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CUBIC SUBALGEBRAS OF BCH-ALGEBRAS

TAPAN SENAPATI∗ AND K. P. SHUM

ABSTRACT. In this paper, the notion of cubic subalgebras of BCH-algebras are intro-
duced. Some characterization of cubic subalgebras of BCH-algebras are given. The
homomorphic image and inverse image of cubic subalgebras are studied and investigated
some related properties.

1. INTRODUCTION

Extending the concept of fuzzy sets (FSs), many scholars introduced various notions of
higher-order FSs. Among them, interval-valued fuzzy sets (IVFSs) provides with a flexible
mathematical framework to cope with imperfect and imprecise information. Moreover, Jun
et al. [14] introduced the concept of cubic sets, as a generalization of fuzzy set and interval-
valued fuzzy set. Jun et al. [15] applied the notion of cubic sets to a group, and introduced
the notion of cubic subgroups. Also, Muhiuddin et al. applied the notion of cubic sets to
BCK/BCI-algebras on different aspects (see for e.g., [17], [18], [19]).

The notions of BCK/BCI-algebras [11] were initiated by Imai and Iseki in 1966 as
a generalization of the concept of set-theoretic difference and propositional calculus. It is
known that the class of BCK-algebras is a proper subclass of the class of BCI-algebras.
Senapati et al. [23, 24, 25, 26, 27, 28] have done lot of works on these algebras. In 1983,
Hu and Li [9, 10] introduced the notion of aBCH-algebra, which is a generalization of the
notions of BCK and BCI-algebras. They have studied a few properties of these algebras.
Certain other properties have been studied by Ahmad [1], Chaudhry [5], Chaudhry et al.
[6], Dudek and Thomys [8], Roh et. al. [20, 21] and Dar et al. [7]. Based on (bipolar)
fuzzy set Jun et al. [12, 13] introduced fuzzy closed ideals and (bipolar) fuzzy filters in
BCH-algebras. Using the algebraic structure of soft sets, Kazanc et al. [16] introduced
softBCH-algebras and some of their properties and structural characteristics are discussed
and studied. Borumand Saeid et al. [3, 4] introduced the concept of Smarandache BCH-
algebras and fuzzy n-fold ideals in BCH-algebras and investigated some of their useful
properties.

The objective of this paper is to introduce the concept of cubic set to subalgebras of
BCH-algebras. The notion of cubic subalgebras of BCH-algebras are defined and lot of
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Key words and phrases. BCH-algebra; Subalgebra; Cubic set; Cubic subalgebra.
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66 TAPAN SENAPATI AND K. P. SHUM

properties are investigated. Section 2 recalls some definitions, viz., BG-algebra, subalge-
bra and refinement of unit interval. In Section 3, subalgebras of cubic sets are defined with
some its properties. In Section 4, homomorphism of cubic subalgebras and some of its
properties are studied. In Section 5, a conclusion of the proposed work is given.

2. PRELIMINARIES

An algebra (X, ∗, 0) of type (2, 0) is called a BCH-algebra [9] if it satisfies the follow-
ing axioms, for all x, y, z ∈ X

1. x ∗ x = 0
2. x ∗ y = 0 and y ∗ x = 0 imply x = y,
3. (x ∗ y) ∗ z = (x ∗ z) ∗ y.

Any BCH-algebra X satisfies the following axioms:
(i) x ∗ 0 = x,
(ii) (x ∗ (x ∗ y)) ∗ y = 0,
(iii) 0 ∗ (x ∗ y) = (0 ∗ x) ∗ (0 ∗ y),
(iv) 0 ∗ (0 ∗ (0 ∗ x)) = 0 ∗ x,
(v) x ≤ y implies 0 ∗ x = 0 ∗ y,

for all x, y, z ∈ X [6].
A non-empty subset S of a BG-algebra X is called a subalgebra of X if x ∗ y ∈ S,

for all x, y ∈ S. A mapping f : X → Y of BCH-algebras is called a homomorphism if
f(x ∗ y) = f(x) ∗ f(y) for all x, y ∈ X . Note that if f : X → Y is a homomorphism,
then f(0) = 0.

We now review some fuzzy logic concepts as follows:
Let X be the collection of objects denoted generally by x. Then a fuzzy set [29] A in X

is defined as A = {< x, µA(x) >: x ∈ X} where µA(x) is called the membership value
of x in A and 0 ≤ µA(x) ≤ 1.

