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Abstract In this paper, we study the Smarandache curves according to the asymptotic or-
thonormal frame in Null Cone Q3. By using cone frame formulas, we obtain some characteriza-
tions of the Smarandache curves and introduce cone frenet invariants of these curves.

1 Introduction

The idea of studying curves has been one of the impressive topic owing to having many
application area from mathematics to the diverse branch of science. As a result of this case,
many mathematicians have studied different type of curves by using Frenet frame in numerious
spaces. Among these, Smarandache curves have attract major attention by investigators for a
long while.

Smarandache geometry is a geometry which has at least one Smarandachely denied axiom
[4]. An axiom is said to be Smarandachely denied, if it behaves in at least two different ways
within the same space. Smarandache curve is defined as a regular curve whose position vector
is composed by Frenet frame vectors of another regular curve. Smarandache curves in various
ambient spaces have been classfied in [1]-[8], [14]-[16].

In this study, we give special Smarandache curves such as za, zy, 3, o, y3, ay -smarandache
curves according to asymptotic orthonormal frame in the Null Cone Q> and we examine the cur-
vature and the asymptotic orthonormal frame’s vectors of the Smarandache curves. We also
present an example related to these curves.

2 Preliminaries

Some basics of the curves in the null cone are provided from, [9]- [10]. Let Ef be the 4-
dimensional pseudo-Euclidean space with the

9(X,Y) = (XY) =x1y1 + 222 + 233 — T4y4

forall X = (z1,22,23,24),Y = (y1,%2,93,44) € Ef. E} is a flat pseudo-Riemannian manifold
of signature (3, 1).

Let M be a submanifold of E}. If the pseudo-Riemannian metric g of E} induces a pseudo-
Riemannian metric g(respectively, a Riemannian metric, a degenerate quadratic form) on M,
then M is called a timelike( respectively, spacelike, degenerate) submanifold of E3. Let c be a
fixed point in E}. The pseudo-Riemannian lightlike cone(quadric cone ) is defined by

Qi(0) = {a € Bt o o - o) =0}

where the point c is called the center of Q3 (c). When ¢ = 0, we simply denote Q3 (0) by Q*and
call it the null cone.

Let B} be 4-dimensional Minkowski space and Q* be the lightlike cone in E}. A vector
V # 0 in E{ is called spacelike, timelike or lightlike, if (V, V) > 0, (V,V) < 0 or (V,V) =0,
respectively. The norm of a vector z € EY is given by ||z| = \/(z,z), [13].
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We assume that curve z : I — Q* C EY} is a regular curve in Q? for ¢ € I. In the following,
we always assume that the curve is regular.
A frame field {x, a, 8,y} on E} is called an asymptotic orthonormal frame field, if

(z,z) = (y,y) = (z,0) = (y,a) = (B,0) = (y,8) = (z,3) =0,
(,y) = (a,0)=(B,8)=1.

Using 2’(s) = a(s), we know that {z(s), a(s), 3(s), y(s)} from an asymptotic orthonormal
frame along the curve z(s) and the cone frenet formulas of z(s) are given by

w'(s) = a(s)
a'(s) = k(s)z(s) — y(s) 2.1
B'(s) = 7(s)z(s)
y'(s) = —r(s)a(s) — 7(s)B(s),
where the functions «(s) and 7(s) are called cone curvature functions of the curve z(s), [11].

Letz : I — Q® C E} be a spacelike curve in Q* with an arc length parameter s. Then
x = z(s) = (z1, 22,3, x4) can be written as

(2f,29,1 = f2 = g* 1+ 2+ ¢°), (22)

1
") = T

for some non constant function f(s) and g(s), [12].

3 The Smarandache Curves in The Null Cone Q°

In this section, we define binary Smarandache curves according to the asymptotic orthonormal
frame in Q3. Also, we obtain the asymptotic orthonormal frame and cone curvature functions of
the Smarandache partners lying on Q> using cone frenet formulas.

Smarandache curve v = v(s*(s)) of the curve z is a regular unit speed curve lying fully on
Q. Let {z, o, B,y} and {v, ., B,,y,} be the moving asymptotic orthonormal frames of = and
v, respectively.

Definition 3.1. Let = be unit speed spacelike curve lying on Q? with the moving asymptotic
orthonormal frame {z, a, 8, y} . Then, za-smarandache curve of z is defined by

Yoals®) = %x(s) +als), (3.1)

where a,b € R}

Theorem 3.2. Let x be unit speed spacelike curve in Q> with the moving asymptotic orthonormal
frame {x,«, B,y} and cone curvatures k(s),7(s) and let 7y, be xa-smarandache curve with
asymptotic orthonormal frame {Vzo, Ozos Bz, Yza } - Then the following relations hold:

i) The asymptotic orthonormal frame { Vo, Czas Boa, Yza } Of the za-smarandache curve v,
is given as

Voo 2 1 0 0 T
bk a 0 __—b
Oza — \/a272b2n \/a272b21<a \Va?-2bk « , (32)
Bwa B] B2 B3 B4 ﬁ
Yzo T, T, ;3 T4 Y
where
1 1
=, W = 7 a2 — 2b2f{, 3'3
€= T Ve G
1 1
By = — (atr + b€ + bre') | By = —((a+ br)E" + (K + K)DE),
1 1
By = — (bé7), By = —— (a& + b¢) 3.4

w

g
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and

Ti = —(Bi+ 5 (2B1By + B} + BY)),

1
Y, =—(By+ 5 (2B,B4 + B3 + B})), (3.5)
T3 = —B3,T4 = —B4.

ii) The cone curvatures r.,  (s*) and 7, (s*) of the curve v, is given by

1
iy, () = =5 (2B1Bs + B3 + B3)

7 (87) = 20— W)Tat (Y= 12 403 — 2 (3.6)

Yoo’
|
§'=3 / \/a? = 2b%k(s)ds.

Proof. i) We assume that the curve z is a unit speed spacelike curve with the asymptotic or-
thonormal frame {z, o, 3,y} and cone curvature x, 7. Differentiating the equation (3.1) with
respect to s and considering (2.1), we have

where

7., (87) = (a&) a(s) + (brg)z(s) + (—b8) y(s), (3.7)
where
ds* 1
dss = g\/az — 202k(s), (3.8)
1
§= m- 3.9

It can be easily seen that the tangent vector 7/ _(s*) = «,, (s*) is a unit spacelike vector.
Differentiating (3.7), we obtain equation as follows

7" (s*) = Bix(s) + Bra(s) + Bsf(s) + Bay(s), (3.10)
where
1 1
B, = " (aék + br'E+ bre'), By = " ((a+br)E + (K + K)bE),
1 1
B3 f— E (bfT),B4 = —E(af—l—bf’)
E 1 1 1 1
Yoo () = =70 = 3 (VL0 00) Yaa (3.11)
By the help of previous equation (3.11), we obtain
y..(s*) = Y1z(s) + Yaa(s) + Y38(s) + Yay(s), (3.12)

where Y1 = —(By + £ (2BiB4+ B3+ B3)),Y, = —(Ba + § (2B1Bs + B3 + B?)), Y3 =

—B3, Y4 = —By.

i) Using equations . _(s*) = —3 (7,7, ) and 72 (s*) = (z
(

— K% (5). The curvatures ., (s*)and 7, (s*) of the v, (s*) are explicity obtained by

" ey — H/:U,:C/” — ko —

k')
*\ 71 2 2
Ky, (87) = 3 (2B1Bs + B; + B3)

72 (5)=2(T1 — #)Ya+ (Y2 —r)+ 13— K2, (3.13)

Thus, the theorem is proved. O
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Definition 3.3. Let = be unit speed spacelike curve lying on Q® with the moving asymptotic
orthonormal frame {z, o, 8, y} . Then, xy-smarandache curve of z is defined by

1
2a

Yay(s7) = (ax(s) + by(s)), (3.14)

3

where a,b € RY.

Theorem 3.4. Let = be unit speed spacelike curve in Q* with the moving asymptotic orthonormal
frame {z, o, 5, y} and cone curvature r and let v, be xy-smarandache curve with asymptotic
orthonormal frame {7y, Qzy, Buy, Yoy } - Then the following relations hold:

i) The asymptotic orthonormal frame {7y, Czy, Boy, Yuy } Of the xy-smarandache curve 7y,
is given as

) e 0 0 )
Y 0 mom
Qay | _ (nm;nzf) % %ﬁ a ’ (3.15)
ﬂmy (_771”_7727' o B
Yay _ aué ) u?l u1;72 __aC Yy
2v2ab 2v2ab
where
_a- b/{ o =br
" wv/2ab wv/2ab’
w = \/—m—l— (K% +72),
2 2
c = — ( 21 (s + 1p7) + () + (1)) -
w
ii) The cone curvature k., (s*) and 7, (s*) of the curve y,, is given by
. -C
H’Y:y (S ) = 73
bC , C?
2 / / 2 /
T, =2mr+m7T+ — — K )(——— — + + k) + ——,, (3.16
’Ywa( ) (771 2 2@ )(2\/m 771) (771 ) (772) 4 ( )

where

5 _/¢ 2 1 72)ds. (3.17)

Proof. i) We assume that the curve z is a unit speed spacelike curve with the asymptotic or-
thonormal frame {z, o, 3,y} and cone curvature x, 7. Differentiating the equation (3.14) with
respect to s and considering (2.1), we have

ds*  (a—br(s)) 3 (s bT
Lo(8F)— = ———227( 3.18
or
Yoy (8%) =md + 7123-
By considering (3.17), we get
Yy (87) = (5) = agy. (3.19)

Here, it can be easily seen that the tangent vector ﬁzy is a unit spacelike vector.
Differentiating (3.19) and using (3.17), we obtain

Ty (57) = ((m“ - ’7”)> o(s) + Mo Mo My ) (3.20)

w w
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By the help of equation 1y, (s*) = =/, — 3 (V1. V4, Vay, We write
aC m
a

X —MK — MT A m aC
ey (87) = - z(s) — —a— =0+ (— -
ponls?) = (CEZIRT O gy My Mg (0

)y(s). (3.21)

ii)

Ry (87) = =3 <my, Yry)
72, (") = (B — ka =K'z, B — ka — K'z) = K3 . (3.22)
By using (3.22), the curvatures «.,,(s*) and 7, (s*) of the 7., (s*) are explicity obtained
m¢f>:-g«@mg%¥§7
(87 = 2Ame T+ = 2\/27 H/)(zj% —m)
O+ ) + O~ G

O

Definition 3.5. Let = be unit speed spacelike curve lying on Q3 with the moving asymptotic
orthonormal frame {z, a, 8, y} . Then, cy-smarandache curve of x is defined by

Yay(s™) = a(s) + §y<s>7 (3.23)

where a,b € R].

Theorem 3.6. Let x be unit speed spacelike curve in Q> with the moving asymptotic orthonormal
frame {x,a, B,y} and cone curvature k and let 7., be ay-smarandache curve with asymptotic
orthonormal frame {7y, Cay, Bay, Yay} - Then the following relations hold:

i) The asymptotic orthonormal frame {Yay, Cay, Bay: Yoy } Of the ay-smarandache curve ~,,,
is given as

0 1 0 b
Yoy P, 2 P, P, N
oy | _ | pitrpytesT Pyt —rp, PPy Py tpy “ (3.24)
25 el R . ol vl 1
yay _pl f\? Ps _]2\4 - 3]% 4 _ﬁ y
2 a
where
K —b b/ T 1
pl_M’pz_ (M) Py = — a (M>7p4:M
M = \/ (k2 4+ 72) — 2k (3.25)
D=2+ +x—+>+¥«+— P+ (= 7.))
= \Pr e+ o) (=, ) + 3 02+ oy = R Py =TP))-
ii) The cone curvatures k., (s*) and 7, (s*) of the curve o, is given by
" D
ey (87) = 5 (3.26)
/
2 ey oy PLTEP, T p,—p, , bD
2 (¢) =2 ATy e 0D
phtp—kp, D —ptTe, D?
PP TR 2 AT TPy 3.27
+( i T3 + )"+ ( Vi ) 7 (3.27)
where

s = / \/;2 (k% + 72) — 2kds. (3.28)
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Proof. i) Let the curve z be a unit speed spacelike curve with the asymptotic orthonormal frame
{z,a, B,y} and cone curvature «, 7. Differentiating the equation (3.23) with respect to s and
considering (2.1), we find

8 - ) -

This can be written as following

wds® K bk b T 1
Oay(s )E = Mﬂf(s oM (s) — _EM@ - ﬁ@’ (3.29)
where
ds* b
M s \/a2 (k* 4+ 72) — 2k. (3.30)
Differentiating (3.29) and using (3.30), we get
/ / /
no_ PLTEP, T Pyt p, — Ep, Py — TP, —p, Py
where p, = 57,0, = 3¢ (57) s = 22 (57) 22 = 71
. 1
Yay(s7) = =Vay = 5 (Yay: Yay) Yoy a0d (35, Vay) = D- (3.32)
By the help of equation (3.32), we obtain
o PitEp, +pT Pyt p —kp, D
o) = (FATELE DTy ) 4 (TP IR D)
AT _cptp WD
ii) Using (3.22), we have (3.26) and (3.27). O

Definition 3.7. Let = be unit speed spacelike curve lying on Q® with the moving asymptotic
orthonormal frame {z, o, 8, y} . Then, z3-smarandache curve of z is defined by

Yup(8") = %x(S) + B(s), (3.34)

where a,b € R

Theorem 3.8. Let = be unit speed spacelike curve in Q> with the moving asymptotic orthonormal
frame {x,a, B,y} and cone curvature k and let ~y,g be x3-smarandache curve with asymptotic
orthonormal frame {73, 0z, Bug, Yz} - Then the following relations hold:

i) The asymptotic orthonormal frame {73, 0z, Bzp, Yzp} Of the x3-smarandache curve 3
is given as

s : 0 1 0]fs
= 2 , (3.35)
A O I O
Yap ORI O ST N T
where . ) 5
-
M 2a4’7' + azﬁ + a3T . (3.36)
ii) The cone curvatures k., (s*) and 7., (s*) of the curve .3 is given by
LR, b
Ky (8%) = -3 (azT — 2K — 2a7'> (3.37)
b v bt b
2 *) __ 2 A~ 2 g7 D, T
7'%13(5 )=M 2a,‘£ + K 6a21£—|—4a4 2a37, (3.38)
where a
s*=—-s+A4; a,b,AcR]. (3.39)

b
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Proof. i) Differentiating the equation (3.34) with respect to s and considering (2.1), we find

ds* a
i = gcu(s) + ’7'1’(8). (3-40)

7&&(5*)
This can be written as follows

Qg (s”) = %ﬁ@ +a(s), (3.41)

where e+
S a
A (3.42)
Differentiating (3.41) and using (3.42), we get
b b b\’ b
" *\ _ (2 N2 e _ 2
s(57) = (et (2 0e(9) + (7 (1) D) - 2o
. 1
ymg(s ) = —’Y;c/ﬂ ) <’7¥ﬁ7'7/r/5> YxB- (3.43)

By the help of equation (3.43), we obtain

b\’ b\’ b
as) = (= (1) 00+ (= (2) ale) + 2506) + (). G
where M = —%72 + Z—Zm + Z—zT’.

ii) Using (3.22), we have (3.36) and (3.37). i

Definition 3.9. Let z be unit speed spacelike curve lying on Q3 with the moving asymptotic
orthonormal frame {z, o, 8, y} . Then, a5-smarandache curve of z is defined by

oL ac(s s
%a(s)—m( (s) +0B(s)), (3.45)

where a,b € Ry

Theorem 3.10. Let = be unit speed spacelike curve in Q3 with the moving asymptotic orthonor-
mal frame {z, o, B,y} and cone curvature r and T let v,3 be af-smarandache curve with asymp-
totic orthonormal frame {vVag, 0ag, Bas, Yap} - Then the following relations hold:

i) The asymptotic orthonormal frame {vopg,aas, Bas,Yas} of the af-smarandache curve
Yap 1S given as

a b
., 0 N T 01
o Y, 0 Y,
Cap| _ Y/ Yi—kY, —1Y5 Y «
e R S 2 | EC
1 —KYp TY)
—Y/ — E E 7Y2/
Yap El a b E Y
T 2/ait? L T2V b2 L
where
ds* 2
B = el 347
ak + br —a
Y = Y = , 3.48
"BV +E T EVAEZFP? (348)
1
L=15 2V + (Y1 — kY2)? 4+ 7°Y5) . (3.49)

ii) The cone curvatures k., ,(s*) and T (s*) of the curve o is given by

L
Foas (87) = =3 (3.50)



534 Fatma Almaz and Mihriban A. Kiilahc1, Miinevver Y. Yilmaz

Y/ Y/ kY, Y] a
2 * 1 / 2 2 1 2
—=2(=L _2 _ IL—
T"/uﬂ(s ) (E +K’)( E) ( E 7 /a2+b2 K:)
7Y> b , L?
+(— - ——=L)" — —, 3.51
( E 2 /a,2+b2 ) 4 ( )
where
. 2
s :/\/az—i—bz | —a (ak + bT) |ds. (3.52)

Proof. i) Let the curve z be a unit speed spacelike curve with the asymptotic orthonormal frame
{z,a, B,y} and cone curvature «, 7. Differentiating the equation (3.45) with respect to s and

considering (2.1), we find
ds” _ an b v - ﬁ (3.53)

/ S* —
Vs (57) g5 Var + 12 2+b

where

ds* 2
E = - :\/a2+b2 | —a(ak +b7) |.

Differentiating (3.53) and using (3.47), we get

. Y/ Y, — kY, —7Y5 Y,
Yap(s™) = (F)(s) + (5 —)als) + (—57)B8(s) + (F)y(s), (3.54)
__ _ak+bt _ —a
where Y = EW’Y N
. 1
yaﬁ(s ) = _'V(I):ﬂ ) <'7g,877g,8> Yap, and <v£55,v££5> =L (3.55)

By the help of equation (3.55), we obtain

. -Y/ kY, — Y] alL
yaﬁ(s):( El>x+( E 72\/m)a7

7Y, bL -Y;

+(f - W)B + ( I %)y, (3.56)
ii) Using (3.22), we have (3.50) and (3.51). i

Definition 3.11. Let = be unit speed spacelike curve lying on Q* with the moving asymptotic
orthonormal frame {z, o, 8, y} . Then, Sy-smarandache curve of z is defined by

Yy () = B(s) + —y(s), (3.57)
where a,b € R{.

Theorem 3.12. Let x be unit speed spacelike curve in Q3 with the moving asymptotic orthonor-
mal frame {x, o, 5,y} and cone curvature . and let g, be Sy-smarandache curve with asymp-
totic orthonormal frame {~yg,, a sy, Bay, Ysy } . Then the following relations hold:

i) The asymptotic orthonormal frame {~a,, 0.3y, Bsy, Ypy } Of the By-smarandache curve vz,
is given as

b

'VBy 0 0 1 a x
aT _ T O

Apy | _ N \/KerT Vr2+r? @

= / / (3.58)
ﬂ witKwrtw3T w1+w2 w3 _wy B 9
By , Z Z Z
w KW, +w, T ! !
Y ) Wy _witw, w3  F w _ bF
Ypy Z Z Z 2 Z 2a Y

where

7= _bt /o (3.59)
a
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aT

K T
W = W) = e, W = —— e 3.60
W N VK2 4 12 (.60
ii) The cone curvatures r., (s*) and 7., (s*) of the curve s, is given by
. F

Ky, (87) = -3 (3.61)

! / 2 2

2 A (Wt Ew, W, T A [(0F w, w1 + wy -
Ty, (87) =2 (Z +kK ) <2a 7T\ +r) + 1 (3.62)

where a

s* = —-VK2+ 7% a,b,e R]. (3.63)

b
Proof. 1) Differentiating the equation (3.57) with respect to s and considering (2.1), we find

ds* b b
'y’ﬂy(s*)d—z =rz(s) — Eﬁ;a(s) - ETﬁ(S). (3.64)

This can be written as follows

o ar K T
0 () = s t(s) — —mgals) — S (s

where

ds” _ gx/ﬁz + 72, (3.66)

ds
Differentiating (3.65) and using (3.66), we get
. W+ Kkwy + waT wy + W w Wy
(s?) = (RS (UL Rt + (5 ) 660+ (- ) )
. 1
Usy(s™) = —V6y — 5 (Vay> Voy) V8- (3.67)

By the help of equation (3.67), we obtain

. W'+ kw, +w, T wy + wh
payls7) = (-S4 4 (0 )
e F wp  bF
(-5 -5 ) B0+ (2= 5ouo. (3.68)
where Z = K =2k + 72
ii) Using (3.22), we have (3.61) and (3.62). O

Example 3.13. Let = be a spacelike curve in Q* with arc length parameter s given by
z(s) = (sins,coss,0,1).

Then we can write the smarandache curves of the z-curve as follows:
1) za- smarandache curve v, is given by v, (s) = (% sins + cos s, 7 cos s — sin s, 0, %)
2) z3-smarandache curve 7,4 is given by v,5(s) = (($ — 1)sins, (¢ — 1) coss, 0, %)

3) zy- smarandache curve v, is given by v, (s) = (\/% sins — cos S, \ﬁ cos s + sin s, 0, W)

4) ay- smarandache curve 7, is given by v, (s) = ((1 — #)coss, (1 — %)sins,0,0)
5) a3-smarandache curve v,z is given by v,5(s) = m (bsins — acoss,asins + bcoss,0,0)
6) Sy-smarandache curve g, is given by v, (s) = (— sins — 7 cos s, —coss + ¢ sins, 0, 0) ,

where a,b € R}
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