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Abstract: Let G be a (p,q) graph and f : V(G) — {1,2,3,...,p+ ¢} be an injection. For
each edge e = wv, let f*(e) = (f(u) + f(v))/2 if f(u)+ f(v) is even and f*(e) = (f(u) +
f(w)4+1)/2if f(u)+ f(v) is odd. Then f is called a super mean labeling if f(V)U{f"(e): e €
E(G)} ={1,2,3,...,p+q}. A graph that admits a super mean labeling is called a super mean
graph. In this paper we prove that S(P,®K1), S(P2XP1),S(Bnn), (Bnn : Pm) ,ChOKa,n >

3, generalized antiprism A} and the double triangular snake D(7,) are super mean graphs.
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§1. Introduction

By a graph we mean a finite, simple and undirected one. The vertex set and the edge set of a
graph G are denoted by V(G) and E(G) respectively. The disjoint union of two graphs G and
G is the graph G; UG5 with V(G1UG2) = V(G1)UV(G2) and E(G1UG2) = E(G1)UE(G2).
The disjoint union of m copies of the graph G is denoted by mG. The corona G; ® G2 of the
graphs G and Gs is obtained by taking one copy of G; (with p vertices) and p copies of G5 and
then joining the i*" vertex of G to every vertex in the i*" copy of G5. Armed crown C,0P,,
is a graph obtained from a cycle C,, by identifying the pendent vertex of a path P,, at each
vertex of the cycle. Bi-armed crown is a graph obtained from a cycle C, by identifying the
pendant vertices of two vertex disjoint paths of equal length m — 1 at each vertex of the cycle.
We denote a bi-armed crown by C,,©2P,,, where P,, is a path of length m — 1. The double
triangular snake D(T;,) is the graph obtained from the path vy, v9,vs, ..., v, by joining v; and
vi+1 with two new vertices 4; and w; for 1 <14 < n—1. The bistar B,, , is a graph obtained from
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K> by joining m pendant edges to one end of K5 and n pendant edges to the other end of Ks.
The generalized prism graph C),, x P,, has the vertex set V = {Uf :1<i<nand1<j<m}
and the edge set £ = {vgvfﬂ,vflv{ 1<i<n—-land1<j< m}U{vagjll,v{v%H 12<i<n

and 1 < j < m — 1}. The generalized antiprism A}" is obtained by completing the generalized

prism C),, X P,, by adding the edges v{vfl for1 <t <nand1l < j < m-—1. Terms and
notations not defined here are used in the sense of Harary [1].

§2. Preliminary Results

Let G be a graph and f : V(G) — {1,2,3,---,|V|+ |E(G)|} be an injection. For each edge
e = uv and an integer m > 2, the induced Smarandachely edge m-labeling f¢ is defined by

6]

m

50 = |

Then f is called a Smarandachely super m-mean labeling if f(V(G)) U {f*(e) : e € E(G)} =
{1,2,3,---,|V] + |[E(G)|}. A graph that admits a Smarandachely super mean m-labeling is
called Smarandachely super m-mean graph. Particularly, if m = 2, we know that

o) f(u);rf(v) if f(u)+ f(v) is even;
e =
W if f(u)+ f(v) is odd.

Such a labeling f is called a super mean labeling of G if f(V(G)) U (f*(e) : e € E(G)} =
{1,2,3,...,p + q}. A graph that admits a super mean labeling is called a super mean graph.
The concept of super mean labeling was introduced in [7] and further discussed in [2-6].

We use the following results in the subsequent theorems.

Theorem 2.1([7]) The bistar By, is a super mean graph for m =n orn+ 1.

Theorem 2.2([2]) The graph (By, , : w), obtained by the subdivision of the central edge of By, »,

with a verter w, is a super mean graph.

Theorem 2.3([2]) The bi-armed crown C,©2P,, is a super mean graph for odd n > 3 and
m > 2.

Theorem 2.4([7]) Let G1 = (p1,q1) and G2 = (p2,q2) be two super mean graphs with super
mean labeling f and g respectively. Let f(u) = pr+q1 and g(v) = 1. Then the graph (G1) *(G2),

obtained from Gy and Go by identifying the vertices u and v is also a super mean graph.