An interval-valued fuzzy set [30]A overX is an object having the formA = {〈x, µ̃A(x)〉 :
x ∈ X}, where µ̃A(x) : X → D[0, 1], where D[0, 1] is the set of all subintervals of [0, 1].
The intervals µ̃A(x) denote the intervals of the degree of membership of the element x to
the set A, where µ̃A(x) = [µ−A(x), µ

+
A(x)] for all x ∈ X .

The determination of maximum and minimum between two real numbers is very simple
but it is not simple for two intervals. Biswas [2] described a method to find max/sup and
min/inf between two intervals or a set of intervals.

Definition 2.1. [2] Consider two elements D1, D2 ∈ D[0, 1]. If D1 = [a−1 , a
+
1 ] and

D2 = [a−2 , a
+
2 ], then rmin(D1, D2) = [min(a−1 , a

−
2 ),min(a+1 , a

+
2 )] which is denoted by

D1∧rD2. Thus, ifDi = [a−i , a
+
i ] ∈ D[0, 1] for i=1,2,3,4,. . . , then we define rsupi(Di) =

[sup
i
(a−i ), sup

i
(a+i )], i.e, ∨riDi = [∨ia−i ,∨ia

+
i ]. Now we call D1 ≥ D2 iff a−1 ≥ a−2 and

a+1 ≥ a
+
2 . Similarly, the relations D1 ≤ D2 and D1 = D2 are defined.

Based on the (interval valued) fuzzy sets, Jun et al. [14] introduced the notion of (inter-
nal, external) cubic sets, and investigated several properties.

Definition 2.2. [14] Let X be a nonempty set. A cubic set A in X is a structure A =
{〈x, µ̃A(x), νA (x)〉 : x ∈ X} which is briefly denoted by A = (µ̃A, νA) where µ̃A =
[µ−A, µ

+
A] is an IVFS in X and νA is a fuzzy set in X .
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3. CUBIC SUBALGEBRAS OF BCH -ALGEBRAS

In what follows, let X denote a BCH-algebra unless otherwise specified. Combined
the definitions of subalgebras over crisp set and the idea of cubic set, cubic subalgebras of
BCH-algebras are defined below.

Definition 3.1. Let A = (µ̃A, νA) be cubic set in X , where X is a subalgebra, then the set
A is cubic subalgebra over the binary operator ∗ if it satisfies the following conditions:

(F1) µ̃A(x ∗ y) ≥ rmin{µ̃A(x), µ̃A(y)}
(F2) νA(x ∗ y) ≤ max{νA(x), νA(y)}

for all x, y ∈ X .

Let us illustrate this definition using the following example.

Example 3.2. Let X={0, a, b, c, d} be a BCH-algebra with the following Cayley table:

∗ 0 a b c d
0 0 0 d c b
a a 0 d c b
b b b 0 d c
c c c b 0 d
d d d c b 0

Define a cubic set A = (µ̃A, νA) in X by

µ̃A(x) =

 [0.5, 0.7], if x = 0
[0.3, 0.6], if x = a, c
[0.2, 0.4], if x = b, d

and νA(x) =

 0.2, if x = 0
0.5, if x = a, c
0.7, if x = b, d

All the conditions of Definition 3.1 have been satisfy by the set A. Thus A = (µ̃A, νA)
is a cubic subalgebra of X .

Proposition 3.1. IfA = (µ̃A, νA) is a cubic subalgebra inX , then for all x ∈ X , µ̃A(0) ≥
µ̃A(x) and νA(0) ≤ νA(x). Thus, µ̃A(0) and νA(0) are the upper bounds and lower
bounds of µ̃A(x) and νA(x) respectively.

Proof. For all x ∈ X , we have, µ̃A(0) = µ̃A(x ∗ x) ≥ rmin{µ̃A(x), µ̃A(x)} = µ̃A(x)
and νA(0) = νA(x ∗ x) ≤ max{νA(x), νA(x)} = νA(x). �

Theorem 3.2. Let A = (µ̃A, νA) be a cubic subalgebra of X . If there exists a sequence
{xn} in X such that lim

n→∞
µ̃A(xn) = [1, 1] and lim

n→∞
νA(xn) = 0. Then µ̃A(0) = [1, 1]

and νA(0) = 0.

