, 0.0, 0.0), (0.0, 0.0, 0.0)

y1

+
(0.4, 0.3, 0.4), (0.4, 0.3, 0.3), (0.4, 0.2, 0.3)

y2

+
(1.0, 1.0, 1.0), (0.0, 0.0, 0.0), (0.0, 0.0, 0.0)

y3

Table 14   Distance measurement 
of political party x1 based on 
the proposed method shown in 
Table

y1 y2 y3 Total AV(d)

sup|Tx1 − TU| 0.4 0.6 0.5
sup|Ix1 − TU| 0.5 0.5 0.6
sup|Fx1

− TU| 0.5 0.6 0.6
AV(d) (0.4 + 0.5 + 0.5)∕3 (0.6 + 0.5 + 0.6)∕3 (0.5 + 0.6 + 0.6)∕3

0.46 0.56 0.56 (0.45 + 0.56 + 0.56)∕3

1.58∕3 = 0.52

Table 15   Distance measurement 
of political party x2 based on 
the proposed method shown in 
Table

y1 y2 y3 Total AV(d)

sup|Tx1 − TU| 0.5 0.6 0.4
sup|Ix1 − TU| 0.6 0.5 0.6
sup|Fx1

− TU| 0.7 0.6 0.7
AV(d) (0.5 + 0.6 + 0.7)∕3 (0.6 + 0.5 + 0.6)∕3 (0.4 + 0.6 + 0.7)∕3

0.56 0.56 0.56 (0.56 + 0.56 + 0.56)∕3

1.68∕3 = 0.56

Table 16   Distance measurement 
of political party x3 based on 
the proposed method shown in 
Sect. 3.1

y1 y2 y3 Total AV(d)

sup|Tx1 − TU| 0.3 0.3 0.1
sup|Ix1 − TU| 0.3 0.2 0.2
sup|Fx1

− TU| 0.3 0.1 0.3
AV(d) (0.3 + 0.3 + 0.2)∕3 (0.3 + 0.2 + 0.1)∕3 (0.1 + 0.2 + 0.3)∕3

0.26 0.2 0.2 (0.26 + 0.2 + 0.2)∕3

0.22

Table 17   �-similarity 
computation of each political 
parties based on given 
parameters

Distance �-Similarity

x1 0.52 0.48
x2 0.56 0.44
x3 0.22 0.78

Table 18   Selection of political 
parties based on user required 
granulation

�-equal Selected party

0.78 ≤ � ≤ 1.0 x3

0.56 ≤ � ≤ 0.77 x1

0.0 ≤ � ≤ 0.55 x2
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This shows that the political party (0.7,0.1,0.1),(0.7,0.1,0.2),(0.7,0.1,0.1)
x3

 

has maximal acceptance among the people based on their 
stand against criminals y2 and un-educated leaders ( y3).

8. The following concept can be generated using the sub-
set number 8:

Extent-
(0.4, 0.3, 0.3), (0.4, 0.3, 0.3), (0.4, 0.2, 0.3)

x1

+
(0.4, 0.3, 0.4), (0.4, 0.3, 0.3), (0.3, 0.3, 0.4)

x2

+
(0.7, 0.1, 0.1), (0.7, 0.1, 0.2), (0.7, 0.1, 0.1)

x3

Intent-
(0.3, 0.4, 0.3), (0.5, 0.4, 0.3), (0.3, 0.4, 0.3)

y1

+
(1.0, 1.0, 1.0), (0.0, 0.0, 0.0), (0.0, 0.0, 0.0)

y2

+
(1.0, 1.0, 1.0), (0.0, 0.0, 0.0), (0.0, 0.0, 0.0)

y3

This shows that the political party (0.7,0.1,0.1),(0.3,0.4,0.3),(0.7,0.1,0.1)
x3

 

has maximal acceptance with regard to opinion of people in 
the given states. In this case it will be first preference to vote 
in the given election.

The above generated concepts are shown in Fig. 4 via 
properties of n-valued neutrosophic concept lattice. It shows 

Extent-
(0.4, 0.3, 0.3), (0.4, 0.3, 0.3), (0.4, 0.2, 0.3)

x1

+
(0.3, 0.4, 0.4), (0.4, 0.3, 0.3), (0.3, 0.4, 0.4)

x2

+
(0.7, 0.1, 0.1), (0.3, 0.4, 0.3), (0.7, 0.1, 0.1)

x3

Intent-
(1.0, 1.0, 1.0), (0.0, 0.0, 0.0), (0.0, 0.0, 0.0)

y1

+
(1.0, 1.0, 1.0), (0.0, 0.0, 0.0), (0.0, 0.0, 0.0)

y2

+
(1.0, 1.0, 1.0), (0.0, 0.0, 0.0), (0.0, 0.0, 0.0)

y3

Table 19   Some interesting level 
of granulation to decompose 
n-valued neutrosophic context

Level of granulation Expert interpretation Neutrosophic values

Level 1 Very Interesting (0.7, 0.1, 0.1)
Level 2 Interesting (0.5, 0.2, 0.2)
Level 3 Average Interesting (0.4, 0.3, 0.2)
Level 4 Moderate Interesting (0.3, 0.3, 0.3)
Level 5 Not Interesting (0.2, 0.4, 0.3)

