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ABSTRACT. In this paper, we have introduced smarandache - 2 - Algebraic structure
of lattice namely smarandache lattice. A smarandache 2- algebraic structure on a
set N means a weak algebraic structure Ao on N such that there exists a proper
subset M of N which is embedded with a stronger algebraic structure Al. Stronger
algebraic structure means a structure which satisfies more axioms, by proper subset
one can understand a subset different from the empty set, by the unit element if
any, and from the whole set. We have defined smarandache lattice and obtained
some of its characterization through Pseudo complemented .For the basic concept,
we referred the PadilaRaul [4].

1. INTRODUCTION

New notions are introduced in algebra to study more about the congruence in
number theory by Florentinsmarandache [1] .By <proper subset> of a set A, we
consider a set P included in A, and different from A, different from the empty set,
and from the unit element in A - if any they rank the algebraic structures using an
order relationship.

The algebraic structures S; < Sy if :both are defined on the same set; all S; laws
are also S, laws ; all axioms of S; law are accomplished by the corresponding Sy law;
So law strictly accomplishes more axioms than S; laws, or in other words S, laws has
more laws than S;.

For example : Semi group < monoid < group < ring < field, or Semi group
< commutative semi group, ring < unitary ring, etc. they define a General special
structure to be a structure SM on a set A, different from a structure SN, such that a
proper subset of A is an SN structure, where SM < SN.

2. PRELIMINARIES

Definition 2.1. Let P be a lattice with 0.Let x € P | x* is a Pseudo complemented
of x iff x* € P and x A x* = 0 and for every y € P: if x A y =0 then y < x*.

Definition 2.2. Let P be a pseudo complemented lattice. Np = { z* : x € P} is the
set of complements in P .Np={ Np < N, =N, Oy , 1y, N, N } where:

(i) <, is defined by: for every x , y € Np : x <yy iff x <pb

(ii)— N is defined by :
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for every x € Np: = N (x) = x*
(ili)Ay is defined by:
forevery x,y E Np X ANy =X Apy
(iv) V is defined by :
for every x, y € Np : x Vy y= (x * Ap y* )*

(V)lN = Op*, ON = Op .

Definition 2.3. Let P be a lattice with 0.1, is the set of all ideals in P
Ip =< Ip, <1, A1, V1, 01, 1; > where:
Szg,l/\ljzfmj,l\/ljz (IUJ],Ol :OA,ll =A

Definition 2.4. If P is a distributive lattice with 0,Ip is a complete Pseudo Com-
plemented lattice. Let P be a lattice with 0. NIp, the set of normal ideals in P,
is given by Nlp= { [ x Ip : I1p} Alternatively NIp = { IIp : I = I xx} .Thus
Nlp ={ Nip,C,N,U,An1,Vn1} , Nlp is the set of Pseudo Complements in Ip.

Definition 2.5. A Pseudo complemented distributive lattice P is called a stone lattice
if, for all a € P, it satisfies the property a* v a** = 1.

Definition 2.6. Let P be a pseudo complemented distributive lattice. Then for any
filter F of P, define the set 0(F) as follows 0(F) ={ a* € P/a* € F} .

Definition 2.7. Let P be a pseudo complemented distributive lattice.An ideal I of
P is called a d-ideal if I = 0(F) for some filter F of P.

Now we have introduced a definition by [4]:

Definition 2.8. A lattice S is said to be a Smarandache lattice. If there exist a
proper subset L of S, Which is a Boolean algebra with respect to the same induced
operations of S.

3. CHARACTERIZATIONS

Theorem 3.1. Let S be a lattice. If there exist a proper subset Np of S defined in
definition 2.2. Then S is a smarandache lattice.