83. Super Mean Graphs

If G is a graph, then S(G) is a graph obtained by subdividing each edge of G by a vertex.

Theorem 3.1 The graph S(P, ® K1) is a super mean graph.
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Proof Let V(P, ® K1) = {uj,v; : 1 < i < n}. Let 2;(1 <4 < n) be the vertex which
divides the edge u;v;(1 < i < n) and y;(1 < i < n — 1) be the vertex which divides the edge
utit1(1 <i <n—1). Then V(S(P, © K1)) = {u,vi, @i, y; 1 1 <i<n,1<j<n-—1}

Define f: V(S(P, ® K1)) — {1,2,3,...,p+q=8n—3} by

f(v1) =1; f(v2) = 14; f(vags) =14+ 8ifor 1 <i<n—4;

f(on—1) =8n —11; f(vy) = 8n — 10; f(21) = 3;

flr14:) =3+8ifor 1 <i<n-—2;f(xn) =8n—T,;

fur) =5; flua) =9; fuoyi) =9+ 8ifor 1 <i <n—3;

flup) =8n—>5;f(y;)) =8 —1for 1 <i<n-—2;f(yp—1)=8n—3.

It can be verified that f is a super mean labeling of S(P, ® K;). Hence S(P,, ® K1) is a super
mean graph. O

Example 3.2 The super mean labeling of S(Ps; ® K1) is given in Fig.1.

5 7 9 15 17 23 25 37 35
3 11 19 27 3
1 14 22 29 30
Fig.1

Theorem 3.2 The graph S(Py; x P,,) is a super mean graph.

Proof Let V(Pyx P,) = {u;,v; : 1 <i <n}. Let u},v}(1 <i < n—1) be the vertices which
divide the edges u;u; 11, v;v;41(1 < i < n—1) respectively. Let w;(1 < i < n) be the vertex which
divides the edge u;v;. That is V(S(Py X P)) = {ui, v, w; : 1 <i <nju{ul,vl:1<i<n-—1}

Define f: V(S(P» x P,)) — {1,2,3,...,p+qg=11n—6} by

ur) = 1; f(uz) = 9; f(us) = 27;
i) = f(ui—1) + 5 for 4 <i<n and iis even
) = f( —1)+ 17 for 4 < i <n and i is odd

v) = 7; f(v2) = 16;

;) = f( 1)+ 5 for 3<i<mnandiisodd
) )

v;_1)+ 17 for 3 <i < n and i is even

>
&

I
~
A

wy) = 3; fws) = 12;
woyi) =12+ 1lifor 1 <i<n—2;
up) = 6 f(uy) = 24;
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=13; f(v
Fl ) +16 for 2<i<n—1and i isodd.

) i—1

)= f(ul_l) +16 for 3 <7 <mn—1 and 7 iseven
)

)

)+ 6 for 3<i<n-—1andiisodd

K2
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= fw}_ ) +6for2<i<n—1andiiseven

It is easy to check that f is a super mean labeling of S(P, x P,,). Hence S(P; X P,) is a super

mean graph.

Example 3.4 The super mean labeling of S(P» x Pg) is given in Fig.2.

1 6 9 24 27 30 32 46 49 52 54
@ @ @ L @ *—9
kX J [ B P) ® 23 ® 34 45 ® 56
7 13 16 19 21 35 38 41 43 57 60
Fig.2

Theorem 3.5 The graph S(By, ) is a super mean graph.

Proof Let V(Bpn) = {u,ui,v,v; : 1 < i < n}and E(Bp,) = {uug,vv;,uv :
n}. Let w,x;,y;, (1 < i < n) be the vertices which divide the edges uv,uu;, vv;(1
1 <4 < n}and E(S(Bnn)

n) respectively. Then V(S(B,.n)) = {u,ui, v, v, T, Yi, 0

{uz;, ziu;, uw, wo, vy, yv; 0 1 <i < n}.

Define f: V(S(Bpn)) — {1,2,3,...

