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§1. Definition and simple properties

For any fixed positive integer k and any positive integer n, the famous Smarandache ceil

function Sk(n) is defined as follows:

Sk(n) = min
{
m ∈ N : n | mk

}
. (1.1)

Many people had studied elementary properties of Sk(n), and obtained some interesting

results.

Z. Xu [18]. Define Ω(n) = Ω(pα1
1 pα2

2 · · · pαrr ) = α1 + α2 + · · · + αr. Let k be a given

positive integer. Then for any real number x ≥ 3, we have the asymptotic formula∑
n≤x

Ω (Sk(n)) = x ln lnx+Ax+O
( x

lnx

)
,

where A = γ +
∑
p

(
ln

(
1− 1

p

)
+

1

p

)
, γ is the Euler constant and

∑
p

denotes the sum over

all the primes.

J. Li [8]. Define Ω(n) = Ω(pα1
1 pα2

2 · · · pαrr ) = α1 +α2 + · · ·+αr. Let k be a given positive

integer. Then for any integer n ≥ 3, we have the asymptotic formula

Ω (Sk(n!)) =
n

k
(ln lnn+ C) +O

( n

lnn

)
,

where C is a computable constant.

Y. Wang [15]. Let k be a fixed positive integer, then for any integer n ≥ 3, we have the

asymptotic formula

ln(Sk(n!)) =
n lnn

k
+O (n) .
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§2. Mean values of the Smarandache Ceil function

L. Ding [1]. Let x ≥ 2, for any fixed positive integer k, we have the asymptotic formula∑
n≤x

Sk(n) =
x2ζ(2k − 1)

2

∏
p

[
1− 1

p(p+ 1)

(
1 +

1

p2k−3

)]
+O

(
x

3
2+ε
)
,

where ζ(s) is the Riemann zeta function,
∏
p

denotes the product over all prime p, and ε is any

fixed positive number.

C. Wu [16]. 1) For any fixed positive integer k ≥ 2 and any positive integer n, let ak(n)

denote the k-th power complements of n. Then we have

(Sk(n))
k

= ak(n) · n.

2) Let k be a fixed positive integer. For any real number x ≥ 1, we have the asymptotic

formula ∑
n≤x

Sk(n) =
ζ(2k − 1)

2
x2
∏
p

(
1− 1

p2 + p
− 1

p2k−1 + p2k−2

)
+O

(
x

3
2+ε
)
,

where ζ(s) is the Riemann zeta function, ε > 0 is any fixed positive number.

X. Wang [13]. For any real number x ≥ 2, we have the asymptotic formula

∑
n≤x

1

S2(n)
=

3 ln2 x

2π2
+A1 lnx+A2 +O

(
x−

1
4+ε
)
,

where A1 and A2 are two computable constants, ε is any fixed positive integer.

Y. Wang [14]. 1) For any real number α > 1 and integer k ≥ 2, we have the identity

∞∑
n=1

(−1)n−1

Sαk (n)
=

2α − k − 1

2α + k − 1

∏
p

(
1 +

k

pα − 1

)
,

where
∏
p

denotes the product over all prime p.

2) For any positive integer n, the dual function of Sk(n) is defined as Sk(n) = max
{
m ∈ N : mk | n

}
.

For any real number α > 1 and integer k ≥ 2, we have the identities

∞∑
n=1

Sk(n)

nα
=
ζ(α)ζ(kα− 1)

ζ(kα)
,

∞∑
n=1

(−1)n−1Sk(n)

nα
=
ζ(α)ζ(kα− 1)

ζ(kα)

[
(2α − 1)(2kα−1 − 1)

2α−2(2kα − 1)
− 1

]
,

where ζ(s) is the Riemann zeta function.

D. Ren [12]. Let d(n) denote the Dirichlet divisor function, and let k be a given positive

integer with k ≥ 2. Then for any real number x ≥ 1, we have the asymptotic formula∑
n≤x

d (Sk(n)) =
6ζ(k)x lnx

π2

∏
p

(
1− 1

pk + pk−1

)
+ Cx+O

(
x

1
2+ε
)
,
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where ζ(s) is the Riemann zeta function, C is a computable constant, and ε is any fixed positive

number.