Proof. By hypothesis, let S be a lattice and whose proper subset Np = { 2* : z € P}
is the set of all Pseudo complements in P. By definition, Let P is a pseudo complement
lattice. Np ={ 2*: 2 € P} is the set of complements in P.
Np ={ Np,<n,n,0n,1In, AN, VN}
where: (i) <y, is defined by: for every x , y € Np : x <yy iff x <pb
(ii)— N is defined by :
for every x € Np : = N (x) = x*
(ili)Ay is defined by:
forevery x,y E Np X ANy =X Apy
(iv) Vy is defined by :
for every x, y € Np : x Vy y= (x * Ap y* )*
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(V)lN = Op*, ON == Op .
It is enough to prove that Np is a Boolean algebra.
(i) For every x, y € Np,
x Ay ¥ Np and Ay is meet under <.
If x, y € Np , then x=x** and y=y**.
Since x Ap y <p X, by result if x <y y then y* <, x*
x* <p(x Ap y)*, and, with by result if x <y y then y* <y x*|
(x Ap y)** <p x. Similarly, (x Ap y)** <p¥.
Hence (x Ap y)** P (x Ap y).
By result, x <y x** | (x Apy) <p (x Apy)**,
Hence (x Apy) € Np, (x Ay y) € Np .
Ifae Npanda <y xanda <yy,
Then a <p xand a <py,a<p (x Apy),
Hence a <y (x Ax y).So indeed N is meet in <y.

(i) For every x,y € Np : x Vy y € Np and Vy is join under <y.
Let x,y v Np Then x*, y* € Np . Then by (i) , (x* Ap y*) € Np
Hence (x* Ap y*)* € Np, and hence (x Vx y) € Np
(x* Ap y*) <p x*, hence, by result x <, x**

x ¥ <p(x* Ap yF)¥,
By result Np = { x€ P; x = x**} | x <p (x* Ap y*)*

Similarly, y <p (x* Apy™)*.
If ac Np and x <y aand y <y a, then x <p a and y <p a ,then by result if x <y y
Then y* <y x*, a* <p x* and a* <p y*, hence a* <p (x* Ap y*)
Hence, by result if x <y y then y* <y x*,
(x* Ap y*)* <p a** hence, by result Np = { x P; x = x**} |
(x* Ap y*)* P a, hence x Vy y <y a so, indeed Vy is join in <y.

(iii) Oy, 1y Np and Ox and 1y are the bounds of Np .
Obviously 15 Np, since 15 = 0p* since for every a Np, aAp 0p = Op,
For every a Np, a <p 0p *, hence a <y 1y.
0p*, 0p™* Np Hence 0p* Ap 0p™* Np But of course, 0p* Ap
0p**=0p Hence O0p Np , O Np ,Obviously, for every a Np; 0p <p a.
Hence for every a Np : Oy<y a .So Np is bounded lattice.

(iv) For every a € Np : negy (a) € Np and
for every a € Np : a Ay -y (a) = Oy and
For every a € Np : a Vy -y (a) = 1y .
Let a Np , Obviously -y (a) € Np
aN -y (a) =aVya® = ((a* Ap b™))* = (a* Ap a)* = 0p* = 1y
aN_\N (a):a/\pa*ZOPZON.
So Np is a bounded complemented lattice.
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(v) Since x <y (x Vy (y An 2)), (x AN 2 ) <y X VN (V AN 2)
Also (y An z) <y x Vn (V AN 2)
Obviously, if a <y b, then a Ay b* = Oy, Since b Ab* = Oy ,
Hence, (x Axy 2z ) Ay (x Vn (y Ax 2))* =0y and
(v An z) An (x Vv (v An 2))* =0,
X /\N (Z /\N(X \/N (y /\N Z))*) :ON s
y /\N (Z /\N (X \/N (y /\N Z))*) :ON .

By definition of Pseudo complement: z Ay (x Vi (yAN2Z))* <y x*,
zAN (X Vi (yANZ))* <y ¥,
Hence z Axy (x Vn (yAN2Z))* <y x*Ay v*
Once again, If a <y b, then aAyb* = Oy,
Hence, z An (x Vv (yANZ))® A(X*ANY®)* = Oy
Z2AN (X5 An y*)*<n(xVN (yANZ))**
Now, by definition of Ay : z Ay (X*VNy*)* =2z Ay (X VN Y)
And by Np ={ xe€P,: x=x"*}: (x Vny (yAN 2)* =x Vy (¥ AN 2),
Hence: z Anx (xVyy) <y XVn(y An 2Z) .

Hence, indeed Np is a Boolean Algebra. Therefore by definition, S is a Smarandache
lattice
Example: Distributive lattice D3 Figure 1.1

)
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D3 is pseudocoplemented:

0¥ =178 =11* = 12* = 13* = 14* = 15* = 16* = 17* =0
1*=106* = 10* =1

2¥ =9 5% = 9% =2

JF=T4*=T1%*=3

Figure: 1.2 Smarandache lattice

10

0

Theorem 3.2. Let S be a distributive lattice with 0. If there exist a proper subset
Nlip of S, defined Definition 2.4. Then S is a smarandache lattice.