Table 20   A decomposition of 
context shown in Table 13 at 
(0.5, 0.2, 0.2)-granulation

Political parties Corruption(y1) Criminals ( y2) Un-educated(y3)

x1 (1, 1, 1) (0, 1, 1) (0, 0, 0)
x2 (0, 1, 1) (0, 1, 1) ((0, 1, 1)
x3 (0, 1, 1) (1, 0, 0) (1, 0, 0)

Table 21   Comparison of proposed methods in this paper on various parameters

Proposed method in Sect. 3.1 Proposed method in Sect. 3.1 Proposed method in Sect. 3.1

Objective Super-sub hierarchy hierarchy Similar concepts Decomposition
Methodology Subset based attributes �-equality multi-granulation
Knowledge discovery n-valued neutrosophic concepts Closed n-valued concepts Decomposed concepts at 

given granulation
n-valued pattern Yes No No
Micro and macro level refinement Yes No Yes
Graphical visualization Yes No No
Time complexity O(2m ⋅ 3n ⋅ k) O(m3

⋅ n3) O(m3
⋅ n)
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the generalized and specialized opinion of people about any 
given political party to decide their vote.

4.2 � �‑equal three‑way n‑valued pattern

In the previous section, it is addressed that the number 
of concepts generated from the proposed method shown 
in Sect. 3.1 is exponential. It become irrelevant when an 
expert wants to analyze the win or loss of any political party 
based on his/her required subset of attributes and his/her. 
In this this the expert want to discover those parties which 
is maximally closed to the given subset of attributes. To 
deal with this problem, a method is proposed in Sect. 3.2 
to find some of the closest three-way n-valued neutrosophic 
attributes (or objects set) at user required �-granules. The 
objective is to extract some of the closest political party ( i.e. 
objects) based on chosen set of attributes within a reason-
able time period i.e. O(m3 × n3 ) when compared to subset 
based method [24]. To illustrate the proposed method the 
context shown in Table 13 is considered which represents 
the opinion of people towards three political party based 
on the given parameters. In general the user used to vote 
any political party which mandate is closed to the maximal 
acceptance, minimal indeterminacy, minimal falsity of his/
her desired parameters i.e. (1, 0, 0). The goal of an expert 
is to classify the incongruous party and their closeness to 
maximal acceptance of people opinion. To achieve this goal 
the �-equal distance among the given political party based 
on their parameters can be computed using the proposed 
method shown in Sect. 3.2. Tables 14, 15, 16 contains the 
�-equal similarity measurement of each political party x1 , 
x2 , x3 based on maximal acceptance of user defined param-
eters, respectively. Table 17 represents their ordering based 
on computed distance. Table 18 shows closeness of each 
political party based on user defined subset of attributes.

Table 18 shows that, the political party x3 and its stand 
on the given parameter is maximal i.e. 78% when compared 
to user required parameters. In this case, people will may 

vote to this political party to win whereas the x2 will be sec-
ond. This information is similar to its n-valued neutrosophic 
concept lattice shown in Fig. 4. However, this method does 
not provide any graphical structure visualization except its 
�-equal similarity analysis. In this way both of the proposed 
methods have their own advantages and disadvantages to 
solve the particular problem. It is based on user or expert 
to utilize any of them based on his/her requirement. None 
of these two approaches provides a general solution when 
an expert need a macro or micro level predictive analysis of 
three-way n-valued neutrosophic context to refine or coarse 
the pattern. To resolve this problem, another method is pro-
posed in Sect. 3.3 which is illustrated in the next section.

4.3 � Decomposition of three‑way n‑valued formal 
context using granular computing

It is observed that many times an expert need to analyze the 
given data sets based on micro and macro level to refine and 
coarser the hidden pattern. One of the most suitable reason 
is that the expert need a generalized as well as specialized 
pattern in hidden three-way n-valued neutrosophic context to 
solve the particular problem at his/her required multi-gran-
ulation [25]. To achieve this goal a method is proposed in 
Sect. 3.3 to decompose the given three-way n-valued context 
based on chosen granulation for the truth, indeterminacy, 
and falsity membership-values, independently. The level of 
granulation can be decided by user or expert requirement 
to zoom in zoom out the given three-way n-valued context 
as shown in Table 19. To illustrate the proposed method a 
three-way n-valued context is shown in Table 13. Table 20 
shows the decomposition of given context based on granula-
tion (0.5, 0.2, 0.2).