X. He and J. Guo [7]. 1) Let α > 0, σα(n) =
∑
d|n

dα. Then for any real number x ≥ 2,

and any fixed positive integer k ≥ 2, we have the asymptotic formula∑
n≤x

σα (Sk(n)) =
6xα+1ζ(α+ 1)ζ(k(α+ 1)− α)

(α+ 1)π2
R(α+ 1) +O

(
xα+

1
2 + ε

)
,

where ζ(s) is the Riemann zeta function, ε is any fixed positive number, and

R(α+ 1) =
∏
p

(
1− 1

pk(α+1)−α − p(k−1)(α+1)

)
.

2) Let d(n) denote the Dirichlet divisor function. Then for any real number x ≥ 1, and

any fixed positive integer k ≥ 2, we have the asymptotic formula∑
n≤x

d (Sk(n)) =
6ζ(k)x lnx

π2

∏
p

(
1− 1

pk + pk−1

)
+ Cx+O

(
x

1
2+ε
)
,

where ζ(s) is the Riemann zeta function, C is a computable constant, and ε is any fixed positive

number.

L. Zhang, M. Lv and W. Zhai [20]. Let d3(n) denote the Piltz divisor function of

dimensional 3, then for any real number x ≥ 2, we have∑
n≤x

d3 (Sk(n)) = xP2,k(log x) +O
(
x

1
2 e−cδ(x)

)
,

where P2,k(log x) is a polynlmial of degree 2 in log x, δ(x) = log
3
5 x(log log x)−

1
5 , c > 0 is an

absulute constant.

Y. Zhang, H. Liu and P. Zhao [21]. Let d(n) denote the Dirichlet divisor function,

Sk(n) denote the Smarandache ceil function, then for any real number 1
4 < θ < 1

3 , xθ+2ε ≤ y ≤
x, we have ∑

x<n≤x+y

d(Sk(n)) = H(x+ y)−H(x) +O
(
yx−

ε
2 + xθ+ε

)
,

where H(x) = t1x log x+ t2x, ε denotes a fixed but sufficiently small positive constant.

Q. Feng and R. Wang [4]. For any positive integer n, we define

ak(n) =
[
n

1
k

]
, n = 0, 1, 2, 3, · · · .

Let ζ(s) be the Riemann zeta function, X be any positive number, and

g(s) =
∏
p

(1 + p1−s − p1−ks − p−s).

1) For any real number x ≥ 1, k ≥ 3, we have∑
n≤x

Sk (ak(n)) =
1

k
ζ(k − 1)g(1)x+O

(
x1−

1
2k+X

)
.
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2) For any real number x ≥ 1, k ≤ 2, we have∑
n≤x

Sk (ak(n)) =
k

k2 − k + 2
ζ

(
2

k

)
g

(
2

k

)
x
k2−k+2

k2 +O

(
x
k2−k+2

k2
+X

)
.

Q. Feng, J. Guo and R. Wang [5]. For any positive integer n and any natural number

m, we define

am(n) = max {im : im ≤ n, i ∈ N} .

1) For any real number x ≥ 1, n,m, k, t ∈ N, m, t ≥ 2, k = tm+ 1, we have∑
n≤x

Sk (am(n)) =
m

m+ 1
x1+

1
m ζ(2t− 1)ζ((2t− 1)m+ 2)

×
∏
p

[
1− 1

p(p+ 1)

(
1 +

1

p2t−3
+

1

p(2t−1)m−1

(
1− 1

p2t

))]
+O

(
x1+

1
2m+ε

)
,

where ζ(s) is the Riemann zeta function, ε is any positive real number.

