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'HSDUWPHQW�RI�0DWKHPDWLFV��7HFKQLFDO�8QLYHUVLW\�

1HYVN\����������������6W�3HWHUVEXUJ��5XVVLD

(�PDLO��FKHEUD#SKGHJ�KRS�VWX�QHYD�UX

,Q� WKLV�SDSHU�ZH� LQYHVWLJDWH�VRPH�SURSHUWLHV�RI�6PDUDQGDFKH�VHTXHQFHV�RI� WKH
�QG� NLQG� DQG� GHPRQVWUDWH� WKDW� WKHVH� QXPEHUV� DUH� QHDU� SULPH� QXPEHUV�� ,Q
SDUWLFXODU��ZH�HVWDEOLVK� WKDW�SULPH�QXPEHUV�DQG�6PDUDQGDFKH�QXPEHUV�RI� WKH
�QG�NLQG��D��PD\�EH�FRPSXWHG�IURP�WKH�VLPLODU�DQDO\WLFDO�H[SUHVVLRQV���E��PD\

EH�XVHG�IRU�FRQVWUXFWLQJ�0DJLF�VTXDUHV��×��RU�0DJLF�VTXDUHV��×���FRQVLVWHG�RI
��0DJLF�VTXDUHV��×��

.H\�ZRUGV��SULPH�QXPEHUV��6PDUDQGDFKH�QXPEHUV�RI�WKH��QG�NLQG��GHQVLW\

RI�QXPHULFDO�VHTXHQFHV��0DJLF�VTXDUHV��×��DQG��×��

����,QWURGXFWLRQ

:H�UHPLQG�>����@��WKDW�LQ�WKH�JHQHUDO�FDVH�0DJLF�VTXDUHV�UHSUHVHQW�E\�WKHPVHOYHV

QXPHULFDO� RU� DQDO\WLFDO� VTXDUH� WDEOHV�� ZKRVH� HOHPHQWV� VDWLVI\� D� VHW� RI� GHILQLWH

EDVLF� DQG� DGGLWLRQDO� UHODWLRQV�� 7KH� EDVLF� UHODWLRQV� WKHUHZLWK� DVVLJQ� VRPH

FRQVWDQW�SURSHUW\�IRU�WKH�HOHPHQWV�ORFDWHG�LQ�WKH�URZV��FROXPQV�DQG�WZR�PDLQ

GLDJRQDOV� RI� D� VTXDUH� WDEOH�� DQG� DGGLWLRQDO� UHODWLRQV�� DVVLJQ� DGGLWLRQDO

FKDUDFWHULVWLFV�IRU�VRPH�RWKHU�VHWV�RI�LWV�HOHPHQWV�

/HW�LW�EH�UHTXLUHG�WR�FRQVWUXFW�0DJLF�VTXDUHV�Q×Q�LQ�VL]H�IURP�D�JLYHQ�VHW�RI
QXPEHUV��-XGJLQJ�E\�WKH�PHQWLRQHG�JHQHUDO�GHILQLWLRQ�RI�0DJLF�VTXDUHV��WKHUH�LV

QR�GLIILFXOW\� LQ�XQGHUVWDQGLQJ� WKDW� WKH� IRUHJRLQJ�SUREOHP�FRQVLVWV�RI� WKH� IRXU

LQWHUUHODWHG�SUREOHPV

���(ODERUDWH�WKH�SUDFWLFDO�PHWKRGV�IRU�JHQHUDWLQJ�WKH�JLYHQ�VHW�RI�QXPEHUV�

���/RRN�IRU�D�FRQFUHWH� IDPLO\�RI�Q��HOHPHQWV��ZKLFK�ZRXOG�VDWLVI\�ERWK� WKH

EDVLF�DQG�DOO�WKH�DGGLWLRQDO�FKDUDFWHULVWLFV�RI�WKH�0DJLF�VTXDUHV�

���'HWHUPLQH�KRZ�PDQ\�0DJLF�VTXDUHV�FDQ�EH�FRQVWUXFWHG�IURP�WKH�FKRVHQ

IDPLO\�RI�Q��HOHPHQWV�

���(ODERUDWH�WKH�SUDFWLFDO�PHWKRGV�IRU�FRQVWUXFWLQJ�WKHVH�0DJLF�VTXDUHV�

)RU�LQVWDQFH��DV�ZH�GHPRQVWUDWHG�LQ�>�@�

D�� HYHU\� �Q����WK� WHUP� �+QD � RI�6PDUDQGDFKH� VHTXHQFHV�RI� �VW� NLQG��PD\�EH

IRUPHG� E\� VXEMRLQLQJ� VHYHUDO� QDWXUDO� QXPEHUV� WR� SUHYLRXV� WHUPV�DQ� DQG� DOVR

PD\�EH�FRPSXWHG�IURP�WKH�DQDO\WLFDO�H[SUHVVLRQ
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ZKHUH�ϕ�Q���ψ�DQ�� DQG� ξ^ϕ�Q�`� DUH� VRPH� IXQFWLRQV��σ� LV� DQ� RSHUDWRU�� ,Q� RWKHU
ZRUGV��IRU�JHQHUDWLQJ�6PDUDQGDFKH�VHTXHQFHV�RI��VW�NLQG��WKH�VHW�RI�DQDO\WLFDO

IRUPXODH�PD\�EH�XVHG��VHH�WKH�SUREOHP����
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)LJXUH����0DJLF�VTXDUHV��×��IURP�N�WUXQFDWHG
6PDUDQGDFKH�QXPEHUV�RI��VW�NLQG�

E�� LW� LV� LPSRVVLEOH� WR� FRQVWUXFW� 0DJLF� VTXDUHV� �×�� IURP� 6PDUDQGDFKH
QXPEHUV�RI��VW�NLQG�ZLWKRXW�SUHYLRXV�WUXQFDWLQJ�WKHVH�QXPEHUV��&RQVHTXHQWO\�

LI�WKH�JLYHQ�VHW�RI�QXPEHUV�FRQVLVWV�RQO\�RI�6PDUDQGDFKH�QXPEHUV�RI��VW�NLQG�

WKHQ�RQH�UHOHDVHV�IURP�FDUH�RQ�VROYLQJ�SUREOHPV��PHQWLRQHG�DERYH�LQ�LWHPV���§

��

F�� WKHUH� LV� D� VHW� RI� DQDO\WLFDO� IRUPXODH� DYDLODEOH� IRU� FRQVWUXFWLQJ� 0DJLF

VTXDUHV� �×�� LQ� VL]H� IURP� N�WUXQFDWHG� 6PDUDQGDFKH� QXPEHUV� RI� �VW� NLQG
�H[DPSOHV� RI� 0DJLF� VTXDUHV� �×��� REWDLQHG� E\� WKHVH� IRUPXODH�� DUH� VKRZQ� LQ
ILJXUH�����,Q�WKLV�FDVH�WKH�IRUHJRLQJ�VHW�RI�DQDO\WLFDO�IRUPXODH�LV�DOVR�WKH�GHVLUHG

SUDFWLFDO� PHWKRG� IRU� FRQVWUXFWLQJ� 0DJLF� VTXDUHV� �×�� IURP� N�WUXQFDWHG
6PDUDQGDFKH�QXPEHUV�RI��VW�NLQG��VHH�WKH�SUREOHP����

7KH�PDLQ�JRDO�RI�WKLV�SDSHU�LV�WR�LQYHVWLJDWH�VRPH�SURSHUWLHV�RI�6PDUDQGDFKH

VHTXHQFHV�RI�WKH��QG�NLQG�>����@�DQG�WR�GHPRQVWUDWH�WKDW�WKHVH�QXPEHUV�DUH�QHDU

SULPH�QXPEHUV��,Q�SDUWLFXODU��ZH�HVWDEOLVK�LQ�WKH�SDSHU��WKDW�SULPH�QXPEHUV�DQG

6PDUDQGDFKH�QXPEHUV�RI�WKH��QG�NLQG
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D��PD\�EH� FRPSXWHG� IURP� WKH� VLPLODU� DQDO\WLFDO� H[SUHVVLRQV� �VHH� 6HFWLRQ� �

DQG����

E��PD\�EH�XVHG� IRU�FRQVWUXFWLQJ�0DJLF� VTXDUHV��×��RU�0DJLF� VTXDUHV��×��
FRQVLVWHG�RI���0DJLF�VTXDUHV��×���VHH�6HFWLRQ���DQG����

����3ULPH�1XPEHUV

:H�UHPLQG� WKDW� LQ�QXPEHU� WKHRU\� >���������@� DQ\�SRVLWLYH� LQWHJHU� �DQ\�QDWXUDO

QXPEHU��� VLPXOWDQHRXVO\� GLYLGLQJ� SRVLWLYH� LQWHJHUV�D�� E�� ��P�� LV� FDOOHG� WKHLU

FRPPRQ� GLYLVRU�� 7KH� ODUJHVW� RI� FRPPRQ� GLYLVRUV� LV� FDOOHG� JUHDWHVW� FRPPRQ

GLYLVRU� DQG� GHQRWHG� E\� WKH� V\PERO�*&'�D�� E�� ��P��� 7KH� H[LVWHQFH� RI�*&'