Proof. By hypothesis, let S be a distributive lattice with 0 and whose proper subset
NIp={ T*€ Ip,1 € 1p } is the set of normal ideals in P.

We claim that NIp is Boolean algebra.

Since NIp = { T*€ Ip: I € Ip } is the set of normal ideals in P.

Alternatively NIp= { I € Ip :I= I**} .

Let Ie Ip Take I* ={ y P: for every i LLyA i=0} ,I* € Ip
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Namely if a€ T* then for every i€ L:aA i=0,
Let b< a, Then, obviously, for every i€ I:bA i=0 hence be T*.
If a,be I* then for every i€ I:a A i=0,and for every i € I:bA i=0,

Hence for every i€ L:(an i)V (bA i)=0.
With distributive, for every i€ I: iA (a V b)=0, hence a V be I* .
Hence I*e Ip,. IN I* =I { ye P: for every i€ LyA i=0} ={ 0} .
Let I N J={ 0} Jlet je J
Suppose that for some i€ I:iA j # 0. Then iA je 1IN J,
Since I and j are ideals, henceln J# { 0} .
Hence for every i€ I:jA i=0.,and hence j C I .
Consequently, I* is a pseudo complement of I and Ip is a pseudo complemented.
Therefore Ip is a Boolean algebra.
Thus NIp is the set of all Pseudo complements lattice in Ip.
In Theorem 3.1 we have proved that pseudo complemented form a Boolean algebra.
Therefore NIpis a Boolean algebra.
Hence by definition, S is a smarandache lattice.

O

Theorem 3.3. Let S be a lattice. If there exist a Pseudo complemented distributive
lattice P, X*(P) is a sub lattice of the lattice P (P) of all §-ideals of P, which is the
proper subset of S . Then S is a Smarandache lattice.

Proof. By hypothesis, let S be a lattice and there exist a Pseudo complemented dis-
tributive lattice P, X*(P) is a sub lattice of the lattice I°(P) of all /-ideals of P, which
is the proper subset of S .

Let (a*],(b*] € X*(P),for some a,be P.
Then clearly (a*]N (b*]e X*(P).
Again, (a%] U (b*] = 8([a)) U 6([b))= d[(a) U ([b))= 6([an b))=((a b )] X*(P)
Hence X*(P) is a sub lattice of I°(P) and hence a distributive lattice.
Clearly (0**] and (0*] are the least and greatest elements of X*(P).

Now for any a € P, (a*] N (a**] = (0] and
(a*] U (b*] = 4([a)) U 5([a%)) = d([a)) U ([a%)) = d([a N a*))= 4([0)) = 6(P) =P.
Hence (a**] is the complement of (a*] in X*(P).
Therefore { X*(P),U ,N} is a bounded distributive lattice in which every element is
complemented.
Thus X*(P) is a Boolean algebra.
By definition, S is a Smarandache lattice.
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Theorem 3.4. Let S be a latticeand P be a pseudo complemented distributive lattice.
If S is a Smarandache lattice. Then the following conditions are equivalent:
(a) P is a Boolean algebra.

(b) every element of P is closed,

(c) every principal ideal is a d-ideal,

(d) for any ideal I, a € I implies a** € I,

(e) for any proper ideal I, IN D(P) =¢ ,

(f) for any prime ideal A, A N D(P) = ¢ ,

(g) every prime ideal is a minimal prime ideal,

(h) every prime ideal is a §-ideal,

(i) for any a, b € P, a* = b* implies a = b,

(j) D (P) is a singleton set.

Proof. Since S is a Smarandache lattice.

Then by definition and above theorem, we observe that, there exists a proper subset
P of S such that which is a Boolean algebra.

Therefore P is a Boolean algebra.

Now to prove (a) = (b):
Then clearly P has a unique dense element, precisely the greatest element.
Let a P Then a* A a=0 =a* A a**.
Also a* V a, a* v a** € D (P).
Hence a* vV a = a* Vv a**.
By the cancellation property of P, we get a =a
Therefore every element of P is closed.

ko

(b) = (c): Let I be a principal ideal of P.
Then I = (a] for some a € P.
Then by condition (b), a = a**.
Now, (a] = (a**] = 4([a%)).
Therefore (a)] is a 0-ideal.