2) For any real number x ≥ 1, n,m, k, t ∈ N, m = 2, t ≥ 2, k = 2t+ 1, we have∑
n≤x

Sk (am(n)) =
2

3
x

3
2 ζ(4t)

∏
p

[
1− 1

p(p+ 1)

(
1 +

1

p2t−1
+

1

p2(t−1)

(
1− 1

p2t

))]
+O

(
x

5
4+ε
)
,

where ζ(s) is the Riemann zeta function, ε is any positive real number.

3) For any real number x ≥ 1, n,m, k, t ∈ N, m, t ≥ 2, k = tm, we have∑
n≤x

Sk (am(n)) =
m

m+ 1
x1+

1
m ζ(2t− 1)

∏
p

(
1− p2t + p3

p2t+2 + p2t+1

)
+O

(
x1+

1
2m+ε

)
,

where ζ(s) is the Riemann zeta function, ε is any positive real number.

4) For any real number x ≥ 1, n,m, k, t ∈ N, m, t ≥ 2, m = kt, we have∑
n≤x

Sk (am(n)) =
m

m+ 1
x1+

t
m +O

(
x1+

t
2m+ε

)
,

where ε is any positive real number.

J. Xu [17]. For any fixed positive integer k and any integer n, we define

ck(n) = min
{
mk : mk ≥ n, m ∈ N+

}
,

dk(n) = max
{
mk : mk ≤ n, m ∈ N+

}
.

For any real number x > 2, we have the asymptotic formula∑
n≤x

Sk (ck(n)) =
x2

2
+O

(
x

2k−1
k

)
,

∑
n≤x

Sk (dk(n)) =
x2

2
+O

(
x

2k−1
k

)
.

L. Qi and Y. Zhao [11]. Let k ≥ 2, m ≥ 1 be two positive integers. For any real

number x ≥ 1, we have the asymptotic formula∑
n≤x

ϕm (Sk(n)) =
6ζ(m+ 1)ζ(k(m+ 1)−m)R(m+ 1)xm+1

π2(m+ 1)
+O

(
xm+ 1

2+ε
)
,
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where ζ(s) is the Riemann zeta function, ϕ(n) is the Euler function, ε is any positive real

number, and

R(m+1) =
∏
p

[
1− 1

1 + p

(
1

p
+

1

pk(m+1)−m +
1

pm−1
− 1

p(k−1)(m+1)−m −
(

1− 1

pk(m+1)

)
· 1

p

(
1− 1

p

)m)]
.

E. Lv [10]. Define

U(1) = 1, U(n) =
∏
p|n

p.

Let k ≥ 2 be a fixed positive integer. For any real number x ≥ 1, we have the asymptotic formula∑
n≤x

(Sk(n)− U(n))
2

=
2ζ(3)ζ(3k − 2)x3

π2

∏
p

(
1− 1 + p5−3k

p2 + p3

)
+

2ζ(3)x3

π2

∏
p

(
1− 1

p2 + p3

)

−4ζ(3)ζ(3k − 1)x3

π2

∏
p

(
1 +

p− p2 − p4 − p3k

p3k+3 + p3k+2

)
+O

(
x

5
2+ε
)
,

where ζ(s) is the Riemann zeta function, ε > 0 is any positive real number.

Y. Xue and L. Gao [19]. Define

U(1) = 1, U(n) =
∏
p|n

p.

Let k ≥ 2 be a fixed positive integer. For any real number x ≥ 1, we have the asymptotic formula∑
n≤x

(Sk(n) + U(n))
3

=
3ζ(4)ζ(4k − 3)x4

2π2

∏
p

(
1− 1 + p7−4k

p3 + p4

)

+
9ζ(4)ζ(4k − 2)x4

2π2

∏
p

(
1− 1 + p3−4k + p6−4k − p2−4k

p3 + p4

)

+
9ζ(4)ζ(4k − 1)x4

2π2

∏
p

(
1− 1 + p5−4k − p1−4k + p3−4k

p3 + p4

)

+
3ζ(4)x4

2π2

∏
p

(
1− 1

p3 + p4

)
+O

(
x

7
2+ε
)
,

where ζ(s) is the Riemann zeta function, ε is any positive real number.