DSSHDUV�IURP�WKH�ILQLWHQHVV�RI�WKH�QXPEHU�RI�FRPPRQ�GLYLVRUV��7KH�QXPEHUV�D

DQG� E� IRU� ZKLFK� *&'�D�� E��  � �� DUH� FDOOHG� UHODWLYHO\� SULPH� QXPEHUV�� 7KH

DQDO\WLFDO�IRUPXOD�DYDLODEOH�IRU�FRXQWLQJ�WKH�YDOXH�RI�*&'�D��E��KDV�IRUP�>�@

*&'�D��E�� �E^��§�VLJQ�U�`���N�VLJQ�U�������U� �D�§�E>D�E@� ���
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ZKHUH�WKH�IXQFWLRQ��0$;�D1��D2�� ��D L � �JLYHV�WKH�JUHDWHVW�IURP�QXPEHUV�D1��D2�

 ��D L � �VLJQ�[�� �[�[��LI��[�≠��DQG��VLJQ���� ���
,W� LV�HDV\�WR�SURYH�� WKDW�DQ\�QDWXUDO�QXPEHU� ODUJHU� WKDQ�D�XQLW��KDV�QR� OHVV

WKDQ�WZR�GLYLVRUV��WKH�XQLW�DQG�LWVHOI��$Q\�QDWXUDO�QXPEHU�S�!����KDYLQJ�H[DFWO\

WZR�GLYLVRUV��LV�FDOOHG�SULPH��,I�WKH�QXPEHU�RI�GLYLVRUV�LV�PRUH�WKDQ����WKHQ�WKH

QXPEHU�LV�FDOOHG�FRPSRVLWH��IRU�H[DPSOH��WKH�QXPEHU�����KDYLQJ�GLYLVRUV���DQG

����LV�WKH�SULPH�QXPEHU��ZKHUHDV�WKH�QXPEHU�����KDYLQJ�WKH�GLYLVRUV���������DQG

���� LV� WKH�FRPSRVLWH�QXPEHU��� ,Q�WKLV�SDSHU�ZH�VKDOO�FRQVLGHU� WKH�QXPEHU���DV

WKH�OHDVW�SULPH�QXPEHU��7KH�DQDO\WLFDO�IRUPXOD��JHQHUDWLQJ�Q�WK�SULPH�QXPEHU

SQ��KDV�IRUP�>�@
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ZKHUH�S2� ����S3� ����S4� ���� ��VJ�[�� ����LI��[�!����DQG��VJ�[�� ����LI��[�≤����
,W�LV�SURYHG�LQ�WKH�QXPEHU�WKHRU\�>���������@��WKDW�DQ\�QDWXUDO�QXPEHU�ODUJHU

WKDQ� D� XQLW� FDQ� EH� UHSUHVHQWHG� DV� D� SURGXFW� RI� SULPH� QXPEHUV� DQG� WKLV

UHSUHVHQWDWLRQ� LV�XQLTXH��ZH�DVVXPH�WKDW�SURGXFWV��GLIIHULQJ�RQO\�E\�WKH�RUGHU

RI�FRIDFWRUV��DUH�LGHQWLFDO���)RU�VROYLQJ�WKH�SUREOHP�RQ�GHFRPSRVLQJ�WKH�QDWXUDO

QXPEHU� D� LQ� VLPSOH� FRIDFWRUV�� LW� LV� QHFHVVDU\� WR� NQRZ� DOO� WKH� SULPH� QXPEHUV

DSD < �

/HW�P� � > D @��ZKHUH�WKH�QRWDWLRQ�>E@�PHDQV� LQWHJHU�SDUW�IURP�E��7KHQ��IRU

ILQGLQJ� DOO� WKH� SULPH� QXPEHU� DS � RQH� PD\� XVH� WKH� IROORZLQJ� SURFHGXUH

�(UDWRVWKHQHV�VLHYH��>���������@�

���:ULWH�RXW�DOO�WKH�VXFFHVVLYH�QXPEHUV�IURP���WR�P�DQG�SXW�S� ���
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���,Q�WKH�VHULHV�RI�WKH�QXPEHUV���������� ��P��FURVV�RXW�DOO�WKH�QXPEHUV�KDYLQJ

WKH�IRUP�S���NS��ZKHUH�N� ������� �

���,I��LQ�WKH�VHULHV�RI�WKH�QXPEHUV���������� ��P��DOO�WKH�QXPEHUV�ODUJHU�WKDQ�S

KDYH� EHHQ� FURVVHG� RXW�� WKHQ� SDVV� WR� VWHS� ��� ,I� WKHUH� VWLOO� UHPDLQ� WKH

QXPEHUV�ODUJHU�WKDQ�S��ZKLFK�KDYH�QRW�EHHQ�FURVVHG�RXW��WKHQ�WKH�ILUVW�RI

WKHVH�RQHV�ZH�GHQRWH�E\�S1�� ,I� � PS ≥�

� �� WKHQ�SDVV� WR� VWHS����2WKHUZLVH�

SXW�S� �S1�DQG�SDVV�WR�VWHS���

���7KH�HQG�RI�WKH�SURFHGXUH��SULPHV�DUH�DOO�WKH�QXPEHUV�RI�WKH�VHULHV���������

��� ��P��ZKLFK�KDYH�QRW�EHHQ�GHOHWHG�

,I�DQ�DULWKPHWLFDO�SURJUHVVLRQ�IURP�Q�SULPH�QXPEHUV�LV�IRXQG�WKHQ�LW�VKRXOG

EH�NQRZQ�WKDW�>�����@

7KH� GLIIHUHQFH� RI� DQ\� DULWKPHWLFDO� SURJUHVVLRQ�� FRQWDLQLQJ� Q� SULPH� QXPEHUV

ODUJHU�WKDQ�Q��LV�GLYLVLEOH�E\�DOO�WKH�SULPH�QXPEHUV�≤�Q��&DQWRU�WKHRUHP��

)URP� WKH� VHULHV� RI� WKH� FRQVHFXWLYH� SULPH� QXPEHUV� RQH� PD\� UHYHDO

VXEVHTXHQFHV� RI� QXPEHUV�� SRVVHVVHG� WKH� GLIIHUHQW� LQWHUHVWLQJ� SURSHUWLHV�� )RU

LQVWDQFH

D��WZR�SULPH�QXPEHUV�DUH�FDOOHG�UHYHUVHG��LI�HDFK�LV�REWDLQHG�IURP�RWKHU�E\

UHYHUVLQJ�RI�LWV�GLJLWV��,I��S����������WKHQ�VXFK�QXPEHUV�DUH

��������������������������������������������������������������������������� (4)
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E��DPRQJ�WKH�QXPEHUV�RI�����RQH�PD\�UHYHDO�WKH�V\PPHWULF�SULPH�QXPEHUV�

������������������������������������������������������������������������� (5)

�������������������

F�� WZR� SULPH� QXPEHUV� DUH� FDOOHG�PLUURU�UHYHUVHG�� LI� HDFK� LV� REWDLQHG� IURP

RWKHU�E\�UHIOHFWLQJ�LQ�WKH�PLUURU��ORFDWHG�DERYH�WKH�QXPEHU��,I��S����������WKHQ

VXFK�QXPEHUV�DUH�

���������������������������������������������������������������������� (6)

��������������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������
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����6PDUDQGDFKH�1XPEHUV�RI�WKH��QG�.LQG

,Q�WKLV�VHFWLRQ�ZH�FRQVLGHU���GLIIHUHQW�6PDUDQGDFKH�VHTXHQFHV�RI�WKH��QG�NLQG

>����@�DQG�GHPRQVWUDWH�WKDW�WKH�YDOXH�RI�Q�WK�QXPEHUV�DQ�LQ�WKHVH�VHTXHQFHV�PD\

EH�FRPSXWHG�E\�WKH�XQLYHUVDO�DQDO\WLFDO�IRUPXOD�^FRPSDUH�ZLWK�IRUPXOD����`
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ZKHUH� �χL�DUH� WKH�FKDUDFWHULVWLF�QXPEHUV� IRU� WKH�GHVFULEHG�EHORZ�6PDUDQGDFKH

VHTXHQFHV�RI�WKH��QG�W\SH�DQG�8Q� �������Q���
2�

������3VHXGR�3ULPH�1XPEHUV

D��6PDUDQGDFKH�31�VHULHV

��������������������������������������������������������������������  (8)
FRQWDLQV� WKH�RQO\� VXFK�QDWXUDO�QXPEHUV��ZKLFK�DUH�RU�SULPH�QXPEHUV� LWVHOI�RU

