Hindawi

Journal of Mathematics

Volume 2021, Article ID 9937647, 3 pages
https://doi.org/10.1155/2021/9937647

Research Article

Hindawi

On the Distribution Properties of the Smarandache Prime Part

Yahui Yu' and Jiayuan Hu 2

'Department of Mathematics and Physics, Luoyang Institute of Science and Technology, Luoyang 471023, Henan, China
Department of Mathematics and Computer Science, Hetao College, Bayannur 015000, China

Correspondence should be addressed to Jiayuan Hu; hujiayuan1986@163.com

Received 27 March 2021; Accepted 5 August 2021; Published 17 August 2021

Academic Editor: Ghulam Shabbir

Copyright © 2021 Yahui Yu and Jiayuan Hu. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

For each integer n, denote by p,, (1) the largest prime <n and by P, (n) the smallest prime >n, called as the Smarandache inferior
prime part and superior prime part of n, respectively. Define I, := (1/n)}.,,,c, P, (m) and S, == (1/n)},,,c,, P, (m). In this short note,
we proved some estimates on I, — S, and I,,/S,, answering a question proposed by Kashihara and improving a result of Yan.

1. Introduction

The properties of primes play a fundamental role in number
theory; especially, the distribution of prime numbers in
certain sequences has always been a hot topic. It is well
known that if (h, k) = 1, the arithmetic progression

kn+h, n=0,1,2,..., (1)

contains infinitely many primes. This result is now known as
Dirichlet’s theorem. Take another example; for any positive
real numbers aand f3, the set

B(a, ) ={lna + BJ: n € N}, 2)

is called the associated Betty sequence (or Beatty set). For
irrational «, it follows from a classical result of Ivan
Vinogradov that the number M) ~ (1/a)7 (x). In 2020,
Janyarak Tongsomporn and Jorn Steuding showed that, for
positive real irrational number « of finite type, arbitrary real
number 3, and every b >2, there exist a positive constant
8, >0 and arbitrarily large x and x’ such that

L
[T (@ =4 26 (Bare (1),

dln

2B (B:1) (By+1). (By+1) 388y (Br#1) (Bs 1)

1+8, y
T[B(Ot,ﬁ) (x + y) — nB((X,ﬂ) (x) > — " b log x,
1+6, &
B (o) (x'+y') - B (o) (x") >Tb log x

where y = y(x) = (log x)? and ¥y = y(x").

In 1993, American-Romanian number theorist Florentin
Smarandache published a book named Only problems, not
solutions! In this book, he presented 105 unsolved arith-
metical problems and conjectures about special sequences
and functions, which can help us to analyze the properties of
primes and the factors of integers. In 2019, Liu Miaochua
studied the Smarandache dual function S* (m1) is defined as
n, that » factorial divide m, namely, is

S* (m) = max{n: n € N,n!|m}. (4)

They derived a formula of [],,S" (d); that is, for any
positive integer m,

1 [3
m:p/f.....pj’,pizi
m=2ﬁp/f‘,...,p€j,piz3, (5)
(B1), = 2ﬁ3ﬁ1pf2,...,pfil,p,.zs,ﬁ =1lor2,
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where p; is different odd prime numbers and f3; and f3 are the
positive integers.

Based on this, we now consider the following
Smarandache problems. As usual, let p, be the nth
prime. For each integer n, denote by p,(n) the largest
prime <n and by P, (n) the smallest prime >n (see [1]),
where pp(n) and P, (n) are called as the Smarandache
inferior prime part and superior prime part of n, re-
spectively. According to these definitions, the following
are obvious:

(a) For each integer n, we have Py (n) <n<P, (n).
(b) The integer n is a prime if and only ifpp (n) = P, (n).
(c) We have
Py (m) = p,
, L, <M< Pi) (6)
{ P, (m) = pr (p Pra1)

Define
1
In = ; Z pp(m)s

1 m<n (7)
Sp= Y P, (m).

ms<n

In [2], Problem 10, Kashihara proposed two problems
about I,, and S,;:

(A) To determinate whether lim, ,_(I,-S,) con-
verges or diverges. If it converges, find the limit.

(B) To determinate whether lim,_, I,,/S, converges or
diverges. If it converges, find the limit.