§3. The dual function of the Smarandache Ceil function

For any positive integer n and any fixed positive integer k, the dual function of Sk(n) is

defined as follows:

Sk(n) = max
{
m ∈ N : mk | n

}
.

J. Guo and Y. He [6]. 1) Let α > 0, σα(n) =
∑
d|n

dα. Then for any real number x ≥ 1

and any fixed positive integer k ≥ 2, we have the asymptotic formula

∑
n≤x

σα
(
Sk(n)

)
=


kζ(α+1

k )
α+1 x

α+1
k +O

(
x
α+1
2k +ε

)
, if α > k − 1,

ζ(k − α)x+O
(
x

1
2+ε
)
, if α ≤ k − 1,
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where ζ(s) is the Riemann zeta function, and ε is any fixed positive number.

2) Let d(n) denote the Dirichlet divisor function. Then for any real number x ≥ 1 and any

fixed positive integer k ≥ 2, we have∑
n≤x

d
(
Sk(n)

)
= ζ(k)x+O

(
x

1
2+ε
)
,

where ζ(s) is the Riemann zeta function, and ε is any fixed positive number.

Y. Lu [9]. Let d(n) denote the Dirichlet divisor function, and let k ≥ 2 be a fixed integer.

Then for any real number x > 1, we have the asymptotic formula∑
n≤x

d
(
S1(n)

)
= x lnx+ (2γ − 1)x+O

(
x

1
3

)
,

∑
n≤x

d
(
Sk(n)

)
= ζ(k)x+ ζ

(
1

k

)
x

1
k +O

(
x

1
k+1

)
,

where γ is the Euler constant, and ζ(s) is the Riemann zeta function.

L. Ding [2]. 1) Let x ≥ 2, for any fixed positive integer k > 2, we have the asymptotic

formula ∑
n≤x

Sk(n) =
ζ(k − 1)

ζ(k)
x+O

(
x

1
2+ε
)
,

where ζ(s) is the Riemann zeta function, and ε is any fixed positive number.

2) For k = 2, we have the asymptotic formula∑
n≤x

S2(n) = x

(
3

π2
lnx+ C

)
+O

(
x

3
4+ε
)
,

where C is a computable constant, and ε is any fixed positive number.

Q. Feng and J. Guo [3]. For any positive integer n and any fixed positive integer k ≥ 2,

we define

ck(n) = min
{
m ∈ N : nm = tk, t ∈ N

}
.

1) For any real number x ≥ 1, k, n ∈ N, k ≥ 2, we have∑
n≤x

Sk(n)ck(n) =
6

(k + 1)π2
xk+1ζ(k + 2)ζ(k2 + k − 1)

×
∏
p

(
1− 1

pk−1(p+ 1)

(
1

p2
+

1

pk2−1

))
+O

(
xk+

1
2+ε
)
,

where ζ(s) is the Riemann zeta function, and ε is any fixed positive number.

2) For any real number x ≥ 1, k, n ∈ N, k ≥ 2, we have∑
n≤x

Sk(ck(n)) =
3

π2
x2
∏
p

(
1 +

R(2)

(p+ 1)(p2 − 2)

)
+O

(
x

3
2+ε
)
,

where ε is any fixed positive number, and

R(2) = 1− 1

p2(k−2)
+

(
p2
(

1− 1

p2(k−1)

)
+ p3 − p

)
1

p2k−1
.
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3) For any real number x ≥ 1, k, n ∈ N, k ≥ 2, we have∑
n≤x

Sk(n)ck(n) =
6

kπ2
xkζ(k + 1)ζ(k2 − 1)

×
∏
p

(
1− 1

pk(p+ 1)

(
1 +

1

pk2−k−1
− 1

pk2−1

))
+O

(
xk+

1
2+ε
)
,

where ζ(s) is the Riemann zeta function, and ε is any fixed positive number.

4) For any real number x ≥ 1, k, n ∈ N, k ≥ 2, we have∑
n≤x

Sk(ck(n)) = x+O
(
x

1
2+ε
)
,

where ε is any fixed positive number

References

[1] Liping Ding. On the mean value of Smarandache ceil function. Scientia Magna 1 (2005),

no. 2, 74 - 77.

[2] Liping Ding. An arithmetical function and its mean value. Scientia Magna 2 (2006), no. 1,

99 - 101.

[3] Qiang Feng and Jinbao Guo. On the mean value of Smarandache ceil function and its dual

function. Journal of Southwest University for Nationalities (Natural Science Edition) 33

(2007), no. 4, 713 - 717. (In Chinese with English abstract).

[4] Qiang Feng and Rongbo Wang. The Smarandache ceil function of order k and k-th roots

of positive integer. Journal of Yanan University (Natural Science Edition) 24 (2005), no.

2, 10 - 12. (In Chinese with English abstract).

[5] Qiang Feng, Jinbao Guo and Rongbo Wang. On the mean values of m-th power part

and Smarandache ceil function. Journal of Northwest Normal University (Natural Science

Edition) 44 (2008), no. 3, 12 - 16. (In Chinese with English abstract).

[6] Jinbao Guo and Yanfeng He. Several asymptotic formula on a new arithmetical function.

Research on Smarandache problems in number theory (2004), 115 - 118.

[7] Xiaolin He and Jinbao Guo. Some asymptotic properties involving the Smarandache ceil

function. Research on Smarandache problems in number theory, 133 - 137.

[8] Jie Li. An asymptotic formula on Smarandache ceil function. Research on Smarandache

problems in number theory (2004), 103 - 105.

[9] Yaming Lu. On a dual function of the Smarandache ceil function. Research on Smarandache

problems in number theory II (2005), 55 - 57.



8 X. Chen No. 1

[10] Erbing Lv. On the mean value problem of the Smarandache ceil function. Basic Sciences

Journal of Textile Universities 26 (2013), no. 2, 155 - 157. (In Chinese with English ab-

stract).

[11] Lan Qi and Yuane Zhao. On a hybrid mean value of the Smarandache ceil function. Journal

of Gansu Sciences 26 (2014), no. 3, 12 - 13. (In Chinese with English abstract).

[12] Dongmei Ren. On the Smarandache ceil function and the Dirichlet divisor function. Re-

search on Smarandache problems in number theory II (2005), 51 - 54.

[13] Xiaoying Wang. On the mean value of the Smarandache ceil function. Scientia Magna 2

(2006), no. 1, 42 - 44.

[14] Yongxing Wang. Some identities involving the Smarandache ceil function. Scientia Magna

2 (2006), no. 1, 45 - 49.

[15] Yu Wang. An asymptotic formula for Sk(n!). Scientia Magna 3 (2007), no. 3, 40 - 43.

[16] Chengjing Wu. Mean value of Smarandache ceil function. Basic Sciences Journal of Textile

Universities 27 (2014), no. 4, 428 - 430. (In Chinese with English abstract).

[17] Junbao Xu. Research on the mean value of Smarandache ceil function. Journal of Hubei

University for Nationalities (Natural Science Edition) 32 (2014), no. 1, 64 - 67. (In Chinese

with English abstract).

[18] Zhefeng Xu. On the Smarandache ceil function and the number of prime factors. Research

on Smarandache problems in number theory (2004), 73 - 76.

[19] Yang Xue and Li Gao. On the mean value problem of the Smarandache ceil function.

Henan Science 34 (2016), no. 7, 1026 - 1030.

[20] Lulu Zhang, Meimei Lv and Wenguang Zhai. On the Smarandache ceil function and the

Dirichlet divisor function. Scientia Magna 4 (2008), no. 4, 55 - 57.

[21] Yingying Zhang, Huafeng Liu and Peimin Zhao. A short interval result for the Smarandache

ceil function and the Dirichlet divisor function. Scientia Magna 8 (2012), no. 3, 25 - 28.


