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ABSTRACT. The main purpose of this paper is to study the asymptotic property of
the divisor product sequences, and obtain two interesting asymptotic formulas.

1. INTRODUCTION AND RESULTS

A natural number a is called a divisor product of 7 if it is the product of all
d(n

positive divisors of n. We write it as Py(n), it is easily to prove that Pyn)=n"2",

where d(n) is the divisor function. We can also define the proper divisor product

of n as the product of all positive divisors of n but n, we denote it by py(n), and
(
pa(n) =n

d{n)
2

~h. Tt is clear that the P;(n) sequences is
1,2,3,8,5,36,7,64,27,100,11, 1728, 13, 106, 225, - - - -
The p4(n) sequences is |
1,1,1,2,1,6,1,8,3,10,1,144,1, 14, 15,64, 1,324, 1, 1, 400,21, - - - .

In reference (1}, Professor F. Smarandache asked us to study the properties
of these two sequences. About these problems, it seems that none had studied
them before. In this paper, we use the analytic methods to study the asymptotic
properties of these sequences, and obtain two interesting asymptotic formulas. That
is, we shall prove the following two Theorems.

Theorem 1. For any real number z > 1, we have the asymptotic formula

1 1
Z Pd(’n,) =Inlnz+ Cl + O(Eﬂ-’,‘-)-

n<z
where Cy is a constant.
Theorem 2. For any real number z > 1, we have the asymptotic formula

)

Inln z

1

> =7(z) + (Inlnz)? + Blnlnz + Cy + O(
pa(n) , Inz

n<z:

where 7(z) is the number of all primes <z, B and Cy are constants.
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2. SOME LEMMAS

To complete the proof of the theorems, we need following several lemmas.

Lemma 1. For any real number x > 2, there is a constant A such that

1 1
Y~ =lnlnz+A+0(—).
orad Inz

Proof. See Theorem 4.12 of reference [2].

Lemma 2. Let z > 2, then we have

1 1
S22 ezt o0
< P Inz

where C is constant.

Proof. See reference [4].

Lemma 3. Letx > 4, p and q are primes. Then we have the asymptotic formula

1
Z (lnlnq:)z-i—Alnln:c-l—C'g—i—O(lnlnlnx),
q<qu T
where A and Cy are constants.
Proof. From Lemma'1 and Lemma 2 we have
2
1
Siloyivl (sl
pa<z ¥ p<¢‘ q<1 PEVE
Inp 1
=2 1 - Sl
> = (nlnx+1n(1 m)+A+0(m))
P<\/—
1 \2
(lnlnx+A—-ln2+O( ))
Inz
Inp 1 1Inp, 1,lnp 1. lnp
_2 nl | =& il Sl [ Sanad 0%
Z (n nE (lnx+ 2(1111-) * 3(111:1;) * n(lnfb) -
p<f
lnln:c 1 :
+24 Z ) — (1nlnm+A—ln2+O(——))
Inz Inz
p<\/“
= (lnlnz)? +2A1nln$+C'3+O(1n1nI)
Inz

This proves Lemma 3. 145



3. PROOF OF THE THEOREMS

In this section, we shall complete the proof of the Theorems. First we prove
Theorem 2. Note that the definition of pa(n), we can separate n into four parts
according to d(n) = 2,3,4 or d(n) > 5.

2, ifn=p, pi(n)=1;
3, if n=p? py(n) =p;
dln) = 4, if n=p;p; or n = p*; py(n) = p;p; or p*;
din) 4

> 5, others, py(n) =n"7"
Then by Lemma 1, 2 and 3 we have
1 1 1 1 1
DEFEDNEID DL SE IS DE R UL SR
n<a ©4 p<z pips<z T picy pi<z n<z,d(n)>s M 2

= 7(z) +(lnlnm)g:—2Ah11n;r+C3+O(lnlnx

)+ Inlnz + A~
Inz

1 1 1
1n2+0(m)+04+0<x—%> +C5+O(ﬁ)

=m(z)+ (lnlnz)? + Blulnz + C, +O(1I]1nh;$).

This completes the proof of Theorem 2.

Similarly, we can also prove Theorem 1. Note that the definition of Pi(n), we
have

1 1 1 1
2R T2 G o L

1 1
—_— + -

p<e pip; <z Pz pP<z n<a,d{ny>s ™ 7
=Inlnz+C;+ 0(1—:;).
This completes the proof of Theorem 1.
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