Proof. By Proposition 3.1, µ̃A(0) ≥ µ̃A(x) for all x ∈ X , therefore, µ̃A(0) ≥ µ̃A(xn)
for every positive integer n. Consider, [1, 1] ≥ µ̃A(0) ≥ lim

n→∞
µ̃A(xn) = [1, 1]. Hence,

µ̃A(0) = [1, 1].
Again, by Proposition 3.1, νA(0) ≤ νA(x) for all x ∈ X , thus νA(0) ≤ νA(xn) for

every positive integer n. Now, 0 ≤ νA(0) ≤ lim
n→∞

νA(xn) = 0. Hence, νA(0) = 0. �

Proposition 3.3. If a cubic set A = (µ̃A, νA) in X is a cubic subalgebra, then for all
x ∈ X , µ̃A(0 ∗ x) ≥ µ̃A(x) and νA(0 ∗ x) ≤ νA(x).

Proof. For all x ∈ X , µ̃A(0 ∗ x) ≥ rmin{µ̃A(0), µ̃A(x)} = rmin{µ̃A(x ∗ x), µ̃A(x)} ≥
rmin {rmin{µ̃A(x), µ̃A(x)}, µ̃A(x)} = µ̃A(x) and νA(0 ∗ x) ≤ max{νA(0), νA(x)} =
νA(x). �



68 TAPAN SENAPATI AND K. P. SHUM

µ̃A(x) = [µ−A(x), µ
+
A(x)] represents the membership value and νA(x) represents the

non-membership value of x in cubic set A. But µ−A(x), µ
+
A(x) are the membership value

and νA(x) are the non-membership value of x to some fuzzy sets. These values can also
form a fuzzy subalgebra, proved in the following theorem.

Theorem 3.4. A cubic set A = (µ̃A, νA) in X is a cubic subalgebra of X iff µ−A, µ+
A and

νA are fuzzy subalgebras of X .

Proof. Let µ−A, µ+
A and νA be fuzzy subalgebras of X and x, y ∈ X . Then µ−A(x ∗ y) ≥

min{µ−A(x), µ
−
A(y)}, µ

+
A(x ∗ y) ≥ min{µ+

A(x), µ
+
A(y)} and νA(x ∗ y) ≤ max{νA(x),

νA(y)}. Now, µ̃A(x ∗ y) = [µ−A(x ∗ y), µ
+
A(x ∗ y)] ≥ [min{µ−A(x), µ

−
A(y)},min{µ

+
A(x),

µ+
A(y)}] = rmin{[µ−A(x), µ

+
A (x)], [µ−A(y), µ

+
A(y)]} = rmin{µ̃A(x), µ̃A(y)}. Therefore,

A is a cubic subalgebra of X.
Conversely, assume that, A = (µ̃A, νA) is a cubic subalgebra of X . For any x, y ∈ X ,

[µ−A(x ∗ y), µ
+
A(x ∗ y)] = µ̃A(x ∗ y) ≥ rmin{µ̃A(x), µ̃A(y)} = rmin{[µ−A(x), µ

+
A(x)],

[µ−A(y), µ
+
A(y)] = [min{µ−A(x), µ

−
A(y)}, min{µ+

A(x), µ
+
A(y)}]. Thus µ−A(x ∗ y) ≥ min

{µ−A(x), µ
−
A(y)}, µ

+
A(x∗y) ≥ min{µ+

A(x), µ
+
A(y)} and νA(x∗y) ≤ max{νA(x), νA(y)}.

Hence, µ−A, µ+
A and νA are fuzzy subalgebras of X. �

Theorem 3.5. Let A = (µ̃A, νA) be a cubic subalgebra of X and let n ∈ N (the set of
natural numbers). Then

(i) µ̃A(
n∏
x ∗ x) ≥ µ̃A(x), for any odd number n,

(ii) νA(
n∏
x ∗ x) ≤ νA(x), for any odd number n,

(iii) µ̃A(
n∏
x ∗ x) = µ̃A(x), for any even number n,

(iv) νA(
n∏
x ∗ x) = νA(x), for any even number n.

Proof. Let x ∈ X and assume that n is odd. Then n = 2p− 1 for some positive integer p.
We prove the theorem by induction.