SULPH� QXPEHUV� FDQ� EH� REWDLQHG� IURP�31�VHULHV� QXPEHUV� E\� D� SHUPXWDWLRQ� RI

GLJLWV��IRU�LQVWDQFH��WKH�QXPEHU�����LV�WKH�SVHXGR�SULPH�RI�31�VHULHV�EHFDXVH��WKH

QXPEHU�����LV�WKH�SULPH��

,W� LV� FOHDU� IURP� WKH� GHVFULSWLRQ� RI� 31�VHULHV� QXPEHUV� WKDW� WKH\� PD\� EH

JHQHUDWHG�E\�WKH�IROORZLQJ�DOJRULWKP

���:ULWH�RXW�DOO�WKH�VXFFHVVLYH�SULPH�QXPEHUV�IURP���WR�����������������������

���DQG�SXW�Q ���DQ� ����

���$VVXPH�S� �DQ����

���([DPLQH�WKH�QXPEHU�S��,I�S�LV�D�SULPH�RU�D�SULPH�QXPEHU�FDQ�EH�REWDLQHG

IURP�DQ�E\�D�SHUPXWDWLRQ�RI�GLJLWV��WKHQ�LQFUHDVH�Q�E\����SXW�DQ� �S�DQG�JR

WR�VWHS����(OVH�LQFUHDVH�S�E\���DQG�JR�WR�WKH�EHJLQQLQJ�RI�WKLV�VWHS�

7R� FRQYHUW� WKH� IRUHJRLQJ� DOJRULWKP� LQWR� D� FRPSXWHU�RULHQWHG�PHWKRG� �VHH

SUREOHP���LQ�6HFWLRQ�����ZH�DUH�HYLGHQWO\�WR�WUDQVODWH�WKLV�GHVFULSWLRQ�LQWR�RQH�RI

VSHFLDO� FRPSXWHU�RULHQWHG� ODQJXDJHV��7KHUH� LV�D� VHW�RI�PHWKRGV� WR� UHDOLVH� VXFK

WUDQVODWLRQ�>�@��7KH�PRVW�VLPSOHVW�DPRQJ�RQHV�LV�WR�ZULWH�SURJUDP�FRGH�GLUHFWO\

IURP� WKH� YHUEDO� GHVFULSWLRQ� RI� WKH� DOJRULWKP� ZLWKRXW� DQ\� SUHOLPLQDU\

FRQVWUXFWLRQ��)RU�LQVWDQFH��3DVFDO�SURJUDP�LGHQWLFDO�ZLWK�WKH�YHUEDO�GHVFULSWLRQ

RI�WKH�DOJRULWKP�XQGHU�FRQVLGHUDWLRQ�DUH�VKRZQ�LQ�7DEOH����,Q�WKLV�SURJUDP�WKH

SURFHGXUH�3G��WKH�IXQFWLRQV�3ULPH/LVW�DQG�3VHXGR3ULPH�DUH�XVHG�IRU�JHQHUDWLQJ

UHVSHFWLYHO\� SHUPXWDWLRQV�� SULPHV� QXPEHUV� DQG� SVHXGR�SULPH� QXPEHUV�� WKH

PHDQLQJ�RI�WKH�ORJLFDO�IXQFWLRQ�%HORQJ7R3ULPHV�LV�FOHDU�IURP�LWV�QDPH�

,Q�WKH�FDVH��ZKHQ�YHUEDO�GHVFULSWLRQV�DUH�FRPSOH[��EDEHOL]HG�RU�LQFRPSOHWH�

WKH�WUDQVODWLRQ�RI�WKHVH�GHVFULSWLRQV�LQWR�FRPSXWHU�ODQJXDJHV�PD\�EH�SHUIRUPHG

VRPHWLPHV� LQ� WZR� VWDJHV� >�@�� ILUVWO\�� YHUEDO� GHVFULSWLRQV� RI� FRPSXWDWLRQDO

DOJRULWKPV�DUH� WUDQVODWHG� LQWR�DQDO\WLFDO� RQHV� DQG� WKHQ� DQDO\WLFDO� GHVFULSWLRQV

DUH� WUDQVODWHG� LQWR� FRPSXWHU� ODQJXDJHV�� 7R� GHPRQVWUDWH� KRZ� WKLV� VFKHPH� LV

UHDOLVHG� LQ� SUDFWLFH�� OHW� XV� DSSO\� LW� WR� WKH� DOJRULWKP�� JHQHUDWLQJ� 31�VHULHV

QXPEHUV�



�

7DEOH����3DVFDO�SURJUDP���IRU�JHQHUDWLQJ�6PDUDQGDFKH�3��VHULHV

7\SH�7HQ $UUD\>�����@2I�,QWHJHU�

3URFHGXUH�3G�9DU�P��Q��Q�,QWHJHU�9DU

QE��QE��QE��7HQ��

/DEHO�$���$���$�����9DU�QW�N�P�,QWHJHU�

%HJLQ

�����,I�0� ��7KHQ

�����%HJLQ

����������P�� ��Q� Q��

����������)RU�N� ��WR�Q�GR

����������%HJLQ�1E�>N@� ����1E�>N@� ���(QG�

����������([LW�

�����(QG�

�����N� ���Q� Q��

$�����P� 1E�>Q@�1E�>Q@�1E�>Q@� P�

���������,I�P Q�7KHQ

����������%HJLQ��1E�>Q@� ���*RWR�$����(QG�

����������,I�$EV�P�!��7KHQ�*RWR�$���

����������1E�>Q@� ��,QF�N��

$�����,I�Q!��7KHQ

���������%HJLQ�'HF�Q��*RWR�$����(QG�

���������,QF�P��P�� ��

$�����P� P�N���QW� QE�>P@�

���������QE�>P@� QE�>P��@���QE�>P��@� QW

(QG�

&RQVW��0Q ��������0D[1�,QWHJHU 0Q�

7\SH�LQW $UUD\>���0Q@2I�,QWHJHU���SLQW ALQW�
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�����(QG�

�����0D[1� N�3ULPHOLVW� S�
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)XQFWLRQ

%HORQJ7R3ULPHV�QXP�,QWHJHU��%RROHDQ�
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�����G� 1XP�N� ��

�����5HSHDW
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�����������U� G���G� G�GLY����

�����8QWLO�U�GLY��� ��
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�����5HSHDW
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%HJLQ��SO� 3ULPH/LVW�0D[1��

^*HQHUDWLQJ�OLVW�RI�SULPHV�XS�WR�0D[1`
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�����$VVLJQ�2XWSXW�
6S�
��5HZULWH�2XWSXW��

�����:ULWH/Q�,QG��

�����)RU�L� ��WR�,QG�GR

�����%HJLQ

�����������:ULWH�/LVWA>L@����

�����������,I�L�PRG��� ��7KHQ�:ULWH/Q�

�����(QG�
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9DU�F�G�U�$UUD\>���0D[*@2I�,QWHJHU�
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7KH� DQDO\WLFDO� IRUPXOD� DYDLODEOH� IRU� GHWHUPLQLQJ�Q�WK� QXPEHU� LQ� WKH� 31�

VHULHV�LV�REWDLQHG�IURP�����ZKHQ�>�@

E� ������χL� �VJ�^� ∏ −∑
=

−

=

@>

�

��

�

��@�>��VJ����
F

T

J

N

TFTF �`����� (9)

DQG��J��Ç��DQG�US��DUH�FDOFXODWHG�E\�WKH�IRUPXODH

J� �>OJ�L@�������Ç� � ( )∑ −
=

+−−
J

S

SUSJSJJ LL
�

� ����̀@���>�����@���>�̂�� � (10)

US� �]1����GS� �S�§�����I����§�FS����FS��J�§�S�§�I���FS� ��§��
SW §�����

I�� � �−SW �§���J�§�S������> �−SW ��J�§�S�����@����WS� �>�N��∏ +−
=

S

T

TJ
�

��� @�

]1 �]2 §�VJ�1� �G §�]2�����]2 �]3 §�VJ�1� �G �§�]3���� ��

�−S] � � �−S] §�VJ�1� �−SG § �−S] ��� �−S] � �GS�§�VJ���� �−SG §�GS��

3DVFDO� SURJUDP� LGHQWLFDO� ZLWK� WKH� DQDO\WLFDO� GHVFULSWLRQ� ���� §� ����� RI� WKH

DOJRULWKP��JHQHUDWLQJ�31�VHULHV�QXPEHUV���WDNHV�WKH�IRUP��VKRZQ�LQ�7DEOH���

,W� VKRXOG� EH� QRWHG� WKDW�PRVW� SDUW� RI� 3DVFDO� WH[W� RI� SURJUDP� �� FRQVLVWV� RI

IRUPXODH� ���� §� ������ ,Q� RWKHU� ZRUGV�� WUDQVODWLQJ� DQDO\WLFDO� GHVFULSWLRQV� RI

FRPSXWDWLYH�DOJRULWKPV�LQWR�FRPSXWHU�ODQJXDJHV�UHTXLUHV�QRWLFHDEO\�OHVV�HIIRUWV

WKDQ�WKH�WUDQVODWLRQ�RI�YHUEDO�GHVFULSWLRQV��7KHUHIRUH��RXU�FRQFOXVLRQ�LV�WKDW

LI� LW� LV� SRVVLEOH�� RQH� VKRXOG� SURYLGH� WKH� YHUEDO� GHVFULSWLRQV� RI� FRPSXWDWLRQDO

DOJRULWKPV� ZLWK� WKH� DQDO\WLFDO� RQHV�� FRQVWUXFWHG�� IRU� LQVWDQVH�� E\� XVLQJ� ORJLFDO

IXQFWLRQV�>��§��@�

E��6PDUDQGDFKH�32�VHULHV

����������������������������������������������������������������  (11)
FRQWDLQV�WKH�RQO\�VXFK�QDWXUDO�QXPEHUV��ZKLFK�DUH�WKH�FRPSRVLWH�QXPEHUV�LWVHOI�

EXW� WKH� SULPH� QXPEHUV� FDQ� EH� REWDLQHG� IURP� 32�VHULHV� QXPEHUV� E\� D

SHUPXWDWLRQ� RI� GLJLWV�� 7KH� DQDO\WLFDO� IRUPXOD� DYDLODEOH� IRU� GHWHUPLQLQJ�Q�WK

QXPEHU�LQ�WKH�32�VHULHV�KDV�WKH�VDPH�IRUP�DV�IRU�31�VHULHV�QXPEHUV��EXW�LQ�WKLV

FDVH�WKH�YDOXH�RI�χL�IURP�����LV�FRPSXWHG�E\�WKH�IRUPXOD

χL� ����§�Z0�VJ� ∑
−

=

��

�

J

N
NZ ����ZN� ∏ −

=

@>

�

��@�>��VJ
F

T

TFTF � (12)

������6RPH�0RGLILFDWLRQV�RI�(UDWRVWKHQHV�6LHYH

D��6PDUDQGDFKH�71�VHULHV

�����������������������������������������������������������  (13)
LV�REWDLQHG�IURP�WKH�VHULHV�RI�QDWXUDO�QXPEHUV�E\�GHOHWLQJ�DOO�HYHQ�QXPEHUV�DQG

DOO� VXFK� RGG� QXPEHUV� WL� WKDW� WKH� QXPEHUV� WL��� DUH� SULPHV�� 7KH� DQDO\WLFDO

IRUPXOD�IRU�WKH�GHWHUPLQDWLRQ�RI�Q�WK��QXPEHU�LQ�WKH�71�VHULHV�KDV�WKH�IRUP����

ZLWK
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E� ������χL� ��L�§��>L��@��^�§ ∏ +−+
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NLNL `� (14)

E��6PDUDQGDFKH�72�VHULHV

������������������������������������������������������������  (15)
7KLV�VHULHV�PD\�EH�REWDLQHG�IURP�WKH�VHULHV�RI�QDWXUDO�QXPEHUV�E\�WKH�IROORZLQJ

VWHS�SURFHGXUH�

2Q� N�WK� VWHS� HDFK� �
N
�WK� QXPEHUV� DUH� GHOHWHG� IURP� WKH� VHULHV� RI� QXPEHUV

FRQVWUXFWHG�RQ��N§���WK�VWHS�

7KH�DQDO\WLFDO�IRUPXOD�IRU�WKH�GHWHUPLQDWLRQ�RI�Q�WK��QXPEHU�LQ�WKH�72�VHULHV

KDV�WKH�IRUP�����ZLWK

χL� �VJ� ∏ −
+

=

�@�>ORJ

�

@`��>�^
L

N

N

N

N

N [[ ����[1� �L�� @��>�

N

NNN [[[ −=+ � (16)

ZKHUH�ORJ�D��LV�WKH�ORJDULWKP�RI�WKH�QXPEHU�D�WR�WKH�EDVH���

����$OJRULWKPV� IRU� 6ROYLQJ� 3UREOHPV� RQ� &RQVWUXFWLQJ� 0DJLF� 6TXDUHV� �×�� IURP
Given Class of Numbers

Proposition  1. A set of nine numbers is available for FRQVWUXFWLQJ� 0DJLF

VTXDUHV��×� only in the case if one succeeds to represent these nine numbers in the
form of such three arithmetic progressions from 3 numbers whose differences are
identical and the first terms of all three progressions are also forming an arithmetic
progression.

Proof. The general algebraic formula of 0DJLF�VTXDUHV��×��LV�VKRZQ�LQ�ILJXUH
�����>����@��7he table 1(4) is obtained from table 1(3) b\�Drranging its symbols. It is
noteworthy that arithmetic progressions with the difference b are placed in the rows
of the table 1(4), whereas ones, having the difference c, are located in its columns.
Thus, the proof of Proposition 1 follows directly from the construction of tables 1(3)
and/or 1(4).

1 2 3 a + b + 2c a a + 2b + c
4 5 6 a + 2b a + b + c a + 2c
7 8 9 a + c a + 2b + 2c a + b

(1) (3)

1 2 4 a a + b a + 2b
3 5 7 a + c a + b + c a + 2b + c
6 8 9 a + 2c a + b + 2c a + 2b + 2c

(2) (4)

Figure  1. To proofs of correctness of Proposition 1 and Algorithm 1:

(3) — the general algebraic formula of 0DJLF�VTXDUHV��×���(4) — DGGLWLRQDO�WDEOH�of
0DJLF�VTXDUHV��×��������F�!��E��DQG������E���F����E��¨�WZR�SRVVLEOH�DUUDQJHPHQWV�RI�WKH

QLQH�LQFUHDVLQJ�QXPEHUV�LQ�FHOOV�RI�WKH�DGGLWLRQDO�WDEOH����.
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%\� 3URSRVLWLRQ� �� DQG� WZR� SRVVLEOH� DUUDQJHPHQWV� RI� WKH� QLQH� LQFUHDVLQJ

QXPEHUV�LQ�FHOOV�RI�WKH�DGGLWLRQDO�WDEOH�������ZKLFK�DUH�VKRZQ�LQ�ILJXUHV������DQG

������ZH�PD\�HODERUDWH�DOJRULWKP 1 available for FRQVWUXFWLQJ�0DJLF�VTXDUHV��×�
IURP�DQ�DUELWUDULO\�JLYHQ�VHW�RI�QLQH�LQFUHDVLQJ�QXPEHUV�>�@�

1. TDNH�WZR�VTXDUH�WDEOHV��×��DQG�DUUDQJH���WHVWLQJ�QXPEHUV�LQ�WKHP�VR�DV��LW
LV��VKRZQ�LQ�ILJXUHV������DQG������

���&KHFN�ZKHWKHU�three arithmetic progressions�RI�3URSRVLWLRQ���DUH�LQ�RQH�RI
WKHVH�VTXDUH�WDEOHV��×��

,W� VKRXOG� EH� QRWHG�� LI� WKH� SUREOHP� RQ� FRQVWUXFWLQJ� WKH�0DJLF� VTXDUH��×�
IURP� WKH� JLYHQ� VHW� RI� QLQH� LQFUHDVLQJ� QXPEHUV� KDV� WKH� VROXWLRQ�� WKHQ� WKLV

VROXWLRQ�LV�DOZD\V�XQLTXH�ZLWK�UHJDUG�IRU�URWDWLRQV�DQG�PDSSLQJV�

)RU� ILQGLQJ� DOO�0DJLF� VTXDUHV� �×�� IURP�a given class of numbers with WKH
QXPEHU�I  in its central cell, one may use the following DOJRULWKP����>����@

D���ZULWH� RXW� WKH� SRVVLEOH� GHFRPSRVLWLRQV� RI� WKH� QXPEHU� �I� LQ� WKH� WZR

VXPPDQGV�RI�WKH�IROORZLQJ�IRUP�

�I�� ��[1��M������[2��M�� (17)
ZKHUH� M� LV� WKH�QXPEHU�RI�D�GHFRPSRVLWLRQ�DQG�[1�� M���[2�� M�� �DUH� WKH� WZR

QXPEHUV� VXFK� WKDW�[1�� M����[2�� M��DQG�ERWK� WKHVH�QXPEHUV�EHORQJ� WR� WKH

JLYHQ�FODVV�RI�QXPEHUV�

E���LQ� WKH� FRPSOHWH� VHW�RI� YDULRXV�GHFRPSRVLWLRQV� ������ IL[�RQH��KDYLQJ�� IRU

LQVWDQFH�� WKH� QXPEHU� N� DQG�� IRU� WKLV� GHFRPSRVLWLRQ�� GHWHUPLQH� WKH

QXPEHU�G�N���G�N��� �I�§�[1��M��

F���ILQG� DOO� SRVVLEOH� arithmetic progressions from 3 numbers with differences
equal G�N�� DPRQJ� D� VHW� RI� QXPEHUV� ^[1�� M�`�ZLWKRXW�[1�N�. If there are m
such arithmetic progressions then there are m 0DJLF� VTXDUHV��×��ZLWK� WKH
QXPEHUV�[1��N��DQG�[2��N��LQ�LWV�FHOOV�

G���UHSHDW�LWHPV��E��DQG��F��IRU�RWKHU�YDOXHV�RI�N�

����0DJLF�6TXDUHV��×��DQG��×��IURP�3ULPH�1XPEHUV

Proposition  2. $�0DJLF�VTXDUH��×��FDQ�EH�FRQVWUXFWHG�IURP�SULPH�QXPEHUV�RQO\

LQ�WKH�FDVH�LI�WKH�SDUDPHWHUV�E�DQG�F�RI�the general algebraic formula������DQG�RU
DGGLWLRQDO�WDEOH������DUH�WKH�QXPEHUV�PXOWLSOH�RI���

Proof. The truth of Proposition 2 follows from Proposition 1 and &DQWRU

WKHRUHP�RI�6HFWLRQ���

&RUROODULHV�IURP�Proposition 2 [2]�

����%\�XVLQJ�SULPH�QXPEHUV�RQH�FDQQRW��FRQVWUXFW��D��0DJLF�VTXDUH���×��ZLWK
RQH�RI�WKH�FHOOV�FRQWDLQLQJ�QXPEHUV���RU���
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����$OO��QLQH�SULPH�QXPEHUV�RI�D�0DJLF�VTXDUH��×��DUH�HLWKHU�QXPEHUV�RI�WKH
IRUP��N�§���RU�KDYH�WKH�IRUP��N�����

Proposition  3 [2]. :LWK�UHJDUG�IRU�URWDWLRQV�DQG�PDSSLQJV�� WKH� ODVW�GLJLWV�RI

WKH�SULPH�QXPEHUV�PD\�EH�DUUDQJHG�LQ�WKH�FHOOV�RI�WKH�DGGLWLRQDO�WDEOH�RI�D�0DJLF

VTXDUH��×��RQO\�LQ�VXFK�YDULDQWV��ZKLFK�DUH�VKRZQ�LQ�ILJXUH���

Proof. To prove the truth of Proposition 3, ZH�QHHG�WKH�WZR�PRUH�HDVLO\�YHULILHG

SURSHUWLHV�RI�WKH�DGGLWLRQDO�WDEOH������

��� ,Q� WKLV� WDEOH� WKH�VXPV�RI� WKH�V\PEROV�RI� WKH�FHQWUDO� URZ��FHQWUDO�FROXPQ

DQG�ERWK� GLDJRQDOV� DUH� LGHQWLFDO� DQG� FRLQFLGH�ZLWK� WKH�0DJLF� FRQVWDQW� RI�the
general algebraic formula������

���$Q�DULWKPHWLF�SURJUHVVLRQ��FRQVLVWLQJ�RI�WKUHH�QXPEHUV��RFFXUV�QRW�RQO\�LQ

WKH�URZV�DQG�FROXPQV�EXW�DOVR�LQ�HDFK�GLDJRQDO�RI�WKH�DGGLWLRQDO�WDEOH�

1RZ�OHW�XV�SODFH�D�SULPH�QXPEHU��IRU�LQVWDQFH��HQGLQJ�E\����LQWR�WKH�FHQWUDO

FHOO�RI�WKH�DGGLWLRQDO�WDEOH�������,W�LV�FOHDU��WKDW�LQ�WKLV�FDVH�WKH�ODVW�GLJLWV�RI�DOO

RWKHU�SULPH�QXPEHUV�RI�WKH�DGGLWLRQDO�WDEOH�RI�D�0DJLF�VTXDUH��×��PXVW�EH�VXFK
WKDW� WKHLU� VXPV� LQ� WKH� FHQWUDO� FROXPQ�� FHQWUDO� URZ� DQG� ERWK� GLDJRQDOV�ZRXOG

WHUPLQDWH� E\� ��� 7KXV�� RQO\� FHUWDLQ� DUUDQJHPHQWV� RI� WKH� ODVW� GLJLWV� RI� SULPH

QXPEHUV�DUH�SRVVLEOH�LQ�WKH�UHPDLQLQJ�FHOOV�RI�WKH�DGGLWLRQDO�WDEOH�DQG�DOO�VXFK

YDULDQWV�DUH�VKRZQ�LQ�ILJXUH���
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Figure  2. All SRVVLEOH�DUUDQJHPHQWV�RI�WKH�ODVW�GLJLWV�RI
WKH�SULPH�QXPEHUV�LQ�FHOOV�RI�WKH�DGGLWLRQDO�WDEOH�����.

&RUROODULHV�IURP�Proposition 3 [2]�

���6LQFH���LV�D�SULPH�QXPEHU�KDYLQJ�WKH�IRUP��N�§����RQO\�WKH�SULPH�QXPEHUV

RI� WKH� IRUP� �N� §� �� FDQ� EH� SODFHG� LQ� FHOOV� RI� WKH� DGGLWLRQDO� WDEOH� ����� ZLWK

DUUDQJHPHQWV������������������DQG�������



��

���7KH�DULWKPHWLF�SURJUHVVLRQ�IURP�WKUHH�SULPH�QXPEHUV�DN§��P��DN��DN���P

PD\�EH�IRXQG�DPRQJ�QLQH�SULPH�QXPEHUV�RI�DQ\�0DJLF�VTXDUH��×���ZKHUH�WKH
QXPEHU� DN� LV� ORFDWHG� LQ� WKH� FHQWUDO� FHOO� RI� WKH�0DJLF� VTXDUH� DQG�P� LV� VRPH

LQWHJHU�QXPEHU��+HQFH�LW�DSSHDUV�WKDW

QR�0DJLF�VTXDUH��×��PD\�EH�FRQVWUXFWHG�IURP�SULPH�QXPEHUV�LI�DN������

/HW� XV� FRQVLGHU� VRPH� UHVXOWV� RI� >�@�� REWDLQHG� IRU� SULPH� QXPEHUV� E\

FRPSXWHU�

���0DJLF�VTXDUHV��×���VKRZQ�LQ�ILJXUH����DUH�WKH�OHDVW�RQHV��FRQVWUXFWHG�RQO\
IURP�SULPH�QXPEHUV�

�� � �� ��� � �� ��� �� �� ��� � ��

�� �� �� �� �� �� �� �� �� �� �� ���

�� �� � �� ��� �� �� ��� �� �� ��� ��

��� ��� ��� ���

)LJXUH����7KH�OHDVW�0DJLF�VTXDUHV��×���FRQVWUXFWHG�RQO\�IURP�SULPH�QXPEHUV�

��� /HW� LW� EH� UHTXLUHG� WR� FRQVWUXFW� D� 0DJLF� VTXDUH� �×�� RQO\� IURP� SULPH
QXPEHUV�ZLWK�WKH�QXPEHU�DN� LQ� LWV�FHQWUDO�FHOO��7KLV�SUREOHP�FDQQRW�EH�VROYHG

RQO\�IRU�WKH�IROORZLQJ�SULPH�QXPEHUV�DN�!���

D��KDYLQJ�WKH�IRUP��N�§����������������������������������������������������������

E��KDYLQJ�WKH�IRUP��N����������������������������������������������������������

���������������������������������

���7KH�UHVXOWV�RI�WKH�LWHP���PDNH�LW�SRVVLEOH�WR�DVVXPH�WKDW��IRU�DQ\�DN�ODUJHU

WKDQ� VRPH�SULPH�QXPEHU�3PD[�� RQH� FDQ�DOZD\V� FRQVWUXFW� D�0DJLF� VTXDUH� �×�
ZLWK�0DJLF�VXP�6� ��DN�DQG�WKH�SULPH�QXPEHUV��HQGLQJ�E\�WKH�VDPH�GLJLW�DV�WKH

QXPEHU�DN��3PD[��HTXDOV�WKH�IROORZLQJ�SULPH�QXPEHUV�

D��KDYLQJ�WKH�IRUP��N�§���������������������������������������������������

E�� KDYLQJ� WKH� IRUP� �N���� ����� ������� ����� ������� ����� ������� ����� ������

ZKHUH� LQ� EUDFNHWV�ZH� LQGLFDWH� WKH� OHDVW� SULPH� QXPEHUV�DN�� IRU�ZKLFK� RQH� FDQ

FRQVWUXFW�D�0DJLF�VTXDUH��×��ZLWK�6� ��DN�DQG�WKH�SULPH�QXPEHUV��HQGLQJ�E\
WKH�VDPH�GLJLW�DV�DN�

���/HW�LW�EH�UHTXLUHG�IURP�SULPH�QXPEHUV�WR�FRQVWUXFW�D�0DJLF�VTXDUH��×��
ZKLFK�FRQWDLQV�WKH�QXPEHU�DN�LQ�LWV�FHQWUDO�FHOO�DQG�FRQVLVWV�RI���0DJLF�VTXDUHV