,p+q=8n+5} by

O

IN N

flw)=1;f(x;) =8 —5for 1 <i <m;f(u;)) =8 —3forl1 <i<mn;f(w) =8n+3;
f)=8n+5;f(y;) =8 —1for 1 <i<mn;f(v;) =8i+1for1<i<n.Itcan be verified that

f is a super mean labeling of S(B,, ). Hence S(B,, ) is a super mean graph.

Example 3.6 The super mean labeling of S(B,, ) is given in Fig.3.

29

21

27

35

9

Fig.3

17

23

*—0 )5
33

O
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Next we prove that the graph (B, , : Pp,) is a super mean graph. (B, : Py) is a graph
obtained by joining the central vertices of the stars K ,, and K, by a path P, of length k& —1.

Theorem 3.7 The graph (By n : Pn) s a super mean graph for alln >1 and m > 1.

Proof Let V((Bn,n : Pn)) = {uwi,vi,u,v,wj 1 1 <i<n,1<j<mwith u=w,v=wn}
and E((Bn,n : Pn)) = {uu;, voj, wjwjpr : 1 <i<n,1 <j<m-—1}.

Case 1 niseven.
Subcase 1 m is odd.

By Theorem 2.2, (B, ,, : Ps) is a super mean graph. For m > 3, define f : V((Bp n : Py)) —
{1,2,3,....,p+q¢=4n+2m — 1} by

~

u) = (uz)—4z—1for1<z<nandfor17é +1;

~

uni1) =2n+2; f(vz)_4z—|—1for1<z<n,f(v):4n—|—3;

flwa) =4n +4; f(ws) =4n+9;

fw3+l)—4n+9—|—4zfor1<z<

(
(
(
(

)
;f(wm2+3) =4n+2m — 4

2
Flwmga ) =4n+2m—4—4ifor 1 <i < 2

(@31

It can be verified that f is a super mean labeling of (B, ., : Pp,) .
Subcase 2 m is even.

By Theorem 2.1, (B, ,, : P») is a super mean graph. Form > 2, define f : V((Bp» : Pn)) —
{1,2,3,...,p+qg=4n+2m — 1} by

f(u)zl;f(ui)zéli—lforlgignandfori;ég+1;
f(u%-irl)=2n+2;f(vi)=4i+1for1§i§n;f(v):4n+3;
Flws) = 4n+4; flwar) = dn+4+2ifor 1< i< T2,

(

2) =4dn+m+ 3;

flwmga, ) =4n+m+3+2ifor 1 <i<

It can be verified that f is a super mean labeling of (B, ., : Pp,) .
Case 2 n is odd.
Subcase 1 m is odd.

By Theorem 2.1, (B,, ,, : P») is a super mean graph. Form > 2, define f : V((Bp» : Pn)) —
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{1,2,3,...
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,p+qg=4n+2m — 1} by

fw) =1;fw)=4n+3; f(u;)) =4i— 1 for 1 <i < n;
1
f(vi):4i+1forlgignandfori;é%;

fon1) =2n+2; f(wz) = dn + 4

2

—4
m2 ; (Wm;2)24n+m+3;
m—4

fwmez ;) =dn+m+3+2ifor 1 <i < 5

f(w2+i):4n+4+2i for1 <i<

It can be verified that f is a super mean labeling of (B, ,, : Pp,) .

Subcase 2 m is even.

By Theorem 2.2, (B, », : Ps) is a super mean graph. For m > 3, define f : V((By », :

{1,2,3,...,p+qg=4n+2m — 1} by

flw)=1;f(v) =4n+3; f(u;)) =4i—1for 1 < i <n;
f(vl-):4i+1for1§i§nandfori7éHTH;f(v%):%H-Q;
flwz) = 4n + 4; f(w3) = 4n +9;

Flwsi) = 4n+9+4ifor 1 <i < m_5;f(wm2+a)=4n+2m—4;

-5
f(meH+i)=4n+2m—4—2if0r1§i§m

It can be verified that f is a super mean labeling of (B, ,, : P,,) . Hence (B,, ,, : Py,) is a super

mean graph for all n > 1 and m > 1.

Example 3.8 The super mean labeling of (By 4 : Ps) is given in Fig.4.

15

1 20 25 22 19
L 4 L 2 L 4
17
Fig.4

Theorem 3.9 The corona graph C,, ® Ko is a super mean graph for all n > 3.