Now µ̃A(x ∗ x) = µ̃A(0) ≥ µ̃A(x) and νA(x ∗ x) = νA(0) ≤ νA(x). Suppose that

µ̃A(
2p−1∏

x∗x) ≥ µ̃A(x) and νA(
2p−1∏

x∗x) ≤ νA(x). Then by assumption, µ̃A(
2(p+1)−1∏

x∗

x) = µ̃A(
2p+1∏

x ∗ x) = µ̃A(
2p−1∏

x ∗ (x ∗ (x ∗ x))) = µ̃A(
2p−1∏

x ∗ x) ≥ µ̃A(x) and

νA(
2(p+1)−1∏

x∗x) = νA(
2p+1∏

x∗x) = νA(
2p−1∏

x∗(x∗(x∗x))) = νA(
2p−1∏

x∗x) ≤ νA(x),
which proves (i) and (ii). Proofs are similar for the cases (iii) and (iv). �

The sets {x ∈ X : µ̃A(x) = µ̃A(0)} and {x ∈ X : νA(x) = νA(0)} are denoted by
Iµ̃A

and IνA respectively. These two sets are also subalgebra of X .

Theorem 3.6. Let A = (µ̃A, νA) be a cubic subalgebra of X , then the sets Iµ̃A
and IνA

are subalgebras of X .

Proof. Let x, y ∈ Iµ̃A
. Then µ̃A(x) = µ̃A(0) = µ̃A(y) and so, µ̃A(x∗y) ≥ rmin{µ̃A(x),

µ̃A(y)} = µ̃A(0). By using Proposition 3.1, we know that µ̃A(x ∗ y) = µ̃A(0) or equiva-
lently x ∗ y ∈ Iµ̃A

.
Again, let x, y ∈ IνA . Then νA(x) = νA(0) = νA(y) and so, νA(x∗y) ≤ max{νA(x),

νA(y)} = νA(0). Again, by Proposition 3.1, we know that νA(x ∗ y) = νA(0) or equiva-
lently x ∗ y ∈ IνA . Hence, the sets Iµ̃A

and IνA are subalgebras of X . �
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Theorem 3.7. Let B be a nonempty subset of X and A = (µ̃A, νA) be cubic set in X

defined by µ̃A(x) =
{

[α1, α2], if x ∈ B
[β1, β2], otherwise

and νA(x) =
{
γ, if x ∈ B
δ, otherwise

for all [α1, α2], [β1, β2] ∈ D[0, 1] and γ, δ ∈ [0, 1] with [α1, α2] ≥ [β1, β2] and γ ≤ δ.
Then A is a cubic subalgebra of X if and only if B is a subalgebra of X . Moreover,
Iµ̃A

= B = IνA .

Proof. Let A be a cubic subalgebra of X . Let x, y ∈ X be such that x, y ∈ B. Then
µ̃A(x ∗ y) ≥ rmin{µ̃A(x), µ̃A(y)} = rmin{[α1, α2], [α1, α2]} = [α1, α2] and νA(x ∗
y) ≤ max{νA(x), νA(y)} = max{γ, γ} = γ. So x ∗ y ∈ B. Hence, B is a subalgebra of
X .

Conversely, suppose that B is a subalgebra of X . Let x, y ∈ X . Consider two cases
Case (i) If x, y ∈ B then x ∗ y ∈ B, thus µ̃A(x ∗ y) = [α1, α2] = rmin{µ̃A(x), µ̃A(y)}
and νA(x ∗ y) = γ = max{νA(x), νA(y)}.
Case (ii) If x /∈ B or, y /∈ B, then µ̃A(x ∗ y) ≥ [β1, β2] = rmin{µ̃A(x), µ̃A(y)} and
νA(x ∗ y) ≤ δ = max{νA(x), νA(y)}.

Hence, A is a cubic subalgebra of X .
Now, Iµ̃A

= {x ∈ X, µ̃A(x) = µ̃A(0)} = {x ∈ X, µ̃A(x) = [α1, α2]} = B and
IνA = {x ∈ X, νA(x) = νA(0)} = {x ∈ X, νA(x) = γ} = B. �

Definition 3.3. LetA = (µ̃A, νA) be a cubic set inX . For [s1, s2] ∈ D[0, 1] and t ∈ [0, 1],
the set U(µ̃A : [s1, s2]) = {x ∈ X : µ̃A(x) ≥ [s1, s2]} is called upper [s1, s2]-level of A
and L(νA : t) = {x ∈ X : νA(x) ≤ t} is called lower t-level of A.