�×��
7KH� H[DPSOH� RI� WKH� OHDVW�0DJLF� VTXDUH� �×��� FRQVWUXFWHG� RQO\� IURP� SULPH

QXPEHUV�DQG�FRQVLVWHG�RI���0DJLF�VTXDUHV��×���LV�VKRZQ�LQ�ILJXUH���
,I�DN�!�������WKHQ�WKH�SUREOHP�RQ�FRQVWUXFWLQJ�0DJLF�VTXDUHV��×���GLVFXVVHG

LQ�WKLV�LWHP��FDQQRW�EH�VROYHG�RQO\�IRU�IROORZLQJ�SULPH�QXPEHUV�DN�

����������������������������������������������������������������� (18)
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�����������������������������������������������������������������

�����������������������������������������������������������������

�����������������������������������������������������������������

���� �� ���� ���� �� ��� ���� �� ����

��� ���� ���� ��� ��� ��� �� ���� ����

���� ���� ��� ��� ���� ��� ���� ���� ��

���� �� ��� ���� ��� ���� ���� ��� ����

��� ��� ���� ��� ���� ���� ��� ���� ����

��� ���� �� ��� ���� ��� ���� ���� ���

���� ��� ���� ���� ��� ���� ���� �� ���

��� ��� ���� ��� ���� ���� ��� ��� ����

��� ���� ��� ���� ���� ��� ��� ���� ���

)LJXUH����7KH�H[DPSOH�RI�WKH�OHDVW�0DJLF�VTXDUH��×���FRQVWUXFWHG�RQO\�IURP
SULPH�QXPEHUV�DQG�FRQVLVWHG�RI���0DJLF�VTXDUHV��×��

����0DJLF�6TXDUHV��×��DQG��×��IURP�6PDUDQGDFKH�1XPEHUV�RI�WKH��QG�.LQG

�����0DJLF�6TXDUHV��×��DQG��×��IURP�31�6HULHV�1XPEHUV

Let the notation ��1$
M&  means the quantity of all &M�VHULHV QXPEHUV��ZKRVH�YDOXHV

DUH�OHVV�WKDQ�1��DQG�the notation 30�VHULHV�means�WKH�SULPH�QXPEHUV�VHULHV�

Proposition  4.  For any natural number N the following inequality

����
����
1$1$ 33 ≥ (19)

is fulfilled

Proof. The truth of Proposition 4 follows from WKH� GHVFULSWLRQ� RI� 31�VHULHV

QXPEHUV� �VHH� 6HFWLRQ� ������ 1DPHO\��30�VHULHV� QXPEHUV� LV� VXEVHW� RI� 31�VHULHV

QXPEHUV�at any N  and DJUHH�ZLWK�D�VHW�RI�31�VHULHV�QXPEHUV�RQO\�LI��N ≤ 13.

Proposition  5. 31�VHULHV�QXPEHUV�DUH�DYDLODEOH�IRU�FRQVWUXFWLQJ�0DJLF�VTXDUHV

�×��
Proof. The truth of Proposition 5 follows from Proposition 4 and that WKH�SULPH

QXPEHUV�DUH�DYDLODEOH�IRU�FRQVWUXFWLQJ�0DJLF�VTXDUHV��×���VHH�6HFWLRQ���.

6ROYLQJ� WKH� SUREOHPV� RQ� FRQVWUXFWLQJ� 0DJLF� VTXDUHV� �×�� IURP� 31�VHULHV

QXPEHUV�E\�FRPSXWHU��ZH�ILQG�WKDW



��

���0DJLF�VTXDUHV��×���VKRZQ�LQ�ILJXUH����DUH�WKH�OHDVW�RQHV��FRQVWUXFWHG�IURP
31�VHULHV�QXPEHUV�

�� � �� �� �� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� �� �� �� �� ��

��� ��� ��� ���

)LJXUH����7KH�OHDVW�0DJLF�VTXDUHV��×���FRQVWUXFWHG�IURP�31�VHULHV�QXPEHUV�

���/HW�LW�EH�UHTXLUHG�IURP�31�VHULHV�QXPEHUV�WR�FRQVWUXFW�D�0DJLF�VTXDUH��×�
ZLWK�WKH�QXPEHU�DN�LQ�LWV�FHQWUDO�FHOO�

,I� DN�!� ���� WKHQ� WKLV� SUREOHP� FDQQRW� EH� VROYHG� RQO\� IRU� WKH� IROORZLQJ�31�

VHULHV�QXPEHUV������������������DQG����

��� /HW� LW� EH� UHTXLUHG� IURP�31�VHULHV� QXPEHUV� WR� FRQVWUXFW� D�0DJLF� VTXDUH

�×���ZKLFK� FRQWDLQV� WKH� QXPEHU�DN� LQ� LWV� FHQWUDO� FHOO� DQG� FRQVLVWV� RI� ��0DJLF
VTXDUHV��×��

0DJLF�VTXDUH��×���VKRZQ�LQ�ILJXUH����LV�WKH�OHDVW�VXFK�RQH��FRQVWUXFWHG�IURP
31�VHULHV�QXPEHUV�

:H�QRWH��WKDW

D��LQ�WKH�0DJLF�VTXDUH��×���VKRZQ�LQ�ILJXUH����WKH�QXPEHUV������������������
��������������DQG����PD\�EH�UHSODFHG�UHVSHFWLYHO\�E\����������������������������

����DQG����

��� ��� ��� ��� �� �� ��� � ���

��� ��� ��� �� �� ��� ��� ��� ���

��� ��� ��� �� ��� �� ��� ��� ��

��� �� ��� ��� �� ��� ��� �� ���

�� ��� ��� ��� ��� ��� ��� ��� ���

��� ��� �� ��� ��� �� ��� ��� ���

��� � ��� ��� ��� ��� ��� �� ���

�� ��� ��� ��� ��� ��� �� ��� ���

��� ��� �� ��� ��� ��� �� ��� ��

)LJXUH����7KH�OHDVW�0DJLF�VTXDUH��×���FRQVWUXFWHG�IURP
31�VHULHV�QXPEHUV�DQG�FRQVLVWHG�RI���0DJLF�VTXDUHV��×��

E�� LI� DN�!������ WKHQ� WKH� SUREOHP� RQ� FRQVWUXFWLQJ� 0DJLF� VTXDUHV� �×��
GLVFXVVHG�LQ�WKLV�SRLQW��FDQQRW�EH�VROYHG�RQO\�IRU�IROORZLQJ����31�VHULHV�QXPEHUV

DN������������������������������������������������������DQG������



��

�����0DJLF�6TXDUHV��×��DQG��×��IURP�32�6HULHV�1XPEHUV

Proposition  6.  For any natural number N the following inequality

����
���
1$1$ 33 < (20)

is fulfilled

Proof. The truth of Proposition 6 follows from WKH� GHVFULSWLRQ� RI� 32�VHULHV

QXPEHUV� �VHH� 6HFWLRQ� ������ 1DPHO\�� 32�VHULHV� QXPEHUV� PD\� EH� REWDLQHG� E\

GHOHWLQJ�DOO�SULPH�QXPEHUV�IURP�31�VHULHV�QXPEHUV�

It follows from Proposition 6 that, although we know about the DYDLODELOLW\ of
3ο� DQG�32�VHULHV�QXPEHUV for constructing 0DJLF� VTXDUHV��×���ZH� FDQQRW state
that 32�VHULHV�QXPEHUV�DUH�DOVR�DYDLODEOH�IRU�FRQVWUXFWLQJ�0DJLF�VTXDUHV��×���7R
FOHDU� XS� WKLV� VLWXDWLRQ�� OHW� XV� FRQVLGHU� RXU� UHVXOWV�� REWDLQHG� IRU� 32�VHULHV

QXPEHUV�E\�FRPSXWHU�

���0DJLF�VTXDUHV��×���VKRZQ�LQ�ILJXUH����DUH�WKH�OHDVW�RQHV��FRQVWUXFWHG�IURP
32�VHULHV�QXPEHUV�

��� �� ��� ��� �� ��� ��� �� ��� ��� �� ���

�� �� ��� �� ��� ��� �� ��� ��� �� ��� ���

�� ��� �� �� ��� �� ��� ��� �� ��� ��� ��

��� ��� ��� ���

)LJXUH����7KH�OHDVW�0DJLF�VTXDUHV��×���FRQVWUXFWHG�IURP�32�VHULHV�QXPEHUV�

���/HW�LW�EH�UHTXLUHG�IURP�32�VHULHV�QXPEHUV�WR�FRQVWUXFW�D�0DJLF�VTXDUH��×�
ZLWK�WKH�QXPEHU�DN�LQ�LWV�FHQWUDO�FHOO�

,I� DN� � ���� ����� ����� ����� ����� ���� RU� ����� WKHQ� WKLV� SUREOHP� KDV� D� VLQJOH

VROXWLRQ�

,I�DN�!������ WKHQ� WKLV� SUREOHP� FDQQRW� EH� VROYHG�RQO\� IRU� WKH� IROORZLQJ�32�

VHULHV�QXPEHUV�

��������������������������������������������������������������������� (21)