Proof Let V(Cy) = {u1,uq,..

E(C, 0 Ky) = {uittig1, unui, v, uw; 1 <i<m—1and1l<j<n}

Case 1 n is odd.

O

S}y and V(C, ® Ka) = {uj,vi,w; : 1 < i < n}. Then
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The proof follows from Theorem 2.3 by taking m = 2.

Case 2 n is even.

Take n = 2k for some k. Define f : V(C,, ® K3) — {1,2,3,...,p+q=6n} by

flu;))=6i—3for 1 <i<k-—1;f(u) =6k — 2;
flugsi) =6k —2+6i for 1 <i<k—2;f(ugg—1) =12k — 2;
flugr) =12k —9; f(v;) =6i —5 for 1 <i <k —1; f(vr) = 6k — 6;
f(vkg1) = 6k 4+ 2; f(vky144) = 6k + 2460 for 1 <i <k —3; f(vog—1) = 12k;
fvar) =12k — 6; f(w;) =6i — 1 for 1 <i < k—1; f(wg) = 6k;
flwgys) =6k +6i for 1 <i <k —2; f(wag—1) = 12k — 4;
(w2

flway) = 12k — 11,

It can be verified that f(V) U (f*(e) : e € E} = {1,2,3,...,6n}. Hence C,, ® K is a super
mean graph. 0

Example 3.10 The super mean labeling of Cs ® K5 is given in Fig.5.

48 36 32

Fig.5
Theorem 3.11 The double triangular snake D(T),,) is a super mean graph.

Proof We prove this result by induction on n. A super mean labeling of G; = D(T3) is
given in Fig.6.

Fig.6
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Therefore the result is true for n = 2. Let f be the super mean labeling of GG; as in the above
figure. Now D(T5) = (G1)s * (G1), by Theorem 2.4, D(T3) is a super mean graph. Therefore
the result is true for n = 3. Assume that D(7),—1) is a super mean graph with the super mean
labeling g. Now by Theorem 2.4, (D(T,—1))¢*(G1) s = D(T}) is a super mean graph. Therefore
the result is true for n. Hence by induction principle the result is true for all n. Thus D(T},) is

a super mean graph. O

Example 3.12 The super mean labeling of D(7Tg) is given in Fig.7.

3 11 19 27 35

7 15 23 31 39

Fig.7

Theorem 3.13 The generalized antiprism A" is a super mean graph for all m > 2,n > 3

except for n = 4.

Proof Let V(A™) = {v/ :1<i<mn,1<j<m}and B(A") = {UZUZH,UZLU{ 11 <i <
n—l,lgjgm}u{vgvgjll,vaglﬂ:2§i§n,1§j§m—1}u{vgvg+l 1 <¢<nand
1<j<m-—1}

Case 1 nisodd.
Define f: V(A™") — {1,2,3,...,p+ ¢ = 4mn — 2n} by

n+1

fl)=4G —1)n+2i—1for1<i<

K3

and 1 <75 <m;

f(Uzli)Zél(j—l)n—f—n—i-?)for1§j§m;
2

n—3

f(vi#ﬂ_):4(j—1)n+n—|—3+2ifor1§i§ and 1 <j <m.

Then f is a super mean labeling of A". Hence A" is a super mean graph.
Case 2 n is even and n # 4.

Define f: V(A?) — {1,2,3,...,p+ ¢ = 4mn — 2n} by
F) =4 —Dn+1for 1 <j<m;f(v)) =4 —)n+3for 1 < j < m;
F@h) =4 = n+T7for 1 <j <m; f(v]) =4(j — n+12 for 1 <j <m;
fW)=4G —1)n+12+4ifor 1 <j<mand1<i< ”T_G;

j -6
f? Jrl_):4(j—1)n—|—2n—i—1—4iforlgjgmand1§i§n2 ;

n+2
2

f(vj ):4(j—1)n+9f0r1Sjgm;f(vf;):4(j—1)n+6f0r1§j§m.

n—1
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Then f is a super mean labeling of A)". Hence A]" is a super mean graph. O

Example 3.14 The super mean labeling of A} is given in Fig.8.

60

/

)
A

/N

49
Fig.8
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