Yan [3] proved that
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for n — o0, which implies an answer to problem (B):

li L 1
e S, ©)
In this short note, we shall continue a such study. Our
aims is double. Firstly, we shall give a complete answer for
question (A). Our proof shows that this problem is closely
related to the quantity D(X) =}, puers (Pps1 — o).
According to [4], it is conjectured that D(X)~X log X as
X — 00. Our first result shows that lim, ., (I,-S,)
diverges. Precisely, we have
This short note will focus on these two problems. The
first result in this paper shows that lim, . (I, - S,) di-
verges. Precisely, we have the following theorem.

Theorem 1. For any ¢ >0, there is a positive constant C, >0
depending on € such that the following inequalities

193
(1792—‘9)105; n-C.<I, —SnSCSH(S/IS)H, (10)

hold for n>1. In particular, we have lim,__, (I, - S,) = co.

The second result in this paper improves Yan’s equality
(8) considerably.

Theorem 2. For any ¢>0, we have

I, (-13/18)+¢
g:1+og(n ) (11)
as n — O0.

For comparison, we have (13/18) =0.722,... and
(1/3) = 0.333,... .

1
S_n “ 14+ O(n‘ 1/3)’ ®) 2. Proof of Theorem 1
" In view of facts (a), (b), and (c) mentioned above, we have
1 1 1
In:; Z Pp(m):; Z Pk Z == Z Pic(Pr = Pr-1)> (12)
ms<n prsn Py (m)=py pr<n

1
Sn:; Z Pp(m)z

1
ms<n nP

<N

where we have made the convention that p, = 0. From (12)
and (13), we can deduce that

1 1
L=S,=- > Pk(Pk_pk—l)_ﬁ Y P (Pr— Prcr)

prsn pr<n
1
:;1< Z Pi+ z Pey -2 Z Pk—lpk) (14)
pr=n prsn pr<n
_1 2
== Y (e-pi)’
prsn

According to Theorem 1, for any & >0, we have

1
Y b ) L= Y b (e — i) (13)

pp (m):Pk—l prsn

193
D (pk—pk_l)zz(@%)X log X, (15)

X<pe<2X
for all X > X, (¢). Combining (14) and (15), we can derive that

1
I,-S,>-
n

1<d<log (n/X, (¢))/log 2 n/2% < py <n/24-!

193 n n
— _¢)—log— 1
(192 8) 2 log P (16)

(P - Pk—l)z

1
>—
n

1<d<log (n/X0 (s))/log 2
193

(E_ s) (M log n—E log 2),
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where
1
M = Z ?’
1<d<log (n/X0 (s))/log 2

(17)
d
E = Z -
1<d<log (n/X, (¢))/log 2
By elementary computation, we have
M=1+0.(n" ,

Ex 1.

Then, inserting (18) into (16), we can obtain the first
inequality in (10).

On the contrary, according to [5], Heath-Brown proved
that

Z (Px - pk—l)z < s”(zms)ﬂ’ (19)

prsn
for all n> 1. The second inequality in (10) follows from (14)
and (19).
The second assertion is an immediate consequence of
(10). This completes the proof of Theorem 1.

3. Proof of Theorem 2
In view of (14) and (19), we derive that
I 1 , S (5/18)+¢
s, + S Pgn (Pk = Pi-1) + ( S (20)

On the contrary, formula (13) can be rewritten as

1 1 1
iz~ Y Per=- ) pe—— Y (P ped) (21)

pr=n pr=n Pr=n

By the prime number theorem, we have

(n=2). (22)

By the Cauchy-Schwarz inequality and (19), it follows
that

LS enot( 303 o)

pr=n prsn prsn
L/ 142318)+e\ 112
< Yoy
< . n(5/36)+£.
(23)
From (21)-(23), we deduce that
S, > — nx2).

" log n (n>2) (24)

Inserting this into (20), we obtain

1 -
S—” =1+ Os(n( 13/18)+8). (25)

n

This completes the proof.

4. Conclusion

The main results of this paper are two theorems involving
Smarandache inferior prime part p,, (1) and superior prime
part P, (n). Theorem 1 establishes an inequality for I, - S,
and shows that lim, (I, - S,) = co. Theorem 2 estab-
lishes an estimate on I,/S, and obtains that (I,/S,) =1+
O, (n71318+8) a5 n — co. These results represent new
contributions to the research on the distribution of the
Smarandache inferior prime part and improve the related
results before. Of course, our methods can also be gener-
alized to other problems of primes in integer sets. However,
there are also many unsolved Smarandache problems to be
explored, such as the properties of the determinant of
Smarandache prime numbers. These open problems remain
to be further studied.
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