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摘要: 　令 a (n )表示正整数 n的十进制表示中的各位数字之积 , f (n )为任意完全积性函数 .对正整数 x ≥

2,令 A (x ) = ∑
n < x

f (a (n) ) .本文的主要目的是给出 A (x )的一个精确的计算公式 .
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1　引言及结论

收稿日期: 2002-04-26

　　用 a(n )表示正整数 n的十进制表示式中的位数码之积 ,例如 , a( 0) = 0,a ( 1) = 1,

a ( 2) = 2,… ,a ( 20) = 0,a ( 21) = 2,… .在文献 [1 ]的问题 22中 , F. Smarandache提出了研

究此数列的性质 .关于这个问题 ,似乎没有人研究过 ,至少没有见到相关的论文 .对正整数 x

≥ 2和完全积性函数 f (n) ,记

A ( x ) = ∑
n < x

f (a (n ) ) .

本文的主要目的是推导出 A ( x )的一个精确的计算公式 ,即就是证明下面的 .

定理　对任意正整数 x ,设它在十进制中的表示式为 x = as 10s + as- 110s- 1+ … + a1 10

+ a0 , 其中 1≤ as ≤ 9, 0≤ ai ≤ 9, i = 0, 1,… , s - 1. 则有恒等式

A ( x ) = ∑
s

i= 0

f ∏
s

j= i+ 1

aj  F (ai )  F
i ( 10) + F

s+ 1
( 10) - F ( 10)
F ( 10) - 1

,

其中 F (N ) = ∑
n < N

f (n) .

2　一些引理
为了完成定理的证明 ,我们需要下面几个引理 ,首先有

引理 1　对任意整数 k≥ 0,我们有

A ( 10
k
) =

F
k+ 1 ( 10) - F( 10)

F ( 10) - 1
.

　　证明　我们用归纳法来证明 .

当 k = 0和 k = 1时 ,结论显然成立 .

假设引理对于 k = m时也成立 ,则有

A ( 10m+ 1 ) = ∑
n < 9 10m

f (a(n ) ) + ∑
9 10m≤n < 10m+ 1

f (a (n ) )



= ∑
n < 9 10m

f (a (n ) ) + ∑
0≤ n < 10m

f (a (n+ 9 10m ) )

= ∑
n < 9 10m

f (a (n ) ) + ∑
0≤ n < 10m

f ( 9 a(n ) ) - ∑
0≤n < 10m- 1

f ( 9 a (n) )

= ∑
n < 9 10

m

f (a (n ) ) + f ( 9) ∑
n < 10

m

f (a (n) ) - ∑
n < 10

m - 1

f (a(n ) )

= …

= A ( 10m ) + [f ( 1) + f ( 2) + … + f ( 9) ]  [A ( 10m ) - A ( 10m- 1 ) ]

= ( F ( 10) + 1)  A ( 10m ) - F ( 10)  A ( 10m- 1 ) =
F

m+ 2 ( 10) - F ( 10)
F ( 10) - 1

.

这就完成了引理 1的证明 .

引理 2　对任意整数 k≥ 0和 1≤ a≤ 9,我们有

A (a  10k ) =
F

k+ 1 ( 10) - F ( 10)
F ( 10) - 1

+ F (a )  F
k ( 10) .

　　证明　应用引理 1,我们有

A (a  10
k
) = ∑

n < (a - 1) 10
k

f (a (n) ) + ∑
( a- 1)  10

k≤n <a 10
k

f (a (n ) )

= ∑
n < (a - 1) 10

k

f (a (n) ) + ∑
0≤ n < 10

k

f (a (n + (a - 1)  10k ) )

= ∑
n < (a - 1) 10k

f (a (n) ) + ∑
n < 10k

f ( (a - 1)a (n) ) - ∑
n < 10k- 1

f ( (a - 1)a (n) )

= ∑
n < (a - 1) 10

k

f (a (n) ) + f (a - 1)  ∑
n < 10

k

f (a (n) ) - ∑
n < 10

k- 1

f (a (n) )

= …

= A ( 10k ) + [ f ( 1) + f ( 2) + … + f (a - 1) ]  [A ( 10k ) - A ( 10k- 1 ) ]

=
F

k+ 1 ( 10) - F ( 10)
F ( 10) - 1

+ F (a )  F
k
( 10) .

这就完成了引理 2的证明 .

3　定理的证明
这节我们来完成定理的证明 .

若 as ,as- 1 ,… ,a0中有值为零的数 ,则令 t为第一个值为零的数的下标 ,否则令 t = - 1.

应用引理 1和引理 2,我们有

A (x ) = ∑
n <a

s
 10

s

f (a (n ) ) + ∑
a
s
 10

s≤ n < x

f (a (n) )

= A (as  10s ) + ∑
0≤n < x- a

s
 10s

f (a(n + as  10s ) )

若 t = s - 1, 则 A ( x ) = A (as  10s ) ,定理成立 .否则

A (x ) = A (as  10
s
) + ∑

0≤ n < x - as 10
s

f (as  a (n ) ) - ∑
0≤ n < 10

s- 1

f (as  a (n) ) = …
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= ∑
s

i= t+ 1

f (at+ 1 ) f (at+ 2 )… f (as )

f (at+ 1 ) f (at+ 2 )… f (ai )
 A (ai  10

i
) - ∑

s- 1

i= t+ 1

f (at+ 1 ) f (at+ 2 )… f (as )

f (at+ 1 ) f (at+ 2 )… f (ai )
 A ( 10

i
)

= ∑
s

i= t+ 1

f (at+ 1 ) f (at+ 2 )… f (as )
f (at+ 1 ) f (at+ 2 )… f (ai )  

F
i+ 1 ( 10) - F ( 10)

F ( 10) - 1
+ F (ai )  F

i
( 10)

- ∑
s- 1

i= t+ 1

f (at+ 1 ) f (at+ 2 )… f (as )
f (at+ 1 ) f (at+ 2 )… f (ai )

 F
i+ 1

( 10) - F ( 10)
F ( 10) - 1

= ∑
s

i= t+ 1

f (at+ 1 ) f (at+ 2 )… f (as )
f (at+ 1 ) f (at+ 2 )… f (ai )

 F (ai )  F
i ( 10) +

F
s+ 1 ( 10) - F ( 10)

F ( 10) - 1

= ∑
s

i= 0

f ∏
s

j= i+ 1

aj  F (ai )  F
i ( 10) +

F
s+ 1 ( 10) - F ( 10)

F ( 10) - 1
,

于是完成了定理的证明 .

4　应用举例
这节我们对一些完全积性函数来应用本文的定理 ,以得到一些有用的结论 .

1.令 f (n ) = n, 则 A (x ) = ∑
n <x

a(n ) ,我们有

A (x ) = ∑
s

i= 0
∏

s

j= i+ 1

aj  
ai (ai - 1)

2
 45i +

45s+ 1 - 45
44

.

　　 2.令 f (n ) = n
2
,则 A( x ) = ∑

n < x

a
2
(n ) ,我们有

A ( x ) = ∑
s

i= 0
∏

s

j= i+ 1
a

2
j  

ai (ai - 1) ( 2ai - 1)
6

 285i +
285s+ 1 - 285

284
.
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