The decomposed context shown in Table 20 shows that 
the political party x3 contains maximal acceptance (1, 0, 
0) for attributes when compared to other parties. In this 
case the political party x1 will be first preference for the 
people to vote. This derived analysis is similar to other 

Table 22   Comparison of proposed methods with recently introduced related methods

Neutrosophic concept lattice [22, 24] m-polar concept lattice [26, 28] Proposed method in this paper

Objective Finding pattern in three-way data Finding pattern in m-polar context Finding pattern in n-valued 
neutrosophic data

Methodology Subset based attributes Subset based and Projection �-equality and, multi-granulation
Knowledge discovery Three-way neutrosophic concepts m-polar fuzzy concepts n-valued neutrosophic concepts
Micro and macro level refinement No No Yes
Graphical visualization Yes Yes Yes
Lattice Yes Yes Yes
Granulation decomposition No No Yes
�-equal similarity No No Yes
Time complexity O(2m ⋅ 3n) O(2k ⋅ m ⋅ n) and O(n ⋅ m2 + m ⋅ k2) O(m3

⋅ n3) and O(m3
⋅ n)
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methods illustrated in Sects. 4.1 and 4.2. In this way it can be 
observed that each of the proposed method provides multi-
ways to describe the given n-valued neutrosophic context. 
Hence it based on user requirement to utilize any of them to 
solve the particular problem. In near future the author will 
focus on reducing the size of n-valued neutrosophic concept 
lattice and its applications in various fields for knowledge 
processing tasks.

5 � Discussions

In the last decade several researchers paid data analytics 
using the mathematical properties of concept lattice theory 
[12]. In this regard, many extensions are proposed to deal 
with uncertainty in fuzzy attributes [21]. Towards this pro-
cess recently mathematics of neutrosophic set [30] has been 
introduced [22] to characterize the acceptation, rejection and 
uncertain part in the fuzzy attributes [29]. This is an indeed 
requirement for descriptive analysis of indeterminacy exists 
in fuzzy attributes to quantize the information as for example 
mercury (Hg) is neither liquid nor solid at any normal tem-
perature. Semiconductors are neither conductors not isola-
tors. Handling these types of quantum superposition of states 
in the given three-way n-valued fuzzy context is a major 
issues for the researchers. To deal with this problem, one 
of the researcher tried to characterize them based on truth, 
indeterminacy, and falsity membership and its graphical 
structure visualization [22] to refine and coarse the pattern at 
user defined granulation [24, 25]. In this process a problem 
is addressed while handling the m-polar information [28] 
based on its acceptation, rejection and uncertain part. The 
second problem arises while computing some of the simi-
lar set of objects based on user defined subset of attributes. 
To traverse the three-way n-valued contexts at user defined 
granulation. To demonstrate these problems one of the suit-
able examples is given in this paper. Such that the m-polar 
opinion of people can be classified based on their maximal 
acceptance for truth, indeterminacy and falsity membership-
values. To achieve this goal, the current paper introduces 
three different methods using the calculus of n-valued neu-
trosophic set, its �-equal similarity as decomposition at user 
defined granulation in Sects. 3.1, 3.2, and 3.3, respectively.

Table 21 shows the comparison among each of the pro-
posed methods in this paper based on several parameters. It 
represents that, each of the proposed methods includes their 
own utility. To solve the particular problem of three-way 
n-valued neutrosophic context. It is totally based on user or 
expert requirement to select the particular method based on 
his/her requirements. Table 22 provides a comparative study 
among each of the proposed method when compared to 
recently introduced three-way [22] as well as m-polar fuzzy 

concept lattice [26, 28]. The proposed methods in this paper 
are distinct from any of these approaches in following ways:

1.	 The proposed method provides a first mathematical tool 
to analyze the n-valued neutrosophic contexts more pre-
cisely based on its acceptation, rejection and uncertain 
part when compared to any of the available approaches.

2.	 The proposed method provides a method to investigate 
the closest three-way n-valued set of attributes based on 
user defined �-equality.

3.	 The proposed method provides a multiple ways to zoom 
in and zoom out the three-way n-valued neutrosophic 
contexts at user defined granulation for truth, falsity and 
indeterminacy membership-values, respectively.

4.	 One of the suitable example is also given to demonstrate 
the proposed method for analyzing the opinion of people 
in a democratic country.

In this way, the proposed method will be helpful for many 
researchers working in the field of data sciences beyond the 
three-way as well as m-way decision space. Same time it 
will be more helpful for the government as well as private 
agencies for predictive analysis of opinion of people living 
in a democratic country precisely. In the near future, the 
author will focus on other applications of three-way n-valued 
neutrosophic contexts and its granular based refinement [20, 
27] with an illustrative example.

6 � Conclusions

This paper aimed at introducing a mathematical structure 
to characterize the n-valued contexts based its acceptation, 
rejection and uncertain part, respectively. To achieve this 
goal, the current paper introduced three methods based on 
calculus of n-valued neutrosophic set, �-equality and granu-
lar computing. The first method provides a graphical struc-
ture compressed visualization of given three-way n-valued 
neutrosophic context in the concept lattice. The other two 
methods provides several ways to refine or coarse the pattern 
of given three-way n-valued neutrosophic context at user or 
expert require granulation with an illustrative example. The 
comparative study of each of the proposed method based on 
their advantages and disadvantages is shown in Table 21. 
Table 22 represents the comparison of the proposed method 
with recently available approahces in three-way [22] as well 
as multi-way [26] fuzzy concept lattice. In future, the author 
will focus on some other real life applications of three-way 
n-valued neutrosophic set and its fluctuation measurement.
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