Theorem 3.8. If A = (µ̃A, νA) is a cubic subalgebra of X , then the upper [s1, s2]-level
and lower t-level of A are subalgebras of X .

Proof. Let x, y ∈ U(µ̃A : [s1, s2]). Then µ̃A(x) ≥ [s1, s2] and µ̃A(y) ≥ [s1, s2]. It
follows that µ̃A(x∗y) ≥ rmin{µ̃A(x), µ̃A(y)} ≥ [s1, s2] so that x∗y ∈ U(µ̃A : [s1, s2]).
Hence, U(µ̃A : [s1, s2]) is a subalgebra of X .

Let x, y ∈ L(νA : t). Then νA(x) ≤ t and νA(y) ≤ t. It follows that νA(x ∗ y) ≤
max{νA(x), νA(y)} ≤ t so that x ∗ y ∈ L(νA : t). Hence, L(νA : t) is a subalgebra of
X . �

Theorem 3.9. Let A = (µ̃A, νA) be a cubic set in X , such that the sets U(µ̃A : [s1, s2])
and L(νA : t) are subalgebras of X for every [s1, s2] ∈ D[0, 1] and t ∈ [0, 1]. Then
A = (µ̃A, νA) is a cubic subalgebra of X .

Proof. Let for every [s1, s2] ∈ D[0, 1] and t ∈ [0, 1], U(µ̃A : [s1, s2]) and L(νA : t) are
subalgebras of X. In contrary, let x0, y0 ∈ X be such that µ̃A(x0 ∗ y0) < rmin{µ̃A(x0),
µ̃A(y0)}. Let µ̃A(x0) = [θ1, θ2] , µ̃A(y0) = [θ3, θ4] and µ̃A(x0 ∗ y0) = [s1, s2]. Then
[s1, s2] < rmin{[θ1, θ2], [θ3, θ4]} = [min{θ1, θ3},min{θ2, θ4}]. So, s1 < min{θ1, θ3}
and s2 < min{θ2, θ4}. Let us consider, [ρ1, ρ2] = 1

2

[
µ̃A(x0 ∗ y0) + rmin{µ̃A(x0), µ̃A

(y0)}
]

= 1
2

[
[s1, s2] + [min{θ1, θ3},min{θ2, θ4}]

]
=
[
1
2 (s1 + min{θ1, θ3}), 12 (s2 +

min{θ2, θ4})
]
. Therefore, min{θ1, θ3} > ρ1 = 1

2 (s1 + min{θ1, θ3}) > s1 and min{θ2,
θ4} > ρ2 = 1

2 (s2 +min{θ2, θ4}) > s2. Hence, [min{θ1, θ3},min{θ2, θ4}] > [ρ1, ρ2] >
[s1, s2], so that x0 ∗ y0 /∈ U(µ̃A : [s1, s2]) which is a contradiction, since µ̃A(x0) =
[θ1, θ2] ≥ [min{θ1, θ3},min{θ2, θ4}] > [ρ1, ρ2] and µ̃A(y0) = [θ3, θ4] ≥ [min{θ1, θ3},
min{θ2, θ4}] > [ρ1, ρ2]. This implies x0 ∗ y0 ∈ U(µ̃A : [s1, s2]). Thus µ̃A(x ∗ y) ≥
rmin{µ̃A(x), µ̃A(y)} for all x, y ∈ X .
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Again, let x0, y0 ∈ X be such that νA(x0∗y0) > max{νA(x0), νA(y0)}. Let νA(x0) =
η1, νA(y0) = η2 and νA(x0 ∗ y0) = t. Then t > max{η1, η2}. Let us consider, t1 =
1
2 [νA(x0 ∗y0)+max{νA(x0), νA(y0)}]. We get that t1 = 1

2 (t+max{η1, η2}). Therefore,
η1 < t1 = 1

2 (t + max{η1, η2}) < t and η2 < t1 = 1
2 (t + max{η1, η2}) < t. Hence,

max{η1, η2} < t1 < t = νA(x0 ∗y0), so that x0 ∗y0 /∈ L(νA : t) which is a contradiction,
since νA(x0) = η1 ≤ max{η1, η2} < t1 and νA(y0) = η2 ≤ max{η1, η2} < t1. This
implies x0, y0 ∈ L(νA : t). Thus νA(x ∗ y) ≤ max{νA(x), νA(y)} for all x, y ∈ X . �

Theorem 3.10. Any subalgebra of X can be realized as both the upper [s1, s2]-level and
lower t-level of some cubic subalgebra of X .

Proof. Let P be a cubic subalgebra of X , and A be cubic set on X defined by

µ̃A(x) =

{
[α1, α2], if x ∈ P
[0, 0], otherwise

and νA(x) =

{
β, if x ∈ P
1, otherwise

for all [α1, α2] ∈ D[0, 1] and β ∈ [0, 1]. We consider the following cases:
Case (i) If x, y ∈ P , then µ̃A(x) = [α1, α2], νA(x) = β and µ̃A(y) = [α1, α2], νA(y) =
β. Thus, µ̃A(x ∗ y) = [α1, α2] = rmin{[α1, α2], [α1, α2]} = rmin{µ̃A(x), µ̃A(y)} and
νA(x ∗ y) = β = max{β, β} = max{νA(x), νA(y)}.
Case (ii) If x ∈ P and y /∈ P then µ̃A(x) = [α1, α2], νA(x) = β and µ̃A(y) = [0, 0],
νA(y) = 1. Thus, µ̃A(x ∗ y) ≥ [0, 0] = rmin{[α1, α2], [0, 0]} = rmin{µ̃A(x), µ̃A(y)}
and νA(x ∗ y) ≤ 1 = max{β, 1} = max{νA(x), νA(y)}.
Case (iii) If x /∈ P and y ∈ P then µ̃A(x) = [0, 0], νA(x) = 1 and µ̃A(y) = [α1, α2],
νA(y) = β. Thus, µ̃A(x ∗ y) ≥ [0, 0] = rmin{[0, 0], [α1, α2]} = rmin{µ̃A(x), µ̃A(y)}
and νA(x ∗ y) ≤ 1 = max{1, β} = max{νA(x), νA(y)}.
Case (iv): If x /∈ P and y /∈ P then µ̃A(x) = [0, 0], νA(x) = 1 and µ̃A(y) = [0, 0],
νA(y) = 1. Now µ̃A(x ∗ y) ≥ [0, 0] = rmin{[0, 0], [0, 0]} = rmin{µ̃A(x), µ̃A(y)} and
νA(x ∗ y) ≤ 1 = max{1, 1} = max{νA(x), νA(y)}.

Therefore, A is a cubic subalgebra of X . �

Theorem 3.11. Let P be a subset ofX andA be cubic set onX which is given in the proof
of Theorem 3.10. If A be realized as lower level subalgebra and upper level subalgebra of
some cubic subalgebra of X , then P is a cubic subalgebra of X .

Proof. Let A be a cubic subalgebra of X , and x, y ∈ P . Then µ̃A(x) = [α1, α2] = µ̃A(y)
and νA(x) = β = νA(y). Thus µ̃A(x∗y) ≥ rmin{µ̃A(x), µ̃A(y)} = rmin{[α1, α2], [α1,
α2]} = [α1, α2] and νA(x ∗ y) ≤ max{νA(x), νA(y)} = max{β, β} = β, which imply
that x ∗ y ∈ P . Hence, the theorem. �

4. HOMOMORPHISM OF CUBIC SUBALGEBRAS

In this section, homomorphism of cubic subalgebra is defined and some results are
studied.

Let f be a mapping from a set X into a set Y . Let B = (µ̃B , νB) be cubic set in Y .
Then the inverse image of B, is defined as f−1(B) = {〈x, f−1(µ̃B), f−1(νB)〉 : x ∈ X}
with the membership function and non-membership function respectively are given by
f−1(µ̃B)(x) = µ̃B(f(x)) and f−1(νB)(x) = νB(f(x)). It can be shown that f−1(B) is
cubic set.