(¢) = (d): I be a proper ideal of P.
Let a € I. Then (a] = 6(F) for some filter F of P.
Hence We get a***=a* § F.
Therefore a** € § (F) = (a] C L

(d) = (e): Let I be a proper ideal of P.
Suppose a € I N D (P).
Then a** € P and a*=0.
Therefore 1=0* = a** € P,
which is a contradiction.
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(e) = (f): Let I be a proper ideal of P, I N D(P) = ¢,
then P be a prime ideal of P /A N D(P) = ¢ .

(f) = (g): Let A be a prime ideal of P such that A N D(P) = ¢.
Let a € A. Then clearly a A a*= 0 and a V a* € D(P).
Hence ava* ¢ A Thus a* ¢A
Therefore A is a minimal prime ideal of P.

(g) = (h): Let A be a minimal prime ideal of P.
Then clearly P-A is a filter of P. Let a € A.
Since A is minimal, there exists b ¢ A such that a A b = 0.
Hence a* A b =b. a* ¢ A.
Thus a* € (P-A) which yields a € 6(P-A).
Conversely, let a € §(P-A).
Then we get a* ¢ A.
Hence we have a € A.
Thus P= §(P-A) and therefore A is d-ideal of P.

(h) = (i): Assume that every prime ideal of P is a d-ideal.
Let a, b € P be such that a*=b*. Suppose a # b.
Then there exists a prime ideal A of P such that a € A and b ¢ A.
By Hypothesis, A is a §- ideal of P.
Hence A = §(F) for some filter F of P.
Since a A= 0(F), We get b* = a* F.
Hence b (F) = A, which is a contradiction.
Therefore a=b.

(i) = (j): Suppose x, y be two elements of D (P).
Then x * =0 =1y *
Hence x = y. Therefore D (P) is a singleton set.

(j) = (a): Assume that D (P) = { d} is singleton set. Let a P.
We have always a V a* D (P).
Therefore a A a* = 0 and a A a*=d.
This true for all a € P. Also 0 < a < a V a*=d.
Hence the above conditions are equivalent.

4. REFERENCES

[1 | FlorentinSmarandache,Special Algebraic structures, University of New Mex-

ico .1991 SC: 06A99



SMARANDACHE LATTICE AND PSEUDO COMPLEMENT 9

[2 | Gratzer, G., General lattice Theory,Acodemic Press, New York,sanfrancisco,1978

[3 [Monk,J.Donald,bonnet,Robert,eds(1989),Hand book of Boolean Algebras, Am-
strerdom,NorthHolland.publishing co.

[4 ] Padilla, Raul, Smarandache Algebraic Structure < International Conference
on Semi groups >, Universidad do minho, Bra go, Portugal, 18-23 June 1999.

[5 | Padilla, Raul, Smarandache Algebraic Structure <Smarandache Notions
journal>USA Vol 1.9,No36-38

[6 | Padilla,Raul ,Smarandache Algebraic Structures <Bulletin of Pure and Ap-
plied Science>,Delhi,India,Vol 17.E,NO.1,119-121,1998

[7 ] Samba Siva RAO | Ideals in Pseudo complemented Distributive Lattices, No
48,97- 05,2012

[8 | Sabine Koppel berg, General theory Boolean algebra, North Holland, Ams-
terdam, 1989, Volume of Monk [8], MRIOK; 06002.

[9 | Dr .T.Ramaraj and N.Kannappa on finite Smarandache near rings, Scienc-
tia Magna Department of Mathematics, North West University, Xian Shaanxi,
P.R.china.Vol. 1, No .2, ISSN1556-6706, page 49-51, 2005.

[10 | Dr.N.Kannappa and K.Suresh on some characterization Smarandache Lat-
tice Proceedings of the international business management, organized by Stella
Marie College, Chennai held on 9-10 March 2012, volume ii, pages 154-155

L MATHEMATICS DEPARTMENT, TBML COLLEGE, PORAYAR, TAMIL NADU, INDIA
FE-mail address: Porayar.sivaguru91@yahoo.com

2 ASSISTANT PROFESSOR, DEPARTMENT OF MATHEMATICS, MILAM ENGINEERING COLLEGE
E-mail address: Mailam.suya24su02gmail . com