������������������������������������������������������������������������

��� /HW� LW� EH� UHTXLUHG� IURP�32�VHULHV� QXPEHUV� WR� FRQVWUXFW� D�0DJLF� VTXDUH

�×���ZKLFK� FRQWDLQV� WKH� QXPEHU�DN� LQ� LWV� FHQWUDO� FHOO� DQG� FRQVLVWV� RI� ��0DJLF
VTXDUHV��×��

,I�DN� ������WKHQ�WKHUH�DUH������WKH�OHDVW�0DJLF�VTXDUHV��×��ZLWK�PHQWLRQHG
SURSHUWLHV��WKH�H[DPSOH�RI�VXFK�0DJLF�VTXDUH�LV�VKRZQ�LQ�ILJXUH����

,I�DN�!������WKHQ�WKH�SUREOHP�RQ�FRQVWUXFWLQJ�0DJLF�VTXDUHV��×���GLVFXVVHG
LQ�WKLV�LWHP��FDQQRW�EH�VROYHG�RQO\�IRU�WZR�32�VHULHV�QXPEHUV�DN��������DQG������
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��� ��� ���� ��� ��� ��� ��� ��� ���

��� ���� ��� ��� ��� ��� ��� ��� ���

��� �� ��� ��� �� ��� ��� �� ���

�� ��� ��� ��� ��� ��� ��� ��� ���

��� ��� �� ��� ��� ��� ��� ���� ���

��� �� ��� ��� ��� ��� ��� ��� ���

��� ��� ��� ��� ��� ��� ��� ��� ���

��� ��� ��� ��� ��� ��� ��� ��� ���

)LJXUH����7KH�H[DPSOH�RI�WKH�OHDVW�0DJLF�VTXDUH��×���FRQVWUXFWHG�IURP
32�VHULHV�QXPEHUV�DQG�FRQVLVWHG�RI���0DJLF�VTXDUHV��×��

�����0DJLF�6TXDUHV��×��DQG��×��IURP�71�6HULHV�1XPEHUV

Proposition  7.  There exists such natural number N0 that for any natural N > N0
the following inequality

����
���
1$1$ 37 > (22)

is fulfilled

Proof. As it follows from WKH� GHVFULSWLRQ� RI�71�VHULHV� QXPEHUV� �VHH� 6HFWLRQ

������ WKLV�VHULHV�QXPEHUV�PD\�EH�REWDLQHG�IURP�VHULHV�RGG�QDWXUDO�QXPEHUV�E\

GHOHWLQJ�DOO�VXFK�RGG�QXPEHUV��ZKLFK�DUH�SULPH�QXPEHUV�GHFUHDVHG�E\����7KXV�

ZH�KDYH�the following relation

��
�
1$7 =�1§�����– ��

��
1$3   or  ��

�
1$7 / ��

��
1$3  = {�1§����}/ ��

��
1$3 –1 (23)

ZKHUH�WKH�WHUP��1§�����LV�the quantity of all RGG�QDWXUDO�QXPEHUV��ZKRVH�YDOXHV
DUH�OHVV�WKDQ�1��6LQFH�>�@

��
��
1$3 = �̀��^OQ� +11  ± ��OQ�� � 11 , (24)

ZH�REWDLQ�IURP������DQG������WKDW

��
�
1$7 / ��

��
1$3  ≈ ���OQ�1  – 1 > 2  for any  N > 500. (25)

7KXV��Proposition 7 is true, if N0��IRU�LQVWDQFH��HTXDOV�����

Proposition  8. 71�VHULHV�QXPEHUV�DUH�DYDLODEOH�IRU�FRQVWUXFWLQJ�0DJLF�VTXDUHV

�×��
Proof. The truth of Proposition 8 follows from Proposition 7 and that WKH�SULPH

QXPEHUV�DUH�DYDLODEOH�IRU�FRQVWUXFWLQJ�0DJLF�VTXDUHV��×�.

/HW�XV�FRQVLGHU�RXU�UHVXOWV��REWDLQHG�IRU�71�VHULHV�QXPEHUV�E\�FRPSXWHU�



��

���0DJLF�VTXDUH��×���VKRZQ�LQ�ILJXUH�������LV�WKH�OHDVW�RQH��FRQVWUXFWHG�IURP
71�VHULHV�QXPEHUV�

�� � �� �� �� �� ��� �� �� ��� �� ���

�� �� �� �� �� �� �� �� ��� �� ��� ���

�� �� �� �� �� �� �� ��� �� �� ��� ��

��� ��� ��� ���

)LJXUH����([DPSOHV�RI�0DJLF�VTXDUHV��×���FRQVWUXFWHG�IURP�71�VHULHV�QXPEHUV�

���/HW�LW�EH�UHTXLUHG�IURP�71�VHULHV�QXPEHUV�WR�FRQVWUXFW�D�0DJLF�VTXDUH��×�
ZLWK�WKH�QXPEHU�DN�LQ�LWV�FHQWUDO�FHOO�

,I�DN� ��������RU������WKHQ�WKLV�SUREOHP�KDV�D�VLQJOH�VROXWLRQ�^VHH�ILJXUH�����§

��`�

,I� DN��!����� WKHQ� WKLV� SUREOHP� FDQQRW� EH� VROYHG� RQO\� IRU� WZR� 71�VHULHV

QXPEHUV������DQG����

��� /HW� LW� EH� UHTXLUHG� IURP�71�VHULHV� QXPEHUV� WR� FRQVWUXFW� D�0DJLF� VTXDUH

�×���ZKLFK� FRQWDLQV� WKH� QXPEHU�DN� LQ� LWV� FHQWUDO� FHOO� DQG� FRQVLVWV� RI� ��0DJLF
VTXDUHV��×��

,I�DN� ������WKHQ�WKHUH�DUH�����WKH�OHDVW�0DJLF�VTXDUHV��×��ZLWK�PHQWLRQHG
SURSHUWLHV��WKH�H[DPSOH�RI�VXFK�0DJLF�VTXDUH�LV�VKRZQ�LQ�ILJXUH�����

,I�DN�!������WKHQ�WKH�SUREOHP�RQ�FRQVWUXFWLQJ�0DJLF�VTXDUHV��×���GLVFXVVHG
LQ�WKLV�LWHP��FDQ�EH�VROYHG�IRU�DOO�71�VHULHV�QXPEHUV�DN�

��� ��� ��� �� � �� ��� �� ���

��� ��� ��� �� �� �� ��� ��� ���

��� ��� ��� �� �� �� ��� ��� ���

��� �� ��� ��� ��� ��� ��� ��� ���
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�� ��� ��� ��� ��� ��� �� �� ���

��� ��� �� ��� ��� ��� �� ��� ��

)LJXUH�����7KH�H[DPSOH�RI�WKH�OHDVW�0DJLF�VTXDUH��×���FRQVWUXFWHG�IURP
71�VHULHV�QXPEHUV�DQG�FRQVLVWHG�RI���0DJLF�VTXDUHV��×��

,I�DN� ������WKHQ�WKHUH�DUH�����WKH�OHDVW�0DJLF�VTXDUHV��×��ZLWK�PHQWLRQHG
SURSHUWLHV��WKH�H[DPSOH�RI�VXFK�0DJLF�VTXDUH�LV�VKRZQ�LQ�ILJXUH�����

,I�DN�!������WKHQ�WKH�SUREOHP�RQ�FRQVWUXFWLQJ�0DJLF�VTXDUHV��×���GLVFXVVHG
LQ�WKLV�LWHP��FDQ�EH�VROYHG�IRU�DOO�71�VHULHV�QXPEHUV�DN�



��

�����0DJLF�6TXDUHV��×��DQG��×��IURP�72�6HULHV�1XPEHUV

Proposition  9.  There exists such natural number N0 that for any natural N > N0
the following inequality

����
���
1$1$ 37 > (26)

is fulfilled

Proof. As it follows from WKH� GHVFULSWLRQ� RI�72�VHULHV� QXPEHUV� �VHH� 6HFWLRQ

������ WKLV� VHULHV� QXPEHUV� PD\� EH� REWDLQHG� IURP� VHULHV� QDWXUDO� QXPEHUV� E\

GHOHWLQJ�DOO��
N
�WK�QXPEHUV�RQ�HDFK�N�WK�VWHS�RI�VWHS�SURFHGXUH��VLHYH���7KXV��ZH

KDYH�the following relation

��
�
1$7 ≈ 1�– ∏

=

�@>ORJ�

�

���
Q

N

N1 ≈ N(1–2/{log(N) (log(N)+1)}) ≈ (27)

≈ N(1–2.9/{ln( N) (1.44 ln(N) + 1)}).