Theorem 4.1. Let f : X → Y be a homomorphism ofBCH-algebras. IfB = (µ̃B , νB) is
a cubic subalgebra of Y , then the preimage f−1(B) = {〈x, f−1(µ̃B), f−1(νB)〉 : x ∈ X}
of B under f is a cubic subalgebra of X .
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Proof. Assume that B = (µ̃B , νB) is a cubic subalgebra of Y and let x, y ∈ X . Then
f−1(µ̃B)(x ∗ y) = µ̃B(f(x ∗ y)) = µ̃B(f(x) ∗ f(y)) ≥ rmin{µ̃B(f(x), µ̃B(f(y))} =
rmin{f−1(µ̃B) (x), f−1(µ̃B)(y)} and f−1(νB)(x ∗ y) = νB(f(x ∗ y)) = νB(f(x) ∗
f(y)) ≤ max{νB(f(x), νB(f(y))} = max{f−1(νB)(x), f−1(νB)(y)}. Therefore, f−1

(B) = {〈x, f−1(µ̃B), f−1(νB)〉 : x ∈ X} is a cubic subalgebra of X . �

Definition 4.1. A cubic setA in theBCH-algebraX is said to have the rsup-property and
inf-property if for any subset T of X there exist t0 ∈ T such that µ̃A(t0) = rsupt0∈T µ̃A(t)
and νA(t0) = inf

t0∈T
νA(t) respectively.

Definition 4.2. Let f be a mapping from the set X to the set Y . If A = (µ̃A, νA) is
cubic set in X , then the image of A under f , denoted by f(A), and is defined as f(A) =
{〈x, frsup(µ̃A), finf(νA)〉 : x ∈ Y }, where

frsup(µ̃A)(y) =

{
rsupx∈f−1(y)µ̃A(x), if f−1(y) 6= φ
[0, 0], otherwise

and

finf(νA)(y) =

{
inf

x∈f−1(y)
νA(x), if f−1(y) 6= φ

1, otherwise.

Theorem 4.2. Let f : X → Y be a homomorphism from a BCH-algebra X onto a
BCH-algebra Y . If A = (µ̃A, νA) is a cubic subalgebra of X , then the image f(A) =
{〈x, frsup(µ̃A), finf(νA)〉 : x ∈ Y } of A under f is a cubic subalgebra of Y .

Proof. Let A = (µ̃A, νA) be a cubic subalgebra of X and let y1, y2 ∈ Y . We know that,
{x1 ∗ x2 : x1 ∈ f−1(y1) and x2 ∈ f−1(y2)} ⊆ {x ∈ X : x ∈ f−1(y1 ∗ y2)}. Now,

frsup(µ̃A)(y1 ∗ y2) = rsup{µ̃A(x) : x ∈ f−1(y1 ∗ y2)}
≥ rsup{µ̃A(x1 ∗ x2) : x1 ∈ f−1(y1) and x2 ∈ f−1(y2)}
≥ rsup{rmin{µ̃A(x1), µ̃A(x2)} : x1 ∈ f−1(y1), x2 ∈ f−1(y2)}
= rmin{rsup{µ̃A(x1) : x1 ∈ f−1(y1)},
= rsup{µ̃A(x2) : x2 ∈ f−1(y2)}}
= rmin{frsup(µ̃A)(y1), frsup(µ̃A)(y2)}

and

finf(νA)(y1 ∗ y2) = inf{νA(x) : x ∈ f−1(y1 ∗ y2)}
≤ inf{νA(x1 ∗ x2) : x1 ∈ f−1(y1) and x2 ∈ f−1(y2)}
≤ inf{max{νA(x1), νA(x2)} : x1 ∈ f−1(y1), x2 ∈ f−1(y2)}
= max{inf{νA(x1) : x1 ∈ f−1(y1)},
= inf{νA(x2) : x2 ∈ f−1(y2)}}
= max{finf(νA)(y1), finf(νA)(y2)}.

Hence, f(A) = {〈x, frsup(µ̃A), finf(νA)〉 : x ∈ Y } is a cubic subalgebra of Y . �
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5. CONCLUSIONS

To investigate the structure of an algebraic system, it is clear that subalgebras with
special properties play an important role. In the present paper, we considered the notions
of cubic subalgebras of BCH-algebras and investigated some of their useful properties.
The homomorphism of subalgebras has been introduced and some important properties
are of it are also studied. It is our hope that this work would other foundations for further
study of the theory of BCH-algebras.
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