:H�REWDLQ�IURP������DQG������WKDW

��
�
1$7 / ��

��
1$3  ≈ �OQ�1  > 2  for any  N > 20. (28)

7KXV��Proposition 9 is true, if N0��IRU�LQVWDQFH��HTXDOV����

Proposition  10. 72�VHULHV� QXPEHUV� DUH� DYDLODEOH� IRU� FRQVWUXFWLQJ� 0DJLF

VTXDUHV��×��
Proof. The truth of Proposition 10 follows from Proposition 9 and that WKH�SULPH

QXPEHUV�DUH�DYDLODEOH�IRU�FRQVWUXFWLQJ�0DJLF�VTXDUHV��×�.

2XU�FRPSXWDWLRQV�JLYH�WKH�IROORZLQJ�UHVXOWV�

���0DJLF� VTXDUHV� �×��� VKRZQ� LQ� ILJXUH� ���� DUH� WKH� OHDVW� RQHV�� FRQVWUXFWHG
IURP�72�VHULHV�QXPEHUV�

�� � �� �� � �� �� � �� �� � �� �� � ��

� �� �� �� �� �� � �� �� �� �� �� �� �� ��

�� �� � �� �� � �� �� � �� �� �� �� �� ��

��� ��� ��� ��� ���

)LJXUH�����7KH�OHDVW�0DJLF�VTXDUHV��×���FRQVWUXFWHG�IURP�72�VHULHV�QXPEHUV�

���/HW�LW�EH�UHTXLUHG�IURP�72�VHULHV�QXPEHUV�WR�FRQVWUXFW�D�0DJLF�VTXDUH��×�
ZLWK�WKH�QXPEHU�DN�LQ�LWV�FHQWUDO�FHOO�

,I� DN��!����� WKHQ� WKLV� SUREOHP� FDQQRW� EH� VROYHG� RQO\� IRU� WZR� 72�VHULHV

QXPEHUV�����DQG����

��� /HW� LW� EH� UHTXLUHG� IURP�71�VHULHV� QXPEHUV� WR� FRQVWUXFW� D�0DJLF� VTXDUH

�×���ZKLFK� FRQWDLQV� WKH� QXPEHU�DN� LQ� LWV� FHQWUDO� FHOO� DQG� FRQVLVWV� RI� ��0DJLF
VTXDUHV��×��
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��� �� ��� ��� � ��� ��� � ���

��� ��� ��� ��� ��� ��� �� ��� ���

��� ��� �� ��� ��� �� ��� ��� ��

��� �� ��� ��� �� ��� ��� �� ���

�� ��� ��� ��� ��� ��� �� ��� ���

��� ��� �� ��� ��� �� ��� ��� ��

)LJXUH�����7KH�H[DPSOH�RI�WKH�OHDVW�0DJLF�VTXDUH��×���FRQVWUXFWHG�IURP
72�VHULHV�QXPEHUV�DQG�FRQVLVWHG�RI���0DJLF�VTXDUHV��×��

,I� DN�  � ����� WKHQ� WKHUH� DUH� �� WKH� OHDVW�0DJLF� VTXDUHV� �×��ZLWK�PHQWLRQHG
SURSHUWLHV��WKH�H[DPSOH�RI�VXFK�0DJLF�VTXDUH�LV�VKRZQ�LQ�ILJXUH�����

,I�DN�!������WKHQ�WKH�SUREOHP�RQ�FRQVWUXFWLQJ�0DJLF�VTXDUHV��×���GLVFXVVHG
LQ�WKLV�SRLQW��FDQQRW�EH�VROYHG�RQO\�IRU�WKH�IROORZLQJ��32�VHULHV�QXPEHUV�DN�

������������������������������������������������� (29)

������������������������

����&RQFOXGLQJ�5HPDUNV

$V�LW�LV�GHPRQVWUDWHG�LQ�WKLV�SDSHU��SUHOLPLQDU\�WKHRUHWLFDO�DQDO\VLV�RI�QXPEHU�

WKHRUHWLF�DQG�FRPELQDWRULDO�SUREOHPV�LV�DOZD\V�XVHIXO��,Q�SDUWLFXODU��WKH�UHVXOWV

RI� WKLV� DQDO\VLV� DUH� DEOH� VRPHWLPHV� WR� SURYLGH� LQYHVWLJDWRUV� ZLWK� YDOXDEOH

LQIRUPDWLRQ��IDFLOLWDWLQJ�FRQVLGHUDEO\�WKH�VROXWLRQ�RI�DOO�VXFK�RI�SUDFWLFDO�WDVNV�

ZKLFK�DUH�HQXPHUDWHG�LQ�6HFWLRQ����:H�KRSH��WKDW�WKH�WHFKQLTXH�RI�WKHRUHWLFDO

DQDO\VLV�� HODERUDWHG� LQ� WKH� SDSHU�� ZLOO� EHFRPH� XVHIXO� WRRO� RI� LQYHVWLJDWRUV�

RFFXSLHG�LQ�WKH�FRQVLGHUHG�SUREOHPV�

5HIHUHQFHV ��

����:�6��$QGUHZV�� +�$��6D\OHV�� �0DJLF� VTXDUHV� PDGH� ZLWK� SULPH� QXPEHUV� WR

KDYH�WKH�ORZHVW�SRVVLEOH�VXPPDWLRQV��7KH�0RQLVW��������������

����<�9��&KHEUDNRY�� 0DJLF� VTXDUHV�� 1XPEHU� WKHRU\�� DOJHEUD�� FRPELQDWRULDO

DQDO\VLV� �6W�§3HWHUVEXUJ� 6WDWH� 7HFKQLFDO� 8QLYHUVLW\� 3UHVV�� 6W�§3HWHUVEXUJ�

�����

����¨¨��$QDO\WLFDO��IRUPXODH��DQG�DOJRULWKPV�IRU�FRQVWUXFWLQJ��0DJLF��VTXDUHV

IURP��DQ��DUELWUDU\��VHW�RI����QXPEHUV��6PDUDQGDFKH�1RWLRQV�-����������������

����������

�VHH�DOVR�ZHE�VLWH��KWWS���ZZZ�SVH�FKH�WRKRNX�DF�MS�aPVX]XNL�0DJLF6TXDUH�KWPO�



��

����¨¨��$GYDQFH�RI�6PDUDQGDFKH�DSSURDFK�WR�VROYLQJ�V\VWHPV�RI�'LRSKDQWLQH

HTXDWLRQV��6PDUDQGDFKH�1RWLRQV�-����������������������������

����<�9��&KHEUDNRY�� 9�9��6KPDJLQ�� 7KH� DQDO\WLFDO� IRUPXODH� \LHOGLQJ� VRPH

6PDUDQGDFKH� QXPEHUV� DQG� DSSOLFDWLRQV� LQ� 0DJLF� VTXDUHV� WKHRU\�

6PDUDQGDFKH�1RWLRQV�-�������������������������

����¨¨�� � $QDO\WLFDO� DSSURDFK� WR� GHVFULSWLRQ� RI� VRPH� FRPELQDWRULDO� DQG

QXPEHU�WKHRUHWLF�FRPSXWDWLYH�DOJRULWKPV��6PDUDQGDFKH�1RWLRQV�-�����������

����������������

����¨¨�� &RPSXWHU�RULHQWHG� PHWKRGV� IRU� QXPHULFDO� VROYLQJ� FRPELQDWRULDO

SUREOHPV�RQ�SDUWLWLRQV��6PDUDQGDFKH�1RWLRQV�-���VHH�WKLV�,VVXH�

����3�/��&KHE\VKHY��2Q�GHWHUPLQLQJ� WKH�TXDQWLW\�RI�SULPH�QXPEHUV��2Q�SULPH

QXPEHUV�� ,Q��&RPSOHWH� HGLWLRQ� RI� &KHE\VKHY
V� ZRUNV� �$NDG�� 1DXN� 6665�

0RVFRZ�������

��� &��'XPLWUHVFX�� 9��6HOHDFX�� 6RPH� QRWLRQV� DQG� TXHVWLRQV� LQ� QXPEHU� WKHRU\

�(UKXV�8QLYHUVLW\�3UHVV��9DLO�������

�VHH�DOVR�ZHE�VLWH��KWWS���ZZZ�JDOOXS�XQP�HGX�aVPDUDQGDFKH��

���� :�� 6LHUSLQVN\�� (OHPHQWDU\� WKHRU\� RI� QXPEHUV� � �3ROVND� $NDG�� 1DXN��

:DUV]DZD�������

�����,�0��9LQRJUDGRY� )RXQGDWLRQ� RI� WKH� WKHRU\� RI� QXPEHUV� �0RVFRZ�� 1DXND�

�����


